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Appendix A
A Facets of the MDVSP polytope

We assume that the submultigraph of G' induced by the tasks is acyclic but
not necessarily transitive. We also assume that all the arcs of the form (Dy,T;) or
(T}, D) belong to G. Let @ denote the convex hull of the feasible solutions of (P),
i.e., the feasible assignments. In this appendix we investigate the dimension of ()
and prove that some inequalities arising from thorny submultigraphs represent facets
of Q. In what follows we call an arc of the form (i, j, k), where i and j are at most
n, an intertask. For the sake of clarity, it will be sometimes denoted by (7;,7}, k).
We denote by IT the set of intertasks and by m the number of pairs (7;,7}) in the
multigraph G. Thus the number of intertasks is equal to m|K|. The program (P) has
m| K|+ 2n| K| variables and n+ (n+ 1)| K| equality constraints, but in each group of
flow constraints, one constraint is redundant. It thus seems reasonable to conjecture
that the dimension of @ is equal to (m|K|+2n|K|)— (n+n|K|) = m|K|+n(|K|—-1)

(at least under certain conditions).

Let X be any feasible assignment. v(X) will denote the number of routes (or
vehicles) in X. Also v will denote Z‘,ﬁl v and Uy, (G) will denote min{v(X)| X is a

feasible assignment in G'}.

Theorem A.1 The dimension of @ is m|K| + n(|K| — 1) if 0pmin(G) < v —2 and

there exists an ¢ such that vy > 2.

Proof. We may assume, without loss of generality, that v|g| is at least 2. Consider
a feasible assignment X such that v(X?) is equal to v, (G). For k=1,2,...,|K]|,
we denote by a; the number of routes of colour k in X°. Observe that the colour
of a route may be changed, as long as the capacity constraints on the depots are
satisfied. Without loss of generality, we may thus assume that x| is at most
Vg| — 2 (since vyin(G) < v —2). The ™ route of colour k, denoted ZF, is
(Dy, TP, T ... ,Ttlfﬁ’r, Dy,), where T}"" denotes the it task in the route ZF (and
not the task 7;).

The gist of the proof is to construct m|K| + n(|K| — 1) feasible assignments that
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are in one-to-one correspondence with the elements of an arc set denoted B (and
such that B N X? is empty). The correspondence will be such that the st arc of B
belongs to X* (the sth assignment) but not to X' for any s’ greater than s. It will
follow that the X* (for s = 0,1,...,|B|) are linearly, and hence affinely, independent.
We now proceed to define B. We let

A9 = {(Dy, T, k) | T, is not of the form T}" for some r},

L = {(T;, T}, |K|) | (T;, T}, k) belongs to one of the Z" for some k # | K|},
At = {(TF" D, | K|) | k # | K| and i < £}

and

k=1

B=(IT\(X"U L)) U (lﬂ Ag) U A,

Note that in the above expression, X is used to denote the set of arcs in X°.

Since [IT N XY is equal to n — Z‘,ﬁl ag, |Lik|| to \A‘dK‘\ and |A9| to n — a4, for all
k, the cardinality of B is exactly m|K|+ n(|K| —1). Indeed, we have

||
1B = (17| = (IT A X°| + L)) + S 142+ [ Af|
K| . ] J
= (m|K| - n— ¥ a = [Afi ) + ”‘K|_,§1a’“ 4k
=m|K|+n(|K]|-1).

We now describe, for each arc in B, a feasible assignment corresponding to this
arc. This assignment is obtained from X° by modifying certain routes. Observe that
once the assignment corresponding to an arc has been constructed, this arc will not

appear in any assignment constructed thereafter.
Case 1 An arc in IT\(X°U L) of the form (Tik”",Tf’r,ﬁ) (where i < j — 1)
1. If k = ¢, we replace the route Z* in X9 by the routes (Dy, 77", ..., T}"",
k,r k,r k,r k,r
T T Dk) and (D\K\sz#l""aijlvD\fﬂ)'

j g e ey tf’



2. If k # ¢, we can “rearrange” X° as follows. If the capacity constraint for D,
is not satisfied at equality, we replace Z¥ by ZM\{D,} U {D,}. If the capacity
constraint is satisfied at equality, we replace the routes Z* and Z% (for some
") by ZM\{Dy} U {D,} and Z\{D,} U {D;} . In either case, we can then

replace the route of colour ¢ by two routes in the same fashion as in Case 1.1.

Case 2 An arc in IT\(X°U Lig|) of the form (T,"", Tf/”",, 0) (where r # r" if k = k')
If k = ¢, we replace the routes Z*¥ and Z% by the routes (Dy, Ty, ..., T/,
TF T D) (D T T D) and (Digg, TS, - T Dy I
k # (£, one can rearrange X so that k becomes equal to ¢ (as in Case 1.2).
K1 .
Case 3 An arcin | AY of the form (D, T;"", k)
k=1
Note that i > 2 by definition of the A2. We replace the route Z* in X° by the
routes (Dy, T;", ..., Ty", Dy) and (Dygp, T4, ... T, Dig)).

tk >

|K‘71 !t
Case 4 An arcin |J A of the form (D, T}, k) (where k # k" and i > 2)
k=1

If there is at least one route of colour k in X°, we replace the routes Z¥ and Zf/ by
the routes (D, ﬂk,’ﬂ, . ,7;’2:,’7",, Dy), (Dy, T} K ,T}Ii’f,, Dyr) and
(Dix|, le’l, e ,TZZ’I, Dykj). 1If there is no route of colour k, it suffices to replace

1

ZE by the first two routes given above.

Case 5 Arcs in IT\(X°U L)) of the form (T, TS, ) (where i < t¥)

For each Z*" we consider the indices t* — 1,t* — 2 ...,2 and 1 in that order.
For each i in {t¥ — 1,tF —2,... 1}, we replace the routes Z* and Z{ by the routes
(De, TY", . T3, Do), (Diy oy - T Digy) and (D, T4 Ty, Die).
Note that if i = t*¥ — 1, the second route is vacuous, and that if Z¢ does not ex-
ist, it suffices to replace Z* by the first two routes given above.

LG W
Case 6 An arc in kL:Jl Ay of the form (Dy, Ty " , k) (where k # k')

We replace the routes Z% and ZF by the routes (Dy,TF™, Dy),

(Dis T3+, Ty, Diggy) and (Dyg T3, T, Dig). If Zf does mot exist,

k
tk vk o

it suffices to replace Zf/ by the first two routes given above.
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Case 7 An arc in Afy,

This arc is of the form (T}, Dk, |K]). We replace ZF by the routes
(D|K\7 leﬂ", cee 7771']@’717 D|K\) and (D|K|7ﬂﬁ1§7 <o 7717579’7”7 D\K|)

Case 8 An arc in Afy

This arc is of the form (D|K‘,7}k’r,|K|). We replace ZF by the routes
(Dy, Y, ..., T, Dy) and (Djg), TP, ..., Th", D). O

Observe that if v,,;,(G) = v, the dimension of @ is less than m|K|+ n(|K| — 1)
(because the capacity constraints are satisfied at equality for any feasible assign-
ment). If v,,,,(G) = v — 1, the dimension of ) may or may not be equal to
m|K| 4+ n(|K| — 1). For instance, if the MDVSP instance consists of two incom-
patible tasks and two depots of capacity 1 and 2 (respectively), the dimension of
Q is still equal to m|K| 4+ n(|K| — 1). If the MDVSP instance consists of two de-
pots of capacity 1 and two compatible tasks, the dimension of () is smaller than
m|K| + n(|K| —1). Finally, the above proposition may hold even if there does not
exist an ¢ such that v, > 2. If the MDVSP instance consists of three depots of ca-
pacity 1 and two compatible tasks, the dimension of @ is equal to m|K|+n(|K|—1).

We now show that some valid inequalities actually represent facets of Q).

Theorem A.2 Let us assume that there exists an ¢ such that v, > 2. For some
intertask (i, j, k), let H denote the submultigraph obtained from G by removing the
arcs of the form (i,7, k") (for k' =1,2,... |K|). If v > v (H) + 2, the inequality
ij > 0 represents a facet of Q).

Proof. First note that v,,i,(G) < vpin(H) < v — 2 and let X° denote a feasible
assignment contained in H and such that v(X°) = v, (H). Since XY is also a
feasible assignment in G, we may apply the construction of Theorem A.1 to obtain a
collection of feasible assignments (denoted C'). Because every arc of the form (3, j, £)
(for £ =1,2,...,|K|) belongs to IT\(X° U Lg|), the arc (4, j, k) belongs to exactly
one assignment in C' (see Cases 1 and 2 of Theorem A.1). Therefore C' includes a
collection of m|K|+n(|K|—1) affinely independent assignments in G, none of which

contains the arc (i, 7, k). This proves that ij > 0 represents a facet of Q). O



If (i,7,k) is not an intertask, the conclusion of Theorem A.2 does not hold in
general. Consider for instance the arc (Dy,T;, k) and assume that G contains two
arcs of tail T}, say, the arcs (T}, Tj, k) and (T}, Ty, k). Then the face {X | X}, = 0}
is included in the intersection of the faces ij =0 and ij, = 0. Hence the inequality
X,’fﬂm' > 0 cannot represent a facet in this case. A facet will be called trivial if it
can be represented by an inequality of the form ij > (0. Note that Lobel (1997)
also gives a result on trivial facets (see Lemma 9.7), but only for the uncapacitated
version of the MDVSP.

We now consider the valid inequalities introduced in Section 4. In matching
theory, an inequality of this type represents a facet only if the underlying subgraph is
2-connected. For the MDVSP also, we need “connectivity conditions” (see Definition
A.4 and Theorem A.10 below). In the sequel G will denote the submultigraph of
G induced by S (for any directed multigraph G and any subset S of vertices of 7).
G\ F will denote the submultigraph obtained from G by removing the edges in F,
and Conf (1,7, k) will denote the set of arcs that are in conflict with the arc (i, j, k)

(see Section 4).

Definition A.3 Let G' be a submultigraph of G and Sy a subset of vertices of G'.
An ear, denoted O g, (1,7, k), is a path of colour k from i to j in G’ such that
Ocrs, (1, j, k) NSy ={i, j}.

Definition A.4 Let G be a directed multigraph and H = (S; U Se U S3, F1 U F) a
thorny submultigraph of G. Let G' denote the submultigraph Gg,us,. We say that H
is normal if

o col(0p,(T3)) # O for every T; € Ss,

e col(07 (T3)) = col(64,(T;)) for every T; € S, and

o (' contains the arc (1;,Tj, k) whenever Og s, (4, j, k) is an ear of G'.

Because G is an acyclic multigraph, the second condition of the above definition
is equivalent to the following: “each arc of F; belongs to an ear of H of the form
Omn.s,(i,7,k)". The third condition is satisfied whenever G is transitive. Clearly, any
conflictual submultigraph is normal. In Theorem A.10 we consider thorny submulti-

graphs that are maximal. H = (S, F') is said to be mazimal if no submultigraph H’
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of the form (S, F"), where F’ contains F properly, is a thorny submultigraph. Ob-
serve that in Definition A.4, neither of the multigraphs H and G’ need be contained
in the other, but that if H is maximal, the third condition of Definition A.4 is also
satisfied by (S; U S, F1), which is a submultigraph of both H and G’.

Finally, we note that in Definition A.4, we do not require that col(dx (T;)) be
nonempty for every 7; € S;. Indeed, if H is normal and maximal and col(dg, (1;)) is
empty, the valid inequality corresponding to H is equivalent to the valid inequality
corresponding to H' (where H' is obtained from H by removing T;). This is not
surprising since the MDVSP polytope is not full-dimensional. In order to state

Theorem A.10, we recall a few definitions from matching theory.

Definition A.5 Let H be an undirected multigraph. A matching M in H is a set

of edges of H with the property that no two edges in M have a vertex in common.

Definition A.6 Let H be an undirected multigraph and u a verter of H. A near
perfect matching of H deficient at u is a matching M in H such that every vertex
in S\{u} belongs to an edge of M.

Definition A.7 An undirected multigraph H is said to be critical if for every vertex

u of H, H contains a near perfect matching deficient at u.

Before embarking upon the proof of Theorem A.10, we state two lemmas. The
proof of the first one can be found in Pulleyblank and Edmonds (1974).

Lemma A.8 Any 2-connected critical multigraph with ¢ edges contains { linearly

independent near perfect matchings.

Lemma A.9 Let G be a directed multigraph and H = (S; U Sy U S3, F1 U F») a
normal submultigraph of G that is maximal. Let us assume that the arc (15,1}, k)
does not belong to Fy U Fy but T; € Sy. Then

1. k€ col(6p (1)),
2. k € col(0p, (T;)) if T; € S1 and
8. k € col(0p,(T;)) if T; € Ss.

Let us assume that (1;,T};,k) does not belong to Fy U Fy but T; € Sy and T; € S,.
Then k € col(63,(T})) if k € col(65,(T5)).



Proof. Observe that any multigraph obtained from H by including an arc of Gg, s,
into H satisfies the first and third conditions of Definition A .4.

1. If k did not belong to col(dp, (1})), one could consider (T;, T}, k) as a thorn and
include it into H. Then H U {(7;,T},k)} would be a normal submultigraph,

contradicting the maximality of H.

2. Suppose that T; belongs to S; and k does not belong to col(dy, (7;)). Then
HU{(T;,T;,k)} is a thorny submultigraph since k belongs to col(dx,(7;)) and
(T;,Tj,k) is in conflict with all the other arcs incident to 7;. This contra-
dicts the assumption that H is maximal and we conclude that k belongs to
ol (37, (T})).

3. Suppose that T; belongs to Sy and k does not belong to col(dg,(7;)). Then
k must belong to col(6y, (T;)) since otherwise, H U {(Dy,T;, k)} would be a
normal submultigraph, contradicting the assumption that H is maximal. But
if k belongs to col(0z (1;)), the multigraph H U {(T;,T;,k)} itself is normal,
contradicting again the assumption that H is maximal. Thus &k belongs to
col (05, (T5)).

4. Suppose that k belongs to col(dz, (1;)) but not to col(d5, (75)). Then k belongs
to col(64, (T;)) by Definition A.4. Since k does not belong to col(df, (T})),
the multigraph H U {(7;, T}, k)} is normal, contradicting the assumption that
H is maximal. We conclude that & belongs to col(d}, (T})) if it belongs to
col(37, (T)).

([

Theorem A.10 Let G be a directed multigraph and H = (S, F) a normal submulti-
graph of G that is mazimal (where S = S; U Sy U S3 and F = Fy U Fy). Assume
that v > n — [|S1]/2] and vy > ||S1]/2] + |S2| + 1 for every k < |K|. Then the
inequality 3 j ker XE <|]S1]/2] + |Sa| represents a non trivial facet of Q if

iy =
1. Hg, (considered as an undirected multigraph) is critical and 2-connected, and
2. for any arc (T;,T;,k) in Gs,\F1, Hs,\Conf(i,j, k) contains a matching of

cardinality ||S1]/2].

Proof. The assumptions imply that v,,;,(G) < v — 2 and there exists an ¢ such that
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vy > 2. Therefore Theorem A.1 holds. As was the case in Theorem A.1, the gist of the
proof is to construct m|K|+n(|K|—1) linearly independent assignments that satisfy
the equation > ;pyer XJ5 = [[S1]/2] + |S2| and are in one-to-one correspondence
with the elements of an arc set denoted B. The correspondence will be such that with
the exception of the arcs in Hg,, the s*™™ arc of B belongs to X* (the sth assignment)
but not to X* for any s’ greater than s. For each T} in S, we choose a color k

belonging to col(6x,(T;)) and denote it by col(7;). B contains the following arcs:
e the arcs in IT,
e the arcs of the form (D, T;, k) such that k # |K| and T; ¢ S; U Ss,
e the arcs of the form (Dy, T;, k) such that k # col(T;) and T; € Sy, and
an arc of the form (Dy, T;, k) or (T}, Dy, k) for each k # |K| and each i in S;.

It is easy to verify that the cardinality of B is exactly m|K| + n(|K| —1). We
now consider several cases and give the corresponding assignments. Observe that the
list of cases is exhaustive (because the maximality of H implies that col(éy, (T3)) U
col(0g,(T;)) = K for any T; € S,), and that any intertask, with the exception of the

arcs of Fy, belongs to a single X*. In what follows the arc set of Hg, is denoted A;.

Case 1 The arcs of the submultigraph Hg,

Since Hg, is critical and 2-connected, Lemma A.8 implies that there exist |A;]
linearly independent matchings of cardinality [|S;]/2] in Hg,. Let us denote these
matchings M, Ma, ..., Ma,. Since M, (for s = 1,2,...,][A;]) is a near perfect
matching of Hg,, there is a single vertex, denoted u(My), that does not belong to an
edge in M. Without loss of generality, for any 7; in Sy, there exists a matching M
such that T; = u(Mg). To each M; corresponds the assignment X* defined by the
routes

(Dy, T;,Tj, Dy,) for any (T;,Tj, k) € Mj,
(Dp, u(Ms), Dic),
(Deo(ty)s Ti, Deoyryy) for any T; € So
and

(D|K|,Ti, D‘K‘) for any T, € V\(Sl U Sg)
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In the sequel we will denote X the collection of assignments X!, X2, ..., X141,
Also we note that if v,(X) denotes the number of vehicles leaving from the k!
depot in X, then for any s, vjx(X®) < vk and vp(X®) is at most v, — 1 for
k=1,2,...|K —1.

Case 2 An arc (1;,7}, k) not in F; U F, such that T; ¢ S; U Sy and Tj ¢ S; U Sy

To this arc corresponds an assignment obtained from any assignment in X by
replacing the routes (D|k|, T3, D|x|) and (D), T}, D|k|) by the route (Dy,T;, T}, Dy,).

Case 3 An arc (7;,7j,k) not in Fy U F; such that T; ¢ S; U Sy and T; € Sy, or
T;e S and T; ¢ Sy USy, or T; € Sy, T; € Sy and k € col(6,(T3))

Let us assume that 7; (resp. T, T;) belongs to S; and let My be a matching
such that T; = u(My) (vesp. T; = w(M;), T; = u(Ms)). If T; ¢ Sy, we construct
an assignment by replacing the routes (D|x|, T;, Dik|) and (Dx|, T}, D|k|) in X*® by
the route (Dy, T;, T}, Dy). If T; € Sy, we replace the routes (Do), 15, Deoi(r;)) and
(D, Tj, Dik|) by the route (Dy,T;,Tj, Dy).

Case 4 An arc (T;,T;, k) not in Fy U Fy such that T; ¢ S; U Sy and T; € Sy

By Lemma A.9, k is a colour in col(df, (1})), and thus T} belongs to an ear of
colour k and of the form T;,T;,,...,T; . Let g be the index such that T; = T and
M, a matching such that 7; = u(M,). The assignment corresponding to (73,7, k)
is obtained from X* by replacing the routes (Dx|,u(Ms), Dik|), (Dk|, Ti, D|k|) and
(Dcol(T]_,), Ty, Dcol(T]_,)) (for every vertex T on the subpath from 7} to 7;,_,) by the
single route (Dy, T3, 15, T; s - - -, Ti,y Di).

Case 5 An arc (T},T}, k) not in Fy U Fy such that T; € Sy and T; ¢ S U Sy
Recall that col(0p, (T;) U 0, (T;)) = K since H is maximal. If & belongs to

col(0g,(T;)), we choose the assignment obtained from any assignment in X by replac-
ing the routes (D, T}, D|k|) and (Deoyty), T3y Deoiry)) by the route (Dy,T;, T;, Dy).

If k& belongs to col(0x (1)), T; belongs to an ear of colour k and of the form
Ti,, Tiy, . .., T;,. Let g be the index such that T;, = T; and M, a matching such that
T;, = u(M;). We choose the assignment obtained from X*® by replacing the routes

27
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(Dire)s u(Ms), D), (D, Ty, Dixy) and (Do), Tjrs Deoiry) (for every vertex T
on the subpath from T;, to T; ) by the single route (D, T, ..., T;,_,, T, T, Dy).
Case 6 An arc (7;,7;, k) not in Fy U F; such that T;,T; € Sy

By Lemma A.9, k belongs to col(0y,(T;)). From this one concludes that (Dy, T;, k)
belongs to F>. As in Case 4, T; belongs to an ear of colour k£ and of the form
Tiy, Tiy, - - -, Ti,. Let g be the index such that T;, = T; and M, a matching such that
T;, = u(M;). The assignment corresponding to (73, T}, k) is obtained from X* by re-
placing the routes (D |, u(Ms), D)), (Deoi(rs), Tis Deoi(ryy) and (Dot ), Trs Deot(ry,))
(for every vertex Tj on the subpath from 7; to 7; ,) by the single route
(Dy, 13,15, T;,,, - .., T}, Dy,).

Case 7 An arc (Dy, T;, k) not in F} U Fy such that T; € Sy and k # col(T;)

As in Case 4, k is a colour in col(0z (T;)) and T; belongs to an ear of colour & and
of the form T;,, T;,, ..., T;,. Let g be the index such that T; = T; and M, a matching
such that T} = u(Mj;). The assignment corresponding to (Dy, T}, k) is obtained from

19

X* by replacing the routes (D, u(Ms), D) and (Deoir,)s Tjrs Deo(ry,)) (for every
vertex T} on the subpath from T to T;, _, ) by the single route (D, T3, T;, ., - . ., T3, Dy,).

Case 8 An arc (7},7}, k) not in Fy U Fy such that T; € S; and T} € Sy

By Lemma A.9, k € col(0p (1)) and k € col(6p, (1})). Since k € col(6p, (1})),
T; belongs to an ear of colour k, say, T;,,T;,,...,T;.. Let ¢ be the index such that
T,, = T; and 1 < q < r. Because T;,T},T;
the arc (T;,7T;
col(0g (T7))). By assumption Hg, \Conf(i,i,, k) contains a matching of cardinality
||S1]/2], denoted by M. Thus M U {(7;,T;,,k)} contains no conflict and can be
transformed into an assignment (called X') by the same method as in Case 1. Within
X' the arc (T;,T;
corresponding to the arc (73, T}, k) is obtained from X’ by replacing the arc (7}, 75, , k)

or1r - Li, 18 also an ear of Gg,us,,

k) exists (since H is normal) and belongs to Gg, \F; (since k €

9

k) is contained in a route of colour k. Finally, the assignment

)

and the route (Dcol(Tj/), Ty, Dcol(Tj/)) (for every vertex T} on the subpath from T to
T;,_,) by the path T;,T;, T; T

PRI

Case 9 An arc (1}, T}, k) not in F1UF, such that T; € Sy, T € Sy and k € col (0, (1))

This case is similar to the previous one.
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Case 10 An arc (7,7}, k) not in Fy U I} such that T;,T; € S,
By assumption Hg, \Conf(i, j, k) contains a matching of cardinality ||S1]/2] (de-
noted by M). Thus M U {(T;,T;,k)} contains no conflict and can be transformed

into an assignment by the same method as in Case 1.

Case 11 The arcs in F5 that belong to Hg,ug,
Let F' be the set of all such arcs. Since the submultigraph defined by F” is acyclic,

there exists a list of the arcs in F”, denoted by ey, es, ..., €|, such that 7 is greater
than j whenever e; occurs before e; in a directed path. We consider the arcs in F”
in the order given by such a list. Let e be an arc of colour k£ in F’. There exists a
path of colour k, denoted T3},,7},,...,Tj,, such that:

e c is the last arc of the path, i.e., e = (1}, ,, T}, k),

Jt—19

e each arc of the path belongs to F’, and
e the path is maximal (i.e., either T, € S; and k € col(0g, (T},)), or T}, € Sh).

Let us assume first that 7;, € S, and k € col(d5, (T},)). Then T} belongs to
an ear of colour k and of the form T}, ,T; ,T;.. Let g be the index such that
T;, = T}, and M, a matching such that T;, = u(M,). The assignment corresponding
to e = (Tj,_,,Tj,, k) is obtained from X* by replacing the routes (Dx,u(Ms), D k)
and (Dcol(Tj,),ﬂ/,Dcol(Tj,)) (for every vertex Tj on the subpath from T;, to T;
and the path from 7}, to T},) by the single route (D, T;,, ..., T;, .1}

ig—19 Lj1s e

17 29

q—1

Tjtv D k)
Finally, if T}, belongs to Si, we can use a similar argument; indeed, it suffices to

observe that the ear reduces to Tj, in this case.

Case 12 An arc (1,1}, k) in F5 such that T; € S; and Tj € S,

To this arc corresponds the assignment obtained from any assignment in X by re-
placing the routes (D\x/, Ti, D)x|) and (D oi(r;), 15, Deoi(r;)) by the route (Dy, 15, T}, Dy).

Case 13 An arc (Dg, T;, k) not in Fy U F, such that k # |K| and T; ¢ S; U Sy

To this arc corresponds an assignment obtained from any assignment in X by
replacing the route (D|x|, T;, Dik|) by the route (Dy,T;, Dy).

Case 14 An arc (Dy, T}, k) in F, such that T; € Sy and k # col(T;)

12



To this arc corresponds the assignment obtained from any assignment in X by
replacing the route (Deoyry), T3, Deoiry)) by the route (Dy, T;, Dy).

Case 15 The arcs in Fj that are not arcs of Hg,

Let F' be the set of all such arcs. Since the submultigraph defined by F” is acyclic,
there exists a list of the arcs in /", denoted by ey, ez, ..., e/p/, such that ¢ is greater
than j whenever e; occurs before e; in a directed path. We consider the arcs in F” in
the order given by such a list. Let (7;,7}, k) be an arc in F’. Because H is normal,
there exists an ear of Hg, g, containing this arc. Let T;,,7T;,,...,T;, be such an ear
and assume that (7;,7}, k) = (1;

i1, Ii,, k). Note that since H is maximal, the arc
(T3, T;,, k) belongs to F.

Ift <r—1, welet M be a matching such that 7;, = u(M,). We then con-
struct an assignment corresponding to (7;,7Tj, k) by replacing, in X*, the routes
(D), u(Ms), D)) and (Deoiry)s Tirs Deoycry,)) (for every vertex T on the subpath
from T;, to T;,) by the single route (Dy,T;,, ..., T;,, D).

If t = r, we let M, be the matching containing (73,,7T;, , k) and construct the re-

1
quired assignment by replacing, in X® the routes (Dy,T;,,T;. ,Dy) and
(Deot(tys)s Tyrs Deoiry)) (for every vertex Ty on the subpath from T;, to Ti,_,) by
the single route (Dy, T; T, Dy).

17

Case 16 An arc of the form (Dy,T;, k) or (T}, Dy, k) for each k # |K| and each T;
in Sy

Let M be a matching such that T; = u(Ms). We choose the assignment obtained
from X, by replacing the route (D k|, T;, D|k|) by the route (Dy,T;, D). Observe
that since col(dz, (T;)) N col (67, (T;)) = 0, if k does not belong to col(dz, (T;)) (resp.
col(64,(T;))), then the arc (Dy,T;, k) (vesp. (T;, Dy, k)) does not belong to any as-
signment of the form X*. O

We now proceed to show that two of the conditions in Theorem A.10 are necessary.
Theorem A.11 Let G be a directed multigraph and H = (S, F') a normal submulti-
graph of G that is maximal (where S = S1 U Sy U S3 and F = Fy U Fy). Assume that
vig| > n— [|S1]/2] and vy > [|S1|/2] + [S2| + 1 for every k < |K|. If the inequality
Siimer X5 < |1S1]/2] 4 [S| represents a non trivial facet of Q, then

13



1. Hg, (considered as an undirected multigraph) is critical, and

2. for any arc (T;,T;,k) in Gs,\F1, Hs,\Conf(i,j, k) contains a matching of
cardinality ||S1]/2].

Proof. Let Q" denote the face of () represented by the equation 3 ;e ij <
||S1]/2] +S2|. First we note that Hg, does not contain an isolated vertex (otherwise
Q) would be empty and thus not a facet). Assume that the subgraph induced by Hg,
is not critical, i.e., there exists a vertex 7; in Sy such that Hg\(r,; does not include
a matching of cardinality [|S;]/2]. We let ¢ denote a colour in the complement of
col(67;(T;)) (if it exists). Since Tj is not an isolated vertex, any assignment X in Q'
contains an intertask (7;,7}, k) (or (T},T;, k)) belonging to Hg,us,. It follows that
Xt 1o = 0 for any assignment X in @', that is, Q" is contained in a trivial face. If
the complement of col (65 (7)) is empty, we can choose a colour ¢ in the complement
of col(6;(T;)) and conclude that Q' is contained in the face X/, ., = 0.

Let us assume now that the arc (7;,7};, k) belongs to Gg,\F; and @' is a non
trivial facet of ). Then @’ contains a feasible assignment X such that ij = 1. Let
H' denote the subgraph of H consisting of the edges (T}, T}, k") such that Xﬁ;, = 1.
It follows from the definition of Q)" that the connected components of H' are either
arcs belonging to Fy or paths whose endpoints belong to S;. Since ij =1, H' does
not contain any arc that is in conflict with (7}, Tj, k). Because H is normal, it must
contain the set of all the arcs (7, Tj, k') such that i and j” are the endpoints of some
connected component of H' (recall the third point of Definition A.4). Therefore Hg,
contains a matching whose arcs are not in conflict with (7;, 7}, k), and we conclude
that Hg, \Conf(i, j, k) contains a matching of cardinality ||S1|/2]. O

Corollary A.12 Let G be a directed multigraph and H = (S, F') a conflictual sub-
multigraph of G. Assume that vig| > n — [|S|/2] and v, > [|S]/2] + 1 for every
k < |K|. Then the inequality > ; yer XJ; < ||S]/2] represents a non trivial facet
of Q if and only if
1. H (considered as an undirected multigraph) is critical and 2-connected, and
2. for any arc (T;,T;,k) in Gs\F, H\Conf(i,j,k) contains a matching of cardi-
nality ||S]/2].
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Proof. H is normal because it is a conflictual submultigraph (i.e., So = S5 = () and
Fy = 0). The second condition implies that it is also maximal. Indeed, if Gg\F
contained an arc (73,7}, k) with the property that H U {(7;,7},k)} is a conflictual
submultigraph, (7;,Tj, k) would be in conflict with all the arcs incident to T; or Tj
in H and the nodes T; and T; would be isolated in H\Conf(i,j, k). This would
contradict the second condition. Therefore H is maximal and Theorem A.10 implies
that the conditions are sufficient. On the other hand, by Theorem A.11, if the
inequality 3 ; i ryer X5; < [|S]/2] represents a non trivial facet, the second condition
holds and H is a critical multigraph. If H contained a cut-vertex, H could be
decomposed into two connected components (S’, F’) and (S”, F") such that |S’" N
S =1,58U8"=8, FFUF" = F and |9| and |S”| are odd (since H is critical).
Then the inequality > ;pyer X1 < [|S]/2] would be the sum of the inequalities
Siigmer Xi < 1S]/2] and ¥ perr X5 < [157]/2], contradicting the assumption

that it represents a facet. We conclude that H is critical and 2-connected. O

Corollary A.13 Let G be a directed multigraph and H = (S, F) an elementary
normal submultigraph of G that is maximal (where S = S1US;US3 and F = F1UF,).
Assume that vig; > n — ||S1]/2] and vy > [[S1]/2] + |S2| + 1 for every k < |K].

Then the inequality 3 jper X5 < [|S1]/2] 4 |Sa| defines a non trivial facet of Q.

Proof. Let H' denote the submultigraph (S; U Ss, F1). By the definition of an
elementary submultigraph, H' contains an undirected hamiltonian cycle (denoted by
C'). Therefore Hg, itself contains a hamiltonian cycle and satisfies the first condition
of Theorem A.10. On the other hand, every source and every sink of H’ belongs to
S1 (since H is normal). Because H is maximal, any arc in Gg, joining a source to
a sink of H' belongs to Fi. Furthermore, if T; denotes the only vertex in Sy that is

neither a source nor a sink of H', col(6p, (T;)) U col(67, (T;)) is the set of all colours.

Let Hp denote the submultigraph of H whose arcs either belong to C or are
parallel to some arc of C. For any arc (1;, 7}, k) in Gg, \F1, either Hg\Conf(i, j, k)
contains a hamiltonian path or Hg\Conf(i, j, k) has at most one component with an
odd number of vertices (actually, this component is an isolated vertex). We conclude
that H satisfies both conditions of Theorem A.10 and the corollary follows. a
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