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A.1. Eqgs. (4) and (6) under limiting conditions
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1—p7)(1—pf
mr(0) = c(p 1)( . I)p I (A1)
1—pgp7 — (1= p) ()"
- 1= ()" =D
My — c ct p 1 _ pT 2T \P1) "~ p_PI A2
1 =mr(0) (A, T TP 71(0) [ A7 v i pacl B (A2)
When b5 < 0o and b = oc:
1—p5)(1—ph
TrI(O): c(p I)( > I)c T (A3)
L—pipr — (L =pp)(pP)""

_ 1= ()" ) - 1= (p))"
MIWI(0)</\1 T—pe + A7 =7 =mr(0) | A 1_pz;+)\1 P e ) (A4)
When b§ = 0o and b} = oo:
(1—p7)(1—p7)
mr(0) = —— LA A5
10 1—p§pl (4.5)
My = (0) (N a2 S0y (e e (A.6)
B R T Tl-pp T 1=p5)) '

A.2. Providers’ expected delay expressions and the proof of Lemma 1

A.2.1. Providers’ expected delays
When the joining strategy profile Png leads to an unstable system under

Regime I, we define Ep[W]] = oo. Otherwise, Vn > 0, Ep[W]] follows:
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A.2.2. Proof of Lemma 1
Proof for Eq. (8). Under Regime NB, b{z = byg = 0o. Therefore, based on Eq. (A.5), we have:
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where based on the definitions for p§ and p¥ (§4) and the transition rates under Regime NB (Fig. 1a):
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Based on the above expressions and A{g = A” and using Eq. (7), we derive Ep , [W{g] in Eq. (8).

Proof for Eq. (9). Under Regime NO, b5 = co and b} < co. Therefore, based on Eq. (A.1):
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where based on the definitions for p§ and p7 (§4) and the transition rates under Regime NO (Fig. 1b):
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Based on the above expressions and Ay = A? and using Eq. (7), we derive Ep,,[W{o] in Eq. (9).

Proof for Egs. (10), (A.7), and (A.9). When customers receive a binary signal under Regimes BB
and BO indicating a delay upon arrival, their expected delay upon arrival is that of an M/M/1

with the arrival rate being the relevant joining rate of customers (i.e., A ) and the service rate

PNo = (A.17)

being the relevant joining rate of providers (i.e., A¥ ). Therefore, the customers’ expected delay
under these two regimes can be expressed as:

1
Ep, [We] = o I € {BB,BO}. (A.18)
Based on the transition rates in Figs. 1c and 1d, setting \? = A? and X§ = j°6°A°, I € {BB,BO},
in Eq. (10) yields the expected delay expression for Regimes BB and BO in Eq. (A.18).

The same reasoning results in the providers’ expected delay expression under Regimes NB
and BB, given in Egs. (A.7) and (A.9), as providers receive binary information under these regimes.
Proof for Eqgs. (11), (A.7), (A.10), and (A.11). When customers receive occupancy information
under Regime OO upon arrival at state n <0 (n customers already in the system), they have to
wait for the |n| customers ahead of them to be matched first and then wait for their match. The
time for each match is exponential with an average equivalent to the average inter-arrival time
of providers at states n < 0, which under Regime OO is 1/A?. This results in the expected delay
expression given in Eq. (11) under Regime OO.

Applying the same reasoning and using the appropriate customers’ average inter-arrival times
results in the providers’ expected delay expressions in Eqgs. (A.8), (A.10), (A.11) under Regimes NO,
BO, and BB, respectively, as providers received occupancy information under those regimes.

A.3. Proof of Proposition 1

Table A.1  Equilibrium joining strategy profile Pz = (j,f,;,jﬁ;) under Regime NB

Condition set jﬁgvjﬁs
W' > Epg, [Weis], W’ > Epg [We] 1,1
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Eps, (Wil = W* and Epy [Wig] =W" and Ep: [Wig] =W"
Otherwise 0,0
Table A.2 Equilibrium joining strategy profile P{o = (j,ﬁ,*o,bﬁ*o) under Regime NO
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Otherwise 0,0
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Table A.3 Equilibrium joining strategy profile P5g = (jé;jg;) under Regime BB

Condition set | W’ > E(1)[WEs] w? < E(.0) (Wl Otherwise
e WPA® -1
> < WA -1
W 7E(17')[WBB] 1,1 170 177pr6pAp
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Table A.4  Equilibrium joining strategy profile Pgo = (jgg,bg*o) under Regime BO

Condition set | W’ >E(._,[Wg&|n=0]| Otherwise
W* > E,-[Wol 1, [AW7 ] 1,0
W° <Eq,)[Wsol 0,[AW”] 0,0
Otherwise %, | ATV | %, 0
W _geAc W _geAc
Table A.5  Equilibrium joining strategy profile P5o = (bgo,bg*o) under Regime 00
Condition set W' >E( [Why|n=0]| Otherwise
W >E( . [Wso|n=0] [APW ], [AWT | [APW"],0
Otherwise 0, (AW | 0,0

A.3.1. Proof for Regime NB

Based on the transition rates under Regime NB (Fig. 1a) and the fact that the average match rate
is equal to expected joining rate of each of the user classes (Eq. (5)), the equilibrium match rate
under Regime NB follows Mg = jigd-A°.

Now, we need to characterize jyg. Patient customers can employ two joining strategies that
result in non-zero match rates in equilibrium: (1) All arriving patient customers join with proba-
bility j¢s =1 in equilibrium. This occurs when customers’ expected delay E[Wg] is smaller than
their patlence level W even if they all JOID (2) All arriving patient customers join with proba-
bility jgg € (0,1) in equilibrium, where jg is chosen such that customers are indifferent between
joining and not joining, i.e., E[Wg] =W .

The above strategies combined with the providers’ decisions result in six cases* (i) jig = ]Np 1,
(ii) j,Q*B =1 and jh, =0, (iii) jos =1 and j{g € (0,1), and (iv) jie € (0,1) and j25 =1 and jfg =1,
(v) jgs € (0,1) and jN; =0, and (vi) j¢g € (0,1) and j&g € (0,1). We analyze these cases below:
Case (i) (jig = jheg =1)- Based on the transitions in the CTMC in Fig. 1a and setting jgg = jhg =
1, we need to ensure the system’s stability under this case to be able to compute the expected
delay expressions. The stability condition, in this case, is given by the first condition in Eq (A.19).

For patlent customers and prov1ders to join with probablhty one, we need that W° > E[WSE]
and W' > E[WZ]. By setting jig = j%s = 1 in Eq. (8), W' > E[WCP] simplifies to the second
condition in Eq. (A.19). Also, by setting jig = jag = 1 in Eq. (A.8), W > E[W];] simplifies to the
third condition in Eq. (A.19).
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(A.19)

Case (ii) (jgg =1 and jﬁ*B:o). Based on the transitions in the CTMC in Fig. la and set-
ting jgg = 1 and jig =0, we need to ensure the system’s stability under this case to be able to
compute the expected delay expressions. In this case, the first condition in Eq. (A.20) gives the
stability condition.

In this case, all patient customers join, while patient providers receiving the “delay” signal do
not join. For this to occur, we need to have W* > E[Wg] for customers. On the other hand, patient
providers need to be so impatient that they do not join even if no other providers join, i.e., jig =0

leads to an expected delay W' < E[Ws]. By setting jig =1 and j5g =0 in Eq. (8), W* > E[Wg]
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simplifies to the second condition in Eq. (A.20). Then, we obtain the relevant lower bound on
providers’ expected delay E[W] by setting jgg = 1 and j{g =0 in Eq. (A.7), following which
W' < E[W&] simplifies to the third condition in Eq. (A.20).

1 —p 1
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(A.20)

Case (iii) (jig =1 and j,’\’,; €(0,1)). In this case, customers join with probability one, while

providers mix. Providers will join with probability j,’\’,; in equilibrium such that they are indifferent
between joining and not joining. Therefore, we can derive jyg in this case as follows:

EWi ]| =W — o =W’ (based on Eq. (A.7) and setting j{g =1) = j%g = %
NB A —j,’\’,*B(sCAC q. (A £ InB JINB SPAPTV

Now, we derive the conditions for jgg =1 and j,{’,; to emerge as the equilibrium. As all patient
customers join in this case, we need to make sure that the system on their side is stable (the
system on the provider’s side will be stable as they mix with probability jN}; given in the formula
above). The first condition in Eq. (A.21) ensures system stability. For Pgg = (1,5%5) to be an
equilibrium joining strategy profile, customers’ patience level must be beyond their expected delay
(ie., W' > Ep; ., [Wis)). Setting jig =1 and j{g = jis in Eq. (8), the condition W > Er;. (Wil
results in the second condition in Eq. (A.21).

Now, we derive sufﬁment and necessary conditions for the providers to use a mlxed joining strat-
egy in equilibrium (]NB (0,1)) in response to the customers’ joining strategy j<s = 1. Providers
will join with a non-zero probability (1 e. jN; > 0) when their patience level is beyond their expected
delay if none of them join (i.e., W' >E 1,00[W{g]). On the other hand, patient providers are not
willing to join with probability one in equlhbrlum (i.e., jﬁ; < 1) for either of the following reasons:
(1) If their patience level is lower than their expected delay when they all join (W' < Ey 1) [W¥g]).
(2) If they all join (i.e., j{g = 1), the system becomes unstable on their side (i.e., 6°A° < §? AP based
on Fig. la and setting j¢ = j&s = 1). The condition for j%5 > 0 and the conditions for %5 < 1,
mentioned above, result in the third set of conditions in Eq. (A.21).

5°A° < AP
s AP
T §eAc(AP — 5eA) (1 + WP (AP — 6eA°)) : (A.21)
_ — 1
P> P cAC < JPAP
w Z Sohe and (W <66AC—6PAP or 0°A _5A>

Case (iv) (jis € (0,1) and jfg = 1). In this case, customers mix, while providers join with prob-

ability one. Customers will join with probability j,f,; in equilibrium such that they are indifferent
between joining and not joining. Therefore, we can derive j,‘i,; in this case as follows:

C W 1 51) 1176 . -p
EWe| =W — A jendehe  jandehe (1—67) =W (based on Eq. (8) and setting jig =1).

Solving the above equation for jgg results in two roots:
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where it can be verified that the first root is positive and the second root is negative. Therefore,
in this case, jN; = jik. As all patient providers join in this case, we need to make sure that the
system on thelr s&de is stable while customers join with probablhty Jie = Jik. At the Jomlng
probability j&s = jSk, it can be verified that system stability is ensured; i.e., 6PA? < j¢ §°A°.
Therefore, we do not need to impose any additional stability conditions.

Now, we derive sufficient and necessary conditions for customers to use a mixed joining strategy
in equilibrium in response to the providers’ joining strategy ]NB = 1. Customers may mix due to
either of the following reasons: (1) They are relatively impatient such that E[W<g] > W  when
they all join (i.e., jig = 1).% (2) If they all join (i.e., jig = 1), the system becomes unstable on
their side (i.e., 6°A° > AP based on Fig. la and setting jig = 1). These result in the second set
of conditions in Eq. (A.22). For all patient providers to join in equlhbrlum (i.e. jNB = 1), they
must be patient enough such that if they all join, we have E[Wis] < W, given customers join with
probability jSg :j,f,IB (given above). Setting jgs = jig and j%g =1 in Eq. (A.7) results in the third
condition in Eq. (A.22).

— 1 & — 1
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(A.22)

Case (v) (jgs € (0,1) and j,’\"*B =0). In this case, customers mix, while providers do not join.

Customers will join with probability ]NB in equlhbrlum such that they are indifferent between
joining and not joining. Therefore, we can derive jNB in this case as follows:
EWeg =W — ! W (based on Eq. (8) and setting jh5 =0) = jg; AW 1
= — = ased on Eq. and settin = =
NB AP — j&g6eAe q g JNB INB SeATT
Now, we derive sufﬁc1ent and necessary conditions for customers to use a mlxed joining strategy
in equilibrium (jgg € (0,1)) in response to the providers’ joining strategy jNB = 0. Customers will
join with a non-zero probability (i.e. ]NB > 0) when their patience level is beyond their expected
delay if none of them join (i.e., W > E,0)[Wg])- On the other hand, patient customers are

not willing to join with probablhty one in equilibrium (i.e., jig < 1) for either of the following
reasons: (1) If their patience level is lower than their expected delay when they all join (i.e.,

W< Eqw.o[Wisl)- (2) If they all join (i.e., jig = 1), the system becomes unstable on their side
(i.e., 6°A° > AP based on Fig. 1a and setting jgg = 1). The condition for jgz > 0 and the conditions
for jgg < 1, mentioned above, result in the first set of conditions in Eq. (A.23). For no patient
providers to join in equilibrium (i.e. _]NB =0), their patience level must be lower than their expected

delay when none of them join (i.e., W' < E jes0 0 [Wigl). This results in the second condition in
Eq. (A.23).
Toe 1 S 1 — we
> —_ — ¢ ¢ > P — —c . .
W_AP and (W <Ap_5cAcor5A_A> & W<APWC—1 (A.23)

Case (vi) (jgg €(0,1) and jN; €(0,1)). In this case, customers and providers mix. Customers

(resp., providers) will join with probability jgg (resp. ]NB) in equilibrium such that they are indif-
ferent between joining and not joining. Then, we derive j§g and jfg in terms of each other in this
case by solving the following equations smlultaneously

1 JRed” e

EW] =W = — =W,
Wi AP — j{gdAc jendeAe (1 —jﬁsép)

§ This case differs subtly from Case (iii) because the customers’ expected delay E[Wg] is lower bounded by zero
(verified by substituting the lower-bound condition jRB0°AS = 6P AP from Eq. (A.22) into Eq. (8)). Consequently,
customers can always choose a mixing probablhty that drives their expected delay arbitrarily close to zero, so no
lower bound on W* is required. By contrast, in Case (iii), providers receiving binary information indicating a delay

must wait for at least one customer to arrive before service, yielding a strictly positive lower bound on their delay
even when no other providers join.
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based on Eq. (8) and setting jfg = %5 and jSs = jia;
J— 1 —p * *
EWE] =W — - =W based on Eq. (A.7) and setting jis = 755 and jis = jua-
Wi ez 5ehe — U sv AP q. (A7) & JnB = INB JnB = INB

The system will be stable if customers and providers join according to the joining behavior
described above. Now, we derive sufficient and necessary conditions for customers to use a mixed
joining strategy in equilibrium in response to the providers’ joining strategy ]NB Customers may
mix due to either of the following reasons: (1) They are relatively impatient such that E[W§g] > w*
when they all join (i.e., jfg = 1).9(2) If they all join (i.e., jig = 1), the system becomes unstable
on their side (i.e., 6°A° > AP based on Fig. la and setting Jig = 1). These result in the first set
of conditions in Eq. (A.24). Now, we derive sufficient and necessary conditions for the providers
to use a mixed joining strategy in response to the customers’ joining strategy. Providers will mix
if they are willing to join at a probability higher than zero, that is, if their expected delay if no
other providers join (i.e., j25 = 0) is such that E[W£g] < W"'. Additionally, mixing requires that
providers are not willing to join with probability one, which may occur due to either of the following
reasons: (1) Their patience level W is such that their expected delay E[W/s] > W" if they all join
(i.e., jng =1). (2) If they all join (i.e., jRg = 1), the system becomes unstable on their side (i.e.,
jNB(SCAC < dPAP based on Fig. 1a and settlng Jie = Jkg =1). These two reasons result in the second
condition in Eq. (A.24).

e 1 JRed” A
W < _ or 0°Ac > AP
AP I §eAe §eAeAP — §eAejhi P AP . (A.24)
7p> —=p - PAP > ¢ §cAc
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A.3.2. Proof for Regime NO

The two relevant elements of the equilibrium joining strategy profile under Regime NO are j,f;)
and . Accordingly, we consider four cases: (i) jio=1and b8 =0, (ii) jio =1 and b}, >0, (iii)
Jo € (0,1) and bRo =0, and (iv) jgo € (0,1) and b, > 0.

Case (i) (jio =1 and b, =0). In this case, Fig. 1b represents the CTMC under Regime NO
after setting jio =1 and the bounding state bjo =0. As j§o =1, we need to ensure the system’s
stability under this case to compute the expected delay expressions. The stability condition in this
case is given by the first condition in Eq. (A.25). For patient customers to join with probability one
(i.e., j&o = 1), we need that W' > E[W;,]. By setting jio =1 and blo =0 in Eq. (9), W > E[W;)]
simplifies to the second condition in Eq (A.25). To ensure by =0, based on Eq. (16), we need
to have AW = j&o0° AW = §°A°W" < 1 in this case, which results in the third condition in

q- (A.25).

1 —p 1
C (& V4 _
A< AP & W—Ap—chc & W<56Ac.

(A.25)

Case (ii) (jio =1 and bﬁ*o >0). In this case, Fig. 1b represents the CTMC under Regime NO
after setting jgo =1 and the bounding state bio = PCACWPJ (based on Eq. (16)). As jio =1, we
need to ensure the system’s stability under this case on the customers’ side (the infinite side of

the CTMC) to be able to compute the expected delay expressions. In this case, the first condition
in Eq. (A.26) gives the stability condition. For patient customers to join with probability one

(i.e., j&o = 1), we need that W° > E[W]. By setting jio =1 and b, = LécACWpJ in Eq. (9),

T As with Case (iv), customers’ expected delay E[Wg] is lower bounded by zero (this can be verified by setting
IO A = jRgdP AP, its lower bound for system stability in Eq. (8)). Therefore, customers can always find a mlxmg
probability that makes their expected wait arbitrarily small, and we do not need to impose a lower bound on W*.
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W* > E[W] results in the second condition in Eq. (A.26). The condition b%, = [(5CACWPJ >0
(equivalently, bRq = L(SCACWPJ >1) in this case simplifies to the third condition in Eq. (A.26).

6N < AP
T 1— 67AP/(5°A°)
T (AP — geAe) (1 57— (1— 6eAe/AP) (3vAP /(5¢A°)) L“CW”JH) : (A.26)
—p 1
w 2 6cAc

Case (iii) (jo € (0,1) and b’,\’; =0). In this case, customers mix, while providers do not join.

Customers will join with probability j,f,t) in equilibrium such that they are indifferent between
joining and not joining. Therefore, we can derive jgq in this case as follows:

—c 1 —c
EWio =W = A jeabAe =W (based on Eq. (9) and setting byg =0) = jxo = AT
Now, we derive sufficient and necessary conditions for customers to use a mixed joining strategy
in equilibrium (i.e., j$o € (0,1)) in response to the providers’ bounding state b’,i,*o = 0. Customers
will join with a probability greater than zero in equilibrium (i.e., j,f,*o > (0) when their patience
level is beyond their expected delay if none of them join, given the providers’ joining strategy (i.e.,
W > E0,0)[Wol])- On the other hand, patient customers are not willing to join with probability
one in equilibrium (i.e., jgo < 1) for either of the following reasons: (1) If their patience level is
lower than their expected delay if they all join, given the providers’ joining strategy (i.e., W<
Eqwo[Wio))- (2) If they all join (i.e., jio = 1), the system becomes unstable on their side (i.e.,
§¢A° > AP based on Fig. 1b and setting j5o = 1). The condition for jg, > 0 and the conditions
for jfo < 1, mentioned above, result in the first set of conditions in Eq. (A.27). For providers not
being willing to join in equilibrium when they expect a non-zero delay (i.e., b,’z;;) =0), we need to
have [AoW' | = jeod°AW" < 1 (according to Eq. (16) and the transition rates shown in Fig. 1b),
whic(h aftc;r setting jfo = jio, as derived above in this case, simplifies to the second condition in
Eq. (A.27).

WC

W AP —1

T 7C 1 Tx7C 1 c c 7})
Wzﬁand (W <m01‘(5/\ ZAP> & w

Case (iv) (jio € (0,1) and b > 0). In this case, customers mix, while providers join up to a

bounding state greater than 0. Customers will join with probability j,ﬁ,*o in equilibrium such that
they are indifferent between joining and not joining. Therefore, we can derive j5q by the following
equation, based on Eq. (9) :

. 1—0PAP/(jRod°AC —e
E[W,o] = / (GRod“A°) _W,

(0 = ) (100 = (1= oo/ ) (0 i)

where providers join up to state b, consistent with jéo, according to Eq. (16): b = | 8o AW |.

Now, we derive sufficient and necessary conditions for customers to use a mixed joining strategy in
equilibrium (i.e., j$o € (0,1)) in response to the providers’ bounding state b, > 0. It can be verified
that customers can obtain an arbitrarily small delay by reducing jgo!l. Therefore, customers will
always join with a probability greater than zero in equilibrium (i.e., j,f,g >0). On the other hand,

I' Customers’ expected delay is decreasing in b}, and the limit of the expected delay at bRy =0 as j,ﬁ,t) — 0 is zero
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patient customers do not join with probability one in equilibrium (i.e., j&o < 1), given providers’
joining strategy, for either of the following reasons: (1) If their patience level is lower than their
expected delay when they all join (i.e., W < E(l,bﬁg)[wﬁop' (2) If they all join (i.e., jio = 1),
the system becomes unstable on their side (i.e., 6°A° > A” based on Fig. 1b and setting jgo =1).
These result in the first set of conditions in Eq. (A.28). For providers, the condition for a positive

bounding state is the second condition in Eq. (A.28), obtained by rearranging the terms in byo =
|jeo 8 AW | > 0.

¢ 1—0PAP/(5°A°
— /(5°0)

i or 6°A°¢ > AP
(Apl_ §eAe) (1 — 0P — (1 —6°Ae/AP) (5P AP /(§eAc)) No ) ) (A.28)
W> ——

> —
JhodeAe

A.3.3. Proof for Regime BB

To obtain the match rate expression in Eq. (18) in terms of the equilibrium joining strategy
profile (ju, jls), we substitute A§ = jSgd°A°, )\1}+ = jBL6PAP, NS = A° and A2 = AP (according
to the transition rates shown in Fig. 1c) in Eq. (A.6).

Next, we discuss how to obtain the necessary and sufficient conditions associated with each of

the elements jgg and jg; of the equilibrium strategy profile. Under Regime BB, the two elements
of the strategy profile are independent of each other, as Ep., [Wgg], 7 € {¢,p}, depends only on jg;
and not on ji u' # u (see Egs. (10) and (A.9)). Then, for each user class u, we consider three
possible equilibrium joining strategies, leading to a total of nine possibilities considering both user
classes’ joining behaviors. The three cases for each user class are:
Case (i) jiz = 1: For patient users of class u to join at full rate in equilibrium, we need to make
sure that this joining behavior does not result in an unstable system on their side. The first
condition in Eq. (A.29) ensures system stability. Patient users of class u will join at the full rate if
the resulting expected delay is not beyond their patience level, i.e., Epgo[Wgg| < W" when Pgg is
such that j¥z = 1. Substituting the expected delay expression from Eqgs. (10) and (A.9), we obtain
the second condition in Eq. (A.29).

/ —u 1
AT <A & W >

iy m. (A.29)

Case (ii) jg = 0: This is the equilibrium strategy if the user class’s expected wait when they join

with the smallest possible joining probability jiz = 0 results in an expected delay Ep«ge [WEs) > W
Substituting the expected delay expression from Egs. (10) and (A.9), we obtain the condition
in (A.30).

—u 1

W< R (A.30)

Case (iii) jgs € (0,1): This case occurs when neither the Case (i) nor Case (ii) conditions hold.

In this case, a class v user will employ a mixed strategy that leads to Ep«y, [Wgg] = W". Solving
this equation, we obtain: o

.u* o W AU - 1

Jee T A
A.3.4. Proof for Regime BO
To obtain the match rate expression in Eq. (19) in terms of the equilibrium joining strategy

* * — * — +

profile (jgg,bpo), We substitute \§ = jgod°AC, AT = A N = AP and AP = 6PAP (according to
the transition rates shown in Fig. 1d) in Eq. (A.2). The two relevant elements of the equilibrium
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joining strategy profile under Regime BO are j5, and b’é*o. Accordingly, we consider four cases: (i)
jeo =1 and bhy >0, (ii) jso = 1 and bho =0, (iii) jso = 0 and bhs > 0, (iv) jso = 0 and b5, =0, (v)
jéo € (0,1) and bh, =0, and (vi) jso € (0,1) and by > 0.

Case (i) (jso =1 and bi, =0). In this case, Fig. 1d represents the CTMC under Regime BO
after setting j5o =1 and the bounding state by =0. As j§, =1, we need to ensure the system’s
stability on the customers’ side to compute the expected delay expressions. In this case, the first
condition in Eq. (A.31) gives a stability condition. For patient customers to join with probability
one (i.e., jgo = 1), we need that W* > E [Wgo]. By setting jgo =1 in Eq. (10), W' > Eq_[Wso)
simplifies to the second condition in Eq. (A.31). To ensure bgy =0, based on Eq. (16), we need to
have AsW"' = AW" < 1 in this case, which results in the third condition in Eq. (A.31).

1

. 1 _

Case (ii) (jSo =1 and b > 0). The first two conditions in this case (given in Eq. (A.32)) will be
identical to the first two conditions of Case (i) as jgo = 1 (like Case (i)) and the joining decisions of
customers and providers are independent of each other under Regime BO. To ensure by, > 0, based

on Eq. (16), we need to have A\goW' = A°W" > 1 in this case, which results in the third condition
in Eq. (A.32).

1

. — 1
AP — fcAc = E(la-)[WBO] & W > = E(_,,)[Wé’o\n = 0]- (A-32)

FA<A” & W > =
< > A

Case (iii) (jg, =0 and b’é*o =0). For jg, = 0, patient customers need to be so impatient that they

do not join even if no other customers join, i.e., j§o = 0 leads to an expected delay E o, )[W§o] > W,
By setting jso =0 in Eq. (10), this condition simplifies to the first condition in Eq. (A.33). The
condition for bg’; =0 in this case (as given in the second condition in Eq. (A.33)) is identical to
the corresponding condition in Case (i).

—e 1 , o
W <3 =BoolWeo] & W' < = =E()[Wholn=0]. (A.33)

Ac

Case (iv) (js, =0 and b5, > 0). The condition for jSi, =0 in this case (as given in the first condi-

tion in Eq. (A.34)) is identical to the corresponding condition in Case (iii). The condition for b, > 0
in this case (as given in the second condition in Eq. (A.34)) is identical to the corresponding
condition in Case (ii).

1

. 1
W< —=Eq,)[Ws| & W'>

A 2 7 = B0 [Weoln=0]. (A.34)

Case (v) (js, € (0,1) and i, =0). In this case, customers mix, while providers do not join when

they expect a delay. Customers will join with probability jg*o in equilibrium such that they are
indifferent between joining and not joining. Therefore, we can derive j§o in this case as follows:

EWs] =W — ! W (based on Eq. (10)) = j& AW 1

= — = ased on Eq. =
BO AP — jgodeAe q JBo S ATV

Now, we derive suﬂicienf and necessary conditions for customers to use a mixed joining strat-
egy in equilibrium (i.e., j§q € (0,1)). Customers will join with a probability greater than zero in
equilibrium (i.e., jgo >0) when their patience level is beyond their expected delay if none of them

join (i.e., W' > Ew,)[Wgo]). On the other hand, patient customers are not willing to join with
probability one in equilibrium (i.e., jgo < 1) for either of the following reasons: (1) If their patience
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level is lower than their expected delay when they all join (i.e., W* < Eqi,)[Wso)). (2) If they all
join (i.e., j§5o = 1), the system becomes unstable on their side (i.e., 9°A° > AP based on Fig. 1d and
setting jgo = 1). The condition for jg, > 0 and the conditions for jg, < 1, mentioned above, result
in the first set of conditions in Eq. (A.35). The condition for b, =0 in this case (as given in the
second condition in Eq. (A.35)) is identical to the corresponding condition in Case (i).

— 1 —
w > E = E(0,4)[W§o] and <W < = E(l,A)[WBCo] or 0¢A¢ > Ap)

1
\ AP —deAe (A.35)
Wp < E = E(_’_)[W§O|n = 0]

Case (vi) (ji, € (0,1) and b, > 0). The condition for jgg € (0,1) (as given in the first condition

in Eq. (A.36)) is identical to the corresponding condition in Case (v). The condition for bg; >0 (as
given in the second condition in Eq. (A.36)) is identical to the corresponding condition in Case (ii).
—c 1 —c 1
w Z E = E(O,)[Wéo] and (W < m
1

W > & =E [ Wioln=0)

= E(l,A)[WL;.:O] or 0¢A¢ > AP>
(A.36)

A.3.5. Proof for Regime OO

The cases follow from a straightforward application of the bounding state specifications in (16)
and the observation that customers (resp., providers) join at rate A° (resp., A?) when n >0 (resp.,
n < 0) under Regime OO.

A.4. Proof of Proposition 2

The conditions corresponding to Regime NB follow from substituting the expressions for E[Wg]
and E[W{g] from Egs. (8)and (A.7) and ensuring that the resulting joining probabilities for both
customers and providers are between 0 and 1. Similarly, the conditions corresponding to Regime NO
of the proposition follow from substituting the expression for E[Wy] from Egs. (9).

A.5. Proof of Proposition 3
The conditions correspondlng to Regime BB follows from Table A.3: the match rate is zero if either
W* < Eo.[Wgg] and W' < E(_o)[Wgs], leading to an equilibrium joining strategy of (0,0), or if
the mixed strategy employed by both user classes leads to a joining rate of zero (which occurs if
and only if W ‘AP —1=0and W'A°—1=0. Slmllarly, the conditions corresponding to Regime BO
follow from Table A.4, where the match rate is zero if W’ < E(.[Wgoln=0]) and W< Eo,)[Wso)
or W°A? —1 =0. The conditions corresponding to Regime NO follow from the condition associated
with the bottom right cell of Table A.5. Finally, to compare the conditions governing the existence
of a non-trivial equilibrium in regimes with no information (Regimes NB and NO), and those
without no information (Regimes BB, BO and O0), observe that Mgz =0V Mg, =0V M5 =0 =
W < 1/AC AT < 1/AP.

1. M{g: Observe from (A.7) that providers, receiving binary information, face an expected delay

— 1
f L > L > = > 4. Given that w' < —, providers find it optimal
5CAC—JNB5”AP 5CAC—JNB5”AP Ac
to join with probability jrg = 0. Accordlngly, customers Who receive no information face an
expected delay of Ap_jcl a2 RORTIY: . Given that W* < 4, customers find it optimal
NB

to join at rate jgg = 0. Accordingly, MNB = 07 o o
2. Mo: Observe from (16) that W = |jSo AW |. But, we have that | j&od°AW” | < [AW”| <
1, leading to b, = 0. Then, as argued above for the case of M,i]B, customers who recelve

no information face an expected delay of Ap—jﬁlo sohe 2 Api G . Given that W' < Alp,

customers find it optimal to join at rate j,fl*o = 0. Accordingly, MNB = 0. This completes the
proof.



Singh, Delasay, Aydemir and Akan: Delay Information Sharing in Two-Sided On-Demand Platforms All

A.6. Proof of Proposition 4

Under Regimes NB and NO, the equilibrium match rates follows M} = 55 6°A° (according to Propo-
sition 1). Therefore to compare M}z and My, it suffices to compare the equilibrium joining
probabilities jgs and jgo. Under Cases (i)-(iii) of Regime NB (conditions laid out in Table A.1
and expanded in Eqgs. (A.19)—(A.21)), customers join at full rate (i.e., jig = 1), and therefore,
the equilibrium match rates will be weakly higher under Regime NB compared to Regime NO
(Mg = Mo)-

Now, we compare Mz and My, when the conditions in Case (iv) of Regime NB holds. In this
case, customers mix in equilibrium (at the rate j,f,; provided in Table A.1), while providers join
at full rate (i.e., 0 < j5g < 1 and j,’(’,; =1). Comparing the BD processes for Regimes NB and NO
shown respectively in Figs. 1la and 1b when jlz = 1, we observe that the providers’ joining rates
are identical under the two regimes, except that they join up to the bounding state byq under
Regime NO. To prove Mg > My, under Case (iv), we show the following:

1. Customers’ expected delay Ep,, [Wyo] under Regime NO is decreasing in the providers’ bound-

ing state bYq.

2. Customers’ expected delay Ep,, [Wyo] under Regime NO is increasing in their joining rate jgq.

3. Regime NB is equivalent to Regime NO with byq = oco.

We can show the first point, by writing Ep ,[Wyo] as follows:

E[Wiiol = E0Violn < 0]Pr(rn < 0)+ E[¥Violn > 0]Pr(n >0) = o Pr(n < 0)+0 x Pr(n > ),
NO

where the first term is increasing in jgo. Therefore, to establish the first point, we now need to

show that Pr(n <0) under Regime NO is increasing in jgo. This follows directly from Theorem 5

in Smith and Whitt (1981), whose implication is that the state of a CTMC with higher jgo is

stochastically smaller (see Fig. 1b).

To show the second point, we use the E[Wg] expression given in Eq. (9) and take its partial
derivative with respect to by as follows:

SPAP O\ No SPAP
SP(PAP — o 5eA® <) o ( )
DEWg) MOV RIS ) B e
PAP
(&(jﬁoawm( A

IbNo
Jod°Ae
which is negative both when 0?AP < jo0°A° and d?AP > jiod°A° as both cases results in (0PA? —
JRo0A°) x log (% being positive. This establishes the second fact. The third fact follows
from a visual inspNeOction of the CTMCs. This completes the proof.

PR

bRo
) ot = ot ety

A.7. Proof of Proposition 5

Proof for Mg, > Mgg: When providers are sufficiently patient under Regime BB such that w’ >
E(.1)[Wgg], they join with full probability in equilibrium (i.e., jbs = 1, according to Table A.32. As
the match rate is equivalent to the average joining rate of either user class (Eq. (5)), setting jgg = 1
in the CTMC of Regime BB (as shown in Fig. 1c¢) implies that the average joining rate of providers
will be between 6?A? and AP. Therefore, we will have 6?PA? < Mgy < AP when W' > E . [Wegl-
On the other hand, under Regime BN, providers receive no information, and therefore, impatient
providers do not join. As a result, we will have Mg, < 6”?AP. Therefore, the match rate under
Regime NB will be weakly less than under Regime BB.

Proof for Mgy > Mgg: When providers are sufficiently patient such that W' > E(.1y[Wgg] (the
providers’ analog to the first row of Table A.4), they join at rate 6P AP in all states n > 0 and at rate
A? in all states n < 0 under Regime OB. Therefore, the resulting match rate is in [6?A?, A?). On
the other hand, the largest possible match rate under Regime ON is 6P AP, which is weakly smaller
than the match rate under Regime BN.
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A.8. Proof of Lemma 2

We need to prove that Mgy > Mgg < Mo > M{g. Clearly, we can see from Tables A.3-A.4
that jSo = jgg, leading to identical customers’ joining rates \° = j5o0°A° = j5g0°A° in states n <0
under Regimes BB and BO. Similarly, bS5 = bgg (Tables A.5 and A 4). For identical reasons, the
provider bounding state b7 when I € {BO,00} and the providers’ joining rate A? when facing the

“delay” signal is identical under I €{BO,BB}.
For ease of exposition, we define the following notation:

XL oA\ = A\ CL5eAe\ " = /A"
pe2 (5) - moR(5) - o2 (5) - ooX(3)

k=1 k=1

Then, we can write:

Mgo = A (1 —meo(0)po) + A°meo(0)po, Mgg = A° (1 —mee(0)pe) + A°mes(0)pe;
MSO = (SCAC (1 — TToo (O)po) + AC’]TOO (0)po, MC*)B = 5CAC (1 — TTOB (0)])3) + ACTFOB (0)])5

Following some basic algebra and noting that A¢ < §°A¢ < A€, it then emerges that

0 0
My > My s P05 T80 ) oy Mig > My s 205 T08(0) 0y o)
pe _ mso(0) , pe ~ moo(0)
From the balance equation governing each of the regimes, we note that:
1 1 1 1
me(0) = ——, mo(0)=———, mop(0)=————, 7oo(0)=——".
=(0) I+4cs+ps e0(0) 14 cs+po 08 0) 14co+pe 0o(0) 14 co+ po

Now, observe from Egs. (A.37) and (A.38) the following, which show these two equations are
equivalent statements:

Po > mag(0) po _ 1+ce+po

— — >7 <— 1 > 1 — > ’

Teo(0) “ 14cg+ps po(1+cg) > pa(l+cs) Po = DB
mos(0) Po o 1+ co+po

e > 0T s po(14co) > pe(1+co) <= po > ps.

ps  Too(0) 1+co+pB po( o) = ps( o) Po = DB

To show that this is identical to the information disclosure decision in a one-sided setting,
consider a one-sided setting where customers’ service rate is A°, and we need to determine whether
to disclose binary or occupancy information to providers. Then, disclosing binary information to
providers outperforms disclosing occupancy information to them if and only if:

1

1
A(1—mg(0)) > A°(1— 0 0)> 0 > >
(1= 7a(0)) 2 A°(1 = 70(0)) = 7o(0) 2 7o(0) = 17— > T <= Do > e,

which is identical to the conditions in Eqgs. (A.37) and (A.38). This completes the proof.

A.9. Proof of Proposition 6

We compare Mgy and Mg,. According to Lemma 2, the same set of conditions should govern the
comparison between Mgz and Mgq.

Proof of Part (i). Accordlng to Table A.3, providers join with probability one in equilibrium
(i.e., jbs =1) when W' > E(1)[Wgg). Furthermore, under both Regimes BB and BO, customers
recelvmg the “delay” signal face an expected delay 1/(A” — ji6°A°), I € {BB,BO} (check Eq. (10)).
Accordingly, jis = jéo in equilibrium. As a result, the CTMCs under Regimes BO and BB (as
shown in Figs. 1c and 1d) are almost identical, except that the CTMC for Regime BO has a finite
bounding state of bgy. So, it suffices to prove that the match rate is increasing in the bounding
state, which we do below in Lemma 3.

LEMMA 3. Mgo under is increasing in by, all other parameters remaining constant.
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Proof of Lemma 3. When 07 A? < A¢, the match rate under Regime BO follows Eq. (19). Since the
match rate cannot exceed A°, the second term in Eq. (19) needs to be positive. The numerator is
positive as j§,0° < 1 and d? AP < A° (the condition for this lemma to hold, which is also implied by
the condition for Proposition 6). Therefore, it suffices to establish that the denominator increases
in b5,. The derivative of the denominator with respect to bhy is 67(jgo0°A° — AP)(pho)¥80 In(phy),
which is positive because 6?A? < A¢ and j§o0°A° < AP (as customers’ joining strategy must result
in a stable system).

This completes the proof for Part (i) of Proposition 6.

Proof of Part (ii). Now, we treat the case when providers are not sufficiently patient, leading to
providers mixing when they receive the “delay” signal uniepr CRegime BB. Then, we observe from
Table A.3 that the equilibrium joining probability jig = %. Substituting this into Eq. (18)
yields the)following match rate, which does not depend on 7, as jSg does not depend on 67 (see
Table A.3):

A = Jee0°(A —WP(A)* + A?) + AP (W'A° — 1)
58 W' A — jgu (W' 6eAe — 6°)

)

Now, it suffices to show that Mg, increases in 0P. This will establish that Mgy > Mgy, only
when ¢ is large enough. From Eq. (19), we have:

oz, (A = J5ad°A) (jgpd" A7 — A7) ((p7)"Bo (boA* — bhod? AP +A%) — A°)
e

D 2
(57 igade A= — A7) ()80 + A= — 6 jgp e

For 824520 >0, it suffices to prove that the last term in the numerator is negative (as jggd°A° <

min{A°, A”}), which simplifies to the following inequality:

(p7)"0 (14 bho(1— p?)) < 1 (A.39)

LHS

To prove inequality (A.39), we show that the derivative of its left-hand side with respect to p?
is positive for any b5, (and therefore we can ignore the dependency of bg, on p?). This derivative
is o (14 bBo) (1 — pP)(pP)¥Bo~!, which is clearly non-negative for all values of b5, when p? <1 and
non-positive for all values of by, when p? > 1. So, the LHS of Eq. (A.39) achieves its supremum
when pP = 1; it is easy to see that this supremum is 1. This completes the proof.

A.10. Analogs to Propositions 4-6 and Lemma 2, fixing information
disclosed to providers
PROPOSITION 8 (Analog to Proposition 4). Mg, > Mg, when providers and customers have
patience levels such that at least one user class joins with probability one under Regime BN, i.e.,
one of the first four condition sets in the analog to Table A.1 holds.

PROPOSITION 9 (Analog to Proposition 5). Mg < Mgg and My, < Mg, when customers

are sufficiently patient such that W= > A seAc and 0°A° < AP.

LEMMA 4 (Analog to Lemma 2). Mgz > Mgy <= Mj, > Mo, i.e., when providers receive
binary information, disclosing binary information to customers is preferable over occupancy if and
only if the same preference holds when providers receive occupancy information.

PROPOSITION 10 (Analog to Proposition 6). Mgy > Mgg and Mgy > M5, when: (i) cus-
tomers are sufficiently patient such that W~ > 1/(A? —6°A¢) and 6°A° < AP, or (ii) the proportion 6
of patient customers is below a certain threshold (possibly 1).
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Customers (receiving no information)  Providers (receiving binary information)

Figure A.1  Regime NB’

A.11. Proof of Proposition 7

— 1
Part (i): Suppose W’ > I We first show the optimality of our chosen binary style signal
over no information and occupancy information. From Proposition 5, we have that Mgg > Mgy and
Mgg > Mgy. From Proposition 6, we have that Mgg > Mgo and Mgg > Mg,. Furthermore, if W' >
1

TN then either the first or fourth set of conditions in Table A.1 must hold, as the conditions

— — 1 —c
on W' are weaker than W' > Ae _grAr and the conditions on W are perfect complements.
This implies that Mg > Mo (Proposition 4). Therefore, it is optimal to give providers binary

information. The condition for customers follows from the same logic as above, with the symmetric
analogs to Propositions 5, 6 and 4 (Propositions 9, 10 and 8 respectively).

Next, we show that no binary-style threshold-type signal can outperform this one.

1. When customers receive no information: First, as argued above, the first or fourth set of con-
ditions in Table A.1 must hold under the assumed conditions, and therefore, patient providers
receiving the binary “delay” signal under Regime NB join with probability one. Therefore, the
match rate exceeds 6P AP under Regime NB. We seek to show that Regime NB outperforms an
alternative Regime NB’, where providers are provided one signal in states ¢ <n and another
signal in states i > n, where n % 0. Under such an alternative, observe that if n > 0, both
binary signals indicate non-zero delay. Therefore, the maximum possible match rate is §?AP.
So it suffices to consider the case of n < 0. The CTMC for this case is shown in Fig. A.1. Here,
providers join at rate A? when they receive the “no delay” signal and at rate A? < §?AP when
they receive the delay signal. Customers join at rate A\* < d°A°. First, we show that the match
rate A° that results from this joining behavior is maximized when n =0, for any given value
of AP. To do this, we show that the expected customer waiting time, E[IW¢|, is decreasing in
AP for a fixed value of A¢. To show this, we write:

E[W*] = Pr(i <0)E[W*°[i <0).

Now, consider System 1 with A? < §?A? and System 2 with A\? = §?AP. Following Theorem
5 in Smith and Whitt (1981), System 2’s state is stochastically to the right of System 1. As
a result, Pr(: <0) is higher for System 1. Furthermore, E[W*¢|i <0] is higher for System 1, as
the customer service rates (provider arrival rates) are higher in System 2 than System 1 for
states i € [n, —1]. It follows that E[IW] is the lowest, and consequently, that the match rate is
highest when A? is at its highest possible value, i.e., \? = 6?A?. Then, we set \? = 6?AP, and
invoke Theorem 5 in Smith and Whitt (1981) again to assert that E[W¢] is decreasing in |n|.
As a final step, observe that setting A\? = ?A? and n =0, we recover the CTMC corresponding
to Regime NB. So, Regime NB has a higher match rate than Regime NB’ as defined above.
2. When customers receive binary information: Observe again that under the stated condi-
tions, the match rate of Regime BB is a convex combination of 0?A? and AP, and therefore
exceeds 0P AP. We seek to show that Regime BB outperforms an alternative Regime BB’ where
providers are provided one signal in states ¢ < n and another signal in states i > n, where
n # 0. Again, if n > 0, both binary signals indicate non-zero delay. Therefore, the maximum
possible match rate is d?AP. So it suffices to consider the case of n < 0. The CTMC for this
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Figure A.2  Regime BB’

case is shown in Fig. A.2. Here, providers join at rate AP when they receive the “no delay”
signal and at rate \? < J?A? when they receive the delay signal. Observe here that the match

rate can be written as:
A°Pr(i>0)+ A“Pr(i <0)

Now, consider System 1 with A? < §?AP and System 2 with A\? = §?A?, for a fixed value of A\°.
Following Theorem 5 in Smith and Whitt (1981), System 2’s state is stochastically to the right
of System 1. As a result, Pr(i > 0) is higher for System 2, leading to a higher match rate for
System 2. Then, we set A? = ¢?AP, and invoke Theorem 5 in Smith and Whitt (1981) again to
assert that the match rate is decreasing in |n| for a fixed value of A°. Therefore, setting n =0
increases the match rate if A° is unchanged. Finally, following the same logic as the proof for
Regime NB above, E[IW¢] is increasing in |n| and therefore, the equilibrium A° will be higher
when n = 0; following the same arguments as above, this will result in a further higher match
rate. As a final step, observe that setting A? = §?A” and n =0 (and the A° that is consistent
with these), we recover the CTMC corresponding to Regime BB. This proves that Regime BB
has a higher match rate than Regime BB’ as defined above.

3. When customers receive occupancy information: Observe again that under the stated condi-
tions, the match rate of Regime OB is a convex combination of 6?A? and AP, and therefore
exceeds 0P AP. We seek to show that Regime OB outperforms an alternative Regime OB’ where
providers are provided one signal in states ¢ < n and another signal in states i > n, where
n # 0. Again, if n > 0, both binary signals indicate non-zero delay. Therefore, the maximum
possible match rate is d?AP. So it suffices to consider the case of n < 0. The CTMC for this
case is shown in Fig. A.3. Providers join at rate A? when they receive the “no delay” signal
and at rate \? < §PAP otherwise. The match rate can be written as:

A°Pr(i > 0) + 8°A°Pr(i < 0)

Now, consider System 1 with A? < §?AP and System 2 with A\? = §PAP, for a fixed value of
A¢. Following Theorem 5 in Smith and Whitt (1981), System 2’s state is stochastically to the
right of System 1. As a result, Pr(i > 0) is higher for System 2, leading to a higher match rate
for System 2. Then, we set A\? = 0P A?, and invoke Theorem 5 in Smith and Whitt (1981) again
to assert that the match rate is decreasing in |n|. Therefore, setting n = 0 increases the match
rate. Finally, observe that setting \?» = §? AP and n =0, we recover the CTMC corresponding

to Regime OB. So, Regime OB has a higher match rate than Regime OB’ as defined above.
Part (ii): Putting together the observations above, Regime BB outperforms the other basic regime
types we have considered. Now, we prove that no alternative binary signaling mechanism—that can
potentially use non-zero thresholds for both customers and providers—can outperform Regime BB.
Observe that under the aforementioned conditions, the match rate under Regime BB, Mgz >
max{0”A?,§°A°}, as the provider arrival rate at every state is at least 6? A? and the customer arrival
rate at every state is at least 6°A°. Now, consider an alternative binary signal for customers, so
that customers receive one signal for states i < m and another signal for states ¢ >m+ 1. If m <0,
both signals indicate a delay; therefore, impatient customers do not join under either signal, and
the maximum match rate is 6°A° < Mgg. Therefore, no alternative customer signal with p <0 can
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Figure A.4  Alternative to Regime BB, with non-zero thresholds for both customers and providers.

outperform Regime BB. Similarly, if providers receive one signal for states i <n and another signal
for states ¢ > n, any signal with n > 0 is strictly inferior to Regime BB. Therefore, it remains to
consider alternative binary signaling mechanisms with n <0 and m > 0.

For ease of exposition, we draw the CTMC associated with this alternative signaling mechanism
in Figure A.4. Here, when customers receive a signal indicating that they are in states m + 1 or
larger, they expect no delay and join at rate A°. However, when they arrive to states m or smaller,
they may encounter a delay, and therefore, join at some rate A < §°A°. An analogous argument
holds for providers, who join at rate A? < §PAP when their signal indicates that they arrive to
states n or larger. In what follows, we prove that the match rate obtained using such a signaling
mechanism is inferior to that of Regime BB.

To show this, we first show that the match rate corresponding to this alternative signaling
mechanism is increasing in A? (and by symmetry, A°). This again follows from Theorem 5 of Smith
and Whitt (1981). Therefore, the match rate of the CTMC in Fig. A.4 is upper bounded by the
match rate of a CTMC with \*=0°A¢ and AP = §PAP.

Now, we show that the match rate is decreasing in m (and by symmetry, |n|). The match rate
of the CTMC in Fig. A.4 can be calculated as:

(A¢ — AP) (A — \P) <(/\C)2(/\;A:13(§;)n + (/\p)2(/\ZCA;);(§€)m>
(A= XA) (AP — AP) (25)" + AP(Ae — A¢) (e — AP) (%)

AP

M:

Then,
d7M _ —ACAP(AC — )\C)(AC — )\p)(AP _ )\C)(AP _)\p) (i%)" (;\%’)m (}\c _ )\p)log (i\%) .
dm ()\C(AC —AP) (AP — AP) (ﬁ)" + AP (A — Ac)(Ae — AP) (,;71;)?)2

AP

(A.40)

The denominator is clearly positive. Observing that A¢ < A°; A\¢ < AP, AP < AP, \? < A€, it follows that the
numerator is negative.

By symmetry, the match rate is decreasing in n. Therefore, the match rate of the CTMC in Fig A4 is
smaller than the match rate of the CTMC in Fig A.4 with A° = 0°A¢, which in turn, is smaller than the
match rate of a CTMC with m = n =0, which is identical to the CTMC of the original Regime BB. This
completes the proof.
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