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E-Companion for “The Interplay Between Customer Feedback Solicitation and Innovation: A
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EC.1. Supplementary Technical Material
EC.1.1. Detailed Derivation of the Bellman Equation (Section 3.1.4)

Consider the two independent Poisson processes: one governing the arrival of purchasing customers, and the other
governing the occurrence of quality jumps. Their superposition is itself a Poisson process with rate A := Ac + Ay
Under this representation, each arrival corresponds either to a purchasing customer with probability % or to the
completion of a quality improvement cycle (a quality jump) with probability /\T

Following Lippman (1975), this superposition simplifies the analysis by allowing us to treat decision epochs as
arising from a single Poisson clock rather than two separate ones. As a result, the recursive structure of the firm’s
problem becomes transparent: V(n.,q,) is given by the expected profit accumulated during the interval [pr, fir+1]
under the optimal action, plus the discounted continuation value V (n-41,g-+1) at the next state, where the transition
to (nr+1,g-+1) is governed by the event probabilities of the superposed Poisson process.

To characterize the expected profit earned over [ur, r+1], it is useful to detail the sequence of events during this
interval. At time ., the firm chooses the optimal action ar based on the state (nr,q,). From time pr to pr41, two
types of costs are incurred continuously: a quality improvement cost rate h.(n.,q-) and an operational cost rate
dr(n;). Finally, at time g1, the state transitions to (n-41,¢-+1) depending on whether the event is a customer
arrival or a quality jump. In the case of a customer arrival, the firm also earns an instantaneous revenue of p(g-), net
of cost [ if the chosen action is feedback solicitation.

We now compute the expected discounted costs incurred between decision epochs. Let h(nr, g, ) denote the expected
total discounted quality improvement cost from p, until the next decision epoch. By the law of iterated expecta-
tions, h(n-,q-): fo U“ 7D‘th nT,qT)dt} AefA“du = (H%Ahr(nﬂ g-), where the inner integration is the conditional
expectation of the discounted cost, given that the next epoch occurs g units of time after the Current epoch, and
Ae™ M s the p.d.f. of an exponential distribution with rate A. For convenience, we define h'(n) := a+A hy(n) and
h2(q) == a+A h2(q). Since h,(n,q) = hi(n)+hZ(q), it follows that h(n,,q.) = h'(n,) 4+ h?(g.). Note that h'(-) inherits
all the properties of h; () stated in Assumption 2, and h?(-) inherits the monotone increasing property of hZ(-).
Analogously, the expected discounted operational cost incurred between . and pir41 is d(n,) := dr(n+), which
inherits the properties of d,(-) from Assumption 3.

Except for the quality improvement cost and operational cost which are incurred continuously, all other revenues,
costs, and state transitions occur discretely at the next event time p-41, which follows an exponential distribution with
rate A. For convenience, let p denote the expected discount factor applied to such events: p := fooo e . Ae_A“du =
TR

With probability ¢ 2u the next event is a quality jump that increases g, to ¢- +1 (if ¢- < @) but provides no direct
reward. With probablhty %, the next event is a customer arrival that generates a revenue p(g,). Conditional on
such an arrival, the quality level remains at g,, but the evolution of the feedback level depends on whether the firm
solicits feedback: if ar =0, then n,4+1 =n, and no additional cost is incurred; if ar = 1, the firm pays the solicitation
cost [, and with probability 8 the feedback level increases to nr4+1 =n, +1 (if n; <7), while with probability 1 — 3
it remains at n,.

Bringing these components together, the Bellman equation for the firm’s problem can be expressed as

1
a+A

V(n,q) =~ h(n,q) — d(n) + p 2V (.0 + 1)+ |pla) +max {V(n,a), §V(n+ 1)+ (1 -B)Ving) ~1}
if a=0 if a=1

for the case n <7 and ¢ < g. When ¢ = g, the quality improvement cost h(n,q) is dropped and g+ 1 is replaced with
q to reflect the upper bound on quality. When n =, we similarly replace n + 1 with 7.

REMARK EC.1. We address a modeling detail that arises when quality reaches the upper bound §. Recall that
decision epochs are triggered either by customer arrivals or by quality jumps. At ¢ = ¢, however, no further quality
jumps are possible, which could otherwise create an inconsistency in the definition of decision epochs. To resolve this,
we introduce a fictitious or “shadow” quality improvement process: it follows the same exponential timing with rate
Ay but incurs no cost and leaves the quality state unchanged, even when it “succeeds.” This device ensures that the
timing of decision epochs remains consistent without altering its dynamics (Lippman 1975).

EC.1.2. Decision Epoch Construction in the Joint Setting (Section 4.1.1)

In the baseline model of Section 3, decision epochs occur either at a customer arrival or at a quality jump. Since
both follow exponential clocks, their superposition is Poisson with rate A = A. + Ay. A complication arises in the joint
optimization setting: if the firm chooses not to invest in quality improvement at a given epoch, the next epoch would
be triggered only by a customer arrival. This breaks the convenient Poisson event structure of the baseline model,
where epochs are always defined by the minimum of two exponential clocks.
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To resolve this, we introduce a shadow quality improvement process that runs whenever the firm pauses quality
improvement. This shadow process has an exponential completion time with rate A, just like a real quality improve-
ment cycle, but it incurs no cost and yields no actual quality improvement upon completion. Its sole purpose is
to preserve the timing structure: with both customer arrivals and shadow completions, decision epochs continue to
follow a Poisson process with rate A = A. + A,. This modeling device is a direct application of the uniformization
technique introduced by Lippman (1975), which uses fictitious transitions to preserve exponential timing in systems
where transition rates depend on the action. Similar techniques have been employed in many prior studies (Iravani
and Duenyas 2002, Benjaafar and ElHafsi 2006).

Crucially, the shadow process does not affect the underlying stochastic dynamics or the optimal policy. Suppose
the firm pauses the quality improvement effort at the 7th decision epoch. If the shadow process completes before the
next customer arrival, it merely defines the (7 + 1)th decision epoch. But since the state has not changed (by our
construction of the shadow process), the firm will apply the same action as it did in the 7th epoch. By the memoryless
property of the exponential distribution, this artificial event has no impact on future arrivals or decisions. Thus, the
shadow process is purely a modeling device that ensures analytical consistency with the baseline model while leaving
system behavior and outcomes unchanged.

EC.1.3. Numerical Experiment Parameters
EC.1.3.1. Parameter values for Figure 2

=02, 1=20, n=g=15 A=05, A=1, a=04,
p(q) =10g(2G — q) 4+ 2000, d(n) =800e” """ h(n,q) =600e """ +5¢°.
EC.1.3.2. Parameter values for Figure 7
=02, 1=5 a=qg=20, M=05 AI=5«a=0.3,
p(q) = 5¢(24 — q) +200, d(n)=1800e "> +10, h(n,q)=600e °>" + 24> + 1000.

REMARK EC.2. In the left panel, to make the (otherwise largely unchanged) movement of the quality threshold
visible, we consider a larger increase to I’ = 50, which falls outside the condition in Assumption 4(ii). Importantly,
Assumption 4 is sufficient but not necessary for the structural results, and the numerically computed optimal policy
under " = 50 continues to exhibit a clean, monotone double-threshold structure.

EC.1.4. Verification of Model Assumptions

EC.1.4.1. Verification of Assumption 4(i)

ExampLE EC.1. Consider d(n) = 75— and h(n,q) = 2 + v5q°. These functions satisfy Assumption 4(i) for
appropriate parameter choices. For instance, when 7 = 400, setting (v1,v2,73,74,7vs) = (5000, 0.018,100,0.00005, 100)
ensures that the condition holds for all n <7 — 1, illustrating that the assumption is compatible with interpretable

and practically relevant cost structures.

EC.1.4.2. Verification of Assumption 4(ii)

ExAMPLE EC.2. The quadratic form p(q) = v1q — v2q® satisfies Assumption 4(ii) for suitable parameter values. For
instance, when g =20 and [ = 10, setting (v1,v2) = (200, 5) ensures that the second-order differences are consistently
less than or equal to —I, confirming that the assumption holds under simple and analytically convenient revenue
models.

EC.2. Proof
EC.2.1. Proof of Lemma 1

Consider a value iteration algorithm to solve the Bellman equation (1). Let Vi(:,) denote the value function after

k rounds of iteration. Specifically, we have the following update rule for Vi1 based on the value function of the
previous round Vi:

Vi = % B.1

k+1(n7q) ag%%’)i}Qk-‘rl(naq)? ( )

where Q% 1(n,q) is the value of taking action a in the current state (n,q) and taking optimal actions in all future
states, as approximated by V. Specifically, for any n <7 and ¢ < q:
Qhy1(n,q) = poep(q) + pocVi(n, @) + pou Vi (n, g+ 1) — h(n, q) — d(n)
and
Qi41(n,q) 1= poep(q) + poc [BVi(n+1,q) + (1= B)Vi(n,q) =] + pouVi(n, g+ 1) — h(n,q) — d(n)
= poep(q) + pocVi(n, q) + pouVi(n, g+ 1) + poe [BALVi(n, q) — 1] — h(n,q) — d(n)
where oc := A /A, 0y := Ay /A, and ApVi(n,q) :=Vi(n+1,q) — Vi(n,q). Note that since A = Ay + Ac, it follows that
0c+ 0u=(Ac+ Au)/A =1. These definitions will be used again in subsequent proofs. When n = fi, we simply need
to replace n+ 1 with 7 in the above equations, i.e., A, Vi (7i,q) =0. When ¢ = G, we only need to replace ¢+ 1 with
g and remove the quality improvement cost h(n,q) in the above equations.
The following lemma states that the value iteration algorithm converges for our model.
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LEMMA EC.1. There ezists a function V such that Vi(n,q) = V(n,q) as k — 4o0.

Proof of Lemma EC.1. Our model has a finite state space and bounded rewards. Furthermore, given that the discount
rate o > 0, the expected discount factor p:= a%\ satisfies the condition 0 < p < 1. Hence, according to Puterman
(2014), the value iteration algorithm will converge to a function V' as k —oco. O

We will prove Lemma 1 by induction. We start with k =0 where we set Vo(n,q) =0 for all the states (n,q). Note
that (i)—(ii) in Lemma 1 are true for V =Vj. Thus, by Lemma EC.1, if we can show that properties (i)—(ii) are
preserved when V = Vj, for any k > 1, then this proves Lemma 1. Assume that, at iteration k, properties (i)—(ii) are
true for Vj. The induction proof is complete if we can show that the properties are also true for Vj11.

Before proceeding with the proof, we first establish the following useful conditions.

LEMMA EC.2. The following are the conditions for the optimal feedback solicitation actions when the firm contin-
uously improves quality:
1. Suppose n < fi. Then Viyi(n,q) = Q}Hl(n,q) if and only if BALVk(n,q) —1 > 0. Otherwise, Viyi(n,q) =
Q(lj:+1 (TL, q) .
2. Suppose n=mn. Then Vit1(n,q) = Qgﬂ(n, q).

Proof of Lemma EC.2. When n < 71, note that Viyi(n,q) = Q}Hl(n,q) if and only if inequality (3) holds, which
proves part 1 of the lemma. When n =, there is A, Vi(n,q) =0, since [ > 0, thus SA,Vi(n,q) — 1l = —1 <0, therefore
Vk+1(n7 q) :Qg-l»l(nv q) ]

Now we are ready to proceed with the proof of Lemma 1. The value of Vj4+1(n,q) depends on the optimal action
that solves (B.1). Hence, we need to check that properties (i)—(ii) hold regardless of the optimal actions.

Specifically, we need to show that these properties hold for all possible combinations of optimal actions. By the
induction hypothesis, some combinations can be ruled out. For example, to show that Viy1(n,q) increases in n, it is
sufficient to show that for any n < n,

Qi1 0) Q% (n+1,9) (B.2)

holds for any actions (ai1,a2) where a1 and as are optimal for states (n,q) and (n + 1,q), respectively. Due to the
induction hypothesis that A, Vi (n,q) decreases in n, if it is optimal to not solicit feedback at state (n,q) (i.e., a1 =0),
then it must also be optimal to not solicit feedback at state (n+1,q) (i.e., a2 =0). Thus, it is impossible for a1 =0
and a2 =1 to be optimal for states (n,q) and (n+ 1,q) simultaneously. Hence, we only need to check that (B.2) is
true when the optimal actions (a1, az) are (0,0), (1,0) or (1,1).

To prove that A,Vi(n,q) decreases in n, it is sufficient to show that for any n <7,

Qi +1,0) = Qi1 (n,q) QY (n, ) — Q% (n—1,9) (B.3)

holds for all combinations of (a1, az2,a3) where a1 and az have the same definitions as before, and as is the optimal
action for state (n — 1,q). Similarly, by the induction hypothesis, most action combinations can be ruled out from
being optimal simultaneously. We only need to check that (B.3) holds when the optimal actions (a1, az2,as3) are (0,0,0),
(1,1,1), (1,0,1) or (0,0,1).

Besides, to prove that A,V (n,q) decreases in g, it is sufficient to show that for any ¢ < g,

Qui(n+1,g4+1) = Q4 (n,q+1) Q% (n+1,9) — QY4 (n,q) (B.4)

holds for all combinations of (a1,az2,a4,as) where a1 and a2 have the same definitions as before, and a4 and as are
optimal actions for states (n,q+ 1) and (n+ 1,¢q+ 1) respectively. Similarly, we only need to check that (B.4) holds
when the optimal actions (a1, a2, a4,as5) are (0,0,0,0), (1,0,0,0), (1,0,1,0), (1,1,0,0), (1,1,1,0) or (1,1,1,1).

Next, we provide detailed proofs for (B.2) and (B.3). The proof of (B.4) follows the same idea and is therefore
omitted. Recall that '~ (n) := h'(n) — h'(n 4+ 1) and d~(n) := d(n) — d(n + 1), then according to Assumption 2,
h'~(n) >0 and h'~ (n) decreases in n, and according to Assumption 3, d”(n) >0 and d~ (n) decreases in n.

1. Proof of (B.2):

First, we check all the off-boundary states, i.e., (n,q) where n+ 1 <7 and g < g. We check all the possible
combinations of optimal actions as discussed above.
(a) Casel: Q0 1(n+1,9)—Qhr1(n,q) = poulnVi(n,q+1) +pocAnVi(n,q) +h' " (n)+d~ (n) > 0, where the inequal-
ity is because of the properties that h'~(n) >0 and d~ (n) >0, and the induction hypothesis that Vj(n,q) increases
in n. Hence, this proves (B.2) for (0,0).
(b) Case 2 Qi1(n+1,9) — Qiy1(n,q) = poulnVi(n, g+ 1) + (1 = B)pocAnVi(n,q) + pocl + h'~ (n) +d~ (n) >0,
where the inequality is because of the properties that I >0, h'™(n) >0 and d~(n) >0, and the induction hypothesis
that Vi (n,q) increases in n. Hence, this proves (B.2) for (1,0).

(¢) Case 3: Quy1(n+1,9) = Qkya(n,q) = poulnVi(n,q +1) + poec [BALVi(n+1,¢) + (1= B)AnVi(n,q)] + h' ™ (n) +
d™(n) > 0, where the inequality is because of the properties that h'~(n) > 0 and d~(n) > 0, and the induction
hypothesis that Vi (n,q) increases in n. Hence, this proves (B.2) for (1,1).
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Thus, we complete the proof for off-boundary states, i.e., n+1 <7 and ¢ < §. The proof when n+1<n and ¢=¢
uses the same cases as above, but we only need to replace ¢+ 1 with ¢, and there is no h'~ (n). When n+ 1 =n, based
on Lemma EC.2, Viyi1(n+1,q9) = Q2+1(n +1,q), then only Cases 1 and 2 apply. It can be verified that the proofs
still hold for boundary states. Hence, we have proved (B.2).

2. Proof of (B.3)

First, we check all the off-boundary states, i.e., (n,q) where n+ 1< and ¢ <q.
(a) Case 1: Q0 y(n+1,q)— Q% (19) — (Q 11 (19) — Qs (0 — 1,0)) = pou [AnVie(m, g+ 1) — AuVi(n — 1, g+ 1)] +
0o [AnVi(n,q) — ApVi(n—1,¢9)] +h' " (n) —h'~(n — 1) +d~ (n) —d~ (n — 1) <0, where the inequality is because of
the properties that h'™(n) and d™ (n) decrease in n and the induction hypothesis that A, Vi(n,q) decreases in n.
Then we have proved (B.3) for (0,0,0).

(b) Case 2: Qllc+l(n+ 1,9)— Q}le+1(n7Q) - (Qi+1(”7 q)— Q11c+1(n -1, Q)) = pou [AnVi(n,g+1) = ApVi(n—1,q+ 1) +
pocB[AVi(n+1,9) = AnVi(n,q)] + poc(l = B) [AnVi(n, q) = ApVi(n—1,q)] +h'" () =h'" (n=1)+d" (n) —d~ (n—
1) <0, where the inequality is because of the properties that h'~(n) and d~(n) decrease in n and the induction
hypothesis that A,V (n,q) decreases in n. Then we have proved (B.3) for (1,1,1).

(C) Ca’se 3: Q2+1(n + 17 q) - Qi+1(n7 Q) - (Qlle+1(n7 q) - Q}c«kl(n - 17Q)) = POy [And(n7 q + 1) - And(n - 17 q+ 1)] +
poe[~BAVE(n,q) +1] + poe(l = B) [AnVi(n,q) = AnVi(n—1,9)] + A~ (n) — A"~ (n — 1) +d~(n) —d™(n — 1) <0,
where the inequality is because of the properties that h'~(n) and d~ (n) decrease in n, the induction hypothesis that
ApVi(n,q) decreases in n, and Lemma EC.2 part 1 (here we have Vit1(n,q) = Q}H_l(n,q)). Hence we proved (B.3)
for (1,0,1).

(d) Case 4: Q2+1(n+ 15 Q) - Q2+l(n7q) - (Q2+l(n7 Q) - Q]1c+1(n - 17 Q)) = pPou [A"Vk(n7q + 1) - A"’L‘/}C(n - 17 q + 1)] +
poe [BAVi(n,q) — 1]+ poe(1 — B) [AnVi(n, @) — AnViln— 1,)]+ B~ (n) = A1~ (n— 1) +d~(n) —d~ (n—1) <0, where
the inequality is because of the properties that h'~(n) and d~ (n) decrease in n, the induction hypothesis that
AnVi(n,q) decreases in n, and Lemma EC.2 part 1 (here we have Vii1(n,q) = Q5. 1(n,q)). Hence we proved (B.3)
for (0,0,1).

Thus, we complete the proof for off-boundary states. The proof when n+1 <7 and ¢ = g uses the same cases as
above, but we only need to replace ¢+ 1 with ¢, and there is no hlf(n). When n+ 1=mn, Case 2 is not applicable.

In all boundary cases, it can be verified that the arguments still hold. Hence, we have proved (B.3). O

EC.2.2. Proof of Proposition 1

According to the optimality condition (3), it is optimal to solicit feedback at state (n, ¢) if and only if BA,V (n,q) —1>
0. Suppose that at some state (no, qo), it is optimal to not solicit feedback, i.e., BA,V (ng, o) —1 < 0. Since A,V (n,q)
decreases in n and 8 > 0, then for any n > ng, we have 8A,V(n,q0) < BA,V (no,qo), so BALV (n,q0) —1 < 0, implying
that it is also optimal to not solicit feedback at (n,qo). Therefore, for each fixed ¢, the set of states where it is optimal
to solicit feedback is of the form {n <n(q)} for some threshold 7(q). Equivalently, it is optimal to solicit feedback
at (n,q) if and only if n <7(q). To show that 7(q) is decreasing in ¢, suppose ¢1 < g2 and fix any n. If it is optimal
not to solicit at (n,q1), then A,V (n,q1) —1 < 0. Since A,V (n,q) decreases in g, we have A,V (n,q2) < A,V (n,q1),
so BA,V (n,qz2) — 1 < 0, which implies it is also optimal not to solicit at (n,g2). Hence, n(q) is decreasing in q. We
also characterize when the threshold attains boundary values. Since A,V (n,q) decreases in n, the following condition
fully determines the degenerate cases: if SA,V(0,q) —1 <0, then A,V (n,q) —1 <0 for all n, and it is never optimal
to solicit feedback at quality level ¢. In this case, we define n(q) =—-1. O

EC.2.3. Proof of Proposition 2

Proof of Conclusion (i): Conclusion (i) is established through the following lemma.

LEemMA EC.3. Consider two z'lnstances of the baseline model that satisfy Assumptions 2 and 3. If the instances are
identical except that h*~(n) <hY ~(n) for all n <7 — 1, then A,V (n,q) > AV (n,q) holds for alln <@ —1 and q.

Proof of Lemma EC.3. Consider two instances that are identical except that h'™ (n) < hllf(n) forallm<n—1. We
perform value iteration as in the proof of Lemma 1 for both instances simultaneously, using the prime symbol (') to
denote the second instance. Let Vi (-,-) and V/(-,-) denote the value functions after k¥ rounds of iteration, and

Vit1(n,q) = max, Qit1(n,q), Viyi(n,q) = max, Qi1(n,q).

As before, A, Vi(n,q) :=Vi(n+1,q) — Vi(n,q) and A,V (n,q) :==Vi(n+1,q9) — Vi(n,q).

We prove A, V’'(n,q) > A,V (n,q) by induction. Since we know from Lemma EC.1 that, as k — 400, A, Vi(n,q)
converges to A,V (n,q) and A, V;(n,q) converges to A, V'(n,q), then if we can prove that A,V/(n,q) > A,Vi(n,q)
holds for all k, then this proves that A, V'(n,q) > A,V (n,q). Note that based on the proofs of Lemma 1, the properties
in Lemma 1 also hold for V; and Vk' .

We start with k = 0. Let Vo(n,q) =0 and Vj(n,q) =0, then A, Vy(n,q) > A,Vo(n,q) trivially holds. Assume
ARVi(n,q) > AnVi(n,q) holds for iteration k, then the induction proof is complete if we can show A,V ;(n,q) >
ApVit1(n,q). To prove this, it is sufficient to show that

Qii1(n+1,9) - Qily (n,0) QY (n+1,0) — Qi (n,q) (B.5)
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holds for any actions (a1, a2, as,as). With a slight abuse of notation, we redefine a1, a2, as, as (distinct from those in the
proof of Lemma 1) such that a1 and a2 are optimal for states (n,q) and (n+1,¢) in instance 1, and a3 and a4 are opti-
mal for states (n,q) and (n+1,¢) in instance 2, respectively. According to the proofs of Lemma 1, both A, V4 (n, ¢) and
A, Vi (n,q) decrease in n and g. Then similarly, we could rule out some combinations of (a1,az,as,a4) and only need to
check that (B.5) holds when the optimal actions (a1, az2,as,a4) are (0,0,0,0),(0,0,1,0),(0,0,1,1),(1,0,1,0),(1,0,1,1)
or (1,1,1,1).
We first check all the off-boundary states.

(a) Case 1: [Qi1(n+1,q) = Qiki(n, )] = [QRaa(n+1,9) = Qi1 (n,9)] = pou [AnVi(n, g+ 1) = AnVie(n, g +1)] +
poc[AnVi(n,q) — AnVi(n,q)] + h' ~(n) — h'~(n) > 0, where the inequality is because of the induction hypothesis
that A, V) (n,q) > A,Vi(n,q) and the condition that hllf(n) > h'™ (n). Hence, (B.5) holds for (0,0,0,0).

(b) Case 2: [QC1(n+1,0) — Qs ()] — [QLar(n+1,0) — Qs (,0)] = pu [AnVE (g +1) — AnVi(mrg +1)] +
poc |l — BALVE(n, @)+ poc(1—B) [AnVi(n,q) — AnVi(n,q)] + h'- (n) —h'=(n) > poc [l — BALVi(n, q)] > 0, where the
first inequality is because of the induction hypothesis and the condition that hll_(n) > h*"(n), and the second
inequality is based on Lemma EC.2 part 1 (here we have Viy1(n,q) = Q%1 (n,q)). Hence, (B.5) holds for (0,0,1,0).

(c) Case 3: [Qiy1(n+1,9) = Qia(n,9)] — [QRsa(n+1,9) = Qi (n,9)] = pou [AnVii(n, g +1) = AnVi(n, g + 1)) +
hE = (n) = '~ (n) 4 poeB [AnVi(n+1,q) = AnVi(n, )]+ poe(1=B) [AnVi(n,q) — AnVi(n, 9)] > poeBlAnVi(n+1,q) —
AnVi(n,q)] > poc[l —1] = 0, where the first inequality is because of the induction hypothesis and h' ~(n) > h'~(n),
and the second inequality is based on Lemma EC.2 part 1 (here we have Vi+1(n,q) = Qp,1(n,q) and Vi (n+1,q) =
Qir1(n+1,q)). Hence, (B.5) holds for (0,0,1,1).

(d) Case 4: [Qha(n+1,9) = Qi1 (n,0)] — [Qiir(n+1,9) = Qisa(n,9)] = pou [AnVi(n, g+ 1) = AnVie(n, g +1)] +
poc(1—B) [AnVi(n,q) — AnVi(n,q)] +h' ~(n) —h'™ (n) >0, where the inequality is because of the induction hypoth-
esis and h' ~(n) > h'~(n). Hence, (B.5) holds for (1,0,1,0).

(e) Case 5: [Qir1(n+1,9) = Qitsa(n,9)] = [Qira(n+1,9) = Quyr(n,0)] = poru [AnVii(n, g+ 1) — AnVi(n, g+ 1)] +
poe [BAVL(n+1,0) — 1] + poe(l — B) [AnVi(n,0) — AnVi(m,@)] + b2~ (n) — b1~ (n) > poe [BALVL(n+1,0) 1] > 0,
where the first inequality is because of the induction hypothesis and hl,_(n) > h'~(n), and the second inequality is
based on Lemma EC.2 part 1 (here we have Vi, (n+1,q) = Q}1(n+1,q)). Hence, (B.5) holds for (1,0,1,1).

(f) Case 6: [Qis1(n+1,9) — Qi1 (n,9)] = [Qisa(n+1,09) = Quyr (n,0)] = po [AnVii(n, g +1) = AnVie(n, g+ 1)] +
pocBlARVL(n+1,q) — AnVi(n+1,q)] + poc(1 — ) [Aank/(n, q) — AnVi(n,q)] + Y ~(n) — h'™(n) > 0, where the
inequality is because of the induction hypothesis and h* ~(n) > h'~(n). Hence, (B.5) holds for (1,1,1,1).

Finally, we discuss the states at the boundary, i.e., ¢ =q or n +1 =n. The proof when n+1 < #n and g = ¢ uses
the same cases as above, but we replace ¢ + 1 with § and remove the quality improvement cost. When n + 1 =7,
according to Lemma EC.2 part 2, the optimal action at (n+1,¢) in both instances is to not solicit feedback, which
means Cases 3, 5, and 6 will not happen. It is straightforward to verify that the above arguments still hold in all
boundary cases. [

Therefore, we have proved A, V'(n,q) > A,V (n,q), which implies that SA,V'(n,q) —1 > BA,V(n,q) — 1. This
result indicates that whenever it is optimal to solicit feedback for instance 1, it should also be optimal to solicit
feedback for instance 2. Then in this case, @' (q) < 7(g) would never happen. Therefore, we have proved that if two
instances are identical except that h' ~ (n) >h'"(n) for all n <A —1, then #'(q) > fi(q) for all ¢. O

Proof of Conclusion (ii): The proof parallels that of Conclusion (i) and is therefore omitted for brevity.

Proof of Conclusion (iii): First, we present the following lemma.

LEMMA EC.4. Consider two instances of the baseline model that satisfy Assumptions 2 and 3, which are identical
except for | <1'. For any policy m under which the firm does not solicit feedback at (n,q),(n,q+1),...,(n,q), the
resulting value functions satisfy V™ (n,q) =V'"(n,q).

The statement in Lemma EC.4 is straightforward, since differences in feedback solicitation cost have no effect when
the firm chooses not to solicit. Now consider two instances of the baseline model that satisfy Assumptions 2 and
3 and are identical except for [ < 1’. Assume it is optimal to not solicit feedback at (n,q) for instance 1. By the
policy structure established in Proposition 1, it is also optimal to not solicit feedback at (n,q),(n,q+1),...,(n,q)
in instance 1. Define a policy # under which the firm does not solicit feedback at (n,q),(n,q+1),...,(n,q); then
V(n,q) = V7 (n,q).

Now assume, for contradiction, that it is optimal to solicit feedback at (n,q) for instance 2. This implies V'(n,q) >
V'®(n,q) = V*(n,q) = V(n,q), where the first equality follows from Lemma EC.4. However, applying the optimal
policy of instance 2, denoted 72, in instance 1 yields V™2 (n,q) > V'™ (n,q) = V'(n,q) because | < I’ is the only
difference between the two instances. Since V' (n,q) is the supremum over all feasible policies in instance 1, we have
V(n,q) >V™(n,q) >V'(n,q), which contradicts the earlier inequality V'(n,q) >V (n,q).

Therefore, if it is optimal to not solicit feedback at (n,q) for instance 1, it cannot be optimal to solicit feedback at
(n,q) for instance 2. Equivalently, 7'(¢) > 7i(q) can never occur, and thus 7'(¢) < 7(q) for all ¢. O

https://pubsonline.informs.org/journal/msom
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Proof of Conclusion (iv): Recall that p = ﬁ, h'(n) = ﬁhi(n), and d(n) = ﬁdr(n). Therefore, when « < o/,

we have p > p’, and we can also derive that h'~(n) = h'(n) — h'(n+1) = FlA[hi(n) —hi(n+1)] > ﬁ[h}«(n) -

he(n+1)] = hllf( ). The proof then proceeds by applying value iteration under these parameter changes, following
the same steps as in the proof of Conclusion (i). We omit the repetitive details. O

Proof of Conclusion (v): To prove conclusion (v), we first present the following lemma:

LeEmMA EC.5. Under Assumptions 2 and 3, consider a value iteration algorithm to solve the Bellman equation (1),
and let Vi(n,q) denote the value function after k rounds of iteration, with Vo(n,q) =0. Then, for any k> 1 and any
state (n,q) withn<n—1,

D(n)(1—p"
AnVi(n,q) < M
1-p
Proof of Lemma EC.5. We finish this proof by induction.

D(n) (1-p*)

1. We first prove that A, Vi(n,q) < T holds for k =1, that is, A, Vi(n,q) < D(n). Given Vo (n,q) =0, there
is BALVo(n,q) —1 = —1 <0, then based on Lemma EC.2, Vi(n,q) = Q%(n, q), where Q% (n,q) = poep(q) — h(n,q) —d(n)
for ¢ < g, and Q%(n,q) = poep(q) — d(n) for ¢ = G. Therefore, for any ¢ < g, AVi(n,q) = Q(n+1,q) — Q%(n,q) =
h(n,q) +d(n) —h(n+1,q) —d(n+1)=h'"(n) +d~(n) = D(n), and for ¢=q, AuVi(n,q) = Q¥ (n+1,9) — QY (n,q) =

d(n) —d(n+1)=d™ (n) < D(n). Thus, we have proved A, Vi(n,q) < D(n).

m(1— ok
2. Assume A, Vi(n,q) < D )1_1p ? 7 is true for Vj.
D(n)(lfplﬂ'l)

3. We next prove that ApViyi(n,q) < =

. To prove this, it is sufficient to show that

D(n)(1-p**)
I-p
holds for any actions (a1, a2), where a1 and a2 are optimal for states (n,q) and (n+ 1,¢), respectively. According to
the proof of Lemma 1, for this value iteration process, the properties in Lemma 1 are true for V =V}, for any k > 1,
thus it is impossible for a1 =0 and a2 = 1 to be optimal for states (n,q) and (n+ 1, ¢) simultaneously. Hence, we only

need to check that (B.6) is true when the optimal actions (a1,az2) are (0,0), (1,0) or (1,1).
First, we check all the off-boundary states, i.e., (n,q) where n+ 1 <7 and g < g. We check all the possible
combinations of optimal actions as discussed above.
(a) Case I: Q2+1(n + 1,q9) — Q2+1(n>Q) = poulAnVi(n,q + 1) + pocAnVi(n,q) + hli(n) +d”(n) < plow +
D(n) 1—pF D(n)|1—p D(n) I—pIH'1
UC)T)JFD(H): 17)+D( ) %
esis that A, Vi(n,q) < %lpp). Hence, this proves (B.6) for (0,0).
(b) Case 2: Q2+1(n +1,q9) — Q}H_l(m q) = pouDpVi(n,q + 1) + (1 — B)pocAnVi(n,q) + pocl + hlf(n) +d (n) <

n n —pk+1
p B Vi, 4+ 1)+ (1= B)pore A, Vi, @)+ 9B Vi 1, 0) + D) < p 2] 1 piy = POC) e e

first inequality is based on Lemma EC.2 part 1 (here we have Viy1(n,q) = Q,H_l(n q)), and the second inequality is
because of the induction hypothesis. Hence, this proves (B.6) for (1,0).

(c) Case 3: Qiy1(n+1,9) = Qiy1(n,q) = pouldnVi(n,q +1) + poe [BARVi(n+1,q) + (1 = B)AnVi(n, q)] + h' ™ (n) +

Quii(n+1,9) — Q7 (n,q) < (B.6)

, where the inequality is because of the induction hypoth-

D(n)(1 D(n+1)(1—p* D(n)(1 D(n)(1 D(n)(1—p*
d~(n) < po (fpp +P0cﬂ%+lmc(1_ﬁ)#+D( ) < po 7(_‘713 +P0c571(_pp ) +
poc(l— )w + D(n) = %7 where the first inequality follows from the induction hypothesis, and

the second follows from the properties that D(n) is a decreasing function (based on Assumptions 2 and 3). Hence,
this proves (B.6) for (1,1).

Thus, we complete the proof for off-boundary states, i.e., n+1<n and ¢ < §. The proof when n+1<n and ¢=¢
uses the same cases as above, but we only need to replace ¢+ 1 with ¢, and there is no h'~ (n). When n+ 1=, based
on Lemma EC.2, Vit1(n+1,9) = QY11 (n+1,q), then only Cases 1 and 2 apply. It can be verified that the proofs
still hold for boundary states.

Therefore, we have proved that A, Vi(n,q) < M holds for Vk >1. O

Based on Lemma EC.5, we obtain the following corollary
COROLLARY EC.1. Under the conditions of Lemma EC.5, for any k > 1 and any state (n,q) with n <a —1,
AnVi(n,q) < 20

This follows directly from Lemma EC.5 given that 1 — p* <1 for all k£ > 1, which yields a k-independent upper bound.
Next, we present the key lemma to derive conclusion (v) in Proposition 2.

LEMMA EC.6. Consider two instances of the baseline model that satisfy Assumptions 2 and 3. If the instances are
identical except that 8 < B, and d” (n)+ p% [1— ?(f"p)] >0 for alln<n—1, then 8'A,V'(n,q) > BA,V (n,q) holds
for alln<n—1 and q.
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Proof of Lemma EC.6. The proof follows the same parallel value iteration analysis structure as the proof of
Lemma EC.3 and therefore we omit repeated arguments.

We start with k = 0. Let Vp(n,q) = 0 and Vj(n,q) = 0, then B'A,Vy(n,q) > BA,Vo(n,q) trivially holds.
Assume 'A,V/.(n,q) > BA,Vi(n,q) holds for iteration k, then the induction proof is complete if we can show
BN Vi1 (n,q) > BARVit1(n,q). To prove this, it is sufficient to show that

B [inl(n +1, q) - QZ}H(VL, Q)} < 5/ [Q;:ﬁﬂn +1, (I) - Q;:.t,i (n q)] (B'7)

holds for any actions (a1, a2,as,a4), where a1 and as are optimal for states (n,q) and (n + 1,q) in instance 1,
and a3 and a4 are optimal for states (n,q) and (n + 1,q) in instance 2, respectively. Similarly, we could rule
out some combinations and only need to check that (B.7) holds when the optimal actions (a1,a2,as3,as) are
(0,0,0,0),(0,0,1,0),(0,0,1,1),(1,0,1,0),(1,0,1,1) or (1,1,1,1).

First, we check all the off-boundary states, i.e., (n,q) where n+ 1 <7 and g < g. We check all the possible
combinations of optimal actions as discussed above.

(a) Case 1: B/ [Q1(n+1,9) — Qyi(n,q)] —B[Q21(n+1,9) — QY11 (n,q)] = pou[B' AnVi(n,q+1) — BAVi(n,q+
D]+ poe [B'AnVi(n,q) — BAV(n,q)] + (8" — B)D(n) >

(b) Case 2: ' [Qﬁcoﬂ(n—i— 1,9) — Qgﬂ(n,q)] -B [Q%_,_l(n-i- 1,q) — Q%H(n,q)} = pou[B A Vi (n,q+1) — BARVi(n, q
D] + poclBl — BAVi(n,)] + poe(l — B)B'AnVi(n,q) + (8" = B)D(n) > poc[B'l—BAnVi(n,q)+ (1~ )]
poc [l — BARVE(n,q)] > 0.

(C) Case 3: 5/ [QQH(TL‘FLQ) _Qk+1 n,q ] B [Qk+1(n+1 Q) Q2+1(W7Q)] :Pau[ Vkl(n Q+1) BAR Vk(m
D] + pocB'[B'AnVii(n + 1,9) + (1 = B)AnVi(n,q)] — pocfAnVi(n,q) + (8" — B)D(n) > poclf'l + (1 — B) —
BARVi(n,q)] > 0.

(d) Case4: g’ [Q;CO_H(n—f—l q) k+1 n Q)] - [Qk-}—l (n+1,q9)— Q,lc_,_l(n,q)} = pou[B' A Vi (n,q+1) — BA, Vi (n, g+
D] + (8" = B)D(n) + poc [ﬁ( BNARVE(n,q) — B(1 = B)AnVi(n,q) + (8" = B)I] = poc[B(1 — B)AnVi(n,q) —
B = B)AwVk(n,q) + (B” — B)l] + (B — B)D(n) = poc(B’ — B)[l—BAVE(n,q)] + (B = B)D(n) = (8" —
B) |p (l — ﬁD(")) +D(n )] >0, where the first inequality is due to the induction hypothesis, the second inequality is

because of Corollary EC.1, and the last inequality is because of po. ( -p D(")) D(n) > po. ( -p D(”)) “(n)>0.

(e) Case5: g [Qk+1(” +1,9) — Qi1 (n,@)] —B[QR+1(n+1,q) — Qi1 (n,9)] = poulB' AnVi(n,q+1) — BALVi(n, g+
D]+ poef[B'AnVi(n + 1,q) + (1 = B)AnVi(n,q)] — pocB(1 = B)AnVi(n,q) + 1] + (8" — B)D(n) > pocf'[l + (1 -

B ARV (n Q)] = poeB (1= B)AnVi(n,q) +1 + (8" = B)D(n) = poc[B(1 = B') AnVi(n,q) = B(1 = B)AnVi(n,q) + (8" —

B+ (B — B)D(n) > 0, where the last inequality is based on the same reasoning in case 4.

(f

1)

) 03566 B [Qk+1(n+17Q)_Q;§+1(n7Q)] _ﬂ[Qllc+1(n+1aQ)_Qllc+1(naQ)] = pou[B' AnVi(n,q+1) = BALVi(n,q
)]+ pocf [B'AnVi(n+1,q) + (1= B)AnVi(n,q)] — poeB[BAnVi(n+1,q) + (1= B)AnVi(n,q)] + (8" — B)D(n)
poc (BB A WVi(n+1,q) = B2AnVi(n+1,9)] + poc[B(1—B")AnVi(n,q) = B(1~B)AnVi(n,q)] + (8" — B)D(n)

poc(B = B)[BAnVi(n+1,0) = BAVi(n, @)] + (8 = B)D(n) = poe(8' = B) |1 = BZ2L] + (8 = B)D(n) 2 0

Finally, we discuss the states at the boundary, i.e., ¢ = or n + 1 =n. The proof when n+ 1 <@ and g = g uses
the same cases as above, but we replace ¢+ 1 with ¢ and remove the quality improvement cost. Cases 1 - 3 still hold,

I+

+
>
>

while in cases 4 - 6, the equation is lower bounded by (8 — 3) pac( BD(")) 7(n)} instead, which remains
nonnegative under the condition specified in Lemma EC.6. When n+ 1 =7, cases 3, 5, and 6 will not happen, and it
is straightforward to verify that the above arguments still hold. [

Therefore, we have proved 8'A,V'(n,q) > BA,V(n,q), which implies that 3'A,V'(n,q) —1 > BA,V(n,q) —1, i.e.,
whenever it is optimal to solicit feedback for instance 1, it should also be optimal to solicit feedback for instance 2.
Then in this case, 7’(g) < 7i(q) would never happen. Therefore, we have proved that @/(q) > 7(q) for all . O

EC.2.4. Proof of Proposition 3

To prove Proposition 3, we first present the following lemma:

LEMMA EC.7. Consider two instances of the baseline model that satisfy Assumptions 2 and 3. Let (8,1) and (5',1')
denote the solicitation effectiveness and cost in the two instances, respectively, and suppose the two instances are
identical ea:cept that L <l and B< .

- D(n)
() If 4 B’ 5 <minqd (n), e (l ) for all n <@ —1, then V'(n,q) > V(n,q) for all n and q, and

BAV(n q)—l'>BAV(n q)—lforalln<n—1 and q.
(ii) If é,*l > D ") for alln<n—1, then V'(n,q) < V(n,q) for all n and q, and B'AV' (n,q) —1' < BAV (n,q) — 1
for al n<n—1 and q.

Proof of Lemma EC.7. Proof of Conclusion (i): The proof follows a similar value-iteration and case-analysis structure
as that of Lemma EC.3, and we therefore omit the repeated arguments.
We prove property (i) by induction. Let Vo(n,q) =0 and Vj(n,q) =0.

https://pubsonline.informs.org/journal/msom



8 ‘Wen, Duenyas, and Uichanco: Feedback Solicitation and Product Innovation
ec

1. We first prove that Vi (n,q) > Vi(n,q) and 8'AV{(n,q) —1I' > BAVi(n,q) — hold for k = 1.

According to the proof of Lemma EC.5, starting from Vo(n,q) =0, there is Vi(n,q) = Q%(n,q), where Q%(n,q) =
poep(q) — h(n,q) —d(n) for ¢ < g, and Q%(n,q) = poep(q) — d(n) for g = . Since Q?(n, q) is independent of 8 or I, thus
Vi (n,q) = Vi(n,q), therefore V{(n,q) > Vi(n,q) trivially holds.

Given V{(n,q) and Vi(n,q), we know for any ¢ < q, A,Vi(n,q) = A, V{(n,q) = k'~ (n) +d~(n) = D(n), and for
q=q, AnVi(n,q) = AnV{(n,q) =d~ (n). Therefore, when q < ¢, B'AV{(n,q) =" = [BAVi(n,q) —1] = (8 — B)D(n) —
(' = 1), and when ¢ =g, B'AV{(n,q) —U' — [BAVi(n,q) — ] = (B’ — B)d(n) — (I’ = I). Under the condition stated
in Conclusion (i), we have ﬂl,_g < d™(n), which implies (8" — 8)d™(n) >1' —I. Since D(n) > d~(n), it follows that
(8" — B)D(n) >1' — 1. Therefore, we conclude that 8'AV{(n,q) —1' > BAVi(n,q) — 1.

2. Assume Vi (n,q) > Vi(n,q) and B'A, Vi (n,q) —1' > A, Vi(n,q) — 1 holds for iteration k.

3. We next prove that Vi, 1(n,q) > Vip1(n,q) and 8'AnVi 1 (n,q) =1 > BAVig1(n,q) — 1.
To prove Vi 1(n,q) > Viy1(n,q), it is sufficient to show that

Qi1 (n,q) Q¢ (n,q) (B.8)

holds for any optimal actions (a1, as). Due to the induction hypothesis that 8'A,V/(n,q) —I' > BA,Vi(n,q) — 1, if it
is optimal to solicit feedback at (n,q) in instance 1, it must also be optimal to solicit at (n,q) in instance 2, thus we
only need to check that (B.8) holds when the optimal actions (a1, as) are (0,0), (0,1), or (1,1).

To prove 8'An Vi 1(n,q) =" > BALViy1(n,q) — 1, it is sufficient to show that

BlRE L (n+1,q) = Qi (n, )] = 1< B[QE (n+1,9) — Qi (n,@)] =1/ (B.9)

holds for any optimal actions (a1,a2,as,as). Similarly, we could rule out some combinations and only need to check
that (B.9) holds when the optimal actions (a1,a2,as,as) are (0,0,0,0),(0,0,1,0),(0,0,1,1),(1,0,1,0),(1,0,1,1) or
(1,1,1,1).

I. Proof of (B.8): First, we check all the off-boundary states, i.e., (n,q) where n < f and ¢ < g. We check all the
possible combinations of optimal actions as discussed above.

(a) Case 1: Q;0+1(n, q) — Q2+1(n, q) = poy [Vk'(n, qg+1) —Vi(n,q+ 1)] + poe [Vk'(n, q) — Vi(n, q)] > 0.

l(?) gase 2: Q;cl+1(n7 Q) - Q2+1(n7 q) = PO0u [Vk,(na q+ 1) —Vi (n7 q+ 1)} +poec [Vk/(n7 q) — Vi (717 q)] +poec [ﬂlA’nd/(n7 q) -
’ >0.

(c) Case 3: Qily1(n,q) = Qiya(n,0) = pou [Vi(n,q+1) = Va(n, g+ 1)] + poe [V (1n,q) = Vi(n, @)] + poe[5' AnVi(n,q) -
— (BAVi(n,q) ~ )] > 0.

Thus, we complete the proof for off-boundary states. The proof when n < i and g = ¢ uses the same cases as above,
but we only need to replace ¢+ 1 with q. When n =, only case 1 applies. It can be verified that the proofs still hold
for boundary states. Hence, we have proved (B.8).

II. Proof of (B.9): First, we check all the off-boundary states, i.e., (n,q) where n+1 < n and ¢ < §. We check all the
possible combinations of optimal actions as discussed above.

(a) Case 1: B [Qih1(n+1,9) = Qih1(n,9)] — 1" = QR (n+1,9) = Qi1 (n,9)] + 1 = poulB' AnVi(n,q + 1) —
BAWVE(n,q+ 1]+ poc [’ AnVi(n,q) — BARVE(n, @)] + (8" = B)D(n) +1—1"> pou(l' = 1) + poc(I' = 1) + (8= B)D(n) +
I=U=(p-1)U"-)+ (8 -B)Dn)= (8" - B)Dn)—(I'-1) > 0.

(b) Case 2: B [Q;cOJrl(nJr 1,q) *Q?clﬂ(n,Q)] - -5 [Q2+1(”+17q QO+1( »d ] +1= [5 Ay Vk(n q+1) -
BAWVE(n,q + 1)] + poc[BV — BAVE(n,q)] + poc(l — B)B'AnVi(n,q) + (" — B)D(n ) =1 > pou(l' = 1) +
poc Bl =1+ (1 =)'+ (B =B)D(n)+1-1U'=(p—1)(I' = 1)+ (8" = B)D(n) > 0.

(

(c) Case 3: B [Qi1(n+1,q) — Qi1 (n,q)] —B[QR1(n+1,q) — Q) 11(n,q)] = pou[B AnVi(n,q+1) — BALVi(n,q+
D] + poef [B'AnVi(n+1,q)+ (1= B)AnVi(n,q)] — pocfAnVi(n,q) + (5’ ) (n) +1 =1 = pou(l' = 1) +
poe BV + (1= =11+ (8" =B)D(n) +1-I'=(p—1)(' =) + (8’ = B)D(n) =

(d) Ca‘se 4: B, I:Q;CO+1(n+17q)_Q;cl-l»l(naq)] - l, - ﬁ [Q%-}—l(n—’_l?(I)_Qllc-!—l(n?q)] + l= pUu[/BlAnVé(TL’q + 1) -
BARVE(n,q + D)+ (8" = B)D(n) + poc [B'(1 = ) AnVi(n, q) = B(L = B)AnVi(n,q) + B = Bl + 1 = 1" > pou(I' = 1) +
poe[(1=B)(BANVE(n,q) +1" = 1) = B(1 = B)AnVi(n,q) + 81" = Bl + (8" = B)D(n) +1 = I = pou(l' 1) + poe(l' = 1) +
pocl(B' = B) = poe(8' = B)BAWV(n,q) + (8= B)D(n) +1=1' > (p= D)(U' = 1) + (8 = B) [ D(n) + po (1 - 8522) | >
(-1 =D+ (B -8 [d* (n) + poe (l fﬂ%np))] > 0, where the second inequality is because of Corollary EC 1,

and the last inequality follows from the condition stated in Conclusion (i) of Lemma EC.7, namely,

oo D(n) n oo D(n)
min{d*(n)7 <>+p1(iﬁ )}Sd ()+p1(;6 )

(e) Case 5: Bl [Q;cl+1(n+17Q) _Q;cl+l(n7Q):| -l - B [Q%H(n"' 1»Q) Qk+1(n Q)] +1=po [/BIAndI n,q + ) -
BAWVE(n,q + 1)] + pocf' [ AnVi(n+1,q) + (1= B)AnV,(n,q)] — pocB(1=B)AnVi(n,q) +1] + (8" = B)D(n) +
L1 > (pouw = DU = 1) + poef [ + (1~ 8)AuVi(n,9)] = pocB (1~ B)AnVi(n,q) +1] + (8 — B)D(n) > (pou —

B/—B
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D=1+ poc[(1=B)(BAVE(n, q) +1' = 1) = B(1 = B)AnVi(n,q) + BV = Bl + (8" = B)D(n) = (p— 1)(I' = 1) + (' —

8) [D(n) + po(1 - 522 | > 0.

(f) Case 6: g’ [Qk+1(n+1 q) — Qk+1(" Q)} - - 5[Qllc+1(n +1,q9) — Qi+1(n7q)} + 1= pou[B AnVi(n,g + 1) —
BAVE(n, g+ 1)+ poceB'[B AnVi(n+1,q) + (1 = B)An Vi (n,q)] — pocBIBAVE(n +1,9) + (1 = B)AnVi(n, q)] + (8 —
BYD(n) +1—1"> pou(l' = 1)+ poc[B (BAVe(n+1,q9) +1' —1) — B2AnVi(n +1,9)] + poc[(1 — B)(BAVi(n, q) + 1" —

o~

)= BA=B)AVi(n, )]+ (B = B)D(n) +1—1" 2 (p = 1)(I"' = 1) + poc(B' = B)[BAWVE(n+1,q) — BAVi(n,q)] + (B —
B)D(n) > (p— 1)U ~1) + poe(' — B) [1 - B2 + (8~ B)D(n) >0

Finally, we discuss the states at the boundary, i.e., ¢ =g or n +1 =n. The proof when n+1 < #n and g = g uses
the same cases as above, but we replace ¢+ 1 with ¢ and remove the quality improvement cost. In cases 1 - 3, the
equation is instead lower bounded by (p—1)(I' —1) + jﬂ’ —B)d™ (n), while in cases 4 - 6, the equation is lower bounded

by (p = D)(I' =) + (8 = B) [d™(n) + porc (1 - BE
stated in Conclusion (i). When n+ 1=, cases 3, 5, and 6 will not happen, and it is straightforward to verify that
the above arguments still hold.

Hence, we have proved Conclusion (i) of Lemma EC.7.

. Both lower bounds remain nonnegative under the condition

Proof of Conclusion (ii): Similarly, we also prove property (ii) by induction. Let Vo(n,q) =0 and V{(n,q) =0.

1. We first prove that V}/(n,q) < Vi(n,q) and 8'AV)(n,q) —I' < BAVi(n,q) — hold for k = 1.

As in the proof of Conclusion (i), for any ¢ < g, we have A, V; (n q) = AV (n,q) =h'"(n)+d~ (n) = D(n), and for
q=3, AnVi(n,q) = AnV{(n,q) =d™(n). Therefore, when g < g, S'AV{(n,q) —U' — [BAVi(n,q) —1] = ('~ B)D(n) —
(I" —1), and when q=gq, 8’ AV{(n,q) —1' — [,BAVl(n,q) —1]=(B"=B)d (n)—(I'—1).

Under the condition stated in Conclusion (ii), we have é::g > ?Y;) > D(n) > d ™ (n), which implies that (8 —
B)D(n) <!’ —1 and (B — B)d™ (n) <l' — . Therefore, we conclude that 8'AV/(n,q) —1I' < BAVi(n,q) — .

2. Assume V}/(n,q) < Vi(n,q) and B'A,Vi(n,q) —1' < BA,Vi(n,q) —1 holds for iteration k.

\_//\

3. We next prove V 1(n,q) < Vit1(n,q) and B'A Vi 1(n,q) —I' < BAVit1(n,q) — L.
To prove Vj 1(n,q) < Vk+ (n,q), it is sufficient to show that

Qi (n,9) > Q% (n,q) (B.10)

holds for any optimal actions (a1, as). Due to the induction hypothesis that 8'A,V/(n,q) —I' < BA,Vi(n,q) — 1, if it
is optimal to solicit feedback at (n,q) in instance 2, it must also be optimal to solicit at (n,q) in instance 1, so we
only need to check that (B.8) holds when (a1,as) are (0,0), (1,0), or (1,1). The proof of (B.10) is similar to that of
(B.8). We therefore omit the detailed case-by-case verification of all possible optimal action combinations.

To prove 8'AnVi 1 (n,q) =" < BALVit1(n,q) — 1, it is sufficient to show that

B[QZ?H(TL +1, Q) - QZ}H(n, Q)] —1> ﬂl [Q;gaﬁl(n‘i' 17‘]) - Q;gajl(n Q)] U (B'll)

holds for any optimal actions (a1,az2,as,a4). Similarly, we could rule out some combinations and only need to check
that (B.11) holds when the optimal actions (a1,a2,as,as) are (0,0,0,0),(1,0,0,0),(1,1,0,0),(1,0,1,0),(1,1,1,0) or
(1,1,1,1).

The proof of (B.11) is similar to that of (B.9), so we also omit the detailed case-by-case verification of all optimal
action combinations. In particular, such verification shows that for all off-boundary states, the difference g [QZ?H (n+

1L0) = Qi (n.)] — L= (8 (@1 (0 + 1.0) — Qi (m.)] — 1) Is lower bounded by (1= p)I' ~ ) + (8~ #)D(n),
which is nonnegative under the condition stated in Conclusion (ii). For boundary states, the difference is instead
lower bounded by (1—p)(I' —1)+ (8 — 8")d™ (n), which is likewise nonnegative. Therefore, we have proved Conclusion
(ii) of Lemma EC.7. O

4~ (m+pde (1-s 20

Based on Conclusion (i) of Lemma EC.7, if é:%,l@ < min< d” (n), i £ >} for all n <7n — 1, then

V'(n,q) >V (n,q) for all n and q and B'AV’(n,q) —1' > AV (n,q) — for all n <7 — 1 and q. Hence, whenever it is
optimal to solicit feedback under instance 1, it must also be optimal under instance 2, so #’(q) < 7(g) cannot occur.
Therefore, 71/ (q) > n( ) for all g, establishing Conclusion (i) of Proposition 3. Similarly, by Conclusion (ii) of Lemma
EC.7, if i 716 > 5 D) for all n <n—1, then V'(n,q) <V(n,q) and 8'AV’'(n,q) — ' < BAV(n,q) — for all relevant
states. L1kew1se n (q) > fi(g) cannot occur, implying 7’ (q) < 7i(q) for all g, which proves Conclusion (ii). O

EC.2.5. Proof of Proposition 4

To prove Proposition 4, we first present the following lemma.

LEMMA EC.8. Under Assumptions 1 and 2, in the joint model, assuming it is optimal to solicit feedback at all
states (n,q) with n <, then:
(i) p2eAgJ(n,q) —h(n,q) decreases in q;
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(i) p2eAgJ(n,q) —h(n,q) increases in n.
Proof of Lemma EC.8. In this case, the Bellman equation for states when n <7 and g < § can be written as:

J(n,q) = maX{PUuJ(n,q+ 1) — h(n,q), pGuJ(n,Q)} —d(n)+ poep(q) + poc [ (n+1,9)+ (1 = B)J(n,q) —1],
(B.12)
where again o, := A\,/A and o, := Ac/A. When ¢ =g, then ¢+ 1 is replaced with g. When n =7, then the term
PO [[5’](n+ 1,9)+(1=p8)J(n,q)— l] is replaced with po.J(n,q). For this proof only, we use a restricted form of J(n,q)
that optimizes only the quality improvement decision, while later proofs will involve the full joint optimization.
As in the proof of Lemma 1, consider a value iteration algorithm to solve the Bellman equation (B.12). Let Ji(:,-)
denote the value function after k£ rounds of iteration. Specifically, we have the following update rule for Jx+1 based
on the value function of the previous round Jj:

Ji G
kri(nog) = max Gits(n,q),
where G% | (n,q) is the value of taking action a,, in the current state (n,q) and taking optimal actions in all future
states, as approximated by Ji. Here a, =1 (a, = 0) represents improving (not improving) quality. Specifically, for
any n <n and q < §:

GR1(n,q) = poudi(n,q) + poep(q) + poe [BIk(n+1,q) + (1 — B)Jk(n,q) — 1] —d(n),

and
Git1(n,q) = poui(n,q+1) — h(n,q) + poep(q) + poe [BIk(n+ 1,q) + (1= B)Ji(n,q) — 1] —d(n).

When ¢ = ¢, we only need to replace ¢+ 1 with ¢ in the above equations; and when n = 7, the term po. [BJk (n+
1,q) + (1 — B)Jk(n,q) — ] is replaced with pocJi(n, q).

We will prove Lemma EC.8 by induction. We start with k& =0, where we set Jo(n,q) =0 for all the states (n,q).
Note that (i)—(ii) in Lemma EC.8 are true for J = Jy. Thus, by Lemma EC.1, if we can show that properties (i)—(ii)
are preserved when J = J for any k > 1, then this proves Lemma EC.8. Assume that, at iteration k, properties
(i)—(ii) are true for Ji. The induction proof is complete if we can show that the properties are also true for Jy41.

Before proceeding with the proof, we first establish some useful conditions.

LEMMA EC.9. The following are the conditions for the optimal quality improvement actions when it is optimal to
solicit feedback at all states (n,q) with n <mn:
1. Suppose q < q. Then Jyt1(n,q) = G,lcﬂ(n,q) if and only if pouAqJi(n,q) > h(n,q). Otherwise, Jii1(n,q) =
Gngl (TL, Q)
2. Suppose q=q. Then Ji+1(n,q) = Goii(n,q).

Proof of Lemma EC.9. When ¢ < q, Je+1(n,q) = G}C“(n,q) if and only if inequality (6) holds, which proves part 1.
When ¢ =g, AgJk(n,q) =0, with the fact that h(n,q) >0, we have po,AqJi(n,q) < h(n,q), i.e., it is optimal to not
invest in quality improvement, which proves part 2. [

Now we are ready to proceed with the proof of Lemma EC.8. Here we present the detailed proof of conclusion (i).
The proof of conclusion (ii) is similar. To show that po,AqJ(n,q) — h(n,q) decreases in g, it is sufficient to show that
for any ¢ < ¢,

ay an h(n, h(n,q—1
G (m g+ 1) — G2 (nyq) — [G22 (nyq) — G2 (nyq — 1)] < @) Plma = 1) (B.13)

POy pou

holds for all combinations of (Gu,,Guy,dus), Where au,, au, and a., are the optimal actions for states (n,q — 1),
(n,q) and (n,q+ 1) respectively. However, the induction hypothesis can easily show that some combinations cannot
be optimal actions simultaneously. We only need to check that (B.13) holds when the optimal actions (Gu, , Guy, Gus)
are (0,0,0), (1,1,1), (1,1,0) or (1,0,0).

Recall that p ( ):=p(¢+1) —p(q). According to Assumption 1, p(q) is an increasing and concave function, hence
pT(g) >0 and pt(¢) —pT (¢ — 1) <0. Another group of properties we will use later is that, h(n,q) — h(n,q — 1) =
h*(q) = h*(g—1) >0, and h(n,q) —h(n,q — 1) =h*(q) = h*(¢—1) =h(n+1,9) = h(n+1,q—1).

(a) Case 1: G2+1(n,q+1)—G2+1(n,q)] - [Gg-ﬂ(n Q) — Gk+1 n,q— ] = poulAgJi(n,q) — AgJe(n,q — 1)] +
poelp’ (@) — p' (g — D] + pocBlAgJi(n + 1,9) — AgJi(n + 1,9 — 1)] + poe 1 )[A Jk( q) — AgJr(n,g — 1)] <
pau[ quq) h(Z’f 1)] +pac[ E,Z’Q) h(zgu l)] U%[h( n,q) —h(n,q—1) } p;u (n, (n q— 1)] where the first

inequality is because of the induction hypothesis, plus the properties p™(q) —p* (¢ — 1) <0and h(n,q) —h(n,g—1)=
h(n+1,q9) —h(n+1,qg—1), and the last inequality is because of the properties h(n,q) —h(n,q—1) >0 and p € (0,1).
Hence, (B.13) holds for (0,0,0).
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(b) Case 2: Gllc+1(n7q+1)_Glle+1(nzq)] - [Gllc+1(”:Q)—Gllc+1(”7q 1)] = u[ qu(n,q—l—l)—Aqu(n,q)] +
poclpt(q) — pT(qg — V)] + pocB[Agr(n+1, Q) AgJr(n+1,q—1)] + Uc(l ) [Ag Tk (n,q) — DgJr(n,q—1)] +

po
p

[h(n,q) = h(n,q+1)] = [h(n,q — 1) — h(n,q)] < [h(n q) —h(n,g—1)] < o = [h(n,q) — h(n,q — 1)], where the first

inequality is derived from the induction hypothebls plus the properties that p*(¢) —p*(¢—1) <0, h(n,q) — h(n,q—

1)=h(n+1,9)—h(n+1,g—1), and 0.+ 0, = 1. Hence, (B.13) holds for (1,1,1).

(c) Case3: [GRy1(n,q+1) = Gisr(n, Q)] — [Ghs1(n,@) — Giyr(n,q—1)] = poe[pT(q) —pT (¢ —1)] — poulgJr(n, q) +
h(n,q) + h(n,q) —h(n,q — 1) +pocB[AgIk(n+1,9) —AgJi(n+1,g— )] + poc(1 = B) [AgJr(n,q) — AgJx(n,g—1)] <

L [h(n q)—h(n,q— 1)] e [h(n q) —h(n,q—1)], where the first inequality is derived from the induction hypothesis,
the properties that p™ (q) — p T(g—1) <0, h(n,q) —h(n,q—1)=h(n+1,q) —h(n+1,q—1), 0. +0, =1, and Lemma
EC.9 part 1 (here we have Ji41(n,q) = G},1(n,q)). Hence, (B.13) holds for (1,1,0).

(d) Case4: [Gh1(n,q+1) = Giii(n,q)] — [Ghii(n,q) — Gipi(n,g—1)] = poe[p* () —pT (¢ —1)] + pouDgJr(n, q) —
h(n,q — 1) + pocB[AgJi(n+1,9) = AgJk(n+1,g = 1)] + poc(l = B) [AqJk(n,q) — AgJi(n,qg—1)] < Z=[h(n,q) —
h(n,q—1)] +h(n,q) — h(n,qg—1) = C%u [h(n,q) — h(n,q—1)] < pTlu [h(n,q) — h(n,q—1)], where the first inequality is
derived from the induction hypothesis, the properties that p*(q) —p*(¢—1) <0, h(n,q) — h(n,q—1)=h(n+1,q) —
h(n+1,g—1), and Lemma EC.9 part 1 (here we have Jy+1(n,q) = G, (n,q)). Hence, (B.13) holds for (1,0,0).

Thus, we complete the proof for off-boundary states ¢ +1 < § and n < 7. When ¢+ 1 = g, according to Lemma
EC.9 part 2, we only need to discuss cases 1, 3, and 4, and all the proofs still hold. When n =7, we need to replace
n + 1 with n and remove [, and it can be verified that all the proofs still hold. Therefore, we have proved that
pAeAqJ(n,q) — h(n,q) decreases in g. The proof of conclusion (ii) in Lemma EC.8 follows the same reasoning and is
omitted for brevity. Notably, the proof of conclusion (ii) additionally relies on Assumption 2. O

Now we are ready to prove Proposition 4. The optimality condition (6) implies that it is optimal to invest in quality
improvement at (n q) if and only if p22A4J(n,q) — h(n,q) > 0. By Lemma EC.6, p2=AgJ(n,q) — h(n,q) decreases
in ¢ and increases in n. We first prove part 1) of Proposition 4 for a fixed n. If it is optimal to not invest in quality
improvement at (n,q), i.e., p/\T“AqJ(n7 q) — h(n,q) <0, then for any ¢’ > q, we also have pAT”AqJ(n,q’) —h(n,q")<0.
Thus, for each fixed n, the set of states where it is optimal to invest in quality improvement is of the form {¢ < ¢(n)}
for some threshold g(n). For part (ii), now fix ¢. If it is optimal to invest in quality improvement at (n,q), then
p%AqJ(n,q) — h(n,q) > 0. For any n' >n, we have p2=A,J(n',q) — h( ',q) > pAEAgJ(n,q) — h(n,q) >0, so it
remains optimal to invest when more feedback is collected. Hence, ¢(n) is increasing 1n n.

We also characterize when the quality threshold attains its boundary values. Since p<* 2u A, J(n,q) —h(n,q) decreases
in g, if p2=AgJ(n,0) — h(n,0) <0, then p3=AyJ(n,q) — h(n,q) <0 for all ¢, and 1t is never optimal to invest in
quality improvement at feedback level n. In thls case, we define G(n) = —1.

Therefore, for each fixed n, there exists a quality threshold ¢(n) such that it is optimal to invest in quality
improvement if and only if ¢ < §(n), and ¢(n) is monotone increasing in n. O

EC.2.6. Proof of Lemma 2
Consider a value iteration algorithm to solve the Bellman equation (4) for the joint optimization problem. To shorten
the following analysis, define J.(n,q) := pocp(q) + poc max{BJ(n+1,q9)+ (1 — B)J(n,q) =1, J(n,q)} and Ju(n,q):=
max{po.J(n,q+1)—h(n,q), pouJ(n,q)} —d(n), where again o, := A, /A and o. := A./A. Then the Bellman equation
(4) can be written as J(n, q) = Jo(n, q) + Ju(n, q). Define the action pair (ac, a.), where a. € {0, 1} indicates whether to
solicit customer feedback (a. =1) or not (a. =0), and a, € {0,1} indicates whether to invest in quality improvement
(aw =1) or not (a, =0).

Let Ji(+,-) denote the value function after k rounds of iteration. Specifically, we have the following update rule for
Jir+1 based on the value function of the previous round Ji:

Qeiyy(nyg)+ max  Quy (n,q),

Jk+1(n7q) = ‘]Ck+1 (n7q) +Juk+1(n7 Q) a E{O 1}

e{o 1}

where Q¢r, | (n,q) and Q7. | (n,q) are the values of taking action a. and a, in the current state (n,q) and taking
optimal actions in all future states respectively, as approximated by Ji. Specifically, for any n <n and ¢ < §:

Qeyri(n,a) == poc[p(a) + Jr(n,9)], Qe (n,q):=poe[p(q) + BIx(n+1,q) + (1= B)Jr(n,q) — 1],
and
Qs (1,9) 7= poui(n, @) = d(n), Qu,_,(n,q) = pouJi(n,q+1) = h(n,q) - d(n).
When n =n, we simply need to replace n+ 1 with 7 in the above equations, and when ¢ = ¢, we only need to replace
g+ 1 with g in the above equations.

Recall from Lemma EC.1 that the value iteration algorithm converges in the baseline model. This result extends
naturally to the joint model. Therefore, we will also prove Lemma 2 by induction. We start with £ =0 where we set
Jo(n,q) =0 for all the states (n,q). Note that properties (i)—(iii) in Lemma 2 are true for J = Jy. Thus, if we can show
that properties (i)—(iii) in Lemma 2 are preserved when J = Jj for any k > 1, then this proves Lemma 2. Assume
that, at iteration k, properties (i)—(iii) in Lemma 2 are true for Ji. The induction proof is complete if we can show
that the properties are also true for Ji11.

Before proceeding with the proof, we first establish some useful conditions:
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LEMMA EC.10. The following are the optimal conditions for the quality improvement action a. in the joint opti-
mization problem:

1. Suppose q < q. Then Ju,,,(n,q) = Q}%H(n,q) if and only if pouAgJi(n,q) — h(n,q) > 0. Otherwise,

Jupr (n,0) = Q0 (n,9).

2. Suppose q=q. Then Ju, ,(n,q) = Q2k+1 (n,q).

Proof of Lemma EC.10. When q < q, Ju,,(n,q) = Q}LHI (n,q) if and only if inequality (6) holds, which proves part
1 of the lemma. When ¢ = G, AyJi(n,q) =0, then with the fact that h(n,q) > 0, there is AgJx(n,q) — h(n,q) <0,
hence Ju, ,, (n,q) = QCHI( q), which proves part 2. O

LEMMA EC.11. The following are the optimal conditions for the feedback solicitation action a. in the joint opti-
mization problem:

1. Suppose n < n. Then Je,,(n,q) = QiHl(n7 q) if and only if BA,Jk(n,q) —1> 0. Otherwise, Je, ,(n,q) =
g (7,0)-
Ch41

2. Suppose n=mn. Then Je,_,(n,q) = Q(C)Hl (n,q).

Proof of Lemma EC.11. When n <7, note that Je, , (n,q) = Q};Hl (n,q) if and only if inequality (7) holds, which
proves part 1 of the lemma. When n =7, A, Ji (7, q) =0, then with the fact that [ > 0, there is A, Jk(71,q) — 1 =
—1 <0, hence J;, ,, (n,q) = Q8k+1 (n,q), which proves part 2. O

Note that analyzing the joint policy is significantly more complex, as it requires comparing far more possible
combinations of optimal actions than in the proofs of Lemma 1 and Lemma EC.8, which address only single-action
policies. To manage this complexity, we establish that properties (i)—(iii) hold for Jx11 by verifying the corresponding
sufficient conditions.

Given that Jri1(n,q) = Jepypy(0,q) + Juyy (n,q), it is straightforward to derive that ApJry1(n,q) =
Ay ‘]Ck+1 (nv Q) +AnJuk+1 (nv Q) and pO’quJk_H(n, Q) - h(”v q) = [pJuA Jck+1 ( ) Uch(n: q)} [pUuA Juk+1 (na Q) -

ouh(n, q)} Therefore, we will decompose the proof of each property into the followmg steps, where we use the symbols
T and | as abbrev1at10ns for “nondecreasing” and “nonincreasing,” respectively:

(i) To prove Jr+1(n,q) Tq,Tn, it is sufficient to show that Je,,,(n,q) T ¢,Tn and Ju, ., (n,q) T ¢, T n respectively;

(i) To prove AnJry1(n,q) | g4 n, it is sufficient to show that AnJe,,,(n,q) L ¢,d n and ApJu,,, (n,q) L g, n
respectively;

(iii) To prove pouAqJry1(n,q) —h(n,q) L g, T n, it is sufficient to show that po,AgJe,,, (n,q) —och(n,q) ¢, Tn and
poulgJuy 1 (n,q) —ouh(n,q) | ¢, T n respectively.

Now we are ready to proceed with the proof of Lemma 2. For brevity, we present detailed proofs only for A, Jix+1(n,q) |
n and poyAgJit1(n,q) —h(n,q) | ¢, as these two properties ensure the core double-threshold structure. The proofs
of the remaining properties are analogous and are omitted.

r(1}})1 A?Jk_ﬁl (n, ({i) 4 n: To prove this, it is sufficient to show that ApJe, ., (n,q) I n and Ay Jy,,, (n,q) | n, respectively.
is further reduces to

Q21 (n,q) = Qeihy (n—1,9) > Qe (n+1,9) — Qe2, (n,q), (B.14)
Qui2 (n,q) = Quyly (n—1,¢) 2 Quy, (n+1,9) — Quy2, (n, q) (B.15)

hold for all possible combinations of the optimal actions (ac; , @cy; Gey) and (Gu, , Gusy, Gus ) at the states (n—1,q), (n,q),
and (n+1,q), respectively. Similarly, due to the induction hypothesis, we only need to check that (B.14) holds when
the optimal feedback solicitation actions (ac, ,ac,,ac;) are (0,0,0), (1,1,1), (1,1,0) or (1,0,0), and (B.15) holds when
the optimal quality investment actions (au,,au,,au,) are (0,0,0), (1,1,1), (0,1,1) or (0,0,1).

Step 1: We first prove Ay, Je,, (n,q) I n by showing that

Q?l:il (nvq) QZE}FI( 17q) - [Q?;il (n+17q) _Q?;il (nvq)] (BlG)

is greater than or equal to zero when the optimal actions (ac,,ac,,ac;) are (0,0,0), (1,1,1), (1,1,0) or (1,0,0):
(a) (acl y Qegy aCS) = (07 07 0) (B16) = pP0c [A’ﬂ‘]k (TL - la q) - Aan;(TL, q)} 2 0.

(()b) (a017a627a03) = (17 17 1): (B‘16) = PUcﬂ [A"Jk(nv Q) - A”Jk(n+ 17q)] +p0’c(1 - 6)[A"Jk(n - 17Q) - Aan(nafI)] >

(©) (Aes g, aca) = (1,1,0): (B.16) = poe [BAnu(n,0) — L+ (1 — B) (Andi(n — 1,6) — AnJi(n,))] > 0, where the
inequality is because of Lemma EC.11 part 1 (here we have J;, ., (n,q) = QiHl (n,q)) and the induction hypothesis.

(@) (aereprey) = (1,0,0): (B16) = pore [ — FAwJk(,0) + (1 — B) (AnTi(n— 1,q) — ApJi(n,@))] > 0, where the
inequality is because of Lemma EC.11 part 1 (here we have J, ., (n,q) = Q(C)k+1 (n,q)) and the induction hypothesis.

Step 2: Next we prove A, Ju,,, (n,q) | n by showing that

”‘uz

uk+1(n q) QZ:}H (Tl— 17q) - [QZ:j—l (n+17q) _QZ;:i1(n q)] (B17)
is greater than or equal to zero when the optimal actions (aw, ,Gu,,aus) are (0,0,0), (1,1,1), (0,1,1) or (0,0,1):
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(a) (Quy,@ug,sauy) =(0,0,0): (B.17) = pou [AnJe(n—1,q9) — AnJr(n,q)] +d~ (n—1)—d~ (n) > 0, where the inequality
is because of the induction hypothesis and Assumption 3.

() (QuysQuy,aus) = (1,1,1): (B.17) = pou [AnJe(n—1,g+ 1) = Andi(n,q+ 1) + ' (n—1) —h' " (n) +d~ (n—1) —
d™(n) >0, where the inequality is because of the induction hypothesis and Assumptions 2 and 3.

(C) (aulﬂauwaus) = (07 1, 1)3 (B'17) = —pUuAan(n,q + 1) - hli(n) - di(n) - [pUqu(n - 17Q) - paqu(n,q +1) +
h(nq) — d~(n— 1)] = pou[Bnde(n — 1,g + 1) — Andi(mg + 1)] + pouBgJi(n— 1,q) — h(n,q) — b~ (n) + d~(n —
1) —d™(n) > pouDgJi(n —1,q9) — h(n,q) — h'~(n) + d~(n — 1) — d™(n), where the inequality is because of the
induction hypothesis A, Jk(n,q) 4 n. Given the induction hypothesis that A, Jx(n,q) | g, there is also AgJk(n,q) |
n, thus po,A¢Jr(n — 1,q) > poulgJi(n,q). According to Lemma EC.10, since Ju, ,(n,q) = Q}%H(n q), thub
pouAgJi(n,q) > h(n,q), therefore, there is poyAgJi(n —1,q) > pouAgJi(n,q) > h(n,q). Hence, (B.17) > h(n,q) —
h(n,q) —h'"(n)+d (n—1) —d (n) =d (n—1) —d (n) — R~ (n) > 0, where the last inequality is because of
Assumption 4. Therefore, we have proved (B.17) > 0.

(d) (uy;@us;au5) = (0,0,1): (BA7) = pouJ(n,q) — poudi(n + 1,¢ + 1) + h(n + 1,¢) + d (n = 1) —d"(n) +
pouBnde(n — 1,q) = pou[Andi(n — 1,q) — AnJi(n,q)] — poulgJi(n +1,q) + h(n+ 1,q) +d~(n — 1) —d~(n) >
—pouDqJr(n+1,q) +h(n+1,q9)+d (n—1) —d™ (n). Since AgJi(n,q) I n, then po,AqJi(n,q) > poulgJi(n+1,q).
Besides, according to Lemma EC.10, since Ju,,(n,q) = Qng, there is pouAgJk(n,q) < h(n,q). Therefore, here we
have po, AgJik(n+1,q) < pouAqJi(n,q) < h(n,q), which implies that —po,AgJi(n+1,q) > —h(n,q). Hence (B.17) >
—h(n,q)+h(n+1,¢9) +d (n—1)—d (n)=d”" (n—1) —d~(n) — h*~(n) > 0. Thus, we have proved (B.17) > 0.

It is straightforward to verify that the above arguments still hold in boundary cases. Now since we have proved
And, (n,q) I n and AnJuy, ., (n,q) | n, thus, we have proved that AnJg+1(n,q) {n.

Ck+1
(I1) pouAqJr+1(n,q) —h(n,q) | ¢: To prove this, it is sufficient to show that powAgJe,,,(n,q) — och(n,q) | ¢ and
poulDgJu, i (n,q) —ouh(n,q) | g, respectively. With a slight abuse of notation (ac,,ac,,ac;) and (@uysQug s Quy), this
further reduces to verifying that for any ¢ < g,

ac ac h n,q— 1 ac ac h n,

Qi3 (00) ~ Qipty (mg = 1 - o M 5 gl (g4 ) - Q02 (g -0 D (Bas)
Q. ay h n,q h n,q

Qi () = @it (g = 1) =0 =D 5 QU (g 1) - QU () - M (Bag)

hold for all possible combinations of the optimal actions (ac, , @cy, Geg) and (Gu, , Guy, Gus ) at the states (n,q—1), (n,q),
and (n,q+ 1), respectively. Similarly, due to the induction hypothesis, we only need to check that (B.18) holds when
the optimal feedback solicitation actions (ac, ,ac,,ac;) are (0,0,0), (1,0,0), (1,1,0) or (1,1,1), and (B.19) holds when
the optimal quality investment actions (au, ,au,, aus) are (0,0,0), (1,0,0), (1,1,0) or (1,1,1).

Step 1: We first prove poyAgJe,,, (n,q) —och(n,q) | g by showing that

ac ac h(n,q—1 ac h(n,q
Qckil(n,q)chkﬂrl(n,qf1)*‘70%7 Qerd, (n,g+1) — Qe (n,q) —oc (pa ) (B.20)

is greater than or equal to zero when the optimal actions (ac, ,ac,,acs) are (0,0,0), (1,1,1), (1,1,0) or (1,0,0):

(3) (@ersaeasaey) = (0,0,0): (B.20) = porc [+ (g — 1) — p* (@) + Ay iy g — 1) — Ag ()] — 02890 4 5 Hlma) >
poe [Aq.]k(n,q 1) — AgJi(n, q)] — 0. h(z,;z 1) +o, h(zﬂ) > poe [h(qu 1) hE,Zf)] — 0. h(T:);Ju—l) +o h(z,q) _ pr;cu (p—
1) [h(n, g—1)—h(n ,q)] >0, where the first inequality is because of Assumption 1, the second inequality is because of
the induction hypothesis that pouAgJi(n,q) — h(n,q) | ¢, and the third inequality is because of the properties that

h(n,q) increases in q and p € [0,1).
(b) (@, ey, ae5) = (1,0,0): (B.20) = poc[p* (¢ —1) —p*(q) — BIx(n+1,¢ — 1) — (1 = B)Jx(n,q — 1) + Jx(n,q) —

AgJi(n,q) +1] — o M0 4 6 MO = o [pF(q—1) —pT(q) — 1= BIk(n+1,¢— 1) = (1= B)Je(n,q— 1)+ Jx(n, q) —
AgJi(n,q) +21] = oM 4 6 M0 > g [pF (g 1) —pt () = L= BJr(n+1,g = 1) = (1= B)Ji(n,q— 1) + Ji(n,q) -

Te(mq + 1) + Ji(n, 0) + 28AnJx(n, g)] — oo 0= 1>+ach<"q>fpa[ (@—1) —p*(q) — 1+ BAIk(n+ 1, — 1) +

PO POy
BIk(n+1,q) = BIr(n. g+ 1) + (1= B)(AgJk(n, g = 1) = AgJi(n,))] =0 "GIH +o ’““ 2> poe[pt(a—1)—p*(a) 1+
BAGJ(n+1,¢=1)+BJk(n+1,q) = BJe(n+1,qg+1)+(1 fﬂ)(Aqu(n 4= 1) = Agu(na))] - o M=) + o M) —
poc[pt(g—1)—pT(q) =14+ BAIk(n+1,g—1) = BAGIu(n+1,q) + (1= B)(AgJk(n,g—1) = A Jk(n Q))] h(’;;’ hlna—l) 4
0" > poe [ptq —1) = pt(g) = U] + poe [MRIm — B — g M 4o M > po[pt(g— 1) —pT(q) — 1] >
0, where the first inequality is because of Lemma EC.11 and JCk+1(n q) = Qck+1(n q), the second inequality is
because of the induction hypothesis that Ji(n,q) T n, the third inequality is because of the induction hypothesis that
poulgJi(n,q) —h(n,q) | q and the property that h(n+1,q—1) —h(n+1,q) = h*(g—1) —h*(q) = h(n,q— 1) — h(n,q),
the fourth inequality is because of the properties that h(n,q) increases in ¢ and p € [0,1), and the last inequality is
because of Assumption 4. Thus we have proved (B.20) > 0.
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(C) (a017ac27ac3) = (17170): (BQO) = pP0c [p+( - 1) p+(q) +/6A¢I’]k(n+17q_ 1)+(1_6)quk(n7q_ 1) - Jk(’l’L,q—F
D)+ BJe(n+1,q) + (1= B)Jx(n,q) — ] — oMU 4 5 MWD = por [pH (g — 1) — pT(q) — L+ BAGTk(n+1,¢ — 1) +

(L= B)AgJx(n,q — 1) = BAgTk(n+1,9) + BJi(n +1, q+1) Jk(n,q+1)+(1—6)Jk(n,q)]—ach“;q Yoo M) >

o

pacgp (g—1)—pF(q )—l+ﬂA Jk(n+1 q—1) = BAGTe(n+1,q9) + (1 = B)AgJk(n,q — 1) — (1 = B)A, Jk(n 9)] -
0. MBI 1, K00 > o [ (g —1) = p () ] + po [ X220 — )] — g M) g M) > [ (1) —
pt(q) — l] >0, where the first 1nequahty is because of the induction hypothesis that Jx(n,¢) 1 n, the second inequality
is because of the induction hypothesis that powAqJk(n,q) — h(n,q) | ¢ and the property that h(n +1,g—1)—h(n+
1,q) = h(n,q—1) — h(n,q), the third inequality is because of the properties that h(n,q) increases in ¢ and p € [0,1),
and the last inequality is because of Assumption 4. Thus we have proved (B.20) > 0.

(d) (acl7a027a’c3) = (1:171)1 (B~20) = PUC[ (q - 1) ( ) + ﬁAqu(n + 1,q — 1) - ﬂAqu(” + 17(1) + (1 -
B)AgJk(n,g—1)—(1—B)A, Jk(n,q)} —go—d2) h(" a=1) 4 h<"’q) > poe [ (g—1)—pt(g)+ h(zg;D h;Z’uq)} e h(r;;zufl) +
o h,g’;f) > poe [h("’q ) h(" 2) h("’q i} 4o h(”’q) > 0, where the first 1nequa11ty is because of the induction
hypothesis and the property that h(n —|—1 q —-1)— h(n +1,9) =h(n,q—1) — h(n,q), the second inequality is because
of Assumption 1, and the last inequality is because of the properties that h(n,q) increases in ¢ and p € [0,1).

— Oc¢

Step 2: We first prove poyAgJu, ., (n,q) —ouh(n,q) | ¢ by showing that

h(n,q—1) Qug au h(n,q)
o—u77 - u n’ +1 - u 2 n7 7O.'U4 ’
212 QU (a4 1) = QU () —

Qui?, (n,q) = Quyt, (ng—1) — (B.21)

is greater than or equal to zero when the optimal actions (au,,au,,aus) are (0,0,0), (1,1,1), (1,1,0) or (1,0,0):

(a) (auuauzvaus) (07070): (B'Ql) = POu [Aqu(TL,q - 1) - Aqu(n>q)] - W + @ Z h(n,q - 1) - h(”v q) -
M + h(" hlng) — =(1- %) [h(n,q—1) — h(n,q)] >0, where the first inequality is because of the induction hypothesis
that porugJi(n,q) — h(n,q) L.

(b) (Guys@us, aug) = (1,0,0): (B.21) = h(n, q—1) = po Ag i (n, q) — 2041 4 B4 > o, g — 1) — h(n, q) — 221 4
h(z"” >0, where the first inequality is because of Lemma EC.10 and JukJrl (n, q) Qﬂkﬂ (n,q).

(€) (auysQugsauy)=1(1,1,0): (B.21) = pouAqJi(n,q) —h(n,q) + h(n,g—1) — h(n,q) — M + M >h(n,g—1)—
h(n,q) — w + w >0, where the first inequality is because of Lemma EC.10 and Juk“( ) = QikH (n,q).

(d) (aul,au2,au3) (1,1,1): (B.21) = pouAgJk(n,q) —h(n,q)+h(n,qg—1) — pouAg Ji(n,q+ 1)+ h(n,q+1) — h(n,q) —
h("’q L4 (T;’Q) = poulgJi(n,q) —h(n,q) — [poulgJe(n,q+1)—h(n,q+1)] +h(n,g—1)— h(n,q)—%—i—w >
0, Where the inequality is because of the induction hypothesis that pouAgJi(n,q) —h(n,q) | q.

It is straightforward to verify that the above arguments still hold in boundary cases. Thus, we have proved
poulqJir1(n,q) —h(n,q) L q.

Therefore, we have established that A, Jxt1(n,q) decreases in n and that poyAgJk+1(n,q) — h(n,q) decreases in
q. The proofs of the remaining properties follow the same reasoning and are omitted for brevity. [

EC.2.7. Proof of Proposition 5

Under Lemma 2, the value function J(n,q) in the joint optimization model retains the same monotonicity properties
as in the single-action settings: A, J(n,q) decreases in both n and ¢, while po,AgJ(n,q) — h(n,q) increases in n and
decreases in g. These are exactly the properties we used in the proofs of Propositions 1 and 4 to establish the existence
and monotonicity of the solicitation and quality thresholds. Therefore, by applying the same threshold arguments
as in those proofs, we obtain the two monotone thresholds 7.(¢) and ¢(n) that jointly characterize the optimal joint
policy. O

EC.2.8. Proof of Proposition 6

Below we provide the detailed proof for the policy’s sensitivity with respect to p(q), as stated in Conclusion (ii) of
Proposition 6. The proofs of the remaining conclusions in Proposition 6 follow similar arguments and are omitted for
brevity. Note that the proof of Conclusion (v) also follows the approach used to establish Conclusion (v) in Proposition
2, where an upper bound on the marginal value of feedback is required. In particular, Lemma EC.5 and Corollary
EC.1 can be extended to the joint setting, which facilitates the proof of Conclusion (v). Due to space limitations, we
do not repeat the analysis here.

Specifically, Conclusion (ii) is established through the following lemma:

LEMMA EC.12. Consider two instances of the joint model that satisfy Assumptions 1, 2, 3 and 4. Suppose the two
instances are identical except that p'*(q) —p*(q) >1 for all g<g— 1, then

(i) AnJ(n,q) <A,J (n,q) for alln<n—1 and g;

(ii) AgJ(n,q) <AgJ'(n,q) for alln and ¢<q—1.
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Proof of Lemma EC.12. Consider two identical instances of the joint model except that p'*(q) — pT(q) >1 for all
q < @—1. Similarly, we conduct value iterations as in the proof of Lemma 2 for the two instances simultaneously. We
use the prime (') symbol for the second instance. Let Ji(-,-) and J;(-,-) denote the value functions after k& rounds of
iteration for the two instances, respectively, then

Qck+1( 7q)+ ma. Quk+1( )

Jk+l(n7Q) Qck+1( 7Q)+ max QZZ+1 (n,Q)v Jllc+l(n7Q) o 6{0 1}

ape{O 1} ay€40,1 ap€{0 1}

We prove the lemma by induction. Since we know from Lemma EC.1 that, as k — +o0, Ji(n,q) converges to J(n, q)
and J,(n,q) converges to J'(n,q), then if we can prove that A, Jix(n,q) < A, Ji(n,q) and AyJk(n,q) < AgJy(n,q)
hold for all k, then this proves that A,J(n,q) < ApJ'(n,q) and AgJ(n,q) < AyJ'(n,q). Note that from the proofs of
Lemma 2, the properties in Lemma 2 also hold for both .J; and Jj,.

We start with & = 0 where we set Jo(n,q) = 0 and J}(n,q) = 0 for all the states (n,q), then A, Jk(n,q)
AnJi(n,q) and AgJk(n,q) < AyJr(n,q) hold trivially for k= 0. Assume A, Jx(n,q) < A,J;(n,q) and A,Jk(n,q)
Ay J(n, q) hold for iteration k, then the induction proof is complete if we can show A, Ji11(n,q) <A, Jk+1( ,q) and
Aqu_,.l(n, q) <AgJi1(n,q) hold for iteration k +1.

Recall that Jiy1(n,q) = Je oy (n,q) + Ju,y, (n,q), thus to prove ApJiyi(n,q) < Andyyi(n,q), it is sufficient to
show that A,Je, ,(n,q) < A, Jéwl(n q) and ApJu, 1(n,q) < AnJy, 11(n,q). Similarly, to prove AyJrii1(n,q) <

AgJri1(n,q), it is sufﬁment to show that AgJe,,, (n,q) <AGJE, (n,q) and AgJu,, (n,q) < Agdy, . (n,q).

(I) Aan+1(n7 q) S Aan«l»l(n?q)
To prove this, it is sufficient to show that
Q2 (n+1,9) = Qi (n,9) € Qe (n+1,9) — Q5 (n,q) (B.22)
QZZ?H (n+1,q9) - szirl (n,q) < Quk+1 (n+1,q9) — Quk+1 (n,q) (B.23)
hold for all possible combinations of the optimal actions, where (ac,,@w,) and (ac,,au,) are the optimal actions at
states (n,q) and (n+1,q) in instance 1, and (acs, @us) and (ac,, au,) are optimal for the same states in instance 2.
Due to the induction hypothesis and the proof of Lemma 2, we only need to check that (B.22) holds when the optimal
feedback solicitation actions (ac, ,ac,,acy,ac,) are (0,0,0,0), (0,0,1,0), (0,0,1,1), (1,0,1,0), (1,0,1,1) or (1,1,1,1),
and (B.23) holds when the optimal quality investment actions (au, , Gus,aus,au,) are (0,0,0,0), (0,0,0,1), (0,0,1,1),
(07 17 07 1)7 (07 17 17 1) Or (17 17 17 1)'

Step 1: We first prove ApJ, ., (n,q) < AnJ;

Ck+1

Qo' (n+1,9) — Qur® (n,q) — [Qer2, (n+1,9) — Qeit, (n,9)] (B.24)

is greater than or equal to zero when the optimal actions (ac,,@c,,acs,ac,) are (0,0,0,0), (0,0,1,0), (0,0,1,1),

<
<

(n,q) by showing that

(1,0,1,0), (1,0,1,1) or (1,1,1,1):

(a) (acy, ey, ac;5,ac,) =(0,0,0,0): (B.24) = poc[AnJi(n,q) — AnJk(n,q)] >0

(b) (GeysQeqstey,aey) =(0,0,1,0): (B.24) = po. [l — BALTk(n,q) + (1 5)(A w(n,q) — ApJi(n ]

(¢) (acy, ey, ces,acs)=(0,0,1,1): (B.24) = pUC[ﬁAnJIIc(nJ"LQ) (1-8)AnJ, ( q) — AnJi(n, Q)] >p (l_l)

(d) (@eyyaeq,eq,ac,)=(1,0,1,0): (B.24) = poc[l — 1+ (1 — B)(AnJi(n,q) — AnJk(n,q))] > 0.

(€) (Gcy,Qeqyeg,ac,)=(1,0,1,1): (B.24) = poc[BA. T, (n+1,q) — 1+ (1 — B)(AnJi(n,q) — AnJk(n,q))] > 0.

(£) (ac;sacy,ac5,ac,) = (1,1,1,1): (B.24) = po’c[ﬁ(A"JI/ﬁ(n + 1,q9) — Andi(n + 1,9) + (1 — 5)(AnJllc(n7Q) -

AnJk(n,q))] > 0.
Step 2: Next we prove Ay Ju,  , (n,q) < ApJ,

Ukg+41

Qut (n+1,9) — Qur®, (n,q) — [Qur2, (n+1,9) — Qur, (n,q)] (B.25)

is greater than or equal to zero when the optimal actions (au;,@u,,aus,au,) are (0,0,0,0), (0,0,0,1), (0,0,1,1),
(0,1,0,1), (0,1,1,1) or (1,1,1,1).

(n,q) by showing that

(a) (GuysQuys Qug,@uy ) = (0,0,0,0): (B.25) = pouAnJy(n,q) — pouAndi(n,q) > 0.

( ) (aulvauzvauzsvau4):(0707071): (B'25):pJUAnJI/c(n7Q)_pJuAan(n7Q)+pUquJIlc(n+17Q)_h(n+1 Q) 0.

( ) ( u17au27au37au4) = (07071,1): (B25) = pUUA”Jl/c(n7q + 1) - pUUAan(nyq) + h(n7Q) - h‘(n + 1 ) 2
pouln Jk(n q+1) = poulndi(n,q) + h(n,q) — h(n + 1,q9) = poulgJi(n +1,q) = I'(n + 1,q) — [poulgJi(n,q) —
h'(n,q)] >

(d) (au17au27au37au4) = (05 17071): (B25) = pguAnJllc(naq) - pJuAan(nvq) + pO'quJ,lC(TL + 1,(]) - pgquJk(n +
l,q) >0.

(€) (@uy;auz,ausy,au,) = (0,1,1,1): (B.25) = poudi(n,q) — poudi(n+1,q +1) + h(n+1,q) + poulnJi(n,q + 1) +
h(n,q) —h(n+1,q) = —pouDnJi(n,q+ 1) + pouDnJi(n,q+ 1) = pouldgJi(n, q) + h(n,q) > 0.
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() (@uysGuys Qug,auy) = (1,1,1,1): (B.25) = pou AnJp(n,q+ 1) — pouAnJx(n,qg+1) > 0.

(II) AqJ(’I’L, q) S Aqu(n7Q)
To prove this, it is sufficient to show that

Q(Cl;}*-l (n,g+1)— Qck+1 (n,q) < Qcib-fl (n,g+1)— Qcif-fl (n,q) (B.26)

QZZil (TL, q+ 1) QukJrl ( 7q) < Qual;fl (TL, q+ 1) Quk+1 ( ) (B27)

hold for all possible combinations of the optimal actions. For ease of exposition, with a slight abuse of notation, we
redefine (ac,,au,) and (ac,,au,) as the optimal actions at states (n,q+ 1) and (n,q) in instance 1, and (acs,aus)
and (ac,,au,) for the same states in instance 2. Due to the induction hypothesis and the proof of Lemma 2, we
only need to check that (B.26) holds when the optimal feedback solicitation actions (ac,, Ge,, Ges,ac, ) are (0,0,0,0),
(0,0,0,1), (0,0,1,1), (0,1,0,1), (0,1,1,1) or (1,1,1,1), and (B.27) holds when the optimal quality investment actions
(Guy s Qug s Gus, au,) are (0,0,0,0), (0,0,0,1), (0,0,1,1), (0,1,0,1), (0,1,1,1) or (1,1,1,1).

Step 1: We first prove AgJe, ., (n,q) <Ay J!

Ck+1

Qcicfl (’I’L,q+ 1) Qcicfl (TL q) [szil (’I’L,q+ 1) - Qzlfil (nvq)] (B28)
is greater than or equal to zero when the optimal actions (ac,,@c,,acs,ac,) are (0,0,0,0), (0,0,0,1), (0,0,1,1),
(0,1,0,1), (0,1,1,1) or (1,1,1,1):

(a) (acl I O’CQ ) a’CB Y a’c4) (0 O O 0) B 8

(n,q) by showing that

pa’c[ Hr(q)—’_AqJ;C(nvq)] —pUc[ +( )+A Jk TL )}

(B.28) = 0
(5) (y sy ) = (0,0,0, 1) (B.28) = p 37 (0) + B T +1,0) — BT (s 1)+ (1= B) S, i) +1] —
poe[pt (@) + AqJi(n,q)] ZPUc[ (q) P (q) + BATL(n+1,9) — BAGIK(n,9)] > poe[p™ (g ) P (@) + BAGTk(n +
1,q) — ,BAqu(n,q)] = poe [p'+(q) —pT(q) — BARTE(n,q) + BALTk(n, g + 1)] > poe [p'+(q) pt(q) — l], where the last
inequality is because of Lemma EC.11 part 1 (here we have J., ., (n,q) = ngl (n,q)) and tha Ji(n,q) increases in
n. Then we can prove (B.28) >0 via the condition that p'*(g) —p™(q) > 1.

(€) (e, ey, aes,ae4) = (0,0,1,1): (B.28) = poc[p'*(q) + BAGJL(n + 1,9) + (1 — B)A.Ji(n,q)] — poe[pT(q) +
AgJi(n,q)] > poc[p (@) —pt(q)] + pocBAGTk(n+1,q) — pocBAGTk(n,q) = poc[p't (q) —pT (q)] — pocBALIK(N,q) +
pocBAnTk(n,q+1) > po.[p'T(q) —pT(q) —1] >0

(d) (acy,aey,ae5,a0,) = (0,1,0,1): (B.28) = poc[p'* (q) + BAGTi(n+1,9) — BA, Jk(n q+1)+ (1= B)AgJi(n,q)+1] -
poc[pt(q) + BAGIk(n 4 1,q) — BALTk(n,q + 1) + (1 — B)AgJi(n,q) + 1] > poc[p " (q) — pT(q) — BALT(n,q + 1) +
BALTk(n,q+1)] > po[p'* (q) —pT(q) —1] > 0.

(€) (aey, ey, ae5,ac,) = (0,1,1,1): (B.28) = poe[p'"(q) + BAIi(n + 1,9) + (1 — B)AgJi(n,q)] — poe[pt(q) +
BAGIk(n+1,q) = BARTk(n,q+ 1) + (1= B)AgJr(n,q) +1] > poe[p'" (q) —p*(¢) — 1] >0.

(£) (@cy,@eqs ey, ac,) = (1,1,1,1): (B.28) = poe[p'*(q) + BAIi(n + 1,9) + (1 — B)AgJi(n,q)] — poe[pT(q) +
BAGTe(n+1,q) + (1 — B)AgJi(n,q)] > 0.

+|I

Step 2: Next we prove Ay Ju, ., (n,q) < AgJy, ,, (n,q) by showing that

U1

Q) (n,g+1) = QU (n,0) = [QUid, (n.g +1) = QU2 (n,q)] (B.29)
is greater than or equal to zero when the optimal actions (@u,,Gu,,aus,au,) are (0,0,0,0), (0,0,0,1), (0,0,1,1),
(0,1,0,1), (0,1,1,1) or (1,1,1,1).
(@) (AuqsQug,Qug, auy) = (0,0,0,0): (B.29) = pouAqJi(n,q) — pouAgJi(n,q) > 0.
(B) (@uysQuys Qug, auy ) =(0,0,0,1): (B.29) = h(n,q) — pouDgJr(n,q) > 0.
(©) (@uysQugs Qug,auy ) = (0,0,1,1): (B.29) = pouAqJy(n,qg+1) —h(n,q+ 1) + h(n,q) — pouAqJix(n,q) > 0.
(d) (au;;Quy;Qug,auy) =(0,1,0,1): (B.29) = h(n,q) — h(n,q) =0.
(€) (Quy,us,Gug,auy) =(0,1,1,1): (B.29) = pouAgJy(n,q+1) — h(n,q+ 1) + h(n,q) — h(n,q) > 0.
() (QuysGuys Qug,auy) = (1,1,1,1): (B.29) = pou Ay Ji(n, g+ 1) — pouAgJx(n,g+1) > 0.

It is straightforward to verify that the above arguments still hold in boundary cases. Therefore, Lemma EC.12 has
been proved. [

Now we are ready to prove the policy sensitivity with respect to p™ (q). For the solicitation threshold, recall that
feedback is solicited when BA,J(n,q) —1 > 0. If a state (n,q) in instance 1 satisfies this inequality, then because
A, J (n,q) > AnJ(n,q) we also have SA,J'(n,q) —1 > BA,J(n,q) — 1 > 0. Hence, every state where solicitation is
optimal in instance 1 remains optimal in instance 2, implying 7' (q) > fi(q) for all ¢. Similarly, for the quality threshold,
quality improvement is chosen when po, AgJ(n,q) — h(n,q) > 0. If (n,q) satisfies this inequality in instance 1, then
because AyJ' (n,q) > AgJ(n,q) we also have poy AgJ'(n,q) — h(n,q) > pow AgJ(n,q) — h(n,q) > 0. Thus, every state
where quality investment is optimal in instance 1 remains optimal in instance 2, implying ¢’ (n) > G(n) for all n.
Therefore, when the marginal revenue from quality increases, both thresholds 7(gq) and g(n) increase, establishing
Conclusion (ii). O
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