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Appendix

1 An IP formulation

In this section, we will give an integer programming formulation of the rendezvous search problem on
the labeled discrete line. All search decisions (i.e., whether one should move left or right in a particular
period) can be represented as binary variables. Let o € {—1,1}, i € E,1 <t < n denote the decision
of Searcher 1 at time t if she started from the initial location 7, where we adopt the convention that
—1 denotes a left move and 1 denotes a right move. Let 8 € {—1,1}, i € E,1 <t < n denote the
corresponding variable for Searcher 2.

Then,
t
Tig = 1+ Z it (6)
s=1

¢
yie = i+ B (7)
s=1

represent the locations of Searchers 1 and 2 at time t if they were initially placed at ¢. Then, the
optimization problem is,

min 3 e p Mipig;
$it:i+ZZ:lais7 VZEE,lStSn,

yie =i+ Bis, Vi€ B, 1<t<n, (8)
ai € {—1,1} Vie E,1<t<n,
By € {~1,1} Vie BE,1<t<n,
where m;; = min{t : x;(t) = y;(¢t)}. We now introduce the following auxiliary variables to enforce this
definition: Let zfj be 0-1 variables for 7,7 € E,;t=1,...,n. We impose the following constraints:
2n (lfzfj) > xi(t) —y;(t), Vi,je E,t=1,...,n (9)
on (1—2zj;) > y(t)—a(t), Vi,je E;t=1,....n (10)
n
Y & = 1,Vi,j€eE, (11)
t=1
zi; € {01}, Vi,jeEt=1,...,n. (12)
Finally, we let
n
miy = Y tzl, Vi,j€E. (13)
t=1

Inequalities (9) and (10) force zj; to zero when z;(t) # y;(t). Equations (11) and (13) make sure that
m;; is the time index for a period when z; and y; coincide and the minimization objective ensures that
m;; is assigned the minimum such value, which is the intended definition of this variable.



Thus, the problem (8) with the additional constraints (9)-(13) provides an integer programming
formulation for the rendezvous search problem. This formulation can also be used when the initial
placement of the two searchers have a joint rather than independent distributions (replace p;q; terms
with p;; type terms).

2 Proof of Theorem 3.1

Our proof is adapted from the proof of a similar result in Howard (1999). Let us denote the deterministic
strategy pair given in the theorem with (Z,y) and assume that there exists a strategy pair (z, ) with a
smaller expected meeting time. As in the discrete case, we use the notation #;(¢) to denote the location
of Searcher 1 at time ¢ if she started at point ¢ and is using strategy .

When the searchers use the strategy (z,y), the meeting occurs at time max{|i|, |j|} if searcher 1 is
initially placed at ¢ and searcher 2 is initially placed at j. The expected search time for this pair of
strategies is

1 1
En(z.7) = Bnn(z.5) = / 1 / {2 [l (2 f(w)dzdv

Then, we must have an € > 0 such that

1 1
En(z,9) = —E—I—/l /1max{|z],]w|}f(z)f(w)dzdw.

We now consider a discretization of the interval [—1, 1] using 2n + 1 points labeled from —n and
nand let £ = {—n,—n+2,—n+4,...,n— 2,n} as before, the initial location distribution for this
discretization can be obtained as follows:

k41

- - f(z)dz keFE (14)

n

0 otherwise.

From (4) it follows that py = p_j, for all k € E as well as pp < p; for all k,l € E such that |k| < |I|.
Therefore, p is symmetric and monotone.

We will consider the locations of the searchers at time points
i .
ti=—, fori=1,...,n.
n

Until now, we only considered pure search strategies, i.e., deterministic search strategies that prescribe
a search path for all possible starting points. A mized search strategy is a probability distribution on
the set of all possible pure search strategies. We define (mixed) search strategies (&, ) for the discrete
problem as follows: Z;(j) denotes the location of Searcher 1 at time j if she started at initial location
i € F and has the following distribution:

i+1
/ P (fcs(tu) € [k_ 1, bt 1]) f(s)ds i€ E,n+k+ueven

i—1 n n

n

0 otherwise,



for k € {—n,—m +1,...,n — 1,n}. The strategy y for the second searcher is defined identically using
7. We make the following observations: When the searchers follow (Z,7), the expected time until they
meet can not exceed the expected time until they meet in the continuous case (using (&, §)) by one more
than one period, namely % time units. Thus, we must have that

1 1
%EH,@,@) < %—H/_l /_lmax{|z|,w|}f(z)f(w)dzdw.

Above, we introduced the factor % to Eyp since each time period in the discretized problem has length

%. We also have that a central strategy (x,y) is optimal for the discretized problem by Theorem 2.1.
(z,y)

;; are as in (3), combining, we obtain the following inequality:

Since m

1 1 g1 1 1 .
CEn(z,y) =~ > max{|il, |j[}pip; — - > pipj - > lilp}
ijeE ijek icE
3>il, or i>|j|

< “Bu(ii)
1 1 1
< oot 1 / (2] [} £(2) /) dz do (15)

where, once again, % factors are used because of the scaling of the length of each period. We will bound
several of the terms in the above inequality to contradict the assumption that ¢ > 0. The following
inequalities hold:

Yoomp < ) ppi=1, (16)

ijEE i,jEE
J>lil, Oor i>|j]

> lilp? < max{p;} ) lilpi < max{p;} Y > om
i€E J i€E I i€E \keE,—|i|<k<li|
< mj&X{Pj} Y (1-py) = nmjax{l?j} (17)
i€l

Further, we have

it1 i+l

S [ et e s e

IN

Jj—1

[ [ et ) ) dz aw

1 + max{|i|, |7
b b}, )

n

bt n% =

[ maxlisl s sw)dzde = 3 (/ /. max{IZLle}f(z)f(w)dzdw>
-1J-1 i,jeE an Jn

1 1

_+_
n n

<

S maxclil il}pip; (19)

i,jeEE

where (19) follows from (18) and ), ;c p pip; = 1. Combining the inequalities (15)(19) and simplifying
we get

3
e < — +max{p;}. (20)
n J

3



Note, however, that both terms on the right-hand-side can be made arbitrarily close to zero by choosing
n large enough. This contradicts the assumption that e > 0 and proves that the strategy pair (z,7) is
optimal for the rendezvous search problem on [—1, 1]. 0

3 Proof of Theorem 3.2

Let (x,y) denote the strategy pair given in the theorem and let (u, v) be any alternative pair of strategies
for this problem. For any interval [—k, k|, where k € (0, 00), we can associate a truncated problem (on
the interval) and for any pair of strategies (u,v) for the problem on the infinite line, we can associate
a truncated strategy (u*,v*) corresponding to this truncated problem: Let IT be the initial placement
distribution of the problem given in the statement of the theorem. Let k € (0,00) be given. Consider
the rendezvous search problem on [—Fk, k] whose initial placement distribution, IT¥, is given by

f(x)
@ ek
@) = { Fooa ©SRH (21)
0 otherwise.

For each strategy pair (u,v) for the problem on the infinite line, the associated truncated strategy
(uF,v*) is formed simply by using the strategies deemed by (u,v) for the initial locations in [k, &].

Let (u,v) be a strategy that yields a finite expected meeting time:

(u,v) / / m&?:) f(s)dtds < oo (22)

(u,v)
(t,5)
s, using strategy v.

where m is the meeting time of a pair of searchers, one starting at ¢, using strategy u, the other at

Fix € > 0. There exists My > 0 such that Vk > My,

(u,v) ) f(s)dtds < e/4. (23)
[ S

In the truncated case,

Eqs (uf,0%) = / / (u” U) (1) fF (s)dtds (24)

_ i / / m{it) £ () f(s)dtds. (25)

Since f(x) describes a probability distribution, we know that

k
0< [ iz < (26)

—k

Also, i
kli)rgo /_k f(z)dz = 1. (27)
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It follows that there exists some M; such that Vk > M,

k 2
€ 1
1— 2)dr) < min{-——" = 28
([ faae) <minfp =) 29
Henceforth, let
k
A = / f(z)dzx (29)
-k
Let M = max{My, M1}. For all k > M, we have
A En(u,v) — Ege(u®, 07| = [(47 — DEn(u,v) + En(u,v) — AZEmx (u” vk)‘
< (1—AHEn(u,v) + |En(u,v) / / E? U)) f(s)dtds
< mEH(U U) +€/4
= e¢/4+¢e/4
= ¢/2

It follows that

En(u,0) — Epe(uf, )] < —————
[Em(u, v) — Epe(u®, 0")] 2 f (o2
< e&.
Thus
lim Epx (uf, %) = Bry(u, v) (30)

k—oo

for any strategy, (u,v) that yields a finite expected meeting time. For any truncated strategy (u*,v*),
using Theorem 3.1, we have that
E (25, 4%) < Eqr(u®, o). (31)

where (z¥,9*) is the truncation of the strategy (z,y). Therefore, by ( 30),
EH(xa y) < EH(“? U) V(ua U)' (32)
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