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A. Analysis and Technical Results for Section 5.1
This appendix provides the technical details and supplemental results for Section 5.1 (Second-

Period Outside Options). The related proofs are presented in Appendix E.3.

A.1. Traditional LP

We first analyze the equilibrium under the traditional LP. In the second period, customers who
have not purchased before still choose not to purchase; those who have purchased before choose
to repurchase if and only if Ups=d6v—p+e—c>0, ie., v> p_TeJ’C. In the first period, customers
choose to buy if and only if U}, > U}, where U, =v —p+ amax{év —p+e—c,0} and U} =
amax{v —p—¢,0}. By analyzing the utilities, customer purchase behavior can be summarized in

Lemma Al.

LEMMA Al. Under the traditional LP, a customer purchases in period i € {1,2} if and only if

v >711:(p,€), where T1; is given by:

(1,1) if p>1Ne<p—4&+c+22
(p,1) if p<lne<p—é+e,

(701, 722) = (P, B=55°) if p—0+c<e<(1-¥d)p+ec,
(H(i(i;;ﬂ)’pml(i;;ﬂ)) if max{(1-8)p+ec,p—O6+c+t}<e<p+c+?,
(0,0) if e>p+c+?l.

Anticipating customers’ behavior, the firm maximizes its total profit as follows.

max 7, =p(1 —701(p,€)) + (p—e)(1 —712(p, €)).

p,e

Solving this optimization problem yields the following equilibrium results.

LEMMA A2. Under the traditional LP, the equilibrium results are as follows.

1+2(c—9)
B} ,

(i) No Repurchase (0 <0 <c). The firm’s optimal decisions are p} =1 and ¢} <

customers’ purchase decisions are (171,7},) = (3,1); the reward redemption rate is rj = 0; the

- 1
firm’s profit is 7} = 7.
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(ii) Partial Repurchase (c <0 <1). The firm’s optimal decisions are (p},e}) = (5, 5%);

) . . * * _ (1 d4cy. - - *

customers’ purchase decisions are (T7,,7f,) = (3, %5°); the reward redemption rate is r; =
c. ) . . (670)24»5
1—$; the firm’s profit is w} = ~—5——.

A.2. Tradable LP

We next analyze the equilibrium under the tradable LP. In the second period, for customers who
have not purchased before, their second-period utility is Uf, = max{v—p—c,v—p+e—ey —c,0}.
For customers who purchased before, their second-period utility is U2, = max{dv —p+e—c, e, 0}.
In the first period, their long-term utility is Ur; = max{v — p + aUZ2,, UL, }.

By analyzing the utilities, we define the following thresholds: &, =p—14c+ %, éa=p—0+c,

~ _ l+c—pta(ptc—1) » _ —l+at2ac—06—3ad+2(1+a)p » __ (1—a)(1-0)p
€3 = TFa ) €4 = 20 €5 =Ct 5 aaoe)

€6 =p+c+ 2. Then, customer

purchase behavior can be summarized in Lemma A3.

LEMMA A3. Under the tradable LP, the consumer segmentation is given by

((1,1,1) ifp>1 and e < éy,
(p,p,1) if p<1 and e <min{éy, c},
(pralie—ctp) —ltatfoc BactBaal 1) if max{é,,és} <e<éy,
(Tr1, T, TH) = (p—i—“i%ac),p—e+c,1) if c<e<min{é,,é3},
T1y "2 1712 (p7p7 p—;+c> ’Lfé2 Segq

(p+a§e__;)7pie+cvp_Te+c) 'Lf max{é2,c}§e§é5,
(1468 (pta(p—e+c)) 25(p+a(c—e+p)) 2(p+a(c—e+p)) . o ~

( 1+5p+a(3%fl) ’ 1fé+a(3671p) ) 1ia+a(35f1)) ) if max{és,és) <e < é,
s Uy i € =~ €g.

0,0,0 feo>p

Anticipating customer behavior, the firm maximizes its total profit.

II]I)aéX mr=p(1 —7r1)+p(1 77'7]3’2 + 7 — 7'%2) —emin{l — 77,1 777{12 + 7y — 7'792}.

Solving this optimization problem yields thresholds 51,52,53,34, and ¢;, which characterize the

equilibrium results summarized in Lemma A4 and illustrated in Figure A-1.

LEMMA A4. Under the tradable LP, there exist thresholds 51, 32, 53, 34, ¢1 such that the equi-
librium results are as follows.

(i) No Repurchase, Trading (6 <0, and ¢ <¢é,). The firm’s optimal decisions are (ph, es) =

( 2—¢ l4c—a(l—c)
24’ 3+«

2—c—a(l+a+c) 14a+tc 1) .
1-a)(3+a) 7 34a 7777
_ 1—a(l—c)—c(1—c¢)

e oty the firm’s profit is 77 = =51

. s s * L* _H*\ _
); customers’ purchase decisions are (TFy, Ty, Tre ) = (

the reward redemption rate is ri =

(ii) No Repurchase, No Trading (6 < o, and ¢ > ¢1). The firm’s optimal decisions are py = 3
and ek < min{@,c}; customers’ purchase decisions are (75,7, TH ) = (3,3,1); the

reward redemption rate is 5. = 0; the firm’s profit is 75 = i.

(iii) Repurchase, Trading (5, <8 <0,). There exists a threshold b5 such that:
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Figure A-1 Equilibrium Results under Tradable LP with Outside Options
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(a) When 6 < 6, the  firm’s optimal ~ decisions are  (ph,er) =
((1_a)(2;§();’fg+a_c) , 2(1_?:(?813))(1%) ); customers’ purchase decisions are
(hurkafy) = (URBHS01) lten 20 e revard
redemption rate is T5 = 5(1_0“)(%?;Efff’;iz)llic)((ll:gé)(1+5); the firm’s profit is mwy =

2(1—a+68)(148)+5(1—a) (1—a(1—58)+38)—cs(1—a) (3—a+5(3+a))
6(1—a)(44+6(34a)) .

(b) When 6 > 03, the  firm’s  optimal  decisions  are  (ph,er) =

( (1+6—a(1—-68))(1—a+c+d(3+a+c)) (1—a)(1—6)(14+35—a(1—6))+c(1+6)(3+55—3a(1-95))
2(146)(1435—a(1-96)) ’ 2(146)(1436—c(1-95))

); customers’ pur-
.. * L* H*\ _ (l1—a+c+d(B3+a+c) d(1—a+c+d(3+a+tc) 1 c .

chase decisions are (77, 77y, Ty ) = ( 3(1—a)+26(3+a) * (143)(1430—a(1-0))° 143 T 17a+5(3+a))7

_ (17afc+5(3+afc))2

= 1110 (1—até(3ta)) "

the reward redemption rate is ri» = 1; the firm’s profit is 7

(iv) Repurchase, No Trading (5 > max{d,0,}).

20+c

3116) ¢); customers’ purchase

(a) When 6 < dy4, the firm’s optimal decisions are (ph,ekr) = (
L * L* H*\ _ ([ 26+c 26+c 26+c
decisions are (T, Ty, Try ) = (

50116) 3110} 26(1+5)),‘ the reward redemption rate is ry =

52— . 4(1—c)52 42
52(2_0‘3) ; the firm’s profit is m} = (45(?7“)“
(b) When § > b4, the firm’s optimal decisions are (ph,ey) = (3, 1+§—5)’, customers’ purchase
decisions are (77, Ty, T1h ) = (%, %, %); the reward redemption rate is v =1 — $; the
2
firm’s profit is w3 = =20+ O
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B. Analysis and Technical Results for Section 5.2
This appendix provides the technical details and supplemental results for Section 5.2 (New Cus-

tomer Arrival with Heterogeneous Valuations). The related proofs are presented in Appendix E.4.

B.1. Traditional LP
We begin by analyzing the equilibrium for the traditional LP. For customers arriving in the first
period, their purchase behavior follows Lemma Al. For the new cohort arriving in the second
period, the marginal consumer is given by (;(p) := min{p,6}. Anticipating these responses, the
firm maximizes its total profit.

max m, = p(1 = 711(p, €)) + (p — €)(1 = 722(p, €)) + (0 — (1. (p))- (B1)

Solving this problem yields the following equilibrium results (also shown in Figure A-2(a)).

LeEMMA B5. Under the traditional LP, there exist thresholds éLl and éLQ such that:

1) When 0 <60 < éLl, the firm’s optimal decisions are (pi,et) = (3,%); customers’ purchase
P br,er 202 p

ecisions are (T, T} s, ,13<.0); the reward redemption rate is 15 =1 — c; the firm’s

d 11T Ch) = (5,44,0); th d redempti te is vy =1 th ’
profit is T = #

it en B L2, the firm’s optimal decisions are (p}, €} ; customers’ purchase

When 0, <0 <0, th timal d p.er) = (38=<.0); cust h
decisions are (7}, 7}, (}) = (BH5=¢, 2HE8e 20=¢) - the reward redemption rate is rj, = =21 ;
the firm’s profit is w5 = (2+i)2 o

(iii) When max{0.,,01,} <0 <1, the firm’s optimal decisions are (p},e}) = (L8 g2y - oy

(1+9 14c 146
4 7 2 4
0 +20+2c 74c+3

8

tomers’ purchase decisions are (Ty1,T}5,Ch) = ); the reward redemption rate is

2(1

3 9 ; the firm’s profit is mj,

*
T, =

B.2. Tradable LP
Next, we analyze the equilibrium under the tradable LP. For customers arriving in the second
period, a purchase occurs if and only if v — p+ e —ej; > 0. Thus, the marginal consumer is defined

as (r(p) :=min{p+e — ey, 0}. Lemma B6 summarizes customers’ purchase behaviors.

LEMMA B6. Under the tradable LP, the first-period demand threshold is T7r1 = p. The second-

period thresholds (Tr2,(r) are given as follows.

((p+¢,p) if p<f-c,

(1,0) if p<lne<min{p+c—1,p—06},

(p—e+c,0) if p+c—1<e<min{p—0,c},
(73, Cr) = (p—e+c,p—e) if max{p+c—1,p—0}§e§#,

’ (p+9+c p+‘9 ) if G—CSpSmin{H—i—c,Q—O—c}ﬁeZp_THC,
(I,p—e) if p—0<e<min{p+c—1,1-0},
(Lp+6-1) if 2—0—c<p<lne>1-80,

L (p,0) if 0+c<p<lne>c.



Anticipating these behaviors, the firm solves the following maximization problem:

The equilibrium results are characterized as follows (also shown in Figure A-2(b)).

Figure A-2
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LEMMA B7. Under the tradable LP, there exist thresholds Op1, Oro, O7s, and 074 such that:

(1)

(i)

(iii)

(i)

(%,%); customers’ purchase deci-

When 0 < 0 < 07+, the firm’s optimal decisions are (py.er)=(5,5

sions are (Tiy, Tre, () = (3, 235,0); the market token price is €5, =0; the reward redemption
rate is i =1 —c; the firm’s profit is 75 = czj#.
When 071 < 0 < min{0r,, 075}, the firm’s optimal decisions are (pi,el) = (3, 5849); cus-

(l 1+0+3c 1+0—c
4

e ); the market token price is

tomers’ purchase decisions are (T}, Ty, () =

2 —2c+3+6%—2c0+20
< .

ey = 0; the reward redemption rate is vy = 1460 —c; the firm’s profit is 7 =

When maX{éTl,éTg} <9< min{ém,ém},

(3—9+c 3=T0+7c
6 7 12

the firm’s optimal decisions are (pi,ek) =

) 3=0ke 3+50+7c 3450-5c).
); customers’ purchase decisions are (T}, Trg, () = ( , SR, SR

the market token price is e}, = 0; the reward redemption rate is ri =1; the firm’s profit is

* (3+97C)2
T = o4 -

24+-0—c .
5 0); cus-

When max{0r,,074} < 0 < 0ry, the firm’s optimal decisions are (pi,e) = (

(2tb=c 24045c 240-c) . the market token price

(246—c)?
12 .

tomers’ purchase decisions are (T3, Ty, () =

s €3, =0; the reward redemption rate is i =1; the firm’s pmﬁt 18 T =

(3,%5%); customers’ purchase

When 07 <0 <1, the firm’s optimal decisions are (p7,er) = (5,

11, 2) the market token price is e}, = 0; the reward redemption

decisions are (771, 7T74,¢;) = (5,
2
rate is 5 = 0; the firm’s profit is mj = -
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C. Analysis and Technical Results for Section 5.3
This appendix presents the analysis and supplemental results for Section 5.3 (Speculation with

Market Uncertainty). The related proofs are presented in Appendix E.5.

C.1. Traditional LP

We first analyze the equilibrium results under traditional LPs. For customers arriving in the first
period, their purchase behavior is characterized by Lemma A1. In the second period, new customers
arrive with probability 8. They purchase if and only if v — p >0, i.e., v > (r(p) := min{p, 1}.
Anticipating customers’ purchase behavior, the firm chooses p and e in the first period to maximize
the long-term profit.

max 7, =p(l —771(p,e)) + (p—e)(1 = T22(p,e)) + Bp(1 — ().

p.e
The equilibrium results are summarized as follows.

LEMMA C8. Under the traditional LP, the firm’s optimal decisions are (pj.e}) = (,152); cus-

1

1 14548
27 4 °

tomers’ purchase decisions are (7},,7;,,C;) = (3,1, 1), and the firm’s expected profit is 7},

C.2. Tradable LP

Given the complexity of the analytical solution under the tradable LP, we provide a proof sketch
that characterizes the equilibrium conditions. These conditions form the basis for the numerical
analysis presented in the main text.

We first establish that all customers who purchase in the first period will sell their loyalty tokens
to speculators. If a customer sells the token in the speculation stage at price er, their expected
future payoff is er + F[max{dv —p+ e — ey,0}]. In a competitive speculation market, the token
price equals the expected future price, i.e., er = Eley]. Thus, the expected future payoff from
selling can be written as: Us.y = Eley] + Elmax{ov —p+ e — ey, 0}] = E[max{dv — p + e,en }].
In contrast, if the customer holds the token, their expected payoff is discounted by a: Upyg =
aE[max{év—p+e,en}]. Since a <1, selling tokens to speculators dominates (or is equivalent to)
holding them. Thus, all first-period buyers enter the second period without tokens but with cash
ér.

Next, we analyze customers’ utility in the second period. For customers who did not purchase
before, their second-period utility is Uf, = max{v —p+ e — ey,0}. They purchase if and only if
v > 7k (er) :=p— e+ ey. For customers who purchased in the first period, their second-period
utility is Uf, = max{dv — p+ e — eyr,0}. They purchase if and only if v > 7 (ep) := E=5-° . The
token price e;; in the second period is stochastic, depending on the arrival of new customers. Let
el denote the token price when new customers arrive (probability 3) and ek, when they do not

(probability 1 — f3).
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Then, we analyze customers’ purchase decision in the first period. A customer purchases in the

first period if the long-term utility of buying exceeds that of waiting;:
v—p+ep+aB[Us,) > aE[UL).

Substituting er = Eley], the above inequality is equivalent to v — p + E[g(ear,v)] > 0, where

glenr,v) = ey +a(Uz2, — UL,). The function g(eyr,v) can be expanded as:

ex —a(l—=290)v ifey <dv—p-+e,
gler,v) =X (I1+a)eyy —a(v—p+e) fdv—pt+e<ey<v—p+e,
e ifey >v—p+e.

We can prove that there always exists a threshold 771 such that customers choose to purchase in
the first period if and only if v > 77,. Define f(v) =v—p+ E[g(enr,v)]. We analyze the monotonicity

of f(v) by considering the relative positions of v to the thresholds 7%,(ex) =p — e + ey and

T (en) = P=5M . Since ey takes values in {ef;, e} }, we identify five intervals for v:

(1) If v < 75, (ek)), then f(v) =v —p+ Eley]. The derivative is f'(v) =1 > 0. Solving f(v) =0
yields the threshold 771 =p — Elen].

(2) If 775 (eqy) <v<min{?fy(efy), Fro(en;)}, then f(v) = (1 —a(l—B))(v—p) — (1 - B)e + Bef +
(1+a)(1—pB)e and f'(v) =1—a(l — B) > 0. Solving f(v) =0 yields the threshold 77, =

a(1-B)e—Bell —(1+a)(1-B)ek
p+ T a(i-8) .

(3) If 75, (efl) <v < 7, (X)), then f(v)=(1—a)v— (1 —a)p—ae+ (1 + a)Eley] and f'(v) =
1—a>0. Solving f(v) =0 yields the threshold 77, = p 4 2= Elen]

(4) Tf max{7L, (ell), 75 (ek )} <v <7 (efl), then f(v) = (1—a(1 —El —B)0))v—(1—aB)p—afe+
(1+a)Bell+(1—pB)ek; and f/(v) =1—a(1—(1—3)d) > 0. Solving f(v) =0 yields the threshold

A~ (lfocﬁ)eraﬁef(1+a)ﬁeﬁf(1fﬁ)ekj
= 1—a(1-(1-B))) :

(5) If v > 78, (ef), then f(v) =(1—a(l—46))v—p+ Eley] and f'(v) =1— (1 —4d) > 0. Solving

f(v) =0 yields the threshold #r, = 2=2laadl.

Therefore, given the firm’s decisions (p, e), since f(v) is monotonically increasing in all cases, there
exists a unique threshold 7r; such that customers purchase in the first period if and only if v > 77y,
where 77, is the solution to f(v) =0 (bounded within [0, 1]).

In summary, customers’ purchase behavior is fully characterized by the purchase thresholds
(771,75, 78). These thresholds determine the market-clearing prices el and ek, according to the
supply and demand conditions in the second period. Given the piecewise structure of f(v) and
the complex interdependence between customer decisions and token prices, we employ numerical
methods to solve for the equilibrium and compare profits. To provide a comparative benchmark,
we also conduct numerical experiments for the scenario characterized by market uncertainty but
without speculation. As the theoretical analysis is analogous to the cases derived above, we omit

the details here.
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D. Analysis and Technical Results for Section 5.4
This appendix presents the analysis and supplemental results for Section 5.4 (Dynamic Pricing).

The related proofs are presented in Appendix E.6.

D.1. Traditional LP
Under a traditional loyalty program, we can show that, given the firm’s first-period decisions (p;, €),
customers adopt a threshold purchasing policy in the first period. That is, they purchase in the
first period if and only if v is greater than a threshold 7.

Moving to the second period, the firm observes customers’ first-period purchase decisions and
sets the second-period price ps. In response, customers who have not purchased in the first period
make their initial purchases if their utility U}, = v — p, is positive, that is, v > p,. Meanwhile,

customers who have purchased in the first period will repurchase if the utility U7, = dv —ps + e

is positive, that is, v > 22=<. Let 7/, = min{p,, 71} and 7/}, = min{max{#2= 7., },1}. Under this
notation, customers with valuation v € [7f,, 771] make initial purchases in the second period, and
those with v € [7{1, 1] will make repeated purchases in the second period.

Anticipating customer behavior, the firm sets the price p, to maximize its second-period profit.
max Tra(p2) = Pa(T1 — 7o) + (p2 — €)(1 = 775), (D3)
2

where the first term represents the profit from initial purchases in the second period, and the second
term accounts for the profit from repeat purchases, considering the loyalty reward discount. Solving
this optimization problem yields the optimal second-period price p}(7.1,e) and the corresponding
customers purchase thresholds in the second period (75 (p3, 711,€), T2 (5, 7T11,€)).

In the first period, customers choose to purchase only if v > 771(p1,€). Anticipating that, the
firm decides (p;,e) to maximize the total profit over both periods:

max 7z (pr,€) = pi (1= 700) + 9511 — 75 ) + (93 —€) (L= 775 ). (D4)

p1,€

The equilibrium results are described as follows.

LEMMA D9. Under the traditional LP with dynamic pricing, there exists a threshold Sm(a) such
that the equilibrium results are as follows.

(i) When 0 < & < 0p1, the firm’s unique optimal decisions are (€},p5, Phy) =

(1—a2+(a(2+a)—1)5—252 2(146) —a(245(1—a)) 5p21+(1—a)ez)
3+46—a(2+a) ’ 3+46—a(2+a) 7 1—a(1-96)

; customers’ purchase decisions are

(r: L* H*)_(P}il—w}ig * Pil—apig).th firm’ fit i « _ (148)(1—a+9)
T T Tig ) = o 2 DLy ; the firm’s profit is T = s Ty

(ii) When 6, < 6 < 1, the firm’s wunique optimal decisions are (€5,phy,Dhs)
(0, (1-a(1-6)(1+6-a(1-8) _ 9pL,;

*

. . *
); customers’ purchase decisions are (T}, Tfy,Tih ) =

2(1+62—a(1-95)) ' 1—a(1-6) ,
* * * *
PL1=%PL2 x PL1-%PL2). ) oo (1+6—a(1-9))
(P2 ply, T E2) ) the firm’s profit is T} = TR Eve
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Lemma D9 reveals that the firm adopts a markdown pricing strategy (p;, < pj;,). This strat-
egy effectively implements intertemporal price discrimination, inducing some customers who don’t
purchase in the first period to make purchases in the second period. In addition, the effectiveness
of traditional LPs in this setting hinges upon the magnitude of 6. When 4 is low (Case (i)), even
under dynamic pricing, the firm continues to find a traditional LP valuable. This aligns with the
purchase-history-based price discrimination role of traditional LPs, which remains valuable when
customers heavily discount repeated purchases. In this case, dynamic pricing and traditional loy-
alty programs target different customer segments, enabling more effective price discrimination.
However, in the case of high ¢ (Case (ii)), the traditional LP becomes redundant (e}, =0) in
the presence of dynamic pricing. Instead, the firm simply lowers the second-period price, which

effectively incentivizes first-time and repeated purchases in the second period.

Figure A-3 Equilibrium Results with Dynamic Pricing
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D.2. Tradable LP
The analysis for the tradable LP under dynamic pricing parallels that of the traditional LP. We
first establish that customers adopt a threshold purchasing policy. In the first period, a customer
with valuation v purchases if UF, > UX,. The utility difference is UF, — UY, = v — p; + amax{dv —
po+ e, ey} —amax{v—py+e— ey, 0}. It can be shown that UF, — UZY is strictly increasing in v.
Therefore, there exists a threshold 71; such that customers purchase in the first period if and only
if v>7p.

We now solve the problem backward starting from the second period. For customers who did

not purchase before, they choose to purchase if and only if UL, =v —py +e — ey >0, ie., v >



T%z :=py — e+ eyy. For customers who purchased before, they choose to repurchase if and only if

U, = 6v—pa+e > ey Otherwise, they choose to sell their tokens. The threshold is 77, := 22=SF°AL
Let 7£, = max{min{7%,, 71 },0} and 75 = min{max{7%,71},1}. The token market price e, is
determined by the market clearing condition S;(ey) = D;(ear), where the supply S; comes from
customers with v € [771,7/,] and the demand D; comes from customers with v € 75y, 771]. Given

customers’ purchase behavior, the firm sets the price p, to maximize its second-period profit.

n;ax Tra(p2) =p2(Tr1 — TT2 +1- TTZ) emin{7r; — TT2 +1-— TTQ, 1—7r1}, (D5)
2

where the first term represents the revenue from both initial and repeat purchases and the
second term represents the total costs associated with reward token redemption. Solving
the optimization problem leads to the optimal price pi(7ri,e) and the customers’ decision
(7 (5, 7115 €), 71 (D3, 711, €)).-
In the first period, the firm sets the first-period price and the reward value (p;,e) to maximize
the total profit across both periods.
max T =p(1—7r1) +pi(rr — 75 41— 7)) —emin{rp — 75 +1— 72 1 — 70y ). (D6)

The equilibrium results are described as follows s (also shown in Figure A-3(b)).

LeMMA D10. Under the tradable LP with dynamic pricing, there exist thresholds 3T1(Oc), 3T2(a)
and éry (9, ) such that the equilibrium results are as follows.

(i) When 6 € [0,671], the firm’s decisions are optimal if and only if €5, > ér1(8, ), and (P, Py —

* _ 2 14+a . ) .- * L H* 24+a 14+« . )
er) = (352314 ); customers’ purchase decisions are (T, 7, TH) = (51a 5100 1); the firm’s

. * 1
profit is T = 5.

(ii) When & € (dr1,072), the firm’s wunique optimal decisions are (€, D, Do)

(0, a? (246)—2a(1468)(2+8)+(1+5) (2+35)  S(ppy+1—a) );
(1+8) (4435~ 2a(2+9)) ’ 2(146) —a(2+9)

customers’  purchase  decisions  are

Pr—ap P a®—2a(146)24-(146) (1435
(TTlvT’Zl“/QvT’ZEIQ ) (%7PT27 2) the ﬁrm S pT‘Oﬁt is 7rT = (1.5_5()(44_)35_(2&(2)4(_5)) )
(iii) When & € (0ro,1], the firm’s wunique optimal decisions are (€5, Doy, Do)
(0 (1—042((11156)2)(_1:(51—_%%—5))7 1 (Z)(%l 5))' customers’ purchase decisions are (TTl,TTIJ;,TTI:g) =

o —aph « " 1+6—a(1-6))2
(pinl_ipm \Dirgs Ty )5 the firm’s profit is w5 = 74((1%2—(@(1 )g))

When 6 is low (Case (i)), the tradable LP leads to the same firm profit and customer purchase
behavior under dynamic pricing as it does under static pricing. In this case, dynamic pricing adds no
additional value because the tradable LP alone effectively manages intertemporal discrimination.
However, compared to dynamic pricing, tradable LPs can mitigate strategic purchase delays by
rewarding early buyers with tokens that can be sold in the secondary market. Conversely, when §
is high (Cases (ii) and (iii)), the tradable LP loses its value (e = 0) under dynamic pricing. This
mirrors the logic behind Lemma D9 (Case (ii)), where dynamic pricing alone is sufficient to induce

purchases in the second period.
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D.3. Dynamic Reward Value
In this subsection, we examine a setting where the firm cannot commit to the reward value in
advance. The timeline proceeds as follows. In the first period, the firm announces a product price
p and an initial reward face value e;. Note that the announcement of e; is non-binding, as the
firm retains the flexibility to adjust the redemption value to e; in the second period. Consequently,
rational customers base their first-period purchase decisions on their expectations of e, rather than
the announced e;. Finally, in the second period, the firm observes the realized first-period sales
and chooses the actual redemption value e, to maximize its ex-post profit.

Let e} denote the optimal reward value derived in the base model under full commitment (see
Propositions 2 and 3). Let e} denote the firm’s optimal ex-post reward value chosen in the second

period. We can obtain the following results.

LEMMA D11. For both traditional and tradable LPs, the firm’s optimal ex-post reward value e
in the second period is identical to the optimal committed value e} derived in the base model (i.e.,
es = et ). Consequently, the optimal firm profits under dynamic reward values are identical to those

of the base model with commitment.
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E. Proofs
E.1. Proofs of Results in Section 4.

Proof of Proposition 1. Based on the demand function in (3), the firm’s profit function can
be formulated as
2—p—2=L if 0<p<y,
v (p) = p2-p=5) if 0=p<
p(1—p) if 6<p<l1.
We first respectively analyze the optimal price in the two feasible regions.

(1) If 0 < p <4, the firm’s profit function is concave. The first-order condition yields the local

)

715, With corresponding profit 77 = -2 Note that p* <§ always holds.

optimal price pj = 541

(2) If 6 <p <1, the firm’s profit function is concave. By solving the profit maximization problem
with the constraint, the local optimal price and corresponding firm profit are
11 if 0<§g<i
(p3,m5) = (2:4) 1 sl
(0,0(1—=0)) if ;<0<1.
By comparing the local maximum profits 7} and 7, we obtain the following equilibrium outcomes.
1 1 1 : 1
(333:1) f0<o<s,
T S S| e 1 :
<5+175Tl’ﬁ’ﬁ> if <<l

as desired. ]

(p}ﬁVvW;(VaT;\(/laT;/Q) = {

Proof of Lemma 1. As discussed in Section 4.2.1, a customer purchases in the first period if
UP, > U}, where U, =v — p+amax{dv —p+e,0} and UY, = amax{v — p,0}.
We first derive the first-period threshold 7.1, implying that customers with v > 7;; make pur-
chases in the first period. We discuss the following two cases: e < (1 —¢)p and e > (1 —0)p.
(1) f e < (1 —0)p, for v < p, we have U, =v —p <0< U}; for v > p, we have U, =v—p+
amax{dv—p+e,0} >v—p>U}. Thus, the threshold is 77, = p.
(2) If e > (1 = 9)p, for v < B52, we have U} =v —p <0< Up; for 55 < v <p, we have Uf} =
v—p+a(dv—p+e) and U, =0, implying that UF, > U} if v > (Atap—ac. for 4 > p, we have

1+ad
UP =v—p+amax{dv—p+e,0} >v—p>U}. Thus, the threshold is 77, = (14-10;)%_
Combining the above cases, the first-period threshold is
R p if e <(1-9)p,
T =
L 7(”1(255_“ if e>(1-20)p.

We next derive the second-period threshold 7., implying that customers with v > 77, make

purchases in the second period. Customers purchase in the second period only if they purchased

in the first period (v > 71;) and the second-period utility is non-negative (Ury > 0,i.e.,v > %),
Thus, the threshold is 7o = max{7.;, %5°}.
Considering the valuation constraint v € [0, 1], the final thresholds are 7,, = min{max{7,,0},1},

leading to the following complete characterization.
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o f0<p< 2= 1+ , (Te1,72) = (0,0).
o If 1?(:& gpgmax{l 1+a(e+5)}

1+«
(p71) if €§p—(5,
(TL1,Tr2) = (p, 55°) if p—d6<e<(1-4)p,
(Ualpoae (badpeac) if ¢ > (1—4)p.

14+« e+5)

o If p>max{l, =~} (T01,722) = (1,1). O
Proof of Proposition 2. By equation (7), the firm’s profit function is 77, =p(1 —7171) + (p—
e)(1 — 7r2), where 7; and 775 are given in the proof of Lemma 1. We analyze the maximization

problem across the following three feasible regions for p.

(1)

<% (1r1,72) = (0,0) and 7, = 2p — e. The profit strictly increases in p. Thus,
the optimal solution must lie on the upper boundary, merging into Case (3).

(2) pr > max{1, M} then (711,722) = (1,1) and 7, =0, which is suboptimal.

14+a(e+d)
(3) 1 ) Tta

}, we examine the following three subcases.

(3. ) If e<p—4, then (111, 7r2) = (p,1). The profit is 7, = p(1 —p), yielding a maximum profit

of Tat p=1
(32) If p—d<e< (1 — 0)p, then (771, 72) = (p, 22). The profit function is mp(p,e) = —p* +
_2049) 2
2p — e — (e 56 The Hessian matrix is H = 2% 9, |. Since Hy, = —w <0 and

5 5
the determinant is det(H) = % >0, H is negative definite and 7, is jointly concave. By

solving the first-order conditions ag—pL =0 and ‘%—L =0, we have p* = % and e* = %5,
satisfying the region constraints. The corresponding profit is 7} = %‘S.
2
(33) If e > ( 5)]7, then 7.1 = 770 = (1""1‘1)% and 7, = (21)—6)(1-&-?12?;6—(1-{-(1)1?) Since 687r2L —
% <0, we have p*(e) = Q(H"ﬂ%w by the first order condition. Substituting p*(e)

back into the profit function, it can be shown that 7 (p*(e),e) decreases in e. Thus, the
optimal e lies on the lower boundary e = (1 — ¢)p, which reduces to Case (3.2).
Comparing the local optima, the global optimal solution is derived in Case (3.2). The equilibrium

(l ﬂ)a (72177—22) (572) a’nd 71—L_liJr(S' D

results are (p*,e*) = (3,5 :

Proof of Lemma 2. We first establish the bounds for the equilibrium token price, e,; € [0, €].
If epr < 0, token demand would be infinite while supply is zero, driving the price up. Conversely, if
ey > e, the price exceeds the face value, reducing demand to zero while supply remains positive,
driving the price down. Thus, e, € [0, e] must hold.

Next, we derive the token demand and supply in the secondary market based on the utility

analysis in Section 4.3.1. In the second period, for first-time buyers, their utility is Uf, = max{0,v —
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p,v —p+e—ep}, and thus they choose to buy if and only if v > 75, (en) := p — e+ epy; for second-

time buyers, their utility is U2, = max{0,dv —p+e, ey}, and thus they choose to repurchase if and

p— 6+6M

only if v > 7f}(en) := 2=

In the first period, customers maximize their long-term total utility, Ur; = max{aUL,,v —p+
aUz,}. For an interior equilibrium, the indifference condition is established by equating the utility
of purchasing to sell the token (v —p+ aeyr) and the utility of waiting to buy the token (a(v —
p+e—ey)). Solving for v yields the threshold 77 (en) =p + m, implying that customers
choose to purchase in the first period if and only if v > 774.

We now analyze the equilibrium token price in the secondary market. The token supply, S;,
comes from customers who buy in the first period but do not repurchase (771 < v < 754,), while the
demand, D, comes from customers who only buy in the second period (75, <v < 77;). Considering
the valuation constraint v € [0, 1], we solve the market clearing condition S;(ey;) = D;(en) by
analyzing the following cases.

(1) If 75, > 1, no purchases occur in the second period, resulting in D; = 0. Solving the constraints
yields 0 <e < w.
(2) If 75, <0, all customers repurchase, resulting in S; = 0. Solving the constraints yields e > Ha)p

(3) If 0 <7k, <77y <7, <1, then S, =7H, — 771 and D, = 71 — 7¥,. Solving S; = D, yields the

— (+d—a(1-8)le—(1-)(1=8)p

equilibrium token price ey, = 115 —a(l-5%)

(3.1) Substituting this e); into the constraints 0 < 75, < 77 <75, <1 and price bounds 0 <

(1—a)(1-6)p 2(1+a)p—(14+6)—a(36—1) (14a)
1+§7o¢(175§’ s 2« } <e< a E.

ey < e yields the range: max{
(3.2) Substituting e;; = 0 into constraints 0 < ?%2 <7 < %7512 <1and S; > D, yields the range:

(1-0)(1-0)p
P=0<es i aas-

(3.3) Substituting ey, = e into constraints 0 < 75, < 7py < 74, <1 and D, > S; derives contra-
dictions.

(4) T 0< 75 <77 <1< 7H, then S, =1 — 77, and D, = 771 — 74,. Solving S; = D, yields ey =

(ta)et(1-a)(p=1)
14+3a

(taje+(1—a)(p=1)

(4.1) Substituting ey = e

into constraints 0 < 75, <77y <1 <74, and 0 < ey <

—a)(1— a)(p— a 6)—a (35—
1)+(; p),(1+ )a(p 1)}§€§ 2(1+a)p— (14;) (B36-1)

e yields the range: max{ a

(4.2) Substituting e;; = 0 into constraints 0 < ?%2 <7r1 <1<775 and S; > D, yields the range:
e <min{p— 4, 1= ‘I"J)r(i Ly,
(4.3) Substituting ey = e into constraints 0 < 75, < 77y <1< 7f, and D, > S, derives contra-
dictions.
Combining the above cases, we summarize the results as follows.

o I[f0<e< %, no customers purchase; i.e., (771,75, 755) = (1,1,1).
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o Ife> (Ha , all customers purchase in both periods, and all reward tokens are redeemed; i.e.,
(TT17TTL‘27TT2) (O 0,0).

o If % <e< %, the secondary token market has positive transaction volume. Cus-
tomers with v € [74,,1] purchase in both periods; those with v € [r71,7) purchase only in the

first period; those with v € [Tk, 7] purchase only in the second period; and those with v € [0, 7%,)

do not purchase. Specifically, defining the thresholds é; = (l_ﬂ%, ey = %, and é3 =
2(1+a)p_(1;;§)_a(35_1), the results are given by:
(enr, Tr1, ooy T1) =
(0, 2c p—e,1) if 0 <e<min{p—9,é:},
(0,p+ 2%, p—e,5°) ifp—3d<e<é,,
((1 a) (p 1)-Ir(1+0t)e (1+a)p-ial(2 e) .p—e+eur, 1) if max{éh (1+0¢L(p—1)} <e<és,
(eelihcocbomcl Thenliazen ooy mete) i moxlen ) Se< (52,

Proof of Proposition 3. Based on Equation (11) and the demand thresholds derived in the

proof of Lemma 2, the firm’s profit function is:
_ H L . H L
mr(p,e) =p(1 —7r1) +p(1 — 7o + 71 — 7o) —emin{l — 771, 1 — Ty + 71 — Tp }-

We analyze the profit maximization problem by discussing the customer demand determined by p

)(p—1) ( )

and e. The boundary cases where e < (H“a resulting in zero demand) or e > (lf# (resulting

in full demand) yield suboptimal profits compared to the interior solutions. Thus, we focus on the

(A+a)(p=1) ~ e < (+a)p

interior regime , which is further divided into four subcases based on the

secondary market equilibrium derived in the previous proof.

(1) If e <min{p — §,é,}, then ey =0, (771, 75y, ) = (

<. p—e,1), and the profit function

_[—2 1]
=il

simplifies to 7p = (1+e—p)p—

Since det(H ) = i’f—g >0and Hy; = —2 <0, H is negative definite, ensuring 7, is jointly concave.
Solving the first-order conditions yields the candidate solution (p},e}) = (3fa, 3 +0é) with profit
TP = 33a- Substituting the solution into the constraints e < min{p — d,é} yields the valid

range: 0 <6 < 1+0‘ Otherwise, if éi—z < <1, the constraint e < é; becomes active, pushing
the optimum to the boundary of Case 2.
(2) Ifp—d <e<éy, theney =0, (771, 75, T5) = (

<), and the profit function simpli-
2041) 42

2 —
fies to mp = —li — @ +e(p—1)+2p—p°. The Hessian Matrixis H = | 53  5° .
0 -« 1
Since det(H) = (36?3)5“ >0 and Hy; = — (5;1 <0, H is negative definite, ensuring 7 is

jointly concave. Solving the first-order conditions yields the candidate solution (p},el) =

((1+a)6+17a (1-9)(1—a)
200+1) 0 2(5+1)

the constraint p —§ <e < é,.

(B+a)d+1—a
4(6+4+1)

) with profit 75 = . We verify that the solution always satisfies
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( ) It maX{e M} ses 63 then M = = a)(p3a1421 (1+oz)e, (TTlaT’ll;QaTIEIQ) = (p + Wap -

), and the profit function simplifies to 77 =

(a+1)p—aet+2a 2(a+1l)p—2ae—(l—a)
e+em 1) = (53 ) 3atl 1

(2p76)(1+1°‘:3°:167(1+a)p . Since da;} <0, we have p*(e) = W by the first-order condition.

Substituting p*(e) back into the profit function yields 7y (p*(e),e), which can be shown to be

strictly decreasing in e. Thus, we can easily prove that the optimal e lies on the lower bound

e > é1, reducing this case to the boundary of Case 1.

(4) If max{éy.é5} < e < G522, then ey = UHSSRUEEERM=l (7 rfy o) = (p +
ale—2eps) p—e+te _ (49 ((1+a)p—ae) 26((1+a)p—ae) 2((1+a)p—ae)
P et en ) = (s ra@ion) 0 1T46ta(3-1) * T+ra(m-1))» and the profit func-
. . . _ (2p—e)(1+5—a(1-38)+a(1+8)e—(1+a)(1+8)p) . 927 _ —4(1+a)(1+6)
tion simplifies to 7r = Ti6—a(1_55) . Since TE = ThotaGiy = 0, we
2(145+a(36—1))+(1430) (1+8)e

have p*(e) = by the first-order condition. Substituting p*(e) into the

1+a)(1446
profit function yields (7TL (])7(* (e)), e), which can be shown to be strictly decreasing in e. Thus, we
can easily prove that the optimal e lies on the lower bound e > é,, reducing this case to the
boundary of Case 2.

To sum up, the global optimal solution must be either (pj,e}) from Case (1) or (p;,es) from

Case (2). Comparing the optimal profits 77 and 75 yields the following results.

2 177&#)

e If0<H< 1+°‘) , the optimal solutions and the optimal profit are (p*,e*,n;) = (%, Star34a )i

(mml)

. . * *
the customers’ purchase decisions are (7}, 77y, 71y ) = (3 2, e

o If % < 0 <1, the optimal solutions and the optimal profit are (p*,e*, 7;) =

1+6—a(1—6) (1—a)(1—3) 1+35—a(1-6)\y. ) fl * L* _H*\ _
( S8 24 0 A(iLe) ); the customers’ purchase decisions are (T, Ty, Try ) =
1.6

(2’1+571 5)' O

Proof of Corollary 1. We compare the optimal solutions under the tradable LP (Proposition
3) with those under the traditional LP (Proposition 2). Recall that the traditional LP equilibrium

yields (p},e;)=(3,%5%) and (Dfy,Df5, D3y) = (3:0,3).

(1) If 0 < 6 < 253, the price comparison results are pr —p; = 35 — 3 = 5045 = 0, ep — €L =
e 0= —%ﬁgg)é <0, (p*T —ep)— (p; —e;) = <5 — 5 > 0; and the demand comparison
results are DYy — Df} = 4= —1<0, Df, - Df;, = 2= —-0>0, D, — D7, =0— 1 <0.

(2) If &5 <6 <1, the price comparison results are p;. —pj = % —s= —g((;;f)) <0, e} —
er = % 126:_%_07 (pr — T)_(PL_QL):@%_g—g&F(B > 0; and the

. * *
demand comparison results are DL, — DF =1

1
2 2
S* S* _ 1 1_ 6-1
Di, = Di=(=55) 5 =555 <0 O

_ F* F* _ (1 5 _ 1-4
=0, DT2 _DL2 —(E_ﬁ)_o_ 2(6+1) >0,

Proof of Proposition 4. By the optimal profits derived in Propositions 2 and 3, the profit

difference between the traditional and tradable LPs can be written as:
—(a+3)d+1—«a at1l
o WZZ{( 4(a+3) if0<d< 5,

1-96)(0—a) a+l
164D if S5 <0<
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(1) f 0 <9 <2, 75 —7; >0 requires § < 2=5. Thus, the tradable LP dominates when § €

[0, min{Z35, &35}

(2) If &5 <6 <1, 7 — 7} >0 requires § > a. Thus, the tradable LP dominates when ¢ €
{222, ), 1].
To sum up, we have the following results.
e If 0<a<+/5—2, m:>x% holds for all 6 € [0,1].

o If V/5-2<a<1,ni>n; if and only if § € [0, [a,1]. O

ars] U
Proof of Proposition 5. Based on Proposition 2, the consumer surplus C, and social welfare

Sp, under the traditional LP are given by:

ad+1 Sy=Cp i = (a+?6+3

1 1
CL:/ (v—p*L)dv+a/ (6v—pt +el)dv =

I L2
Similarly, based on Proposition 3, we derive the consumer surplus Cr and social welfare Sy under
the tradable LP as follows.

1 1 oy 1
CT:/ (v—pr)dv+a« / (v—p*T—i-e*T—e}‘w)dv—l—/ e*Mdv—i-/ (5v—p*T+e*T)dv] .
T* Lx T* H

T1 ) T1 )
(1) f0<6< aié, we have Cp = (iig)g and Sy =Cr + mp = 2(55f37)2. In this case, the differ-
ences between the two LPs are given by Cr — Cp = —a(3+a)28‘(5;“g;2a)(1_a) and Sy — S; =
(170‘)(1%;&1(5;0‘)(%“)25. It follows that Cp — Cp, <0 in this region; and Sy — S, > 0 if and only
if 0 <0< Li2asior
(2) If Z—i; <§ <1, we have Cp = 4a52+(18§f1))‘s+3a+1 and Sy =Cr + 7 = 4a? +(g(5iol‘g5+a+‘3 In this
case, the differences between the two LPs are given by Cr — Cp = 338 +f)) and Sy — Sp =
(1_5)(8((25_%. It follows that C7 — Cp >0 and Sy — S > 0 in this region.
To sum up, we have the following results.
e The tradable LP leads to higher consumer surplus if and only if § € [3—1;, 1];
e The tradable LP leads to higher social welfare if and only if ¢ € [0, %] ulet,1]. O

E.2. Proofs of Results in Section 5.

Proof of Proposition 6. In Appendix A, we have characterized the equilibria for both the
traditional and tradable LPs considering competition with outside options. We now proceed to
analyze their proﬁt difference 7. (9) — 7} (0) as follows.

(1) When c € [0, +5%], we discuss the following cases.

(1.1) If 0 < 5 <e¢ m =1

1—a(l—c)—c(1— c)_l
(1-a)(3+a) 20.

1—a(l—c)—c(l—c)

1-a)3ra) - The profit difference is 7 — 7} =

and 7} =
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(1.2) Ife<d< by, mp == 9’48 and = mell=d—cl—9) Qlying 7. = % in this interval yields

45 (1—a)(3+a)
« @ C C « C 2 « a—o C C .
the threshold 501 A-a)*+20-a%)cte +\/2((11 a)éla()(l i o . It can be verified

that 75 — 77 >0 for § < d¢.
(1.3) If 6, <6 < by, 7} = B-9%45 anq 7 splits at 4.

15
N " A (1—a48)(148)+5(1—a) (1—a(1—8)+38)—c5(1—a) (B3—a+5(3+a .
(a) For & < 03, mp = Ui+ 52§7Q)E4+52;+a))) (1-0)E-a+iB+a)) = Golying
the equation m; = m; in this interval yields the wunique threshold ¢; =
—Q ) — - o )C 627 —Qx—4ic — «)— 7&7012 C C2 .
5-(2430)—2(1—a) Gtajctd 2((117(1)(231;/)(1 J(Z5+7) 4@ )t 1t can be verified that

71'}77r2>()if5>51

(b) For § > §3, mh = thf&)(?iﬁ%?sja)) Solving the equation 7. = 7} in this interval yields

the threshold 52 It can be verified that 75 — 77 >0 if § > 52.

(1.4) If § > max{d;,ds}, nz%—%-
62 ifOSCSél’
o ifé <e<ize,

b5 = 03, and dcs = b5, we obtain the result described in Proposition 6(i).

To sum up case (1), defining d¢y = where ¢; is the solution of equation

(2) When c € [452, 1], we discuss the following cases.
(2.1) f0<o0<¢, 7} =75 =

(2.2) If ¢ <6 <oy, == 2;* and 75 = 1. The profit difference is 75 — 7} = 1 — =40 2;+5<0

(6— c) +48 % _C (1 a+6)(1+6)+6(1—a)(1—a(1—-6)+36)—cd(1—a)(3— a+5(3+a))
(2 3) If (51<5<62, 7TL— 15 and Ty = 5(1—a)(d14(3+a))

M»—‘

It can be verified that 7} — 7} <0.
(2.4) If 6 > max{d,, 05}, 7} = M For § <04, mp = % and it can be verified that
73 — % < 0. For § > 4y, FT:WEZW.
To sum up case (2), 7 — 73 <0 for § € [e,1 —¢|] and 7% =7} for 6 € [0,c] U [l — ¢, 1]. Thus,
Proposition 6(ii) is proved.
(3) When ce [1,1], for 0<d<¢, mf=np=1; and for ¢ <6< 1, 7 =7 = W Thus,

Proposition 6(iii) is proved. [

It can be verified that 301 and SCQ increase with ¢, while 503 decreases with ¢. [

Proof of Lemma 3. In Appendix A, we have characterized the equilibria for both the tradi-
tional and tradable LPs considering competition with outside options. We now proceed to analyze

the difference 7. (5) — 7175 (9) in their reward redemption rates.

(1) When c€ [0, +5%], we discuss the following cases.
(1.1) IfO<5<c r; =0 and TT:#(IQEC). Thus, r;. —r} > 0.
(1.2) Ife<§<éby,r;=1— $and rp = ﬁ Solving the equation r% =7 in this interval
yields the threshold 501 Hcdfriw It can be verified that v —r; >0 if § < Son.-

(1.3) If 51 <6< 52, r; =1— % and r7 splits at (53.
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N * _ d(l—a)(83—a+6(3+a))—2c¢(1—a+6)(1+4)
(a) For 6 <3, r}p = 52(1—a)tc(1+a) (1+9)
—(1— a) +(b—a)e—(14+a)c +\/((1 a)2—(5—a)ct(1+a)c?)2—4(14+a) (3+a) (1—a—c)c?
Old6 - 2(3+a)(1—a—c)

. Solving r}. =} yields the thresh-

. It can be

verified that r;. —r; >0if § > 51.
(b) For § > 65, r5 =1 and r3 —ri > 0.

(14) Ifé > max{gl,gg}, ’I“} = ’rz =1-c<

- 5y if0<c<eé, . .
To sum up case (1), defining dce = 2o e 17 where ¢, is the larger solution of
0, ifé;<c< 7a7

equation ((1 —a)? —(5b—a)c+ (1+a)c®)? —4(1+ a)(3+ a)(1 — a —¢)c®> =0, we obtain the
result described in Lemma 3(i).
(2) When c € [452, 1], we discuss the following cases.
(2.1) If0<d6<c¢,r; =17 =0.
(2.2) Ife<6<by,r=1—¢ s and 77 =0. 7 —r; <0.

51@3&53(1 2¢(1—a+6)(1+0
(2.3) If 6, <6< by 15 =1—¢ s and 77, (1—a)( (2J Ex)-:—cz)l-&-a)((l—i-&) J1+9) Tt can be verified that

r;—r; <0 in this 1nterval.

(2.4) If § > max{dy, 05}, 11 =1— $. For 6 < b4y T = 52(‘522:;) and it can verified that r —r; <O0.

For § > 6, rrp=rp=1-%
To sum up case (2), r; —r; <0 for 6 € [¢,1 —¢] and r}. =r] for § € [0,¢]U[1 —¢,1]. Thus,
Lemma 3(ii) is proved.
(3) When ce [1,1], for 0<d<c¢, rj =75 =0; and for c< <1, rj =r; =1— £ Thus, Lemma
3(iii) is proved.
Finally, taking derivatives confirms that 6c1 and 0o increase with c. Comparing these with the

profit thresholds in Proposition 6, we verify that dor < 501 and 8oy < dcn. O

Proof of Proposition 7. In Appendix B, we have characterized the equilibria for both the
traditional and tradable LPs considering heterogeneous new customer arrival in the second period.
We now analyze their profit difference 7(0) — 75 (9).

(1) When 0 <0 <0y, the firm’s profit under the traditional LP is 7} = 021#.
(L.1) If 0 < 01, since token trading does not occur under the tradable LP, the equilibrium
outcomes are equivalent, i.e, 7. =7} = CQT#. We define the threshold as 6; = 0.
(1.2) If 0 > 07y, the firm’s proﬁt under the tradable LP is given by: 7} = 62_2‘"‘+3+892_200+29 for

o< min{én,ém}; T = 1462 for 9 > HTQ, and 74 = (‘HL for 0 > O75. We can prove

that 7. — 77 >0 always holds
(2) When 0,,<0< HLQ, the firm’s profit under the traditional LP is 7} = %.

(2.1) If 0 < 4, the firm’s profit under the tradable LP is 7} = M . It can be verified that

myp — 7, > 0 in this interval.



XX

(2.2) If0 > éT4, since the firm does not issue rewards under both LPs, the profits are equivalent,

(240—c)?
12 :

(3) When max{f.1,0;,} <0 <1, the firm’s profit under the traditional LP is 7} 9”9*28—04“”3

(3.1) If 0 <min{frs, 075}, we have 75 = ¢ *2c+3+g272c0+20. We find that 7. — 5 > 0.

ie., mp=m] =

(3.2) If Ors <0< min{ém,ém}, we have 7 = (B+0-)? Solving 74 — 7% > 0 in this interval

24
yields the condition 8 < 7”36(42_36_6.
(3.3) If 6 > 079, we have 75 = #. Solving 7. — 7} >0 in this interval yields the condition
6<1-—+2(1-c).
(3.4) If 0 > 074, we have w5 = (H#' The traditional LP dominates, i.e., 75 — 7} <0.
Combining the conditions where 75 — 7} > 0 derived above, we define the upper threshold as

3(2—2042)+c—2 if 0<c< V2
g, _Jetvi-1 if SV g2t
@*c if 2—3\/§SC§ 2(4*\5)7
1—v2(1—¢) if 20vD <0<,

The comparison results are summarized as follows.

e When 0 <6 <6, the tradable LP is equivalent to the traditional LP (m} =77} ).

e When 6, <0 < 6,, the tradable LP yields strictly higher profits (7} > 7% ).

e When 6, <0< 1, the traditional LP yields equal or higher profits. Specifically, if 0 < ¢ < ﬂ
both firms refrain from issuing rewards and achieve equivalent profits; otherwise, if =% < ¢ <1,

the traditional LP is strictly superior. [

Proof of Proposition 8. In Appendix D, we characterized the equilibria for both traditional
and tradable LPs under dynamic pricing. We now compare their performance regarding firm profit,
consumer surplus, and social welfare.

The consumer surplus under the traditional LP (C}) and the tradable LP (Cr) are defined as:

I

Tzl 1
[ @=piavs [ Go=pipr e

L2 L2

1
Cy, :/ (v—p},)dv+

*
L1

1
CT:/ (v—pF )dv+a

*
T1

L *
T2 TT1 T2

TT1 y 1
/ (U—pi}z—l—e}—e*M)dv—i-/ e}‘wdv—&-/ (5v—p}2+e})dv] .
L FH*

Since 3T1 < STQ <4 11 <0 <1, we analyze the comparison by discussing the following cases.

(1) When 0 <6 <4, the traditional LP yields the firm’s profit 7} = SE20=0%) 454 consumer

3+46—a(2+a)
a3 (3+8(5+6))— a2(5+26(7+56))+a(1+6(1+5)(5+46))+(1+26)2
2(3+45—a(2+a))?

(1.1) If 6 < 5T1, the results under the tradable LP are 7. = % and CF = 2(30‘3‘131)2. We can

prove m; —m; <0 and C} — C} <0. Thus, the traditional LP dominates in both profit

surplus C} =

and consumer surplus.
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A A o220 2
(1.2) If d7; <9 < 79, the results under the tradable LP are 7. = (12+ 5()1(1_‘?3 ;“_(21;“(‘;)&;336) and

Cr — a3 (124564852 +126%+45%)— 202 (10+756+75%+1456°4+65%) +a(146) % (4—35+952) +4(1+5)
T 2(148)(4+36—2(2+9))2

expressions yields 7. — 77 <0 and C; — C; > 0. Thus, the traditional LP yields higher

. Comparing the

profit, while the tradable LP yields higher consumer surplus.

A 2
(1.3) If 6 > 07, the results under the tradable LP are = = % and
¥ a3 (1-6)2(3—(3-6)8) —a?(1-8)(5—36+26%) + (1435 —862+115% — 764 +45%) +-(1-8(1-25))> .
Gy = LO=BE=G=DiI=0t o342 o ri0ssts 415 £0-50-20)"  (omnaring

the expressions yields 7. — 7} <0 and C; — C} > 0. Thus, the traditional LP yields
higher profit, while the tradable LP yields higher consumer surplus.
(2) When 6, <6 <1, the firm does not issue rewards under both LPs (e} = e = 0), resulting in
the same results (7. =7} and Cf. =C7).

Let SDl = 3T1 and 3D2 = 5L1. Thus, Proposition 8 is proved. [

E.3. Proofs of Results in Appendix A

Proof of Lemma A1l. Following Appendix A.l, a customer purchases in the first period if
UF, > U}, Substituting UF, =v—p+amax{év —p+e—c,0} and U}, = amax{v—p—c,0} yields
the first-period threshold:

. Jp ife<(1-0)p+ec,
T {’w ife>(1—-d)p+ec.

In the second period, customers purchase only if they have purchased in the first period (v > 77,)
and their second-period utility is non-negative (Ury > 0, ie., v > %‘J’C). This implies a second-
period threshold of 7, = max {%Ll, pre“}.

Restricting these thresholds to the valuation support v € [0,1] gives 77, = min{max{7;,0},1}
for i € {1,2}, which establishes Lemma Al. [

Proof of Lemma A2. The firm’s profit function is 7, = p(1—771) 4+ (p—e)(1 —7r2), where 74
and 77 are given in Lemma A1. We first rule out the cases (771,72) = (1,1) and (771, 772) = (0,0)
as they yield non-positive profits, and the boundary case 77, = 772 as it is dominated by other
interior solutions. We thus focus on the following two cases.

(1) No Repurchase ((771,712) = (p,1)). The profit simplifies to 7. (p) = p(1 — p). The uncon-

strained first-order condition yields pj = %, resulting in 7} = L. Substituting p% into the con-

2’ 4
straint e <p — § + ¢ yields the feasibility condition e} < M

(2) Partial Repurchase ((771,7.2) = (p, 2=5%)). The profit is 7, (p,e) =p(1 —p) + (p —e)(1 —

p—e+tc
é

solution (p*,e*) = (1, 1=2+¢). Substituting (p*, e*) into the constraints p—d+c<e < (1—8)p+c

27

), which is jointly concave. Solving the first-order conditions yields the candidate interior

yields the following results.
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(2.1) If ¢ < 4§ <1, the candidate solution satisfies all constraints. The optimal decisions are

. . * —c)?
(ps,e3) = (p*,e*), yielding 75 = @ 423 +9

(2.2) If 0 < < ¢, the constraint e > p— 6 + ¢ is active. The optimal solution binds at the lower

boundary e =p — § + ¢, implying 7o = 1. This reduces the problem to Case (1). O

Proof of Lemma A3. Based on the utility analysis in Appendix A.2, the purchase thresholds
are derived as follows. In the first period, customers purchase if and only if v > 771 (eys), where

. )p—aey ife<e,
= D+ ale=2em=9) if o> ¢,

11—«
In the second period, first-time buyers purchase if and only if v > 75, (ex) :=p — e + ey + ¢; and
second-time buyers repurchase if and only if v > 7 (e5) 1= %. Restricting these thresholds
to the valuation support v € [0,1], we have 77; = min{max{77;,0},1}, 7&, = min{max{7%,,0}, 7 },
and 7 = min{max {7 77 },1}.
In the secondary market, the token supply is S; = 75, — 771 and the demand is D, = 77y — 75,.

By the market clearing rule, we analyze the following cases.
(1) Interior Token Price (0 < e}, <e). When supply and demand intersect at a positive price,

we solve Sy(ey) = Dy(ens) for the candidate price e3,.

(1.1) If 0 < 75, < 7py < 7H <1, then S, = 7, — 771 and D, = 7y — 75,. Solving S; = D,

yields the candidate price e}, = (Hé70‘(1;i);(f;(cl):‘g(;)ﬂ)(ké)p. Substituting this into the

constraints yields the segmentation vector corresponding to Case 7 in Lemma A3.

(1.2) If 0 < 75, <7y <1< 78, then S, =1— 7y while D, = 77, — 7£5,. Solving S; = D, yields

€0 — (1+a)e—(1—a)(1—p)—(14+a)c
M 143a

. This yields the segmentation vector corresponding to the
Case 3 in Lemma A3.

(2) Corner Token Price (e}, =0). If the candidate interior price €3, <0, or if demand is naturally
zero (i.e., 7%2 > 711 at ey = 0), the market clears at the lower bound e}, = 0. Substituting
ey = 0 into the thresholds yields the segmentation vectors corresponding Cases 2, 4, 5, 6 in
Lemma A3.

(3) Trivial Cases. If p>1 and e <p—1+c+ 22, no one purchases (Case 1). If e >p+c+ 2, all

customers repurchase (Case 8). [

Proof of Lemma A4. The firm’s profit function is 7p = p(1 — 771) + p(1 — 78, + 771 — 75,) —
emin{l — 77,1 — 78, + 71 — 75, }, where 771, 75y, and 775 are given in Lemma A3. For brevity, the
algebraic derivations for the dominated cases (Cases 1, 3, 7, 8 in Lemma A3) are omitted, and we

focus on the four dominant regions (Cases 2, 4, 5, 6).
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(1) No Repurchase, Trading (Case 4 in Lemma A3). The purchase thresholds are

ale—c)

(Tr1, Tfe, T1h) = (P + 5=2,p — e+ ¢, 1), and the profit function simplifies to 77 (p,e) = p(1 —

pt+e—c)— @ which is jointly concave. Solving the first-order conditions yields the interior
solution (p*,e*) = (575, W%SC)) which is feasible if ¢ < 5% and § < +Eofe.

(2) No Repurchase, No Trading (Case 2 in Lemma A3). The purchase thresholds are

(171,75, 7)) = (p,p, 1), and the profit function simplifies to 7r(p) = p(1 — p). The uncon-

strained optimal decision is p* = %, resulting in 7} = i. Substituting p* into the constraints
yields the feasibility condition e* < mln{w, c}.
(3) Repurchase Trading (Case 6 in Lemma A3). The purchase thresholds are (771, 7, 75, ) =

(p + al - Lp— e+ ¢ b= b=¢¢), and the profit function is 7r(p,e) = p(1 — p — %) +
(p=e)((1=a+d)(e=c)=(1=a)(p=9))

5(1=a) , which is jointly concave. Solving the first-order conditions yields
the candidate interior solution (p*,e*) = ((170‘)(5;(;():;;5&?“76),2(17aii§((§13))(1+5)). Let 65 =
a+tc— 1+\/(1 o¢)2+2(11+50¢)c+02
2(3+a)
. (5b—a)e—(1— a) +4/(1—a)44+2(1—)2(T+5a)c+(c+3ac)?  2_(2—c)—3c
(3.1) If §3 < & < min{ \/2(3+a)(1 po , (2 }, the interior

solution is feasible.

(3.2) If ¢ < % and & > 63, the constraint e < é; binds, resulting in (p},es) =

((1+57a(175))(1704+c+6(3+a+c)) (1—a)(1-6)(14+36—a(1—0))+c(146)(3+56 —3a(1— 6)))
2(146) (1436 —a(1-9)) ) 2(146) (1435 —a(1—9))

(4) Repurchase, No Trading (Case 5 in Lemma A3). The purchase thresholds are

2
), and the profit function is mp = 5((2_p)p_e)_(6e_p) —<=e) " which

p— e+c

(TTlaT%mT]I’{l) (p b,
is jointly concave. Solvmg the first-order conditions yields the candidate interior solution

(p*,e*) = (;,1 5+C) Let 6,=1—c.

(4.1) Tf § > max{c,d,}, the interior solution is feasible.

(4.2) If /5 <6< 04, the constraint e < ¢ binds, resulting in (p*,e*) = (2%(1513) ,C).

Comparing the optimal profits across these regions defines the boundaries o1, 00, and ¢. O

E.4. Proofs of Results in Appendix B.
Proof of Lemma B5. The firm maximizes the profit function (p,e) = p(1 — 71(p,€)) +

(p—e)(1 —T1ra(p,e)) +p(0 —(r(p)), where 771 and 77 can be derived from Lemma A1l as

(1,1) if p>1,

(7o, T1a) = (p, 1) %fpglﬁegp—l-i-c,

(ppp—e+c) if p—1+c<e<eg,

(p,p) it p<lne>g;
and (z(p) := min{p, 8}. For brevity, we focus on the potential dominant case where the firm induces
partial repurchase, corresponding to the region p — 1+ ¢ <e < c¢. Then we analyze the following

two sub-cases based on the price relative to 6.
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(1) If p <8, the profit function is 7 (p,e) =p(1+60 —2p) + (p —€)(1 — ¢+ e — p), which is jointly

concave. Solving the first-order conditions yields the interior solution (p*,e*) = (12, &2c=1),

(1.1) If max{1—2¢, 1} <60 <1, the interior solution is feasible and 7} = %802_46*3.

(1.2) If 22¢ <0 <1 — 2¢, the constraint e > 0 binds, resulting in (p*,e*) = (2¥4=<,0) and the

(246—c)?
12 :

firm’s profits 7} =
(2) If p >0, the profit function is 77, (p,e) = p(1 —p)+ (p—e)(1 — c+e—p), which is jointly concave.
Solving the first-order conditions yields the interior solution (p*,e*) = (%,£) and the firm’s
profits 7} = Czj#, which is feasible if § < %
Comparing the optimal profits across these cases yields the following thresholds:
. :{ (=22 +e-2 if 0<e< 242
V2-1 if % <c<l1,

and éLQ =1 — 2¢, which establishes Lemma B5. [

Proof of Lemma B6. Referring to Proof of Lemma A3, for customers arriving in the first
period, they purchase in the first period if and only if v > 77 := p; and purchase in the second
period if and only if v > 7y :=p — e + ey + ¢. For customers arriving in the second period, they
purchase if and only if v > é’T :=p+ e — ey . Restricting these thresholds to the valuation support
v, we have 77, = min{max{771,0},1}, 772 = min{max{#7,,0},1}, and ¢; = min{max{Cs,0},0}.

In the secondary market, the token supply is S; = 7o — 71 and the demand is D, =0 — ET. By
the market clearing rule, we analyze the following cases.

(1) Interior Token Price (0 < e}, <e). When supply and demand intersect at a positive price,
we solve Sy(en) = Dy(ens) for the candidate price e$,.

(1.1) f0< 771 <7rp <1l and 0 < C} <4, then S; =779 — 71 and D, =6 — éT. Solving S, = D,
yields the candidate price e, = %. Substituting this into the constraints yields the
segmentation vector corresponding to Case 5 in Lemma B6.

(1.2) If 0 < 77y <1< 77y and 0<{p <0, then S, =1 — 7y and D, =60 — (7. Solving S; = D,
yields the candidate price e}, =+ 1 —e. Substituting this into the constraints yields the
segmentation vector corresponding to Case 7 in Lemma B6.

(1.3) If 0 < 7y <772 <1 and fT >0, then S, = 775 — 771 and D, = 0. Solving S; = D, yields the
candidate price e}, = e — c¢. Substituting this into the constraints yields the segmentation
vector corresponding to Case 8 in Lemma B6.

(2) Corner Token Price (e}, =0). If the candidate interior price €3, < 0, or if demand is naturally
zero (i.e., T4, > 771 at ey = 0), the market clears at the lower bound e}, = 0. Substituting
ey = 0 into the thresholds yields the segmentation vectors corresponding Cases 2, 3, 4, 6 in

Lemma B6.



XXV

(3) Corner Token Price (e}, = e). If the candidate interior price €3, > e, the market clears at the
upper bound e}, = e. Substituting e}, = e into the thresholds yields the segmentation vectors

corresponding Case 1 in Lemma B6. [

Proof of Lemma B7. The firm’s profit function is 7r = p(1 — 771) + p(1 — 702 + 0 — (7)) —
emin{l — 7ry,1 — 7o + 0 — (7}, where 771, 712, and (r are given in Lemma B6. For brevity, the
algebraic derivations for the dominated cases (Cases 2, 5, 7, 8 in Lemma B6) are omitted, and we
focus on the four dominant regions (Cases 1, 3, 4, 6).

(1) Case 1 in Lemma B6. The purchase thresholds are (771, 7r2,(r) = (p,p+ ¢, p), and the profit
function simplifies to nr(p,e) = p(2 —3p+ 60 — ¢) — e(1 — p), decreasing with e. Solving the

maximization problem yields (p*,e*) = (2+Z_C,O), which is feasible if 5°5—+2 <0 <1. The results
correspond to Lemma B7(iv).

(2) Case 3 in Lemma B6. The purchase thresholds are (771, 7r2,(r) = (p,p — e + ¢,0), and the
profit function is 77 (p,e) = —€? +p(2 — c— 2p) — e(1 — ¢ — 2p), which is jointly concave. Solving
the first-order conditions yields the candidate interior solution (p*,e*) = (%, <), which is feasible

272
: 1—c
if 6 <=5

. The results correspond to Lemma B7(i).
(3) Case 4 in Lemma B6. The purchase thresholds are (771, 7r2,(r) = (p,p—e+c,p—e), and the
profit function is 77 (p,e) = —2e* +e(p—0+c—1) +p(2 —3p+ 6 — ¢), which is jointly concave.

1 170+c)'

Solving the first-order conditions yields the candidate interior solution (p*,e*) = (3, =

(3.1) If 12¢ < 0 <minfc,3(1 — ¢)}, the interior solution is feasible. The results correspond to

Lemma B7(ii).

(3.2) If max{22% ¢} < 0 < min{™2 2=} the constraint e < E=2*° binds, resulting in

(py, ey) = (3=4t¢ 3=T04T¢) The results correspond to Lemma B7(iii).

(4) Case 6 in Lemma B6. The purchase thresholds are (771, 7r2,(r) = (p,1,p—e€), and the profit
function is mr(p,e) = —€® +e(2p — 0) + p(1 — 2p + 6), which is jointly concave. Solving the

first-order conditions yields the candidate interior solution (p*,e*) = (3, 1;29), which is feasible

if 2(1 —¢) <6 < 1. The results correspond to Lemma B7(v).

Comparing the optimal profits across these regions defines the following thresholds:
3(c2—4c+2)—c . _
3201 2)+e—2 f0<es V2 VIS D2 () o SBVEEVOVE

Or1=9/6(c?—2c+2)+c—3 if =2 << 202 Orp = VOSSO ers 0 5-3VBVOVE o V2
(VZ2-1)(1-0) if 22 < <1, (V2+1)(1—c) ifL2<c<],

éT3 =c¢, and ém =c+V2— 1, which establishes Lemma B7. [
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E.5. Proofs for Results in Appendix C

Proof of Lemma C8. The profit function can be decomposed into two components: the profit
from the initial cohort, denoted as Tinitial(p,€) = p(1 — 121(p,€)) + (p — €)(1 — 7r2(p,€)), and the
profit from the new second-period arrivals, denoted as e (p) = Sp(1 — (r). From Proposition 2,
Tinitial (P €) s maximized at (p*,e*) = (1,15?), yielding a profit of 2. For the new cohort, the
profit term ey (p) = Bp(1 — p) is strictly concave in p and is maximized at p = %. Therefore, the
global optimal solution for the combined profit function remains (pj,e}) = (3,%52), resulting in

* _ 14648
="y U

E.6. Proofs for Results in Appendix D.
Proof of Lemma D9. We solve the problem backward, starting from the second period.

Given the firm’s decisions (p;,e) and customers’ choice 77; in the first period, in the second period,

customers’ purchase thresholds are 7/, = min{p,, 771} and 7/, = min{max{®25°2 7;,},1}, which

can be detailed in Table El1. The firm decides p, to maximize the profit in period 2, given by

TL2(P2) = P2 (71 — 1) + (P2 — ) (1 — 775).

Table E1 Customer Purchase Behavior in the Second Period

L H

TrL2 TL2
(1) 0 <py <min{rpi,e+ 0771} Ds T
(2) T1 <p2<e+dti TL1 Tiq
(3) e+ 7121 <py <min{rr1,0 + e} Do B2e
(4) max{e+ 671,71} <pa < +e TI p2—¢
(5) d+te<py <L Do 1
(6) p2 > max{d+e,7r1} T 1

Given that the demand function is piecewise defined, we solve the constrained maximization
problem in the second period for each case, deriving the corresponding interior or boundary solu-
tions. The specific intervals for 77, associated with each sub-case are determined by the active
constraints of the respective demand segments. The results are summarized in Table E2.

In the first period, the firm decides (p;,e;) to maximize the total profit over both periods. We
can rewrite the maximization problem as maxmy (1r1,€) = p1(Tr1,€) (1 —7p1) + 5 (101 — Ty ) + (05 —
e)(1 — 7i1'). We analyze the profit functiélll’ under each candidate case from Table E2 to derive

candidate optimal solutions. We then compare these candidates to determine the unique global
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Table E2 Candidate Sub-equilibrium Results in the Second Period

jos Implied p;(771,¢€) Tk T
(1) max{3, 52} <71 <1 : a(l —0)1 + e 1 I
(2) B2 <y < 122 e e e (e
3) max{;gg, 5t ST < g e+07r T+ ale—(1—06)71) e+ 071 TI1
(4) 0< 77 <min{f +e,1 Ste T oy 1
(5) 1< < min{ 5,1} e+ 071 Tl Tt Tt
(6) 2(e+0) <71 <1 22 Qo) w

optimum. For brevity, the algebraic derivations for the dominated cases are omitted, and we detail
the dominant Case (3) as follows.

In Case (3), the maximization problem is m(771,€e) = —e? + (1 — 771)(e — (1 — ) 711) + (1 —
28)7p1 + 721(1 + 8 — (1 + 62)711), which is jointly concave. By KKT conditions, we obtain the

following results.
—1+2a+a2+\/9—4a—6a2 +4a3+a4

e If0<s< I , the optimal solutions and profits are (7;,,e*,7}) =
(2(1+6)—a(1+a) 1—0?—5+a(24a)5—252 (1+5)(1—a+6))
454+3—a(2+a) ? 464+3—a(2+a) ) 34+45—a(24a) /°

o If 71+2a+a2+\/9744a76a2+4a3+a4
( 14+6—a(1-3) (1+57a(176))2)
21462 —a(1-6))? 72 4(1+62—a(1-6)) /"

< 0 <1, the optimal solutions and profits are (7;,,e*,7}) =

Substituting the optimal solutions (77,,€*) into the conditions in Table E2, we can easily prove
that the sub-equilibrium consistently aligns with Case (3) and does not deviate to other cases in

the second period. Therefore, the optimal solutions (7},,e*) in case (3) are unique equilibrium

—14+2a+a2+1/9—4a—6a2+4a3+at
1

solutions. Define 67, () =

, and thus Lemma D9 is proved. O

Proof of Lemma D10. We solve the problem backward starting from the second period.
Given the firm’s decisions (p;,e) and customers’ choice 77, in the first period, in the sec-
ond period, customers’ purchase thresholds are 7%, = max{min{p, — e + ey, 771},0} and 74, =

{W,Ty@},l}. By the market clearing rule, we can solve the equilibrium token

min{max
ey~ Table E3 summarizes the resulting purchase behaviors and reward redemption amount
d.(e,7r1,p2) =min{rr — 75, +1— 78,1 — 771 }.

Given customers’ purchase behavior, the firm sets p, to maximize its second-period profit.
_ L H
H})aX Tro(p2) = pa(Tr1 — T + 1= Tpp) — e+ d,..
2

Solving the optimization problem across all market regimes yields the candidate sub-equilibrium

results summarized in Table E4.
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Table E3 Customer Purchase Behavior in the Second Period

ehy £, T d,
(1) 0<ps <1 e P2 T 1—7r
(2) 0771 < pa < min{ 2‘1;17(;1 0} e Do P2 1—7m
(3) 6 <p2 <2771 — 1 = D2 1 1—71p;
(@) 07 < HENEE <py <et 7R e-p+HH AR TR L=7ri
(5) 1+5<7'T1<1ﬂ27’T1—1<p2<e+27'T1—1 e—po+2r—1 279 —1 1 11—
(6) e—i—%TTl <py <min{e+ 771,e+ 6} 0 pe—e Bt rp —7l+1—10
(7) max{e+d,e+27r — 1} <py<e+1m 0 Py —e 1 Tr1 — Ty
8) e+ <p.<e+d 0 Trm pa—e 1-74
(9) p2 > max{e+7r1,e+0} 0 Tr 1 0
Table E4 Candidate Sub-equilibrium Results in the Second Period

P} Implied p; (771, €) ok i d: ehs
(1) 1355 <1 < 55 o7 1 +a(e— (1 —98)7r) P2 T l—7r e
(2) % <m <1 % Tr1+ 04(6 - (1 - 5)7'T1) D2 TT1 1—7mpr €
(3) % <711 < ﬁ 5(215_2;)1) Tr1 + Oé(HQ(H;z)li_}()zH)TTI) 2 %2 1=y €
(4) max{%,%}gTTl <1 T Tr1 4 ae — L) Do 1 1—7r e
(5) 525 <71 <1 e+ 25 Ty 4 A5G pp—e B2 Mmoo
(6) + <7p <12 €+2f_?(;1 W pp—e 2= 1—7r 0
(7) 26 <7py <2 e+ L Zemry pp—e 1 I 0
(8) max{2, 42} <7y <1 e+427p — 1 71 —a(l—717) pp—e 1 1—7p7 0
(9)0< 7 < % e+ g TT1 Ty 1’25_"‘ % 0

In the first period, the firm decides (pi,e;) to maximize the total profit over both periods. We

can rewrite the maximization problem as

max (771, €) = p1(7mr1,e)(1 — 7r1) + ps (701 — TT2 +1-— ) —ed;.

T11,€
We analyze the profit function under each candidate case from Table E4 to derive candidate optimal
solutions. We then compare these candidates to determine the unique global optimum. For brevity,
we detail the three dominant cases from Table E4 (Cases (1), (3), and (8)) which correspond to
the global optima.
(1) Case (1) from Table E4. The profit function is 7(771,€) = 771 (1 — 6771) + (1 — 771) (711 +

ale — (1 —6)mr1)) — e(l — 7r1). Solving the constrained maximization yields (77,,e*,7}) =
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(9—a)(1;aa)—3(1—a) < § < 1. This

I+d—a(1=4) (146—a(1-6))2
)

(2(1”27&(175)), 4(1%27&(175))). This solution is feasible if

corresponds to Lemma D10(iii).

(2) Case (3) from Table E4. The profit is 7(7r1,€) = 542000 —rr1) " 4382 rr )y +A0—e)(rpa)rry

4(1+5)
el — o)1 — 7). The optimal solution is  (75,,e*,7;) = (1 —
2(1—a) a?—2a(1+8)2+(1+8)(1+36) a1 —ltaty/(1-a)(4=3a) .
755 3a(@10) 0, (L45) (A1 55— 2a(3.5)) ), feasible if 0 <6 < 5 . This corresponds

to Lemma D10(ii).

(3) Case (8) from Table E4. The profit function is 7(7r1) = (1 — 771)(—1 — a(1 — 71) + 3771),
which is concave. The optimal solution is (77,7} ) = (322, -=—), feasible if 0 < ¢ < ;2. This
corresponds to Lemma D10(i).

Comparing the profits across these cases defines the thresholds 71 (), d72(a), and drs(cv):

_ —b+2a+40?+ /49— 4022+ a)(3+a)(3 - 2a)

or(er) = 2(2+a)(3—2a) ’
5 (a)_—3+a+3a2+a3+2\/2—a2
Ea —1+7a+5a%+a? ’

ors(a) =min{d| — (1 —a)(142a)+ (1 —a)(5+6a)d + (3+ a) (20 — 1)6% — (3+ ) (3 — 2a)5° = 0}

There exists a threshold & such that 67y < dpe < dps with a € [0,4] and Sr1 > dpg > bps with
a € [@,1]. Accordingly, we define thresholds:

(SThSTs) if0<a<aq,

5o O E7
(072,012) ifa<a<l. (E7)

(Or1,012) = {

Then, we can obtain the optimal regime for each range of §, as shown in Lemma D10.
Finally, we verify the no-deviation conditions by substituting the optimal solutions back into
the candidate sub-equilibrium results in the second period. For Lemma D10 (i) and (ii), the sub-

equilibrium is consistent. For Lemma D10(i), consistency requires e > ér(a,d), where:

o2 . . 2+a)?  340—/5f2a
PTEE if 0 <9 < min { Bra)(i3a) §(2+a) a} )
N _ ) (21+4a(4+a))5—4(1+a) . (2+a)? . 1 1+a
ér(a,d) = 1(3+a)(119) if s < 0 < min { 2(2+a)’ 5+a [ (E8)
—1—a+(2+a)(3+a)i—(2+a)?6% . 1 3+a—v5+2a 1+a
3ta if max 221a)’  2(2+a) } <0< g5

This completes the proof. [

Proof of Lemma D11. From a mechanism design perspective, the profit under full commit-
ment serves as a theoretical upper bound for the profit under limited commitment. If we can
prove that the optimal strategy from the base model constitutes a sub-game perfect equilibrium
in the dynamic setting — specifically, that given the customer base generated by e}, the firm has
no incentive to deviate ex-post (i.e., e5 =ej) — then the dynamic equilibrium coincides with the

commitment solution.
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We prove this by solving the firm’s second-period profit maximization problem, taking the first-
period outcomes (prices and demand thresholds) from the base model as given.

(1) Traditional LP. In the base model, the optimal committed decisions are (pj,e}) = (3,52),

resulting in a first-period customer base defined by the threshold 7}, = %
In the dynamic setting, given p; and 7;,, customers repurchase in the second period if

Urs = 0v —p} + e3> 0. The repurchase threshold 775(e2) can be derived as:

1 if (&) S 17T25’
) 1—2e9 g 1-26 1-§
TL2(62)— 55 lfT<62<T,
1 : 1-§
B if €9 > 5

The firm chooses e, to maximize the second-period profit mrs(es) = (pf — e2)(1 — 772). It is
straightforward to verify that m., increases in e; when 7.0 > 77, (market expansion) and
decreases when 77, = 77, (margin erosion). The maximum is achieved at the boundary where
the constraint binds, e5 = 15°. Thus, e; =e€j.
(2) Tradable LP. We analyze the two dominant regions identified in the base model.
(2.1) When 0 <6 < 24, ) and 75, = 2. In the
dynamic setting, given pi. and 75, customers who did not purchase before choose to pur-

2 l—o

the base model yields (p7,er) = (35,555

chase if and only if UL, =v—p+ey — ey >0 (v > 7E, := max{min{p — es + enr, 75, },0}),
while customers who purchased before choose to purchase if and only if Us, = dv —p+
es > ey (v> 7 = min{max{?=2*M 72 1 1}). The token price ey is determined by
the supply S; = 75, — 77, and the demand D, =7}, — 75,. The resulting thresholds as a

function of e, are:

: 11—«

(1E,,7H et,) = (5 —e 1y 0) if e; < 335
T2y 'T2y %M (a+1 1 eo — a) 1f6 > l—a
a+3’ a+3 27 a+3

The firm maximizes 7rs = pj (1 — 715 + 7 — TIL’Q) —eymin{l — 77,1 — 77y + 75 — Try )}

Solving this yields the optimal solution e; = confirming e} = e’..

+37
(2.2) When a“ < <1, the base model yields (pi., e%) = ((H;(()Si; o 2;“1)&)_5)) and 77, = 3.
In the dynamlc setting, similar to Case (2.1), customers’ purchase thresholds can be
derived as:
S if ey Omelzgoa
(rharfci) = (a8 4 gt o) i oo’ < < Ooacn
(525 547002 — S5 if ey > Ugal0=0),

The firm maximizes mry = pi(l — 78 + 75, — 75) —eomin{l — 75, 1 — 7L + 75, — 75}
(1—a)(1-5)
2(1+9)

In summary, for both traditional and tradable LPs, the firm’s optimal ex-post decision e} is to

Solving this yields the optimal solution e; = , confirming e; = e’..

maintain the reward value e set in the first period, resulting in the same equilibrium result as the

basic model under dynamic reward values. [
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