A Proofs

Proof of Proposition 1

Proof. Given exercised price p;, we first consider the interior quantile level ¢; with j = 2,...,m — 1. Let
Fi(xz) = Prob{D(p;) < z} be the distribution function of D(p;), and let F; y, be the empirical distribution
function constructed from the N; demand observations at price p;. Let @(qj;pi) denote the empirical
gj-quantile computed from the demand observations at price p;. We first show that @(qj; p;) converges
to Q(g;;pi) in probability.

By the uniqueness of Q(g;;p;) and the positive continuous density condition in a neighborhood of
Q(gj; pi), for any e > 0,

F(Q(gjipi) — ) < g5 < Fi(Q(g53pi) +e).

We define § = 3 min{g; — F;(Q(g;;pi) — €), Fi(Q(g;;pi) + €) — ¢;} > 0. By the Glivenko-Cantelli theo-
rem, sup,|F; n,(z) — Fj(x)|— 0 in probability. If sup,|F; n,(z) — Fi(z)|< J, then the empirical distribu-
tion function and the true distribution function differ by less than § at every point. In particular, at
the point Q(q;;pi) — €, Fin,(Q(gs;pi) — €) < Fi(Q(g53pi) — €) + 9 < gj, and at the point Q(q;;pi) + €,
Fi n;(Q(qj;pi) +€) > Fi(Q(gj;pi) +€) —d > g;. Therefore,

Qlgj: i) — € < Q(gj;pi) < Qlajipi) + .

Thus, the event that the empirical distribution function is within § of F; implies the event that the

empirical quantile is within e of Q(g;;p;):

{swiFin o) - R@l< o} € (1) - Qi< o}

Equivalently, if the empirical quantile is outside the e-neighborhood of Q(g;j;p;), then the empirical

distribution function cannot be uniformly within § of Fj:
{10 - @uspl> f < {swlFin o) - Rz o}
This implies
Prob {’@(%’;pi) — Q(gj5pi)[> e} < Prob {Sgp!Fi,N,- (z) — Fi(x)|> 5} — 0.

Thus, @(qj; pi) = Q(gj; pi) in probability.

We next show that the bootstrap bounds converge to the empirical quantile @(qj; pi). Let @* (gj5pi)
denote the empirical g;-quantile computed from a generic bootstrap sample drawn with replacement
from the original demand observations at price p;. Theorem 5.1 of Bickel and Freedman (1981) estab-

lishes the weak convergence of the bootstrap quantile process. This theorem gives the conditional weak
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convergence of \/N; {@*(q; i) — @(q; pz)} as a stochastic process indexed by interior quantile levels q.
By the continuous mapping theorem, evaluating this process at the fixed quantile level g; implies that

1/2

v N; {@* (gj5pi) — @ (gj3 p,)} converges weakly to a finite normal random variable. Given that N, /'~ — 0

~

when N; — oo, Slutsky’s theorem implies @* (g55pi) — Q(gj3p:) — 0 in distribution. Because the lim-

iting value is zero, this convergence in distribution is equivalent to convergence in probability. Thus,

Q*(gj3p:) — Qaz;p:) — 0 in probability.

The lower and upper bounds X,; and Xij are fixed percentiles of the bootstrap resample quantile
distribution. Given that the bootstrap resample quantile @*(qj; p;) converges to @(qj; p;) in probability,
these fixed percentile estimates also converge to @\(qj;pi). Therefore, X,;; — @(qj;pi) — 0, and X;; —

@ (gj;pi) — 0 in probability. Combining this result with @(Qj; pi) = Q(gj; pi) in probability yields
X,; — Q(gj;pi), and Xij = Qg5 i)

in probability for every fixed i € [n] and every interior j = 2,...,m — 1.
We now consider the endpoint quantiles. By construction, X;; = X;; is the sample minimum of the
demand observations at price p;. Given that Q(0;p;) is the finite lower support endpoint of D(p;), we

have D(p;) > Q(0;p;), and Prob{D(p;) < Q(0;p;) + €} > 0 for any € > 0. Thus,
Prob{X,, > Q(0;pi) + €} = (1~ Prob{D(p) < Q(0:p0) + )™ = 0.

Since X;; > Q(0; p;), this proves X,;; — Q(0;p;) in probability when N; — oco.

Similarly, X, = Xi, is the sample maximum of the demand observations at price p;. Since Q(1;p;)
is the finite upper support endpoint of D(p;), we have D(p;) < Q(1;p;), and for any € > 0, Prob{D(p;) >
Q(1;p;) — €} > 0. Hence,

Prob{ Xim < Q(1;pi) — €} < (1= Prob{D(p;) > Q(1;p;) — e})™ = 0.
Therefore, X;n, < Q(1;p;) Xim — Q(1;p;) in probability when N; — oco.

The preceding arguments establish pointwise convergence for each fixed pair (7, j). For any ¢ > 0,

Prob{ max max{|£ij - Q(gj;pi))s |1 Xij — Q(Qj;pi)|} > 5}

i€[n], j€[m]

<> Prob{|X;; — Q(gjipi)[> €+ D> Prob{|Xy; — Qgjipi)|> €}

i=1 j=1 i=1 j=1

Each term on the right-hand side converges to zero, and only finitely many terms are included. Therefore,

max max {|X,; — )l | X — T
onax, max{[Xy = Qi pls 1Ky — Qayipi) |}

in probability when N; — co.
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Finally, we suppose that D is nonempty and take any D € D. By the definition of D, X,; <
Qp(g5:pi) < Xij,i € [n], j € [m]. Therefore, |Q (55 pi)—Q(g5; pi)|< max {|X;; — Qg5 pi), |Xij — Qaj3 i)}

We first take the maximum over i € [n] and j € [m], and then take the supremum over D € D, which

yields
sup max  [|Qp(q5ipi) — Qgj;p)|<  max  max {|X;; — Q(gz; i), |Xij — Qgsipi)l}
Dep i€l jelm] i€ln], j€[m]
The right-hand side converges to zero in probability when N; — oo. This completes the proof. ]

Proof of Proposition 2

Proof. By the definition of D%, as X; > X, and ij < Xij, we have D* C D. Thus, it is sufficient to
show D C D® For any D(-) € D, we have X,; < Q(gj;pi) < Xyj for all i € [n], j € [m]. Q(g;;p) is
decreasing in p for each j € [m]. Therefore, it suffices to verify that X{; < Q(g;;p:) < Xiaj for all 4, 5.
For the lower bound, X7, = maxy>; X;;. Given that D(-) € D, we have X;; < Q(gj;px) for each k > i.
Thus,

X¢ = max X.; < max . .
A ki Ak = k> Q(‘b?pk)

If Q(gj;p) is decreasing in p and py, > p; for k > i, then Q(g;;pr) < Q(gj;p;) for each such k. Therefore,

max Q(q;; pi) < Q(g5:pi);

which implies X7 < Q(gj;pi). For the upper bound, Xiaj = ming<; Xij. Given that D(-) € D, we have
Qgj; k) < ij for each k < 4. Thus,

X = min X > T}?%?Q(Qjépk)‘
If Q(q;;p) is decreasing in p and py < p; for k <4, then Q(q;;pr) > Q(g;;pi) for each such k. Therefore,
min Q(q;; pr) = Q(g5; pi),
k<i

which implies Q(g;;pi) < XZ The monotonicity condition on Q(gj;p) holds by assumption. Hence,
D(-) € D O

We prove the theorems and propositions for the maxmin profit model and the minmax regret model

by first deriving some properties of w(-) and w(-) in the following lemma.

Lemma 1. 1. The optimal value of Problem (19) equals w(p,y,z), and w(p,y,x) is an increasing

function of p and xj,j =1---,m.

2. Typ)41 = argmaxw(p,y, x), where t(p) = min {k € [m—1] ’ B < qen }, as defined in (7).
y>0
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3. The optimal value of Problem (6) equals w(p,y,x), and w(p,y,x) is an increasing function of p and

l'j,j:l,"',m.

4 Typ) = argmaxw(p, y, ).
y>0

Proof. 1. By definition, Problem (19) is equivalent to
max {m(p,y, D(p) = pmin{y, D(p)} — cy}
D(p) (25)
subject to Prob{D(p) <z;} =¢;,j=1---,m,

By conic duality (see Popescu (2005)) , the dual problem becomes

m—1 1
min Z Zj —cy
: = med (26)

subject to pmin{y,z} < z;, Vze (zj,zj41],j=1---,m

Let zj = pmin{y,2j41},j = 1,---,m — 1, which is a feasible solution of the dual problem. This
configuration implies w(p, y, z) is an upper bound of Problem (19).

Moreover, we define a distribution H,(z) with 0 < ¢ < 1, whose CDF is

€, 1 <5< T9
FHE(I)(S): %, rj<s<xjp1,j=2,---,m—1 (27)
1, §$=1Tm

H(z) can easily be checked as a feasible solution of Problem (19) and

m—1

. 1 1
m(p,y, He(z)) = p  emin{y, z1} + (m — ) min{y, z2} + z; ol min{y, zj+1} ¢ — cy,
J:

which implies Problem (19) is greater or equal to (p,y,f[e(x)>. We take ¢ — 0 and find that
Problem (19) is great or equal to

lim 7 (p,y, Ae(x)) = p Z ——min {y, @41} = 0(p,y, ). (28)

Therefore, w(p,y, z) is the optimal value of Problem (8). By the definition of w(p,y,x), w(p,y, x)

is an increasing function of p and z;,j5 =1,---,m.
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2. By the definition of w(p,y, z), w(-) is a continuous function and

b =g, Z/<x27
9w (p, y, )
ay = p%:lficv x/c<y<l‘k+lak:27"'am71,
—c, T < .

This outcome implies that w(p,y,x) is a concave function of y. By the definition of ¢(p), we have

tlp) —1 p—c t(p)
m_1 % < SGp1 T
Thus, when x4,y <y < Zy(p)4+1, we have aw(gg}y’x) = pmni(lp ) ¢ > 0, where the last inequality follows
from tgnp)i__ll < %. Moreover, when zy) 11 < ¥ < Ty(p)+2, We have &D(gf’x) = m_nfb(ﬂ_l —c<0,
where the inequality follows from % < %. Therefore, 4,41 = arg mazw(p,y, ).
y=0
3. By conic duality, the dual of problem (6) is
m—1 1
max G Y
: = " (29)
subject to pmin{y,z} > z;, V€ (zj,zj],j=1,---,m.

Let z; = pmin{y,z;},j =1,---,m — 1, which is a feasible solution of the dual problem, which
implies that w(p,y, z) is a lower bound of problem (6). Moreover, we define a distribution H,(x),

with 0 < e < ﬁ, whose CDF is

— —€, X1 <8< T9

m—1
FHE(x)(S): #;1—6, l‘j§8<$]’+1,j:2,--',m—1 (30)
1, S = Ty,.

We can easily check that Hc(x) is a feasible solution of Problem (6) and

m—1

1 1
m(py, He(@)) = p | (—7 — ) min{y, a1} + z; —— min{y, 25} + emin{y, zm} o —cy,
=
In addition, we take ¢ — 0 and obtain

m—1

lim 7 (p, g, Ho(2)) = p > —— min {y, 25} — ey = w(p, y, ) (31)

0 y Yy Lle - m—1 sy Lg v Yy )
J:

which implies that w(p,y,z) is a upper bound of Problem (6). Therefore, w(p,y,x) equals the
optimal value of Problem (6). By the definition of w(p,y, x), w(p,y, z) is an increasing function of

pand xj,7=1,---,m.
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4. By the definition of w(p,y,x), w(-) is a continuous function and

p—c, y<3317
ow(p,y,x)
dy = pmn;iizk—c, T <Y< Tpe1,k=1,---,m—2,
—c, Tm—1 < Y.

This outcome implies that w(p,y, x) is a concave function of y. By the definition of ¢(p), we have

t(p) — 1 p—c t(p)
mo1 ) < R e

m
Then, we have %j”aj) > 0, when y < 4, and %&y@) < 0, when y > ;). Therefore,

p)

= argmazw(p,y, ).

fL’t(
y=0

)

Proof of proposition 3

Proof. We first consider the case p € (p;,pi+1),i = 1,---,n — 1. We prove the results by showing that
W(p,y) = w(p,y, X;y1) and W(p,y) < w(p,y,X;,), respectively.

1. We first show W (p,y) > w(p,y, X; ;). Let Z denote the quantile of g on D(p), i.e. ; = Q(q;;p),j =
1,--+,m. For any D(-) € D and p; < p < pi+1, from Lemma 1, we have 7(p,y, D(p)) > w(p,y, T).
Given that Q(g;;p) is a decreasing function of p and X,;; < Q(g;;pi) < X, we have X1 <x< X;.
Combining with w(p,y, &), which is an increasing function of Z;,j5 = 1,---,m from Lemma 1, we

obtain
m(p,y, D(p)) > w(p,y,X;41),YD(-) € D and p; < p < piy1.

Therefore, W(p,y) = ng})igpﬂ(p, y,D(p)) > w(p,y, X; 1)

2. Then, we show W (p,y) < w(p,y,X;,1). We consider the following demand distribution:

T5(X1),  p<s<p,

T5(Xk),  pe <8 <pritk <,
D(s/8) = 15(X:),  pi<s<p,

Hs(X;11), p<s<Dpit1,

Hs(Xji1)s pr <8 <prs1, k>4,

Hs(X3), s =Dpa,

where Hjy is defined in (27) and Hj is defined in (30). We can easily check that D(s|#) € D for any

§ € (0, —= 1) Thus, W(p,y) = Dr(n)inpﬂ(p,y,D(p)) < 7(p,y, Hs(X,;,1)). When we take § — 0, (31)
e

implies W (p,y) < w(p,y, X;11).
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For the case that p = p;,© = 1, -, n, the proof is similar. The only difference is that the lower bound
of Q(gj;p) is X;; instead of X, ;. For brevity, we omit the proof here. If p < p1, for any p € [p,p1), the
quantiles’ lower bound is X;. Thus, W(p,y) = w(p,y, X;). Moreover, if p, < p, for any p € (pn, p|, the
lower bound of quantiles are all 0. Therefore, W(p,y) = w(p,y,0) = —cy.

O

Proof of Theorem 1

Proof. 1. From Lemma 1, we know that

arg max w(p, y, r) =

>0 )

Combining with the formula of W (p,y) in Proposition 3, we can establish the results.

2. Lemma 1 shows that w(p,y, ) is an increasing function of p and z;,j = 1,---m. Hence, for any

pe (piapi+1)7i: 17"'7n_17

W*(p) = nax w(p,y, X;11),

< maxw(pit1, Y, Xip1),
y=>0

= W*(piv1),
where the inequality follows from p < p;y1. This outcome implies that

pi+1 = argmax W*(p).
PE(Pi,Pi+1]

Similarly, when p < py, for any p € [p,p1), we have W*(p) < W*(p1). When p, < p, for any
p € (pn,p], W*(p) = max —cy = 0 < W*(pp). In summary, we obtain p* = arg max W*(p;).
y> .

i=1,n
]
We present Proposition 4 by first proving the following two lemmas.
Lemma 2. Let A = max 1(pz-+1 —pi). If Q(qj;p) is a Lipschitz continuous function of p with parameter
i=1, e
Lg, then
|W* — W*|< 2AL,pm.

Proof. We define the set of (z,z) as follows:

z(p); and Z(p); are decreasing,j =1,---,m},

33



which represents all feasible quantile bounds functions that satisfy the given information on the exercised
prices. As a consequence, the true quantile bounds (z*(p), z*(p)) are in ©. Given that Q(q¢;; p) is Lipschitz
continuous with parameter Ly, for any (z,z) € O, z(p); and Z(p); are also Lipschitz continuous with

parameter L,. Then, the optimal maxmin profit can be written as

W* = max min min  w(p,y, D ’
PE[p,p),y>0 (2,2)€O D(-)€D(,z) (p.y, D(p))

where D(z, 7) is defined in (12).
By the definition of W (p,y) and Proposition 3, we have

W(p,y) = w(p,y,z(p)),

where w(-) is defined in (5). Hence, we can rewrite W* as

W* = max min w(p,y,x ‘ .
p€[p,pl,y>0 (2,7)€O (P, y, z(p)) (33)

Then, we rewrite W* as

W*= max w(p,y,z*(p)), 34
e (p,y, 2" (p)) (34)

where z*(p) denotes the true lower bound of the quantile function.
Let (p*,y*) denote the optimal solution of the maximization problem in (34), i.e.,
(p*,y") = argmax w(p,y,z"(p))-

pE[p,pl,y=>0

Then, we have W* = w(p*,y*, z*(p*)). By (33), for any (z,7) € ©, we have

Wez min w(pty"a(07) 2wty 2("). (35)

Moreover, by (34), we have

W* =w(p*,y",z"(p")). (36)
Suppose p* € [p;, pi+1], for any x € O, because z(p); is Lipschitz continuous. We have Xij — (piy1 —
pi)Lg < z2(p*); < X;5 + (pir1 — pi) Lg and X;; — (pit1 —pi)Lg < 2°(p*); < Xy + (Pit1 — pi)Lq. Thus, we
have
2" (p*); — 2(p");|1< 2(piv1 — pi)Lg < 2ALg, 5 =1,---,m.

The result holds for any p* € [p,p].

By Lemma 1, w(p,y, x) is an increasing function of z;,j = 1,---,m with parameter p. For any xz,z’
such that |z; — 2%[< ¢ for all j, we have [w(p,y,r) — w(p,y,2’)|< pmd. Combining with the fact that
|z*(p*); — z(p*);|< 2AL, for all j, we have

w(p®,y*, z*(p*)) —w(p®,y*, z(p")) < 2ALgpm.
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Combining with (35) and (36), we obtain W* — W* < 2AL,pm. By definition, we have W* > W*. Thus,
0 < W* — W* < 2AL,pm, which implies [W* — W*|< 2ALgpm. O

Lemma 3. Consider the learning policy defined in (14). Let A, be the length of the largest interval after

the nth price has been learned. If n > [2°%T1] then A, < Za;kg.

Proof. Without loss of generality, we set p —p = 1 in the following proof. Let p, denote the nth learning
price, and let s, denote the length of the largest new interval that is created by the nth learning price.
Given that 6, = M%’ where k = max{i € [n]]200~1) < 241} which implies that when galk—1)+1 <
n+1 < 2%+ 11 we have §,, = 2(*’@% Specifically, when 20—+l < 41 < 20%+1 e have §,, = 2%%

First, we show that when n € [2,2%%*1)  the length of the largest new interval s, > W% When
n+1 < 296+l we know that §, > wk% If Q, # 0, then we have A,_; > %% and s, > 2@’6% If
Q,, = 0, then the learning price p,, is the middle point of the largest interval. After n — 1th learning, we
have at most n intervals (including boundary intervals), which implies A, 1 > % > 20‘,9% Hence, the

length of the largest new interval s, > %QQ% o = 2a% = > 20‘(,#1) +7, Where the last inequality follows from

alk +1) > ak + 1, because a > 1. Therefore,

k+1
Sn > W,Vn € [27201 ) (37)

Let n = [29%+1]. We consider the following two cases. If A, ; < ﬁ, then A, < Q%k When
Ap_1 > Q%k, for any 7 € [20k=D+1 | 20k+1 ] 4 On £ (), then Ap_y > 2% and s; > 20{,6% If O = 0,
then from (37), we have s; > 20*% Furthermore, from (37), for any n € [2,2°¢~D+1) " we have
Sy > 2(11@% Therefore, after the nth price has been learned, we have at least n = L2O‘k+1j intervals whose
length is greater or equal to W% However, we start with n = 1. Therefore, after n steps, we have n+ 1

price points, which create at most n + 2 intervals (including boundary intervals). Hence,

1
1
_ k+1
=1-[2¢ J2ak+1
1 1

k+1

<1-2°% 9ak+1 " 9ak+1
1 1
T 9ak+1 < 90k
This completes the proof. ]

Proof of Proposition 4
Proof. From Lemma 3, we know that after n > [2%%+1| steps, the largest interval A,, < Za;kg. Combining

with [W* — W*|< 2ALgpm from Lemma 2, where L, is the Lipschitz continuous parameter of quantile
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function Q(g;;p). Hence, for any e > 0, we have |W;; — W*|< e if n > 12972(p — p)pmL,. Therefore,
|Wy; — W*|< e after no more than O(1) steps. O

We prove Theorem 2 by using the properties derived in Lemma 1.

Proof of Theorem 2

Proof. We first consider the case that p € (p;,piy1),i = 1,---,7 — 1. For notational simplicity, we let

Rl (p7 y) = maX{IES‘ZX/LD(pk+17 Xk,t(pk+1)+l7 Xk)a w(pa Xi,t(p)+17 Xl)} - U](p, Y, X@A-l) and

Ry (p,y) = max max 0 (pgi1, 9, Xx) — w(p, v, Xp(9)).
k>i 9€Yik

Then, it is equivalent to show R(p,y) = max{R;(p,y), Ru(p,y)}. We prove it by showing R(p,y) >
max{R(p,y), Ru(p,y)} and R(p,y) < max{Ri(p,y), Ru(p,y)}

1. We first show R(p,y) > max{R;(p,y), Ru(p,y)}. Consider the following demand distribution:

/

>
|

s(Xk), e <s<pry1,k <i,
15(Xi), pi<s<p,
D(s|6) = § Hs(X;11), p<5<Dpit1,
Hs(Xp11), pre <8 <pry1, k>4,
| Hs(X7),  s=npa.
We can easily check that D(:|6) € D for any 6 € (0, ) Thus, for any € € (0, min{p — p;, pi+1 —

Py, ML Pppy —pr}) and g > 0,

k=1, h—

R(p,y) > max_ w(p,9,D(p|d)) — m(p,y, D(p|d))
PE[p,p],§>0

> max maX{rggc?f(p, Gy Hs(X1)) | pmppsr—es 7, 9, Hs(X0)) [pmp—e ) — w(p, y, Hs(Xi41))-

Let 6 — 0. Combining with equations (28) and (31), we obtain
R(p,y) 2 maxmax{max d(prr1 — & §, Xk), ®(p — €9, Xi)} —w(p, 9, Xi11)
2 max max{maxw(pk+17 Y, Xk) (p7 g7 X’L)} - w(pa Y, KiJrl)

4>0

> max{lilg?w(pk+la Xk,t(pk+1)+l7 Xk)a w(pa Xi,t(p)+l7 Xl)} - UJ(p, Y, Kl?l»l)

= Rl(p7y)7
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where the last inequality follows from )_Q,t(p)ﬂ > 0 and Xk,t( 11 >0,k=1,---,7. Next, for any

Pk+1)

7>0,0<0< ﬁ, and k > i, we consider the following demand distribution:

(Xk) Pk <8 < pry1,k <,

(Xi), pi < s <p,

(X,i(,@)) : p< s <pin

Aa(min X;’;(?)),Xk}), PE <8 < pry1 k>

| Hs (min {Xé(yj),X’n}> , 8= Dps.

We can easily check that Dy(-|,3) € D. Thus, for any € € (0, min{p — pi, pi+1 — p, . I}l’.l.i-%ilpk_t'_l —
pr}), k> i and g > 0, we have

Dk(8|5ayA) = H(S

> (b, 5, Hs(min{ Xi(9), Xi})lp=pres1—e—7 (0, 4, Hs (Xi(5)))-

Let 6 — 0 and € — 0. By (28) and (31), we obtain for any £ >4,y >0,

R(p7 y) > w(karl - e,gj,mm{X;@(g)),X’k}) - w(p7y7 Xlzf(g))a

g _ g (38)
> W(pry1, P min{ Xy (9), Xi}) — w(p, y, X5 (9)).

By the definition of X} (§) from (20) and 1(-), we have

m—1

1 ¥ X~ — —
:ﬁm Z min {max{min {Z); Xk]} 7&1‘4_17]‘} ,ij,:[]} + min {Ximngm,Z)} —ci.
j=2
When min {Q»ij} > Xi_‘_l,j, we have min {max {min {gan:j} ’Xiﬂ,j} ,ij, g)} = min {ij,g}.
When min {§, X;} < X, ;, we also obtain min {max {min {§, X;} , X, 1 ;}, Xx;, 9} = min { Xz, 3}

Moreover, we have Xim > Xim because k > i. Therefore, we obtain
W(p, §, min{ X} (9), Xi}) = 0 (p, 9, Xi), VP, 9, k > i. (39)

Thus, (38) implies that R(p,y) > IaX Max W(prr1, U Xk) — w(p,y,X,i(g))) = Ry (p,y). Therefore,
= geEY ik
we have

R(p,y) > max{Ri(p,y), Ru(p, )}
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2. Next we show that R(p,y) < max{R;(p,y), Ru(p,y)}. Let & denote the quantile of ¢ on D(p), i.e.,
z; = Q(gj;p),j = 1,---,m, and T denote the quantile of ¢ on D(p). First, for any D(-) € D and

pi < p < piy1, We have
7(p, 9, D(p)) — m(p,y, D(p)) < w(p,y, L) —w(p,y,T), (40)

where the inequality follows from Lemma 1. Given that p; < p < piy1, Q(gj;p) is a decreasing

function of p and X;; < Q(gj5pi) < Xij, we have

Xy <7<X,, (41)
and )
& < X, D € [pr>Pry1)s b < 4,
&< X, b € [pi,p),
T <7, P € [p,pi+1),
& <min{z, Xy}, D€ [Pk, Prt1), k>4,
& <min{Z, Xp 1}, D= pa

Given that w(p, 7, Z) is an increasing function of p and & from Lemma 1, we obtain

max W (p,y, &) — w(p,y, T)
PE[p,P]

<max{max max W(p,7, Xx), max D(p,7, X;),
k<i pelpr.pr+1) PE[pi,p)

max W(p,§, ), max max W(p,§, min{Xy, T
pElppit1) 5:9,2), k>i pElpr,pr+1) ®.9, X, 7).

W(pa, G min{ X1, 2})} — w(p,y, )
< maX{filin(pkH, G, Xr), w(p, 9, X:), w(pit1,9, ),
fggfw(pkﬂy g, min{ Xy, &}), (ps, g, min{ X1, 2}) } — w(p,y, 7).
When i = — 1, w(piy1,9, %) = @(ps, J, &) > w(pa,§, min{ X4_1,7}). Meanwhile when i # n — 1,
>

n}gaxzi)(pkﬂ,g),min{)_(k,i'}) W(pa, ¥, min{ Xy _1,7}), which implies that for any D(:) € D,
>1

max w(p,y,z) —w(p,y,T)

PE[p,p] (42)
< ma’X{I}clg‘l}.(w(pk‘-l-l) :&v Xk)’ uA)(pa Qa X’L)? I}clgicw(pk-‘rlv ga min{Xk‘v j})} - w(pv Y, 5:)
Given that w(p,y, ) is an increasing function of Z, and > X, |, we have
max{rilglxw(pk-‘rla Y, Xk)a ’LZ)(p, 4, Xl)} - U](p, Y, j)
(43)

S max{lggf w(pk+17 ga Xk)? 'lf)(p, :g7 XZ)} - w(p7 Y, Xi+l)‘
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For any k > i, by the definition of w(-) and w(-),
rilgfw(pk-i-l? ?j) min{Xka i'}) - UI(p, Y, 'i‘)

= — % min{i’l, y}

Pk+1 P . ~
+ Z { mln{x],Xk]7y} —— mm{xj,y}}

+ pk+1
m —

1 min{Z,, Xpm, 9} — i + cy.

Let gx;(z) = pry1 min{z, Xg;, 9} — pmin{z, y}. Then, we have

Pk+17 _pmin{may}7 x S mll’l{Xk], :g}v
grj(z) = ) )
Pr+1 min{Xg;, 9} — pmin{x,y}, > min{X;,y}.
Given that pr+1 > p, gkj(z) is increasing when z < min{Xy;, 9} and decreasing when z >
min{)_(kj,gj}. Moreover, given that )_(kj < X;j, we obtain
max _ grj(x) = grj(max{X, q jmin{Xy;, 5}}) = g1 (X5 (9))-

2€[X; 1 5 Xis]

Therefore,

max maxw(pk+17y7mln{Xk7x}) <p7yva~3)
.TE[X +17X] k> =t

= maxw(pr+1, 9, X3) — w(p,y, Xi(9)),
where the last equality follows from (39). Combining with equations (40), (42), and (43), for any

D()GD,Z)ZO,

max 7(p, §, D(p)) — =(p,y, D(p))
PE([p,p]

S max{maxif/(pk+1, g)) Xk) - U)(p, y7&i+1)7
k<i (44)

w(p7Z)7XZ) - ’Ll)(p, y?K’H—l%

Given that z(,);1 = arg max w(p, vy, ) from Lemma 1, we have
y>0

I;lg()]( max{max w(pk+17 Y, Xk) (p7 ZL X’L)} - U)(p, Y, Xi—i—l)

= max{rilg‘lxw(karl: Xk,t(pk+1)+l7 Xk)a w<p7 Xi,t(p)'i‘lv Xl} - 'U)(p, Y, Xi+l)7
=Ry (pa y)
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In addition, by the definition of w(-) and w(-), for any k > 4, W(ppr1, ¥, Xi) — w(p,y,f(,i(@)) is
a piecewise linear function of § with breaking points set }A/Zk Thus, rggg rilggcw(karl,g},Xk) —
Wy X19)) = s max @, 6 Xi) =0 (09, X{(3) = Ra(p,y). Combining with (44) and the
definition of R(p,y), we obtain R(p,y) < max{R;(p,y), Ru(p,y)}.
For the case that p = p;,¢ = 1,---,n, the proof is similar. The only difference is that the lower bound
of Q(gj;p) is X,;; instead of X, ;. Additionally, the interval [p;, p) is empty. For brevity, we omit the

proof here. O

Proof of proposition 6

Proof. By the definition of w(p,y,z) from (5), w(p,y,z) is a concave function of y, which implies that
every function of the right side of equality of R(p,y) in Theorem 2 is a convex function of y. Therefore,

for any p, R(p,y) is a convex function, because point-wise maximization preserves convexity. O
Proof of Proposition 6.

Proof. 1t suffices to show that min,e(,, ., ) B*(p) > R*(pit1) for any i > i*. Let

* N
T = W(Pir 1, X t(pge 1) +1> Xi)-

For @ > * and any p € (p;,pit+1), the first term in (21) satisfies maxk<i7j}(pk+1,kat(pkﬂ)ﬂ,X'k) -
w(p,y, X;11) = 7 —w(p,y,X;11). By Lemma 1, we have w(p, -, -), which is increasing in p and z;(,);1 =
arg max, > w(p,y,x). Thus, given that p < p;y1, we have

* N
T = w(pi*Jrl’ Xi*vt(pi*Jrl)""l’ XZ*)

> W (pit1, Xig(piy1)+15 Xi)

= T;Zaé( W(pit1, 9, Xi)

which implies that 7 — w(p,y, X, 1) = @ (p, X;4(p)+1, Xi) — w(p,y, X;41). Furthermore, for any k > i

and ¢ € Yik, we have

*

> W(Prt 1, Xht(ppy1)+15 Xk)

= max W (pr+1, 7, Xk)

> w(pk-‘rlv ga Xk’)
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By the definition of X,'i,(gj), we have X,i,(g)) > X, componentwise, which implies that w(p,y, X; ;) <
w(p, g, X{(3). Therefore, 7 — w(p,y, X,y1) > maxgss maxyy d(pps1, 3 Xe) — wip,y, X{(@). In
summary, R(p,y) = 7 — w(p,y, X,;, ), which implies that R*(p) = min,>o{7* — w(p,y, X; 1)}. Given

that w(p,y, X;, ) is increasing in p, we obtain

min  R*(p) = min{7" — w(pit1,y, X;11)}- (45)
PE(Pi-pit1) y=0

For p = pi41, by a similar argument, we have 7* — w(p,y, X;, ;) = maxlw(pkH, X’k’t(pkﬂ)ﬂ,)?k) —

w(p7y7li+l)7 and 7" — w(pi+1ayvli+1) > krglaj{l H}%aX w(pk‘-i-lvga)zk) - w(p,y’Xi+l(g)) . Therefore?
=z JEYiy1,k
R*(piy1) = ming>o{m* —w(pit+1,y, X;1)}. Combining with (45), we have Minye (p, pii 1) B (p) = R*(pi+1),

which implies that p; = p;;q for all 7 > 7*. O
We show Proposition 8 by first proving the following two lemmas.

Lemma 4. Let A = max 1(pl-+1 —pi). If Q(qj;p) is a Lipschitz continuous function of p with parameter
=1, A—
L, then

|R* — R*|< 4ALgpm.
Proof. We define the set of (z,z) as follows:

(46)

z(p); and Z(p); are decreasing,j =1,---,m},
which represents all feasible quantile bounds functions that satisfy the given information on the exercised
prices. As a consequence, the true quantile bounds (z*(p), z*(p)) are in ©. Given that Q(q¢;; p) is Lipschitz

continuous with parameter Ly, for any (z;,7;) € ©, z(p); and Z(p); are also Lipschitz continuous with

parameter L,. Then, the optimal minmax regret can be written as

R = peér}ﬁi]g Lo e (.)Hé%@@)[ﬁe[g%z (0,9, D(p)) = m(p,y, D(p))]-
Let )
w(p, 9, %) — w(p,y, x) p<p,
r(p Y2, 0,9, ) = 4 @(p, §, 01 (w, &,9)) — w(p,y,01(x,2,9)), p=p,
| @D, 9, 2) — w(p, y,02(2, 2, 7)), D>,
where
max{min{Z;41,9},z;}, j=1,---,m—1,

L max{min{Z,,, 9}, zm}, J=m,
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and
T, J=1
O2(z,2,9); = max{min{z;, g},z;}, j=2,---,m—1,
Tm, j=m.
Here, x represents the lower bound of Q(g¢; p), and & represents the upper bound of Q(g;p). We can show
that

max 7 (p, 7, D(p)) — 7(p,y, D(p)) = r(p,y.z(p), p, ¥, T(p)).
D()€D(z,z)

The proof is similar to the proof of R(p,y) in Theorem 2. The only difference is that the lower bound of
Q(g; p) and upper bound of Q(q; p) are given. Moreover, we do not have to optimize p and g. For brevity,
we omit the proof here. By the definition of r(-), 7(p, y, z,p, y, ) is a Lipschitz continuous function of x;
and Z;,j = 1,---, m with parameter p.

Hence, we can rewrite R* as

R*= min max max r(p,y,z(p), D, 7, T(p)). 47
pebg,ﬁ},yz()ﬁe[g,ﬁ],@zo(2,2'7)69( 12(0).5,5 7)) )

Then, we rewrite R* as

BT = min max_ 7(p,y,z"(p), p, 4, " (p)). 48
pe{g,ﬁ],yzoﬁe@,ﬁ],gzo( Y, 2" (), 0,9, 2" (P)) (48)

Let (p*,y*) denote the optimal solution of the outer minimization problem of (48), i.e.,

(y") = argmin s r(p, 2 (p).5,0,7°(9).
pElp.p]y>0PE[PPLI=0

Then, we have R* = [mz]lx r(p*,y*, *(p*),p,4,z*(p)). Let (p',y’) denote the optimal solution (p, )
pelp;pl,y=0

of the inner maximization in (47) with (p,y) = (p*,y*), i.e.,

(¥'.y') = argmax max r(p",y", z(p"), b, 4, 2(p))-
pelp.p),§>0 (£,2)€O

Therefore, we have

R* < max r(p*,y* 2(p"), 0.y, 2(p)). (49)
(z,z)€O
Moreover, by (48), we have
R >r(p*,y*, 2" (p"),0, ¢, 2 (p))- (50)

Suppose p* € [pi,pi+1], for any (z,z) € ©. Given that z(p); is Lipschitz continuous, we have X, —
(Piv1 —pi)Lg < 2(p*); < Xyj + (Piv1 — pi)Lg and X5 — (piv1 — pi)Lg < 2¥(p%); < X5 + (Piv1 — pi) Ly
Thus, we have

|z*(p*); — z(p");|< 2(pis1 —pi)Lg <2ALg, 5 =1,---,m.
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The result holds for any p* € [p, p]. Similarly, we also have
z*(p"); —z(p');|< 2ALg, 5 =1,---,m,

Moreover, combining with that r(p,y,z,p,y,2) is a Lipschitz continuous function of z; and Z;,j =
1,---,m with parameter p, we have

Jnax r(p*, v, z(p*), 0y, z(p") — r(p*, v*, 2" (p"). 0.y, z*(p)) < 4ALgm.

Combining with (49) and (50), we obtain R* — R* < 4AL,pm. O

Lemma 5. Consider the learning policy defined in (22). Let A, be the length of the largest interval after

the nth price has been learned. If n > [2°%T1| then A, < Z;;,CB.

Proof. Without loss of generality, we set p —p = 1 in the following proof. Let p,, denote the nth learning

price and s, denote the length of the largest new interval that is created by the nth learning price. Given

that 6, = QQ,C%, where k = max{i € [n][22(~1) < 2}, which implies that when 20(:=D+1 < < g0k+1,
we have 0, = 20(,6%

First, we show that when n € [3,20"““)7 the length of the largest new interval s, > 2@.@% When

n < 29+l we know that &, > wk% If Q, # (0, then we have A, _1 > %% and s, > W% If Q, =0,

then the learning price p,, is the middle point of the largest interval. After the n — 1th learning, we have

1 1

n — 1 intervals, which implies that A,,_; > — >

7 = sant1 - Hence, the length of the largest new interval

Sp > %20(,”1171 > Qa(kil)ﬂ, where the last inequality follows from a(k + 1) > ak + 1, because a > 1.
Therefore,

k+1
Sp = W,‘v’n S [3, 2¢ ) (51)

Let n = [2*!]. We consider the following two cases. If A, ; < 2%,@, then A, < 2%1@ When
A1 > ﬁ, for any € [20(k=D+1 | 20k+1]] AL > 29F Hence, s; > 2@,6%, because A; = W%
Furthermore, from (51), for any n € [3,2*=D+1) we have s > 2%% Therefore, after the nth price

has been learned, we have at least n — 1 = [2%%+1| —1 intervals whose length is greater or equal to W%

Hence,
1
1
=1— ([2%%+1] - Q)W
1
k+1
<127 -2) 9ak+1
1
This complete the proof. O
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Proof of Proposition 8

Proof. From Lemma 5, we know that after n > [2%#+1| steps, the largest interval A,, < ‘Z%. Combining
with |R* — R*|< 4ALypm from Lemma 4, where L, is the Lipschitz continuous parameter of quantile
function Q(gj;p). Hence, for any € > 0, we have |R;, — R*|< % if n > %20”“3(13 — p)pmLg. Therefore,
|R}; — R*|< € after no more than O(%) steps. O

B Online Appendix

In this section, we provide the details of the algorithm and proof of Proposition 7. Our algorithm handles
two cases: p=p;,i =1,---,n—1and p € (p;, pit1),i = 1,---,7— 1. For the first case, we can use golden

search to find the optimal y(p) easily. For the second case, Proposition 6 implies that for any ¢ > i* where

i* = argmax W(pjt1, Xi,t(pi )+ X;), the optimal price over interval (p;, pi+1] is p;+1. Therefore, we only
i=1,-,n—1
need to solve the optimization problem for intervals with ¢ < ¢*. min R(p,y) is equivalent to

PE(Pi,pi+1),y>0

min minminz
pE(pi,piv1) Y20

D (Prr1, Xip(py )41, Xk) — w9, X)) < 2,k =1, i — 1
(p, Xij, Xi) = w(p,y, Xii1) < 2 = 1,o+,m, (52)
W(Pra1, Y, Xi) — (p,y,max{Xk,XHl}) <zk=1t--,n—1
W(Pry1, U, Xi) — w(p, y, max{min{y, X}, X; 11 }) < 2,k =4,---,n — 1,5 € Vi,
where Yy, = {0}U{X}; P U{X 41,721 The above equivalence is implied by Theorem 2, which provides
an explicit expression for R(p,y) when p € (p;, pit+1). In Theorem 2, R(p,y) is expressed as the maximum
of three terms by (21). An auxiliary variable z is introduced in (52) to bound each of the three terms.
The four groups of constraints in Problem (52) correspond to the three terms of (21) as follows. The
first group enforces the first term of (21). The second group refines the second term of (21) by splitting
X'i’t(p) 41 into the m quantile-specific terms X;;. The third and fourth groups encode the third term of
(21), where the third group handles § = y with X'}g(y) = max{X}, X;,}, while the fourth group handles
g € Yir \ {y} with Xi(9) = max{min{g, Xz}, X;,,}. At optimality, » equals the maximum of the three
terms in (21), which implies that z = R(p,y).
Each constraint in Problem (52) is a piece-wise linear function of y with breakpoints from Uk, 1sz

Hence, we can divide the feasible regions y > 0 into subintervals where the constraints are linear in y.

Then, we can solve each subproblem over each [y;, y,] C [0, +00).
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In each subinterval y € [y;, yu|, each constraint is of the form
apy +bp+dy+e < z,

where a,b,d,e are constants. By the definition of w(-) and the expression in (52), we have a < 0.

Therefore, it is reduced to solve the following bilinear optimization problem:

min min min z
PE(PL,Pu) YEYIYu] (53)

stapy+bp+diy+e <zi=1,---,t.
Suppose that z € [2;,2,] and a; < 0,9 = 1,---t. One natural lower bound z; for z is 0, because the
minmax regret is always nonnegative. z, is set to be the largest profit under the current information, i.e.,

max w(pz-ﬂ,)?i,t(p”l)“, X;). Given that the objective is to find the minimal z, we can use binary

search over [zj, z,| to find the optimal solution by checking whether a fixed value of z is feasible for all

the constraints. We achieve this process, by rewriting each constraint as

—diy—e;
pgzaiyi_{bf, if a;y + b; > 0,

—diy—e;
pZZaiyiib:’, if a;y +b; <0,

diy+e <z ifay+b =0.

The constraints can be categorized into three groups. The index sets are defined as J(y) = {j |
ajy+b; <0}, I(y) = {i | aiy + b; > 0}, and K(y) = {k | ary + by = 0}. We define w;(y) = %.
Then, the upper bound of p is mi(n) w;(y) and the lower bound of p is max wj(y). For p € (pi, pu) to be

il (y Jj€

1€
feasible, we need max;c j(y) w;j(y) < minge ) wi(y), Max;e s w;(y) < pu, and mine ) wi(y) > pr-

Based on this information, the set of feasible inventory decisions y for a fixed z, which is denoted as

S, is defined as follows:

max w; < min w;
jed(y) i) < iel(y) W)

and max w;(y) < py
J€J(y)

S: =Y € [y, vl : (54)

and  min w;(y) > p
i€l(y)

d dry + <
an k?z?é)( Ky +ek) <z

We introduce the following lemma, which simplifies the bilinear feasibility check on (p,y) for a fixed

z to a one-dimensional feasibility check over y.

Lemma 6. z is feasible for Problem (53) if and only if S, # 0. Moreover, if y € S, and we set

5= max{p;,max;c 7 () w; (y) }+min{pu,min;e o,y wi(y) }
- 2

Problem (53).

, then p € (p;,pu) and (p,y,z) is a feasible solution to

45



Proof. We prove both directions of the equivalence.
(=) Suppose that z is feasible for Problem (53). Then, there exists (p,y) with p € (p;,p,) and

Y € [y, yu] such that all constraints are satisfied:
aipy +bip+diy+e; <z, Vi=1,---t (55)
For this fixed y, we rewrite each constraint according to the sign of a;y + b;:

e If ay+b; >0 (ie., i € I(y)), then p < z;flﬁr;;i = w;(y).

o If a;y +b; <0 (ie., i € J(y)), then p > Z;fyi_%iei = w;(y).

o Ifay+b; =0 (ie, i € K(y)), then djy + ¢; < z.

Given that p € (p;, p,) satisfies all constraints, we must have:

max w;i(y) < p < min w;(y), 56
max i(y) <p< min (y) (56)
max w; < Pu, Y
Jgsy wil) < 57)
min w;(y) > py, (58)

i€l(y)
d <z 59
kgl[?(};)( kY +er) <z (59)

This outcome implies that y € S, by the definition of S, in (53). Hence, S, # 0.
(<) Suppose that S, # (. Then, there exists y € S, such that

max w;(y) < Zg}l(ryl) w;(y), (60)
max w;(y) < pus, (61)
igi(r;) wi(y) > pi, (62)
kggé)(dky +ex) <z (63)

. - maxi p;,max; w; +min{ py,min; w;
Given that P = {Pz JE€J (y) J(y)}2 {P cI(y) (y)}

hold.

, we have p € (p;,py). The following results

e Forie I(y): p < min {pu, min,er(y) wz(y)} < wj(y), which implies that a;py + b;p + diy + e; < z.
e For j € J(y): p > max {p;, max;e () w;j(y)} > w;(y), which implies that a;py + bjp+ djy+e; < z.

e For k € K(y): dpy + e < maxgeg(y)(dey + ex) < 2, which implies that axpy + bxp + dry + ex, =
dry + ex < z (given that ary + by = 0).
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Therefore, (p,y) satisfies all constraints in Problem (53). Hence, z is feasible. O

Before applying the complementary approach, we first handle degenerate constraints where a; = b; =
0. In this case, the constraint a;py+b;p+d;y+e; < z simplifies to d;y +e; < z. We consider the following

three cases.

e If d; = 0, then the constraint becomes e; < z. Hence, if e; > z, then z is infeasible. If e; < z, then

the constraint is satisfied for any y.

z—e;

d;

e If d; > 0, then we have y < 2. This outcome means that

7, is an upper bound on y if z is

feasible. Therefore, we update the upper bound y,, = min{y,, = ;iei }.

e If d; < 0, then we have y > *7%. This outcome means that *7* is a lower bound on y if z is

z—e;

feasible. Therefore, we update the lower bound y; = max{y;, 7 }.

After updating y; and y,, if y; > wy,, then z is infeasible. Otherwise, we remove these degenerate
constraints from further consideration because they have been incorporated into the domain bounds.

We check the nonemptiness of S, for the remaining constraints by adopting a complementary interval-
covering approach that builds the violation set directly. We test whether it exhausts the domain [y;, yu].
For these constraints, we consider Problem (53) with a; # 0 or b; # 0. Given that a; < 0, we have a
strict geometric structure on the denominators a;y + b;. Let g; = —Z—i (assuming a; # 0) be the singular
points for the ¢th constraint.

The sign of the denominator a;y + b; = a;(y — ;) depends solely on the position of y relative to g;.
Given that a; < 0, we have

If y < i, then a;(y — 9;) > 0, which implies i € I(y). o
If y > g;, then a;(y — ;) < 0, which implies i € J(y). o4

Consequently, a constraint ¢ acts as a lower bound on price (1) to the left of its singularity and as an
upper bound (J) to the right. This configuration precisely defines the intervals where constraint conflicts
may occur.

If a; = 0, then the denominator a;y + b; = b; is constant. Additionally, its sign depends solely on b;.
We maintain consistency with the case a; # 0 by extending the definition of ¢; by setting §; = +oo if
b; > 0, and §; = —oo if b; < 0. With this extended definition, the classification rule in (64) remains valid.
When b; > 0 (so g; = +00), we have a;y + b; = b; > 0 for all finite y, which implies that i € I(y) for all
y. When b; < 0 (so g; = —00), we have a;y + b; = b; < 0 for all finite y, which implies that ¢ € J(y) for
all y.
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We can recall that

max w, < min w;
i€ () i) ~ iel(y) )

and max w; < Py
Jj€J(y) i) <p

S, = Yy < [yh yu]

and  min w;(y) > p
i€l(y)

d dry + <
\ an k?}?ﬁ,)( Ky +ex) <z

We define the violation set (or bad set) B, = [y, yu) \ S» and construct B, by collecting intervals where
a part of the feasibility conditions of S, fails. Let U be this interval collection after sorting ¢; in an

ascending order.

1. Pairwise Constraint Conflict (Type A1)

For any y € S, max;e ¢,y w;(y) < minjer,) wi(y). A conflict between i € I(y) (upper price bound)
and j € J(y) (lower price bound) arises when w;(y) > w;(y), which can only occur for y € (9;,:),
because y > ¢; implies that j € J(y) and y < g; implies that i € I(y) from (64). For any pair with
Yj < Ui

Un= | {ylwy)>wm)}n@,5)- (65)

j7z:gj<:l}i
2. Boundary Violations (Type A2 and A3)

For any y € S, the price bounds require max;c s () w;i(y) < py and min;ey(y) w;(y) > p; to ensure
p € (p1,pu)- Type A2 violates the upper price bound of S, when a lower bound from j € J(y)
satisfies w;(y) > p,. This outcome can only occur for y > g;, i.e., within (g;, +00),

UA2 = U ({y | ’LUj(y) Z pu} N (:l)j, +OO)) . (66)

J
Type A3 violates the lower price bound of S, when an upper bound from ¢ € I(y) satisfies w;(y) < p;.
This outcome can only occur for y < ¢, i.e., within (—o0, 3;),

Uas = |J{y | wily) < pi} 0 (=00, 8i)- (67)

(2
3. Discrete Singular Violation (Type B)

For y € S, the K(y) condition requires maxyef(y)(dry + er) < z. At singular points g, (where
ary + br, = 0), feasibility reduces to digi + ex < z. If this scenario fails, the single point is infeasible

and is treated as a degenerate interval:

Us= U [ (68)
k:dyr+er>z
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The final collection is U = Upj U Upg U Ups U Up. Checking whether U covers [y;, y,] is equivalent to
testing whether S, is empty. We employ a sweep-line algorithm by de Berg et al. (2008) to determine
whether the union of bad intervals U completely covers the domain [y;, y,]. The sweep-line algorithm is a
classical computational geometry technique that can be used to solve one-dimensional interval coverage
problems. The core idea is to traverse the domain from left to right using a virtual “sweep line,” which
processes events (interval start and end points) in a sorted order. At each event point, we maintain a
counter that tracks the number of active intervals that are covering the current position. If at any point
the counter becomes zero, we have found a gap in the coverage, thus indicating that the union does not
cover the entire domain. This approach efficiently transforms the geometric problem of checking interval
union coverage into a one-dimensional counting problem. Given the N = |U| intervals, the sweep-line
algorithm requires O(N log N) times.

The feasibility check of Problem (53) is summarized in Algorithm 1. Algorithm 1 follows three logical
steps. Step 1 incorporates degenerate constraints with a; = b; = 0 into the bounds of y and immediately
declares infeasibility if they conflict. Step 2 enumerates violation intervals of Types A1-A3 and B to
build ¢/, thus capturing every way that the defining inequalities of .S, can fail. Step 3 runs the sweep-line

coverage check. If a gap remains, the midpoint of the feasible price interval at that y yields a feasible

(2, ).

Proposition 9 (Feasibility Check). Algorithm 1 determines the feasibility of Problem (53). Specifically:

1. If the algorithm returns True, the constructed set of bad intervals U does not cover the entire domain

[V, yu], and the returned (p,y) satisfies all constraints in Problem (53).

2. If the algorithm returns False, then no pair (p,y) satisfies the constraints for the given z, i.e., the

feasible set S, is empty.

Proof. 1. Suppose that Algorithm 1 returns True with output (p,g). By the algorithm’s logic, this
outcome occurs only if Step 3 finds a point § € [y, y,,| such that § ¢ U. It immediately implies that
U does not cover the entire domain [y, y,] because at least one point g is not covered by any bad

interval.

We show that (p,§) satisfies all constraints in Problem (53). Given that § ¢ U, by the definition
of the violation set U, the point ¢ is not in any of the bad intervals constructed in Step 2. This

outcome implies the following results.

e Type A violations (pairwise and boundary conflicts). 7 is not in any interval where w;(y) >

w;(y) for conflicting constraints, and is not in intervals where boundary violations occur.
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e Type B violations (discrete singular violations). For all singular points g with dggx + er > 2,

we have § # 9, or if § = g for some k, then dpgi + e < z.

Given that § ¢ U, we have § € S, by the complementary definition of S, = [y, yu] \ U (where U
represents the bad set B,). By Lemma 6, given that § € S, # (), there exists a price p such that
(p,y) satisfies all constraints. The algorithm computes p as the midpoint between the lower and

upper price bounds determined by the constraints at :

max {pr, max;e y(z) w; () } + min {py, mine ;5 wi(y) }

D= 5 (69)
Given that g € S, we have
max w;(y) < min w;(y), 70
nax i (Y) < nin (9) (70)
max w;(y) < Pu, 71
e, () <p (71)
min wz(gj) > pi, (72)
i€1()
dry + <z 73
k?;?é)( Ky +er) < 2 (73)
Therefore, p must satisfy
max {pl, max wj(gj)} < p < min {pu, min wl(gj)} , (74)
JeJ (@) i€l ()

which ensures that p € (p;, p,). Hence, (p,y) satisfies all constraints in Problem (53).
2. Suppose that Algorithm 1 returns False. This outcome occurs in one of two following cases.

e Case 2a: The algorithm returns False in Step 1, either because e; > z for some constraint
with a; = b; = 0 and d; = 0, or because y; > vy, after updating bounds. In the first case, the
constraint d;y + e; = e; > z cannot be satisfied for any y, which makes z infeasible. In the

second case, the domain becomes empty such that no feasible y exists.

e Case 2b: The algorithm reaches Step 3, and the sweep-line traversal finds that i/ completely
covers [y;, yy|, which implies that no point § € [y, y.] exists such that § ¢ U. Therefore,
S, = [y, yu) \U = 0. By Lemma 6, if S, = (), then z is infeasible for Problem (53), i.e., no pair

(p,y) can satisfy all constraints.

In both cases, the algorithm correctly determines that z is infeasible. Hence, S, = ().
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Algorithm 1 Feasibility Check via Complementary Interval Covering

Require: Candidate value z, Domain [y, y.], Constraints data {a;, b;, d;, e; }'—1, Price bounds [p;, pu].
Ensure: Boolean feasibility, and feasible (p,y) if true.

1: Step 1: Preprocess Degenerate Constraints

2: for each constraint i with a; = b; =0 do

3: if d; =0 and e; > 2z then

4: return False, ()

5: else if d; > 0 then

6: Yu < min{yu., %}

7 else if d; < 0 then

8: yi < max{yi, z;:‘l}

9: end if
10: Remove constraint ¢ from consideration
11: end for

12: if y; > y, then

13:  return False, ()

14: end if

15: Step 2: Construct Violation Set U <+ ()
16: for each pair j,¢ with g; < g; do

172 f (95,9:) N [yr, yu] # 0 then

18: Solve w;(y) > wi(y) on (45, 9:) N [y, yu], add intervals to U
19: end if
20: end for

21: for each constraint j (lower bound provider) do

22: if (9;,+00) N[y, yu] # 0 then

23: Solve w;(y) > pu on (45, +00) N [y, yu], add intervals to U
24: end if
25: end for

26: for each constraint ¢ (upper bound provider) do

27:  if (—o0,9i) N [y, yu] # 0 then

28: Solve w;(y) < pi on (—o0, §i) N [y, Yu], add intervals to U
29: end if
30: end for

31: for each 7 do
32: if 9x € [y1,yu] and drfix + ex > 2 then

33: U +— UU{[Jk, G}
34: end if
35: end for

36: Step 3: Sweep-Line Coverage Check
37: Perform sweep-line traversal over [y, yu]

38: if 3y € [y, yu] with § ¢ U then

. - max{p;,max;c j(g) w; (§)}+min{py,min; ¢y (5) wi(§)}
39 b JeJ (@) Wi . €Iy
40: return True, (p,7)
41: else

42:  return False, ()

43: end if
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In the rest of this section, we present the complete algorithm for solving the minmax regret optimiza-
tion problem min,c, 5 ,>0 B(p,y). The algorithm consists of three steps.

Step 1: Discrete Price Points Optimization. For each discrete price point p;,i = 1,---,n, we
solve the optimization problem min,>o R(p;, y). Given that R(p,y) is convex in y for any fixed p, we can
efficiently use golden search to find the optimal inventory level y*(p;) and the corresponding regret value
R*(p;). Each price point costs O(nm?log(1/e€)) for precision e. Hence, the total 7 = O(n) points require
O(n?m?log(1/¢)) computational time and yield 7 candidates {(p;,v*(pi)), R*(pi)}-

Step 2: Continuous Price Intervals Optimization. Proposition 6 implies that for any i > ¢*,
the optimal price over interval (p;, pi+1] is pi+1, which has already been considered in Step 1. Therefore,
we only need to solve the bilinear optimization problem min,e(y, ;.. ,) miny>o R(p,y) for intervals with
1 < ¢*. The complexity analysis for Step 2 consists of three key components.

First, given that ¢* = arg max W(Pit1, X t(p,1)+1, Xi) and i* < 7 — 1, the number of intervals that
require continuous Optimizz_a%c’ioﬁii; at most i* < n—1 = O(n). Within each interval (p;,pi+1) with
i < ¢*, we transform the problem into Problem (52), which is then decomposed into subintervals where
constraints become linear. The piecewise linear constraints generate O(nm) breakpoints for y, thereby

decomposing the feasible region into O(n-nm) = O(n?

m) subproblems that are characterized by bilinear
constraints.

Second, the complexity of solving subproblem arises from performing a binary search on the regret
value z and constructing the violation set U for feasibility verification. For a precision of €, the binary
search takes O(log(1/e)) iterations. The computational effort for each feasibility check is primarily dic-
tated by the construction of the violation set U using Algorithm 1. We bound the size of & by analyzing
the structure of constraints in Problem (52). The total number of constraints is O(nm), which includes
constraints from all four groups in Problem (52). The key observation is that, at most, m constraints
can belong to I(y) (i.e., have positive slope a;y + b; > 0). This outcome follows from analyzing which
constraint groups can potentially have positive slopes. Constraints from the first, third, and fourth
groups in Problem (52) involve terms that are nonincreasing with respect to price. Consequently, their
gradients satisfy a;y + b; < 0 for all y > 0. Therefore, these constraints can never belong to I(y) and
exclusively populate the set J(y). Only constraints from the second constraint group, which are of the
form w(p, Xi;, X;) — w(p, y,X;11) < zfor j =1,---,m, may potentially have positive slopes a;y 4+ b; > 0
for some values of y. Given that the second constraint group contains exactly m constraints (one for each
quantile level j = 1,---,m), we have |I(y)|< m = O(m) and |J(y)|< O(nm). Meanwhile, given that
pairwise conflicts occur between constraints in I(y) and J(y), the total number of pairwise inequalities is
bounded by |I(y)|x|J(y)|< O(m) x O(nm) = O(nm?). The sweep-line algorithm in Algorithm 1 requires
O(Nlog N) time for N intervals with N = O(nm?), which implies that the feasibility verification for a
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single subproblem requires O(nm?log(nm)) computational time.

In summary, for each subproblem, we perform O(log(1/e¢)) feasibility checks, each of which costs
O(nm?log(nm)) computational time. Therefore, each subproblem costs O(nm?log(nm)log(1/¢)) com-
putational time. Given that we have, at most, O(n?m) subproblems, the total computational complexity
for Step 2 is:

O(n*m3log(nm)log(1/¢))

yielding at most n candidates {(p;, 7;), Ri}-

Step 3: Global Optimal Solution Selection. We compare all candidate solutions from Steps 1
and 2. Then, we select the solution with the minimum regret value. Therefore, Step 3 scans the O(n)
candidates and costs O(n) computational time.

Total Complexity. If we combine the complexity analysis of all three steps, the total computational
time is

Tiotal = O(n*m?log(1/€)) + O(n) x O(nm) x O(log(1/€)) x O(nm?log(nm)) + O(n)
Step 1 Step 2 m

= O(n?m?log(1/e€)) + O(n3m3log(nm)log(1/€)) + O(n)

= O(n3m?log(nm) log(1/e)).

This notation completes the proof of Proposition 7.
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