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Electronic Companion

EC.1. State Transition Diagram for Section 4

Figure EC.1 displays a state transition diagram for the age-based model corresponding to Section 4.
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Figure EC.1 Annual state-transition diagram of ewes in the flock for the deterministic age-structured ewe
model (uniform node size). For convenience, let yo(t + 1) :==>7_, oy, (t).

EC.2. Proofs from Sections 3 and 4

Proof of Proposition 1. The function g(x) is the sum of the linear, and thus concave, term
— > | ¢;x; and the optimal objective function value of the LP (2) where we omit the x term from
the objective function. The condition in that LP that x > 0 is simply a restriction of the domain of

x. Thus, we can view the LP (2) without the linear term in x in the objective function as a standard

LP

max CTU

st Au<b
u >0,
where the initial procurement vector x enters only through the right-hand-side vector b. By standard

results in LP, the optimal value is a concave and piecewise affine function of the right-hand-side

vector b, e.g., see Chapter 5.2 of Bertsimas and Tsitsiklis 1997. |
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Proof of Proposition 2. Let (y, z) be a feasible solution for the full formulation (3). Define
T-1
< Z y(t), T 2 (t)>
=0
as the average of the time-dependent variables over the full cycle. Then, (g, z) is feasible for the

steady-state formulation (4). To see why this holds, consider just the first constraint in (2). Averaging

overt=1,2,...,T yields

T ;71
(1= o) Z%Z/J—Zo fz Z}H(t):ﬂb
=1 =0

because of the constraint that y;(7") = y;(0). A similar argument holds for other constraints.
Moreover, the objective function values in the two formulations match. Likewise, given a feasible
solution for (4), (y, z), simply define y(¢) =y for 0 <t < T and z(t) = z for 0 <t < T, which is
then a feasible solution for (2) with the same objective function value. Thus, the optimal objective
function value in the two formulations match. |

Proof of Theorem 1. In the LP formulation (4), the decisions {z;}}_, are fully determined by
{y; %1, because both the objective function and constraints can be rewritten solely in terms of y,

yielding the following reformulation:

max Z[ po+p )(1—¢0)Oéi+pi(1—¢i)—pi—1 Yi

Yoot S
s/t (1= 1) Zajyj >y, (EC.1)
j=1
(I —vi1)yic1 > yiy, 1=2,3,...,m, (EC.2)
iyi = (¥, (EC.3)
=1

y; >0, i=1,2,....n

Let us ignore constraint (EC.1) for the moment. Under the assumptions that {pi}ﬁ_o are decreasing
and convex, {a;},_, are increasing, and {¢;}__, are decreasing, one can verify that the coefficients
{ (po +p ) (1 =)o) s +pi (1 — i) —pia }i:1 in the objective function are increasing in ¢. Thus,
all constraints (EC.2) are tight at the optimal solution y*, because it is optimal to allocate as much
as possible to y; with a larger coefficient, and {y;}” , can be determined from (EC.3). Finally,

under the assumption that (1— ) >_7_, @;¢;—1 — 1 > 0, the previously obtained solution {y; }}'
also satisfies (EC.1), making it optimal for the full problem and yielding 27 =... =2 _, =0.
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Since 2§ =--- =2z} _; =0, we have y; = (1 — ¢;_1)y;_, for each i = 2,...,n. Recalling that

(o=1landfori=1,2,...,n, (= (1—11)(1 —1y)--- (1 —1) it follows that

g*

yi+ys .ty

Y [Co+ G+ + o]
- yrRm

which implies y; = R, *¢*. Thus,

2= (1—1) Zajy; — Y= ((1 — o) Z%’Cj—l — 1) R,
=1 i=1

(1 - %)y,’i = Cnyik = gnR;1£*7

*
Zn

completing the proof.

Proof of Proposition EC.1. We first bound the optimal LP value from above. From (4),
D iz P 0 +y) <po Yz +po(l—10) > gy,
7=0 j=0 j=1
= Do [ <2(1 — o) Zajyj - y1> + (1 =)y — o)+
j=1
+ (1= Yn-1)Yn-1—Yn) + (1 = ¢n)yn]

=po |2(1—v0) Y ey, — Z%‘%]
I =1 i=1

.....

<po | max {201 =)oy — 3} yj]
j=1

.....

In addition, the value of the ML policy equals
Po20 + Pazn + 1" (20 + 1) > po (220 + 1)
=Po (2(1 — 1/10) ZajCj—l — ].) R;lf*,
j=1

where we use the fact that Theorem 1 gives an expression for zy and its proof establishes that

n==R, L¢*. The two bounds, above, yield the result. [ |
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EC.3. Proofs from Section 5

Proof of Theorem 2. For t > 0, let JF;, be the sigma field generated by
(Y(k),L(k),N(k),Z(k), LR(k) : k = 0,1,...,t) and let F = (F; : t > 0) be the associated
filtration. Fix any ¢ € {1,2,...,n}. For ¢t > 0, define M, = >_,_, (¥;Yi(k) — L;(k)). Then,
M = (M, :t > 0) is a martingale with respect to the filtration F. Our assumptions ensure that
the martingale differences are bounded in absolute value by /K, and hence we can apply Azuma’s

inequality, e.g., Ross (1996, p. 307), to get that for any 7" > 1 and any ¢ > 0,
P ([ Yi(T) = Li(T)| > 0) = P(|Mr_1| > 0T)
<9 —6°T
e .
= =S\ 9K

The right-hand side of this bound is summable in 7', and thus by the Borel-Cantelli Lemma (see,
e.g., Ross 1996, p. 4),

VY (T) —Li(T) — 0 (EC.4)

as T'— oo a.s. Combining this fact for 7 = n with our assumption that age-n sheep are sold, which

implies that Y,,(T) — L, (T') = Z,,(T), gives
(1= 1) Yn(T) = Z(T) — 0 (EC.5)

as T'— oo a.s. In other words, the third constraint of the LP (4) holds asymptotically.

Now, by the conservation of the flow of ewes from (6), for i = 2,3, ..., n, we have
1 — Y. (0) = Y,(T)
Y, (T)—L,_ (T)—Z;_ (T i = I(D(t)) = Y,(T ’ ’ =0.
(1) =B = Zia(T) o D) = W)+ ==

We therefore get

limsup [Y;_1(T) = Li_1(T) = Z;—1(T) = Y3(T)| € 0, ai].

T—o00

Then, using (EC.4), forv=2,3,...,n, almost surely

=

limsup | (1 — ;1) Y 1(T) = Zi (T -

T—o0

i(T)] €[0,ai).
We can show, using the same martingale argument above, that

> a;Y;(T) = N(T) -0, and
Jj=1
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Yo a;Y;(T) = Lo(T) =0
j=1
as T'— oo a.s. Combining these observations with conservation of ewe lambs in (7) gives

lim sup €[0,a4]

T—o00

(1 — o) Z a;Y;(T) = Zo(T) — Y1(T)

as T'— oo a.s. The same argument for ewe lambs can be applied to ram lambs to establish that

limsup (1 — ) Y oy Y(T) = L7(T)| € [0,a4],
T—o00 j=1
which implies that
limsup [p™(Zo(T) + Y1(T)) — p"L(T)| < p"as. (EC.6)
T—o00
We have thus shown that for : = 2, 3, ..., n, almost surely,
lim sup | (1 — ¢i—1)Yi—1 (T) — Zi—l (T) — Yz (T) | € [07 CLZ‘] and (EC7)
T—o00
limsup (1= ) Y 0y Y;(T) = Zo(T) — Y1(T)| € [0,a1]. (EC.8)
T—o00 -

j=1

From (EC.6), the contribution to revenue from ram lamb sales coincides with the corresponding
term in (4) almost surely as 7' — oco. From (5), (EC.5), (EC.7) and (EC.8), almost surely as T" — oo,
(Y (T),Z(T)) satisfies the constraints of the LP (4) except for an error in the right-hand side values
that is bounded by ¢, (¢*) + ||a||. Hoffman’s inequality (Hoffman 1952) then implies that, almost
surely as T'— oo, (Y(T),Z(T)) is at most a distance co(g1(¢*) + ||al|) away from the feasible
region of the LP for some constant ¢, that does not depend on ¢*. Thus, since the objective function

is linear, we conclude that, almost surely as T'— oo, the objective function of (Y (7T"),Z(T)) is at

most the optimal objective value of the LP plus c3(g1(¢*) + ||a||), where

n
C3 = Cpmax {maoxm pR} .
1=
|

The proof of Theorem 3 requires a series of lemmas. Our first result proves that, starting from the

target state, there is a very large probability that we will return to the target state in one transition.

LEMMA EC.1. Assume A4-Al4. Then, there exist 01,05 > 0 and a constant 65 € (0, 1) that do

not depend on {* such that
P(Y (1) =¢€[Y(0) =€) > 1 — 6 exp(—02(£)™)

for sufficiently large (*.
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Proof:  Fix 03 € (0,1 — 2ry), where r; was chosen in Assumption A11. Suppose Y (0) = &. For
eachi=1,2,...,n — 1, the number of age-: ewes that are lost, L; say, has a binomial distribution
with parameters &; = [¢*(7; — (i — 1)€)| and 1);, and thus mean v; [ £*(g; — (i — 1)€)]. Suppose first
that z; = 0 so that y; = y; + b(;_;. Using the facts that y* is feasible for (4) and the fact that for any
real numbers 1 and zo, (1 — ;) ([x1| — 1) — ([22] — 22) > —1,

P(Yit1(1) =&Y (0) =¢)

=P(L; <& — & |Yi(0) = &)

=P(L; — & < (1 = 93)& — & [Yi(0) = &)

=P (Li = & < (1 =) [0 (57 + 0oy — (1 = D)e)] = [£°(y;1 + bG; — i€) ][Yi(0) = &)
2 P(Li — il S0z + Celi — (1= i) (i = 1)] = 1[Y3(0) = &)

>P(Li — & < e —1]Y;(0) = &)

> -0 (175 =)

> 1 —exp(—5i(£9)")

for an appropriately defined constant 3;, where the second-to-last step uses Hoeffding’s inequality.
The same argument applies for the case when z; > 0, except that the terms involving b that cancel,
above, are not present.

Next, starting from the target state, the number of Year 1 ewes, Y;(1), in one transition, will equal
its target value provided that 53, the number of ewe lambs that are born and survive their first year,
is sufficiently large. The random variable B is a sum over all ewes of the (bounded by c;) random
number of their ewe offspring that survive their first year, and has mean pp := (1 — 1) Y| ®é;.
In what follows, we again apply Hoeffding’s inequality to show that B is sufficiently large with
high probability. For the case where z} = 0, using the facts that & = [¢*(y} + b(;—1 — (i — 1)e) ],

= (1—1o) > 1, a;yr and forany z, 0 < [z] —z <1,

P(Y1(1) = &Y(0) =&) =P(B — pp = & — 1us)

Y]

P B—pup>0(y; +b)+1—(1—1) Zoa&)
=1

P (B g >0 < —(1 —%)Zaiy;) + 0% (1 -1 —1/10)Zai§i_1>

v
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+0e(1 —wo)zﬂ:(i —1a; + 1)

i=1
=P (B —pp > —Cb(n—1)+ (1 — 1) Z(z —1Da; + 1) :
i=1
Now, the coefficient of b in the last expression is negative due to the stability condition that > 1
in Assumption A13. Moreover, we chose €(£*) = o(b(¢*)) as £* — oo, so, for sufficiently large ¢*,

n

—0b(n— 1)+ (1= ) > (i — Doy +1< —076 1= —L"b(n — 1) /2.

i=1

For such ¢*, Hoeffding’s inequality then yields

PO =6l 0)=9) 2 1 —exp (s o
1 =1 = = 1 —exp " < .
[0+ (35— §i) +nle3
Now, 6% = b?(n —1)2/4 = ¢*~?"2( — 1)? /4. Thus, for ¢* sufficiently large, we can define a constant

By that does not depend on ¢* such that

P(Y:(1) =&Y (0) =€) > 1 —exp(—fol™™).

For the case where z; > 0 the argument is similar, but we retain the (positive) value of zj in the
probability calculation, i.e., y; = (1 — 1) >\, a;yF — 25 and b= 0, and then for large enough ¢*,
e is so small that €(1 — o) > (1 — 1)y — 2§ = —9 < 0, and the remainder of the argument is the
same.

Using conditional independence of the various expressions above, conditional on Y (0) = ¢, it

follows that
P(Y(1) =€[Y(0) Hl—e%“s 1= e
=0

for appropriately defined positive constants ; and 6, that do not depend on £*. [
Next we show that the expected revenue received over one transition when we start in the target

state is near optimal.

LEMMA EC.2. Under A4-Al4, the expected one-step revenue starting from the target state & is
r(&) > Cp—0(r'T),

where p is the optimal value of the steady-state LP (4) with (* = 1.
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Proof: Suppose that Y (0) =&. Let Z = Z(0) be the vector of sales decisions. The expected
pp P

one-step revenue from selling ewes and ewe lambs is then (&) :=E[Y " p; Z;] = > piEZ;.

Now,
EZ, = (1 - wn)fn
= (L= thn)yp + (1= Un) (6 /€ = yp)
=0z — O (b+e)).
Similarly, forz=1,2,...,n — 1, with L; the number of lost ewes of age  at time 0,

EZ; =E[& — L — &)y
>E[& — Li — &1
> (1= i)(G — (1 — 1)€) = (Fipr —i€)] — 1
=1 =)y =y —O(e)] = 1
=027 — O(l¢).
Also, let B be the number of ewe lambs in year O that are born and not lost, so that EB =
(1 — wo) Z?:l O,/l& Then
EZO - E[B - £1]+
>E[B —¢&]

>0 11 —%)Zai@i —(i—1)e) —ﬂll -1

=0 |(1=40) Y _awyf —y; —O(b+¢)

i=1

—1

=025 — Ot (b+e)).

The same argument for ewe lambs can be applied for ram lambs to establish that the expected
number of non-lost ram lambs that are sold is EL"(0) > ¢*(z% + yf — O(b+ ¢)). Combining the
above observations with A12 yields the result. |

To proceed further, we first need the following technical result on random walks.
LEMMA EC.3. Suppose that (X,,:n > 1) is an i.i.d. sequence with var(X;) < oo and E[X;] =
0. If we define the random walk x,, == X1+ Xo+ -+ X, for n > 1, then

inf P(x,, >0) > 0.

n>1
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Proof of Lemma EC.3. If var(X;) = 0, then the result holds trivially since the infimum is 1. So
assume that var(X;) > 0. Since Ey,, = 0 forall n > 1 and var(y,,) > 0, it follows that P(y,, > 0) > 0
for all n > 1. The central limit theorem proves that P(x,, > 0) — 1/2 as n — oco. Thus, P(x,, > 0)
is a (strictly) positive sequence that converges to 1/2, and is therefore bounded away from 0. [ |

From Lemma EC.3, it follows that there exists gy > 0 such that the (random) num-
ber of ewe-lamb births that survive their first year exceeds its mean (1 — o) > " a;Y;(t)
conditional on the census Y(¢) with probability at least gy uniformly in ¢ > 0, i.e., that
P[B(t) > (1 —10) > i, a;Y,(t)|Y (t)] > qo for all £ > 0. (This follows by applying Lemma EC.3
to the number of births from age-i ewes for each 7, and then taking the product of the lower-bounding
probabilities over each age ¢ = 1,2,...,n.) Moreover, a similar result holds for the number of
surviving ram lambs and age-i ewes, for each = 1,2,...,n. Our next result shows that, starting
from a non-target state, there is a uniform (in the non-target state) upper bound on the expected

time to return to the target state.

LEMMA EC.4. Assume A4-Al4. Define 7:=inf{t > 1:Y (t) =&} as the first return time to the

target state. Then, there exist nonnegative constants k1, ko that do not depend on (* such that
sup E[7]Y(0) =y] < Ky (£7)™.
YES,YFE

Proof: We use the observation that if, each year, there are sufficient births and few losses, then
the population will quickly build back up to the target state .

More precisely, suppose Y (0) =y = (y1,¥2,...,yn) €S = (y € Z1 : 0 <y < &,y # 0) with
y # €. (Previously we used the notation y to reflect relative counts in the different age levels, for an
overall population of size 1. For this result the interpretation differs; now the y; variables represent
unscaled counts.) Suppose first that y, = min!* , y; = 0. Since y # 0, there is at least one ewe in the
flock. Using Lemma EC.3 we can assume a uniform lower bound, ¢; say, on the probability that
the number of surviving ewes (ewes that are not “lost”’) exceeds its mean, for each age 1,2,...,n.
Assume this happens for each successive transition t =0,1,...,n — 1. Similarly, assume that the
number of non-lost lambs (lambs that are born and are not lost in their first year) exceeds its
conditional mean (1 —1)) > " a;Y;(t) >0fort=0,1,...,n— 1. The conditional probabilities of
these events can be bounded below by the probability gy > 0, again using Lemma EC.3. Assuming
these events happen in all of the first n transitions, it follows that after n transitions, all components

of the new state, Y'(n), are at least equal to 1. The unconditional probability of such an event is at
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least (¢7'qo)™. Recall that we also sell as necessary to ensure that the ith coordinate of Y (n) < ¢,
though sales are unlikely to occur until the population recovers sufficiently.

Now we iterate. Starting from Y (n) > ({y, (1, -.,(u—1), assume the number of non-lost lambs
and non-lost ewes are at least their respective conditional means in n successive steps. The first

such step, with some algebra, yields a state

Y<n+ 1) 2 (77>C1aC27 .- '7<n—1)-

The kth such step (with 1 < k <n), again with some algebra, yields a state

Y(n+k)>(0C0,nC1 -+ MCk—1,Crr G- - -, Cnm1)-

Thus, after 2n steps, Y (2n) > (n{) A &, where ( is the vector ((o, (1, .., (n—1), and the componen-
twise minimum A indicates any necessary sales to avoid exceeding &; ewes at any age stratum 4.
The probability of n such successive events is again at least (¢7'qy)". Now the lower bound on the
population has increased by a factor 7 > 1, due to the stability condition, A11. With each successive
sequence of n steps, the lower bound on the population increases by an additional factor of 7, at
least until the state hits £. Thus, after kn successive steps where births equal or exceed their mean,
Y (kn) is at least (n* 1) A €.

With each successive block of n transitions where the number of non-lost lambs and non-lost
ewes are at least their respective conditional means, the lower bound on the census increases by
another power of 7, at least until sales are required to prevent exceeding the target state £. Thus, in at
most K =n[(In&;)/In(n) + 1] successive transitions where the number of non-lost lambs equals or
exceeds its conditional mean and the number of ewe losses is less than or equal to their conditional
means, the state returns to the target . Let ¢ 2 q7qo. Each such transition has probability at least

g2 > 0, so that the probability of that sequence is at least

n((In In n ~n(ln In
q§(>q2(( &)/ (77)+2):q§ 51( g2)/In(n).

Using a geometric trials argument, it follows that the expected value of 7, the hitting time to state

¢ is at most

1 1 1l —nn n
K/qé{ < n[( ngl)éQ:(ﬁ) + —‘61 (Ingz2)/In(n) < 506’1{2
2

for appropriately defined constants kg, k2 > 0 that do not depend on ¢*. (Note that In(&;) < &,
so the impact of this term can be absorbed into 5, the power of &;.) The observation that & <
C(yf +0) + 1 <51+ b) + 1, together with the fact that b = b(¢*) < 1 means we can take the

constant K; = Kg2"2. [ |



e-companion to Slaugh, Xin, and Henderson: Flock Management for Solar Grazing ecll

We now build on Lemma EC.2 on the revenue when moving from the target state to the target

state to show that the long-run revenue from our policy is near optimal.

LEMMA EC.5. Under A4-Al4, the mean steady-state revenue from our stated policy is at least

Cp—O((£*)172), i.e., the revenue of the optimal LP solution minus a small amount.

Proof: The mean steady-state revenue from our policy is at least equal to the mean one-step
revenue starting from the target state multiplied by the steady-state probability of being in the target
state. Lemma EC.2 showed that the mean one-step revenue starting from the target state is at least
Cp— O,

Now we use the fact that the steady-state probability of being in the target state is the reciprocal
of E[7|Y(0) = £], the mean return time to the target state starting from the target state, e.g., see
Resnick (2013, Proposition 2.12.3). Using first step analysis, and the bounds from Lemma EC.1
and Lemma EC.4, we have that

E[r[Y(0) =¢] <1+ P(Y/(1) #£[Y(0) =€) ES;lp#E[T!Y(U) =]

* 0
S 1+ 9167026 3%16*,@.

It immediately follows that the mean steady-state revenue is at least

é*p . O(g*l—m)

1+ 916—922*93 ng*ﬁz

> [p— O] [1 — et MW] =0p—0(r' "),
Lemma EC.6, below, shows that the flock size constraint is met, asymptotically.

LEMMA EC.6. Under A4-Al4, the mean steady-state flock size, v = v({*) say, satisfies |v((*) —
[ =O((€r)'=).

Proof:  When Y (0) =&, the flock size equals > | & which lies between £*(1 —n(n — 1)e/2)
and (*(1 +bR,) + 1. When Y/(0) #£ &, 0 <>" | Yi(0) < ¢*(1 +nb) + 1. If ¢ is the steady-state
probability of the target state £, then

g (1—0(e)) <v(l*) <@l*(1+bR,)+ (1 —q)0* (1 +nb) + 1,

and since R,, <n,

gt (1= 0(e)) < () < £*(1+bn) + 1.
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The proof of Lemma EC.5 shows that ¢ > 1 — 6,e %" for some positive constants 64,605 and

0 € (0,1) that do not depend on ¢* and ,e~%" = o(¢*~™). Thus,

—O(t%e) < () — 1 < O(£°D).

Proof of Theorem 3: This follows immediately from Lemmas EC.5 and EC.6.

EC.4. The Model-Predictive Control Formulation

The full Model-Predictive Control formulation is

max " piws + S [0 piza(t) + pR (1= o) 3 ayilt) — M S yi(t)

=1
sl (L=vo) Y0 oyt —1) —zo(t—1) =y, (t) =0 t=1,2,....T
(1—thi1)yia(t—1)—zi_1(t—1)—y;(t) =0 t=1,2,...,T:i=2.3,....n

(1= 9n)yn(t) —2zn(t) =0 t=0,1,....T—1

> yi(t) < t=0,1,....T—1

yi(0) +w;—y =Y, 1=1,2,....n

Wn, =Xy

w; >0 i=0,1,....n

yi(t) >0 t=0,1,....,T;i=1,2,...,n
z;(t) >0 t=0,1,....,T—1,i=0,1,...,n

EC.5. Counterexamples When the Assumptions of Theorem 1 Fail
EXAMPLE EC.1. Suppose n =2, ¥y =1, =1, = 0, and p¥ = 0. The following two solutions

are feasible:

(on + 1)6* (1+ )e * e f*_f_e

zo= (g +ag—1)— — Qg — )=, 21 =€, Zog=1p=— — — =— 4 —;

0 1 2 B 2 — 12 1 ) 2 ="Y2 B 9 Y1 B 9
r* r*

n=(n+a—1)=, 21=0, nm=y=y=—

2’ 2’
(assuming oy 4+ ap > 1 and € is sufficiently small, to ensure all y;, z; are non-negative). It follows
that

Zp” ijzj [po (1+ a2 — 1) + p2 — 2pi] (EC.9)

l\)lm

which can be either positive or negative, depending on the relation between o, and a. For instance,

when pg = p; = p», the sign of (EC.9) equals the sign of ay — . In particular, when a4y < o, the
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conclusion of Theorem 1 no longer holds. This is intuitive because, for instance, when a, =0 (i.e.,
when the reproduction rate for ewes in their final year is zero), it becomes more beneficial to sell
more ewes a year earlier to reduce the number of ewes in their final year.

EXAMPLE EC.2. Supposen =2,y =0, a; = ay = 1, and p¥ = 0. The following two solutions

are feasible:

o= 1—¢1 1 e —c 22:(1—¢1)(1—¢2)€ 1—¢2
2-— ¢1 2y ’ 2—1 2— ¢1
1 1 1— by 1
= 0+ €, = - €
NS Ta—gt P ey T a—
/ 1_7701 r_ /_(1_¢1)(1_¢2) * o 1 * 1_1_¢1 *
ZO 2 77Z)1 21_07 22_ 2_77Z)1 E, y1_2_w1 ) y2_2_¢1£

It follows that

1—1
ij Zj Zp]Z] {2 m po+2_wjp2—p1 €, (EC.10)

which can be either posmve or negatlve, depending on the relation between 1)1 and 5. For instance,
when pg = p1 = Dy, the sign of (EC.10) equals the sign of 1)1 — 1)5. In particular, when ¢ < 1), the
conclusion of Theorem 1 no longer holds. This is also intuitive because, for instance, when ¢, = 1
(i.e., a 100% loss of ewes in their final year), it becomes more beneficial to sell more ewes a year

earlier to reduce the number of ewes in their final year.

EC.6. Price-Independent Worst-Case Ratio for the ML Policy
PROPOSITION EC.1. Assume that p¥ = py > p; for all i = 1. .. n. The performance ratio of

the ML policy value relative to the optimal LP value is at least

(2(1 — ) i ;¢ — 1) R
max {2(1 —vo)a; — 1}

1111

(EC.11)

The denominator of (EC.11) provides an upper bound on a scalar multiple of the optimal LP value.
The intuition behind this upper bound is as follows: we start with the full breeding population (£*),
assume that all sheep are sold at the highest possible price py, and take the most optimistic values
for reproduction and loss — specifically, the highest reproduction rate maxj_; a; and the smallest
loss rate min’;_, 1;, which yields the largest population gain rate max;—, ..., {2(1 —vo)a; — 1}

The bound is tight when (1) the optimal LP solution retains only first-year ewes; (2) po = p1;

and (3) first-year ewes exhibit both the highest reproduction rate and lowest loss rate across all age

groups. This aligns with the intuition discussed above.
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One example of such a parameter setting arises when pg =py = ... = pp_1 >> py, With {a;}7_,
decreasing in j and {¢;}"_, increasing in j. In this case, the price structure is substantially
altered, and the monotonicity of both {«;} and {¢,} is the exact opposite of the assumptions that
guarantee the optimality of the ML policy. Specifically, when py =p; = ... =p,_1 = 250, p, =0,
a=(14,1.2,1.0,0.8,0.6) and ¥ = (0.01,0.02,0.03,0.04,0.05), the performance ratio is 0.6414,

exactly matching the lower bound established in Proposition EC.1.





