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Bounding Counterfactual Outcomes of Health Insurance
Delay-and-Deny Practices (E-companion)
Martin B. Haugh and Raghav Singal

Appendix EC.1: Further Details on Sampling Hidden Paths

Lemma 1. Fort > 1, the forward probabilities obey the following recursion:

a(ht) = Chyzio; Z Qhi—yoi—1he X a(ht—l) Vh, € H. (4)
hi—1€H

The recursion breaks at t =1 with c(h1) =pp, X €p,z,0, for all hy € H.

Proof. We begin with ¢ =1 and note that for all hy € H, a(hy) :=P(01 | hy,z1) X P(hy | 21) X
P(x1) =P(01 | h1,21) X P(hy) X P(21) = €p,2,0, X Ph,, Where we use the fact that the policy x;.7 is
deterministic. For ¢ > 1, note that for all h; € H,

O‘(ht) = Z P (ht, hi—1,01:4-1,0¢, xl:t)

ht—1

- Z P(Ot | ht7ht—1701:t—17w1:t) X ]P)(ht | ht—1701:t—17x1:t)

hi—1

X P(% ’ hi—1, 01:t717x1:t71) X P(htfla 01;t7171‘1:t71)

= Z P (0¢ | hey ) X P (hy | hy—1,00-1) X P(z¢) X P (hy—1,01:-1,T1:0-1)

hi—1
= P(%) x [P (Ot | htaa%) Z P(ht | ht7170t71) O‘(htfl) = €hrzi01 Z Qhy_q04_1hy X O‘(htfl)a
hi_1 hi_1
where we again use the fact that the policy x.r is deterministic. This completes the proof. 0

Efficiently Computing the Forward Probabilities. See Algorithm 3. For numerical stability, we
compute these probabilities on the log scale. In particular, the recursion in (4) (Lemma 1) can be
expressed as follows (by taking log on both sides):

log(a(ht>) = log(ehtmtot) + log Z Qhy_104_1hy X O‘(htfl) )

ht—1

=exp{108(an,_;0,_1hy)+HoB(a(hi—1)) }

where the “log > exp” term can be evaluated using a standard logsumexp function.
Proposition 1. Algorithm 1 outputs samples from the posterior distribution of Hy.r | (01.7,Z1.7).

Proof. Observe that

IFD(hl:T | Ol:TaxlzT) = IFD(hl | h2:T7 Ol:TaxlzT) X ]P)(hTfl | tholzTymlzT) x P (hT ‘ Ol:Ta-rl:T)

:P(fh ‘ h2,01:T7$1:T) X P(hT—l | hT701:T73?1:T) X P(hT | 01:T,x1:T) .

We can therefore sample sequentially via the following two steps:
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Algorithm 3 compute_alpha(p,E,Q,o01.7,Z1.7)

1: log(a(1,h)) =log(ps) +1og(€ensy0, ) for all h € H % initialize period 1
2: fort=2:T do

3: for heH do

4: tminus_terms(h') =log(qnro,_,n) +1og(a(t —1,h)) for all K’ € H

5: log(a(t, h)) =log(€ens,o,) + logsumexp(t minus_terms)

6: end for

7: end for

8: return exp(log(a))

1. Draw hr from P (hr | o117, Z1.7).
2. Fort=T-1,...1, draw h; from P (h; | hys1,01.7,T1.7).
For Step 1, we can use a(hr) since P (hr | 01.7,1.7) < a(hr). For Step 2, observe that for ¢t < T,

P(ht ’ ht+1701:T7«T1:T) x P htaht—H | 01.7, 1. T)

R

(
alhy) X P(hiyr, @iy | e,y 0r) [see (EC.1) below]
Oz(ht) X P(ht+1 ’htaot) X P($t+1)
(

=« hf) X qhtoth,t+1-
For the second proportionality, note the pairwise marginal P (hy,hiy1 | 01.7,1.7) is proportional to

X I (01:45 0t 41, 0t42:75 L1:ty Tt41, Lt 42:T ht+17 ht)

Ot42:T 5 Li42:T ‘ 01:t50t41,L1:ty Lt+1, ht+17 ht) X ]P)(Olzta Ot 41, L1:ty Tet1, ht+17 ht)

Ot42:1 5 Li42:T | his1,0041) X P(0t+1 ‘ 01:4, hyt1, ht,xl:t,iﬂtﬂ) X IP)(01:T7 hiy1, ht,$1:t,ﬂ3t+1)

X (041 | ht+1,l’t+1) X P(ht+17$t+1 | 01:T7$1:t,ht) X P(Ol:t;xlztaht)

Il
'ﬁ'ﬁ'ﬁ%%%

(

(

( )

(Or2:7, Tyorr [ Puyr, 0041) X P (

(01127, Tevot | Pir1,0001) X P (0431 | higr, Tog1) X P(hygr, @i | By 0r) X P (014, T1.6, Pt)
( ) X

Ot+2:T, Lt42:T | Pis1,0041) X P (0441 | ht+1,$t+1) X P(htJrlyxtJrl | ht70t) X Oé(ht)- (EC.l)

This completes the proof. O

Appendix EC.2: Proofs of Lemmas 2 and 3

Lemma 2. We have

PN=1- lim — ZP sy (HZT =h"). (7)

B—>oo

Proof. Observe that

PN =1 — Py (H7" = h*) [by definition]
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=1-Ey[[{H;" =h"}] [P(Y =y) =E[{Y =y}]]
=1-Eu . [Exgn, . [[{HT = h*}]] [law of total expectation]
B
.1 71, .
=1- B}E};o B ;Pﬁ(b)(HTl T =h"). [law of large numbers|
The proof is now complete. O

Lemma 3. PM(b)(E‘t) = Pﬁ(b)(HfliT = hy) obeys the following recursion over t € {T,...,2}:

= Ty 16t —1,hi_ (b)ot,l(ﬁtaht(b)) O, 1o 1 he 1 (b)wy_1 (Ot—1,0¢—1) -
]P"’ (ht): t—10t—1,Nt—1 % ]P)"’ (htfl)
M ht%l Qn¢_1(b)or—1hi(b) Chy_1(b)ri—1001 Mo

The recursion breaks at t =1 with Pﬁ(b)(ﬁl) =1 if hy = hy(b) and 0 otherwise.

Proof. For t € {T,T —1,...,2}, observe that

Pﬁ(b)(ﬁt): Z Z Pﬁ(b)(hhﬁt—laat—l)

}_Lt_leH 0t—1€0

= Z Z P'M(b)(ﬁt | Btfla(_)tfl)]pﬁ(b) (5t71 | Etfl)]Pﬁ(b)(ﬁtfl)

Et—leH 5t71€@

= Z Z @_1ﬁt716t71ﬁt (b) X fé/t—l}_lt,]:it,létfl (b) X ]P)M(b) (77’7571)

Etfl cH 6t71€©

_ Z Z 7T}_Lt—l6t—1vht—l(b)0t—l(ht7ht(b)) % ei_lt—lit—hht—l(b)l't—l(6t—1’Ot—l) < P

M(b (Bt—l)-
Qhy_1(b)os_1hs(b) €hi_1(b)zs_104—1 ®)

]TLt,1€H 6t71€®
The base case (t =1) holds since the counterfactual hidden state in period 1 equals the posterior

sample h;(b) (as discussed in §4.2). The proof is now complete. O

Appendix EC.3: The Structural Causal Model and Response Distributions
We define the SCM in §EC.3.1 and model it via response function distributions in §EC.3.2.

EC.3.1. The Structural Causal Model (SCM)

A generic SCM for the GHMM from Figure 1 is illustrated in Figure EC.1. Consider, for example,
the observation O, at any time t. It is modeled as a stochastic function of its parents (H;, X;).
To capture this stochasticity, we introduce an exogenous noise vector V, := [Vip.]n ., consisting of
|H||X| U0, 1] random variables. The vector representation of V; (rather than a scalar) allows us to
account for the fact that each Oy, := O, | (H; = h, X; = x) defines a distinct random variable (or
potential outcome) for all (h,z). These random variables may be independent or exhibit positive

or negative dependence. To model these scenarios, we associate each Oy, with a corresponding
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noise variable V... The dependence structure among [Viy,]n . determines the dependence structure

among [Oypz)n... The structural equation for O, is given by

Oy = f(H;, Xy, Vi) = thx(vthz)ﬂ{ﬂt =h, X, =z}, (EC.2a)

h,x

where f;,,(+) is the inverse CDF derived from the emission distribution [e;];. This function gen-

erates O, | (H; = h, X; = x) using the noise variable V;,, ~ UJ[0,1].

@ G2
D

Figure EC.1  The SCM underlying the GHMM (Figure 1). The only difference between the SCM and the GHMM

is the addition of exogenous noise nodes [Uy, Vi]¢.

Similarly, for ¢ > 1, each Hy,; := H; | (Hy—1 = h,O;_; = i) is a distinct random variable (or
potential outcome) for all (h,4). For time ¢ =1, there are no parents (Hy,Oy) for Hy, so a single
UJ[0, 1] noise variable U; suffices to generate H;. For ¢t > 1, we associate each H;,; with its own

UJ0, 1] noise variable Uy, such that

Hy=g(H;—1,0:1,U;) = Zghi(Uthi)]I{Ht—l =h,0,1 =1} (EC.2b)

hyi
where g (+) is the inverse CDF derived from the transition distribution [gpp/]n. Here, Uy := [Uspi]n.i
consists of |H||O] U[0,1] random variables.

The exogenous noise vectors {U,;}_, and {V,}L, are assumed to be mutually independent
across time and type. (Type = emissions vs transitions.) Specifically, (i) U, is independent of Uy
for all ¢t #t', (ii) V, is independent of Vy for all ¢ # ¢/, and (iii) U, is independent of V, for
all t,¢'. Such independence ensures that the SCM is consistent with the conditional-independence
structure implied by the GHMM in Figure 1. This is exactly the restriction invoked in §4.2 to
justify the local conditioning in (5). This assumption, akin to the commonly invoked sequential
ignorability assumption in dynamic models, significantly reduces the space of feasible SCMs by
prohibiting direct links between the U,’s and V,’s in Figure EC.1. Given the established validity of
GHMMs for modeling disease progression (as discussed in earlier sections), this assumption seems
very reasonable. Nonetheless, while this independence assumption defines a natural subclass of

SCMs compatible with the underlying GHMM (an assumption on which our framework to bound
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PN critically relies), there are other SCMs that would also be compatible with the underlying
GHMM. For example, Haugh and Singal (2026) provide a simple example of such an SCM in the
context of their dishonest casino model. The class of SCMs we do consider is still very rich, however,
since we allow dependence among the components of V; = [Vj3.]n.» and among the components of
Ut = [Uthi]h,i~

The representation in (EC.2) enables us to model [Osnz]n.o ([Hiniln,:) and capture any dependence
structure among these random variables by specifying the joint multivariate distribution of V; (U,).
Since the univariate marginals of V; (U;) are known to be UJ0, 1], specifying their multivariate
distribution amounts to defining the dependence structure or the copula of V, (U,). For exam-
ple, if the V};,,’s are mutually independent (the independence copula) and H, = h/, then inferring
the conditional distribution of V};/,» provides no information about the V;,’s for (h,z) # (h/,2').
Alternatively, if Vi, = Vi for all (h, ) and (', 2’), this models perfect positive dependence (the
comonotonic copula), where inferring the conditional distribution of Vi, simultaneously deter-
mines the conditional distribution of all V};.’s.

We emphasize that the exogenous vectors U; and V; are critical for counterfactual analysis, as
different joint distributions among the components of U; and among the components of V; can
yield significantly different values of PN. However, if counterfactual analysis is not the goal and we
only care about the joint distribution of a (subset of) (O1.r, Hy.7), the analysis depends on U, and
V, only through their known univariate marginals. In summary, the SCM is fully specified only
when the dependence structure or copula is defined for each U; and V. Finally, the emissions and
the state transitions in the GHMM are time-homogeneous. It is, therefore, natural to also assume

the copulas underlying V,; and U, are time-homogeneous.

EC.3.2. Modeling the SCM via Response Distributions
While specifying the SCM in terms of the U,’s and V,’s via Figure EC.1 is conceptually useful,
it is often more convenient to work with a direct but equivalent construction of the SCM. This
alternative approach is well-established in the causal inference literature, where related concepts
include canonical partitions and principal strata (see, e.g., Duarte et al. 2024, Zhang et al. 2022).
Consider, for example, the relationship between V;:= [Vipe|n. and [Ogppeln .. From (EC.2), we
know that the joint distribution of [Oyp.]n, . is entirely determined by the joint distribution of V.
However, since our primary interest lies in the joint distribution of [Op. ] . itself, it is more natural
to model this distribution directly, rather than indirectly via V,. Indeed, infinitely many joint
distributions of V,; can produce the same joint distribution of [Oy.]p ... This follows from Sklar’s
Theorem in copula theory (Sklar 1959).
Accordingly, in §4, we directly modeled the distributions of [O,] . and [Hp,|s,; using the 6 and

m variables (response distributions). Specifically, we defined the pairwise marginals in (6) and the
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full joint PMFs in (9). Nonetheless, the copula framework remains valuable in §7 where we leverage
the independence and comonotonic copulas to evaluate the degree of sub-optimality introduced by

our approximation for computational scalability.

Appendix EC.4: Using Copulas to Estimate the Probability of Necessity

Building on the SCM presented in §EC.3.1, we now describe the Monte Carlo simulation algo-
rithms that we use in §6 and §7 for estimating the PN values for the independence (§EC.4.1) and
comonotonic (§EC.4.2) SCMs. As stated in §EC.3.1, the SCM is fully specified only when the
dependence structure or copula is defined for each U; and V;. When we refer to the independence
(comonotonic) SCM below and indeed in the main body of the paper, what we have in mind is that
the dependence structure of each U; and V, is given by the independence (comonotonic) copula.
Of course, it would be easy to obtain other SCMs by allowing the U;’s to have one dependence
structure, e.g., the independence copula, and the V;’s to have a different dependence structure,
e.g., the monotonic copula. Indeed, each U; and V; could have their own different copulas and we
would still obtain a legitimate SCM. There are countless combinations and so we will focus on just
two SCMs here: the independence SCM where each U; and V; has the independence copula, and

the comonotonic SCM where each U; and V; has the comonotonic copula.

EC.4.1. Counterfactual Simulations Under the Independence SCM

A G @
ONNO (x)

Figure EC.2 The same structural causal model as in Figure EC.1.

For convenience, we replicate Figure EC.1 from §EC.3.1, which now appears as Figure EC.2.
Recall that (o1.7,x1.7) represents the observed data, and Z;.r denotes the intervention policy.
As in §4.3, we begin with the posterior samples [h1.7(b)]2_,, corresponding to the random path
Hi.r | (01.7,21.7). These samples can be generated efficiently, as established in §4.1. For each b, our
goal is to convert the sampled path hy.7(b) into a counterfactual path, denoted by ElzT(b). As noted
in §4.2, the counterfactual hidden state in period 1 equals the posterior sample, i.e., El(b) = hy(b).
To sample hy(b), we first need to sample the counterfactual emission oy (b) (cf. Figure EC.2). With
the copula underlying V; being the independence copula, it follows that

51(8) = {01 if 2, =%, and hy(b) = hy (b)

sample from the emission distribution [e; = ;]; otherwise.
hl (b)ftll
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The counterfactual emission &;(b) allows us to sample the counterfactual state h,(b), which again
leverages the fact that the copula underlying U, is the independence copula:
() ho (D) if hy(b) = hy(b) and o, = 5, (b)
? sample from the transition distribution [g; )5 @ynlw  otherwise.
We then generate the period 2 counterfactual emission 0,(b) in a similar manner, and the pro-

cess repeats iteratively until the end of the horizon T. The complete procedure is summarized in

Algorithm 4.

Algorithm 4 Counterfactual simulations under the independence SCM
ReqUire: (EaQ)a (01;T7m1:T)7 [hl!T(b)}bB:I’ ‘%LT
1: for b=1to B do

2 hy(b) = hy(b)

3 fort=1toT—1do

4 if #, =%, and h,(b) = h,(b) then

5 0:(b) = o,

6: else

7 0(b) ~ Categorical([ez, 4)7,:):)

8 end if

9 if hy(b) = h,(b) and o, = 0,(b) then
10: Bigr (b) = hegr ()
11: else
12: Begr (b) ~ Categorical([qz, ()5, (o)1)
13: end if
14:  end for
15: end for

16: return [hy.+(b)],

EC.4.2. Counterfactual Simulations Under the Comonotonic SCM

Before formally describing how to estimate PN using the comonotonic SCM, we provide some intu-
ition for our approach via a simple example consistent with the setup of Example 1. Consider two
variables, X and Y, where X € {0, 1} represents the medical treatment, and Y € {bad, better, best}
represents the patient outcome. The outcome Y, :=Y | (X =) obeys the following distribution:
Yy ~ {bad, better,best} w.p. {0.2,0.3,0.5} and Y; ~ {bad,better,best} w.p. {0.2,0.2,0.6}. The
underlying SCM is shown in Figure EC.3. Note that X is deterministic and does not have an

exogenous noise variable pointing to it.
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Figure EC.3 The comonotonic copula SCM for the “simple” example. The noise node is represented by the scalar
U ~ UJ0,1] rather than a vector U. The structural equation is Y = f(X,U), which we denote by fx(U), the inverse
transform function corresponding to Y. That is, fo(u)= bad, better, and best if u € [0,0.2], u € [0.2,0.5], and
u € [0.5,1], resp. Similarly, fi(u) = bad, better, and best if u € [0,0.2], v € [0.2,0.4], and « € [0.4, 1], resp.

Consider a patient whose outcome Y was “better” under no treatment (z =0). Given the prior
U ~U[0,1], the posterior distribution is U | (Y, = better) ~ U[0.2,0.5]. Now, suppose we are inter-
ested in the counterfactual outcome under the intervention = =1, i.e., the random variable Y =
Y1 | (Yo = better). Using the posterior U[0.2,0.5] for U and the functional form of f;(-) (as defined
in the caption of Figure EC.3), we observe that the interval [0.2,0.4] maps to “better” and [0.4,0.5]
maps to “best”. Consequently, Y is “better” w.p. 2/3 and “best” w.p. 1/3.

We now generalize this approach to the GHMM. We first fix an ordering of the states (set H)
and the emissions (set Q), e.g., from “best” to “worst”. Denote by ry(h) the rank of state h
with respect to this ordering and by 7(i) the rank of emission i. Furthermore, let rj'(r) and
r5'(r) denote the inverse functions corresponding to r(h) and ro (i), respectively. That is, 7' (r)
returns the state with rank r and ;' (r) returns the emission with rank r. Also, for each (h, i) pair,
observe that [gnin/|n denotes the transition distribution (which maps to the random variable Hj;).

Corresponding to this distribution, we define the rank-ordered CDF as follows:

Qnin 1= Z Gnin TR (EC.3a)

Wi g (W) <rg (h')
Similarly, for each (h,z) pair, observe that [e;.;]; denotes the emission distribution (which maps

to the random variable Oy,). Corresponding to this distribution, we define the rank-ordered CDF

as follows:

Bwii= Y eny Vi (EC.3b)

Jiro(F)<ro(i)
Also, define Q0 = Enzo =0 for all (h,i) and (h,z). We discuss these orderings for the breast cancer
application in §EC.5.4.

As in §EC.4.1, we begin with the samples [h1.7(b)]Z_,, which we generate from the posterior dis-
tribution of Hy.7 | (01.7,x1.7). For each sample path hy.7(b), our goal is to generate a counterfactual
path ﬁl:T(b). As noted in §4.2, irrespective of the copula choice, the counterfactual hidden state
in period 1 equals the posterior sample, i.e., El(b) = hy(b). To generate 0;(b), consider the SCM

in Figure EC.4. The exogenous noise nodes are now scalar U[0,1] random variables rather than
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Figure EC.4 The comonotonic SCM underlying the GHMM. The key observation is that the noise nodes are now

scalar U[0, 1] random variables as opposed to random vectors, i.e., (U, V;) as opposed to (U, Vy).

random vectors with U[0, 1] marginals. This is a direct implication of the comonotonic copula (as

discussed in §EC.3.1). It follows from the structural equation (EC.2a) that o0,(b) satisfies
51(b) = f(ha (0), 71, Vi) = f5, 4y, (V) (EC.4a)

where f;,(-) is the inverse transform function corresponding to the rank-ordered CDF [E},;];
(recall (EC.3b)). Hence, all we need to sample 0,(b) is the posterior distribution of V;, where the
“posterior” corresponds to conditioning on Oy, )z, = 01 Where Oy, := O, | (H, = h, X, = x) was
defined in §EC.3.1. (We must keep the ¢ notation here since the posterior dynamics are time-

dependent.) Given the prior V; ~ UJ[0, 1], the posterior of V; satisfies
Vi | (O1ny ey = 01) ~ U[Ehl(b)zlol_’Ehl(b)rwl]’ (EC.4b)

where 0~ :=r,'(ro(0) — 1) is the emission ranked just below o. Hence, we can efficiently sample V;
from its posterior, and this V; sample can be used to generate 0;(b) (via (EC.4a)).

We can sample ho(b) similarly. By the structural equation (EC.2b), hy(b) satisfies

ha(b) = g(h (5),61(6). Uz) = g5, iy, ) (U) (EC.5a)

where gp;() is the inverse transform function corresponding to the rank-ordered CDF [Qpin]n
(recall (EC.3a)). Hence, all we need to sample h,(b) is the posterior distribution of Us, where the
“posterior” corresponds to conditioning on Hap, (5)0, = ho(b) where Hyy, := H, | (Hy—1 = h, 0,1 = 1)
was defined in §EC.3.1. (Once again, we must keep the ¢ notation here since the posterior dynamics

are time-dependent.) Given the prior U, ~ UJ[0, 1], its posterior satisfies

Us | (Hany (b0, = h2(0)) ~ UlQh, 501 o (6)~ s @y (h)orh2(5)) (EC.5b)

where h™ :=r;" (riz(h) — 1) is the state ranked just below h. Hence, we can efficiently sample U,
from its posterior, and this Us sample can be used to generate hy(b) (via (EC.5a)).
We can now generate the period 2 counterfactual emission 02(b) in a similar manner and the

process repeats until we reach the end of horizon T. We summarize the procedure in Algorithm 5.
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Algorithm 5 Counterfactual simulations under the comonotonic SCM
RequiI'e= (EaQ); (OlzT;ml:T>7 [hl:T(b)]Ezla flzTa TH(')7 TO(')
1: for b=1to B do

2 hy(b) = hy(b)

3 fort=1toT—-1do

4: Vi~ U[Eht(b):ctot_’Eht(b)ztOt] % posterior sample of V; (see (EC.4b))
5 0:(b) = fr, )z, (V2) % counterfactual emission (see (EC.4a))
6 U1~ UlQn, 0)orhysr 0) > @hy(b)orhss () % posterior sample of U, (see (EC.5Db))
7 By (b) = Iry (650 () (et 1) % counterfactual state (see (EC.5a))
8  end for

9: end for

10: return [h1:T (b)] b

Remark EC.1. It should be intuitively clear that the comonotonic copula implies pathwise mono-
tonicity. Our discussion of the simple example at the beginning of this sub-appendix further illus-
trates this point. In that example, a patient’s outcome Y under no treatment (x =0) was “better”.
The counterfactual outcome Y for this patient under treatment (Z = 1) in the SCM with the
comonotonic copula was either “better” (w.p. 2/3) or “best” (w.p. 1/3), thereby satisfying pathwise

monotonicity.

Appendix EC.5: Further Details on the Case Study

We discuss further details on the breast cancer model primitives and their calibration in §EC.5.1,
followed by showing how we exploit sparsity to reduce the number of decision variables (§EC.5.2).
We then provide details on the pathwise monotonicity constraints and the comonotonic copula in

§EC.5.3 and §EC.5.4, respectively.

EC.5.1. Calibration of Initial State Distribution p and Emission Distribution E
We have p := (p1,...,pr). Typically, breast cancer screening begins around age 40, with a prevalence
among females aged 40-49 of 1.0183% (Table 4.24 of NIH (2020), all races, females): p, + p3 =
0.010183. In-situ cancer accounts for 20% of new breast cancer diagnoses (Sprague and Trentham-
Dietz 2009), giving p, = 0.2 x 0.010183 and p3 = 0.8 x 0.010183. It is natural to set p, = ps = ps =
p7r =0, leading to p; =1 —p>, —p3 =1—0.010183.

We have E := [e4]h.4.i, Where e :=P(O, =i | H, = h, X; = z). Before discussing the calibration,
we highlight the sparse structure of E. To illustrate this, we define the matrix E(z) := [e}4]n: for

each action z (with each row summing to 1), and observe the following structure:
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_O €19 1*612 ] _100 ]
01—624 €94 100
01—635 €35 100

E(0)= |0 1 E(1)=[0001
0 1 000 1
0 1 000 1
0 1] (000 1]

A few comments are in order. First, for x =1 (no screening), the emission matrix E(1) is
extremely sparse, with entries in {0, 1}. For example, when the hidden state is 1 (healthy), 2 (undi-
agnosed in-situ cancer), or 3 (undiagnosed invasive cancer), no signal is observed (emission equals
1) w.p. 1. When the hidden state is 4, 5, 6, or 7, the emission matches the hidden state w.p. 1.

Second, for x =0 (screening), the emission matrix E(0) is also sparse. If the patient is healthy
(row 1), the test result is negative (true negative) w.p. e; and positive (false positive) w.p. 1 —ejs.
When the patient has undiagnosed in-situ cancer (row 2), it is detected (true positive) w.p. ey and
missed (false negative) w.p. 1 — eyy. Similarly, ess represents the probability of detecting invasive
cancer (true positive) and has the same interpretation as eys. As with x = 1, when the hidden state
is 4, 5, 6, or 7, the emission matches the hidden state w.p. 1.

Having discussed the structure of E, we now calibrate it to real data. There are three parameters:
€12, €24, and ess. While these parameters can be age-specific, we simplify by using average values.
The parameter e, represents the specificity of the screening (i.e., the probability of a true negative)
and is calibrated using Table 3 of Ayer et al. (2012), giving e;5 = 0.9. The parameter ey, represents
the in-situ sensitivity (i.e., the probability of a true positive for in-situ cancer) and is also calibrated
using Table 3 of Ayer et al. (2012), giving ey = 0.8. Finally, e3; represents the sensitivity for
invasive cancer (i.e., the probability of a true positive for invasive cancer). Following Ayer et al.

(2012), we assume e35 = ey =0.8.

EC.5.2. Reducing the Number of Joint Decision Variables by Exploiting Sparsity

Recall from §4.3 the following setup. Let k = (h,z) and m = (h,7) so that Oy = Oz, €ri = €naiy
H,, = Hy;, and @,n = qrine- We have k € [K] and m € [M], where K := |H||X| and M := [H]||O].
The K- and M-dimensional joint PMFs for all i1,...,ix € O and hq,...,hy € H are defined as

01.”7]((2'1,...,2.[() I:P(Ol :Zl,,OK:ZK) (93)

s

7T1,_“7M(h1,...,hM) I:P(Hl :hl,...,HM :hM) (9b)

As discussed towards the end of §4.3, it follows from (9) that there are at most |O| Xl 4 ||
joint variables. We now show that these are merely upper bounds and that the sparsity inherent

in the breast cancer application can be exploited to drastically reduce these numbers.
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State h Policy x Range of O, Range cardinality

1 0 (2,3} 2
1 1 {1} 1
2 0 (2,4} 2
2 1 {1} 1
3 0 (2,5} 2
3 1 {1} 1
4 0 {4} 1
4 1 {4} 1
5 0 {5} 1
5 1 {5} 1
6 0 {6} 1
6 1 {6} 1
7 0 {7} 1
7 1 {7} 1

Table EC.1  Range of the 14 random variables [Opz]n,» corresponding to 61,... k.

Consider the 6, decision variables, which represent the joint PMF of [Oy]x, where k= (h, x).
To reduce the number of variables, we first determine the valid (h, z) pairs, rather than naively con-
sidering all (h,x) € H x X. Recall that the state h is encoded as follows: (1) healthy, (2) undiagnosed
in-situ cancer, (3) undiagnosed invasive cancer, (4) diagnosed in-situ cancer, (5) diagnosed invasive
cancer, (6) recovery, and (7) death. Furthermore, 2 = 0 indicates a mammogram is performed,
while z = 1 indicates it is not performed. It is straightforward to verify that all 14 combinations
of (h,z) € H x X are valid, meaning none of the corresponding decision variables can be removed.
Turning to the observations, they are encoded as follows: (1) no screening, (2) negative screening
result, (3) positive mammogram followed by a negative biopsy, (4) diagnosed in-situ cancer, (5)
diagnosed invasive cancer, (6) recovery, and (7) death. Table EC.1 summarizes the range of all
7 x 2 =14 random variables [Op,]5... Multiplying the cardinalities from the last column of Table
EC.1 reveals that only eight 6,  x decision variables need to be considered, significantly fewer
than the naive upper bound of |Q|H/I%l =714,

The same logic applies to the m; 5 decision variables, which represent the joint PMF of [H,, ],
where m = (h,i). For the m; ) decision variables, even the first step proves useful as some (h,17)
pairs are invalid. For example, if h =1 (healthy), then i ¢ {4,5,6, 7}, as these emissions correspond
to diagnosed cancer, recovery, or death. This initial step reduces the number of [Hp;],,; random
variables from |H||O| =49 to 13 valid pairs. The second step trims the range of each of these 13
random variables. Table EC.2 documents these reductions, showing how the number of m
decision variables is reduced from the naive upper bound of |H|™ % =749 to 15,552, which equals

the product of the cardinalities presented in the last column of Table EC.2.

EC.5.3. Details on the Pathwise Monotonicity Constraints
Pathwise monotonicity can be enforced via linear constraints. We discussed this in §5 and now

provide a comprehensive description of all pathwise monotonicity constraints embedded in our
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State h  Observation ¢ Range of H;,; Range cardinality

I 1 {1,2,3} 3
1 2 {1,2,3} 3
1 3 {1,2,3} 3
2 1 {2,3} 2
2 2 {2,3} 2
2 4 {4,6} 2
3 1 {3,7} 2
3 2 (3,7} 2
3 5 {5,6,7} 3
4 4 {4,6} 2
5 5 {5,6,7} 3
6 6 {6} 1
7 7 {7} 1

Table EC.2 Range of the 13 random variables [Hp;]n,; corresponding to 71,... v. Only 13 (h, i) pairs are shown as

,,,,,

the other 36 are not valid.

breast cancer numerics. To recap from §5, suppose the patient has “low severity” cancer (state h)
in period t, the cancer has not been detected (observation i), and the patient’s state remains in
“low severity” in period t + 1. In the counterfactual world, if the cancer is detected in period ¢
(observation i), pathwise monotonicity requires that the cancer cannot transition to a worse state
than “low severity” in period ¢+ 1. Formally, this implies P(H,; = h' | H; = h) = 0 for all states
h' worse than h. There are multiple such cases to consider. We enforce all pathwise monotonicity
constraints by setting the corresponding 7s; ,;(h/,h') variables to 0, as mx; 4 (F, ) = P(Hy; =
WYP(Hy = B | Hyo = ).

Hence, to provide details on all pathwise monotonicity constraints we enforce, it suffices to
enumerate the (h,i,h’, h,i,h’) combinations for which the 7Tm7hi(ibl ,h') variables are set to 0. To

achieve this, we iterate over each state h € {1,...,7}. (Note that for pathwise monotonicity, there

are no (h,z,i,h,Z,i) combinations for which we set the 05 ,,(i,7) variables equal to 0.)

Healthy (h =1). Pathwise monotonicity is enforced for the following combinations:

o If (h,i,h) equals (healthy, whatever emission, healthy), then the counterfactual state A’ can
not be in-situ, invasive, or death if A is healthy. That is, h=1,i€ O, K’ =1, h=1,i€ O, and
h'€{2,3,4,57}.

o If (h,i,h’) equals (healthy, whatever emission, in-situ), then the counterfactual state h’ can
not be healthy, invasive, or death if h is healthy. That is, h=1,i€ O, k' =2, h=1, i€ Q, and
h'€{1,3,5,7}.

o If (h,i,h') equals (healthy, whatever emission, invasive), then the counterfactual state A’ can
not be healthy, in-situ, or death if & is healthy. That is, h=1,i€Q, K’ =3, h=1, i € O, and
h'€{1,2,4,7}.
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e If (h,i,h’) equals (healthy, whatever emission, death), then the counterfactual state h’ can not
be healthy, in-situ, or invasive if h is healthy. That is, h=1,i€ O, K’ =7, h=1, i € O, and
h'€{1,2,3,4,5}.

Undiagnosed In-situ (h =2). Pathwise monotonicity is enforced for the following combinations:

e If (h,i,h) equals (in-situ, undetected, in-situ), then the counterfactual state h’ can not be
invasive or death if h is healthy or in-situ. That is, h =2, i € {1,2,3}, b’ =2, h € {1,2,4},
i€O, and ' € {3,5,7}.

e If (h,i,h') equals (in-situ, detected, in-situ), then the counterfactual state i’ can not be invasive
or death if h is in-situ and detected. That is, h =2, i =4, h' =4, h € {2,4}, i = 4, and
h' € {3,5,7}.

e If (h,i,h’) equals (in-situ, undetected, invasive), then the counterfactual state h’ can not be
death if h is healthy or in-situ. That is, h =2, i € {1,2,3}, ' =3, h € {1,2,4}, i € O, and
h=T.

o If (h,i,h) equals (in-situ, detected, invasive), then the counterfactual state A’ can not be
death if h is in-situ and detected. That is, h=2, i =4, h' =5, h€ {2,4},i=4, and b/ = 7.

e If (h,i,h’) equals (in-situ, detected, recovered), then the counterfactual state A’ can not be
in-situ, invasive, or death if h is in-situ and detected. That is, h =2, i =4, i’ =6, h € {2,4},
i=4,and h' € {2,3,4,5,7}.

o If (h,i,h') equals (in-situ, undetected, death), then the counterfactual state h’ can not be
in-situ, invasive, or recovered if h is in-situ and undetected. That is, h =2, i € {1,2,3}, b’ =7,
h=2,i€{1,2,3}, and I € {2,3,4,5,6}.

e If (h,i,h') equals (in-situ, detected, death), then the counterfactual state A’ can not be in-situ,
invasive, or recovered if h is in-situ and detected. That is, h=2,i=4, W' =7, h€ {2,4}, i =4,
and h' € {2,3,4,5,6}.

Undiagnosed Invasive (h = 3). Pathwise monotonicity enforced for the following combinations:

e If (h,i,h) equals (invasive, undetected, invasive), then the counterfactual state A’ can not be
death if h is healthy, in-situ, or invasive. That is, h=3, i € {1,2,3}, b’ =3, h € {1,2,3,4,5},
1€0, and B/ =7.

o If (h,i,h’) equals (invasive, detected, invasive), then the counterfactual state h’ can not be
death if h is invasive and detected. That is, h=3,i=5, k' =5, h€ {3,5},i=5, and b/ =7.

o If (h,i,h) equals (invasive, detected, recovered), then the counterfactual state h’ can not be
invasive or death if h is invasive and detected. That is, h=3, i =5, h' =6, h € {3,5}, i =5,
and h' € {3,5,7}.
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If (h,i,h’) equals (invasive, undetected, death), then the counterfactual state h’ can not be
invasive or recovered if h is invasive and undetected. That is, h =3, i € {1,2,3}, ' =7,
he€{3,5},i€{1,2,3}, and i’ € {3,5,6}.

If (h,i,h') equals (invasive, detected, death), then the counterfactual state A’ can not be
invasive or recovered if h is invasive and detected. That is, h=3,i=5,h =7, h e {3,5}, i=5,

and b’ € {3,5,6}.

Diagnosed In-situ (h =4). Pathwise monotonicity is enforced for the following combinations:

If (h,i,h') equals (in-situ, detected, in-situ), then the counterfactual state h’ can not be inva-
sive, recovered, or death if h is in-situ and detected. That is, h =4, i =4, ' =4, h € {2,4},
i=4, and b’ € {5,6,7}.

If (h,i,h') equals (in-situ, detected, invasive), then the counterfactual state h’ can not be
in-situ, recovered, or death if A is in-situ and detected. That is, h=4, i =4, k' =5, h € {2,4},
i=4, and ' € {4,6,7}.

If (h,i,h') equals (in-situ, detected, recovery), then the counterfactual state h’ can not be
in-situ, invasive, or death if h is in-situ and detected. That is, h=4, i =4, h' =6, h € {2,4},
i=4,and b’ € {4,5,7}.

If (h,i,h) equals (in-situ, detected, death), then the counterfactual state h’ can not be in-situ,
invasive, or recovered if h is in-situ and detected. That is, h=4,i=4, W' =7, h€ {2,4}, i =4,
and h' € {4,5,6}.

Diagnosed Invasive (h =5). Pathwise monotonicity is enforced for the following combinations:

If (h,i,h') equals (invasive, detected, invasive), then the counterfactual state A’ can not be
recovered or death if h is invasive and detected. That is, h=>5, i=5, b’ =5, h € {3,5}, i =5,
and h' € {6,7}.

If (h,i,h') equals (invasive, detected, recovery), then the counterfactual state h’ can not be
invasive or death if A is invasive and detected. That is, h=>5, i =5, h' =6, h € {3,5}, i = 5,
and h' € {5,7}.

If (h,i,h') equals (invasive, detected, death), then the counterfactual state h’ can not be
invasive or recovery if h is invasive and detected. That is, h=5,i=5, K’ =7, h€ {3,5},i =5,

and k' € {5,6}.

Recovery (h =6) and Death (h=T7). Pathwise monotonicity enforced for no combinations.

EC.5.4. Details on the Comonotonic Copula

We discussed the counterfactual simulation under the comonotonic copula for a general GHMM in

§EC.4.2. In this section, we connect that discussion to the breast cancer application. To do so, it
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suffices to define the rank functions ry(-) (for states) and ro(-) (for emissions). For states, there
are two possible orderings that seem “natural” (from “best” to “worst”):

e (1,6,4,2,5,3,7)

e (1,6,4,5,2,3,7).
Recalling the Q(7) notation from §6, note that columns 2 and 5 are never “active” simultaneously
in any row of Q(¢) (for any 7). Thus, the choice of ordering between the two options above is
inconsequential, and we can select either. Suppose we choose the first ordering. This defines the
rank function, e.g., 75 (6) = 2, meaning the rank of state 6 is 2. For the inverse function, r5'(2) = 6.

Defining ro(+) for the breast cancer setting is unclear, but fortunately, it does not matter. To

see why, consider the following path of interest, which generalizes both Paths 1 and 2 from §6:

O1y-++3073-1,0755-++3,07,,07,41,...,07—-1, OT .
S s € € -~
€{2,3} =1 €{4,5} =7

For the first 7, — 1 periods, observe that the counterfactual emission 0,(b) equals the observed
emission o; for each b. This is because the intervention policy Z; equals the observed policy z;
for t <7, — 1. Now, consider periods 7, to 7., during which the screening was not done, i.e.,
Z,.7. = 1. Hence, the corresponding emissions o, =1 w.p. 1 (see the matrix E(1) in §EC.5.1). This
means that the emissions do not contain any information regarding the underlying noise variables

4

s:Te

(see Figure EC.4) and hence, their posterior equals their prior, which is UJ0, 1]. As such, for
te{r,...,7.}, we can sample 0,;(b) using the categorical distribution over the probability vector
(€7, (0)7,4)i- Note that we can use 0., (b) to sample I, (b), which we can then use to sample oy, (b),
and so on (until we have sampled h._,1(b)). Now, consider t =7, + 1. We know o, € {4,5}:
o If 0, =4, then h,(b) =2 and h,(b) € {2,4,6} (cf. pathwise monotonicity).
—1If hy(b) € {4,6}, then 5,(b) = hy(b) (since rows 4 and 6 of E(0) have 1 on the diagonal).
— Else, if hy(b) =2 (= hy(b)), then 6(b) = 0, = 4.
e Else, if 0, =5, then hy(b) =3 and h(b) € {3,4,5,6} (cf. pathwise monotonicity).
—1If hy(b) € {4,5,6}, then 6,(b) = hy(b) (since rows 4, 5, 6 of E(0) have 1 on the diagonal).
—1If hy(b) =3 (= hy(b)), then 6,(b) =0, = 5.
Finally, for ¢t > 7.+ 2, we know h;(b) >4 and that the corresponding rows in E(0) are 0-1. Hence,
the posterior of V; equals the prior and we can sample 0;(b) using the categorical distribution
over the probability vector [eﬁt ()7 .Ji- By construction, the comonotonic copula will obey pathwise
monotonicity and hence, will ensure that in the counterfactual world, the patient does not die

before period T
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