Appendix for “Managing Patient Service in a Diagnos-
tic Medical Facility” by Linda V. Green, Sergei Savin,
and Ben Wang

Proof of Proposition 1

Define the dynamic programming operator

Ti v (n,s)] = —sws — nwy, + pepn [(1 = psaiv1) v(n +1,8) + psaipav (n + 1,8 + 1)]
+pe (1= pn) [(1 = psait1) v (n, ) + psaiyiv (n, s + 1)]
+Pn (1 = pe) [(1 — PsQiy1) qu-&-l (n+1,s)+ psai-i-leq-&-l (n+1,s+ 1)}

+(1=pe)(1 = pn) [(1 = psaisa) Hiyy (n, ) + psaipa Hiyy (n,s + 1)) (18)

For i = 1,..., N + 1, define G; as the class of functions defined on S; such that for every

g€G;
gns+1)—gn+1,s) < gn+ls+1)—gn+2s), (19)
gn+1,8)—gn,s+1) < gn+1l,s+1)—g(n,s+2), (20)
g(n,s)—g(n,s+1) < gn+1,s)—gn+1,s+1), (21)
g(n,s)—gn+1,s) < gn+1l,s)—gn+2s), (22)
g(n,s)—gn,s+1) < gn,s+1)—g(n,s+2), (23)

where we have assumed that all the states for which g is evaluated belong to S;. First, we

will show that the class G;1 is mapped onto the class GG; by the action of T}
Lemma Al
For any function g € G;41 we have T'g € G, 1 =1,...,. N
Proof of Lemma A1l

First we will show that g (n + 1,8)=Tf g (n,s + 1)=T7g (n + 2,8)+T g (n + 1,s + 1) >

0. We look at 4 separate cases: 1) (n>1,s>1),2) (n>1,s=0),3) (n=0,s>1), 4)
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(n=0,s =0). Below we provide the proof for the case of a;,;; = 0, since the proof for the

case a;+1 = 1 can be derived in the exactly same fashion.

First, for the case of n > 1 and s > 1, we get

Tfg(n+1,s+1)—=T'g(n+2,5s) = Tg(n,s+ 1)+ T g(n+1,s)

= pePnlgn+2,s+1)—gn+3,s)—gn+1,s+1)+g((n+2s)
+pe(l=pu)lgn+1,s+1)—g(n+2,5)—g(n,s+1)+g(n+1,s)
+pn (L —pe) [HY (R 42,5+ 1) — Hfy (n+3,8) — H,  (n+ 1,5+ 1)+ H, | (n+2,5)]
+ (1 = pe = Pa + pepn)

X [Hia+1 (Tl + 17 5+ 1) - HiaJrl (77/ + 27 8) o HiaJrl (nv 5+ 1) + Hia+1 (Tl + 17 S)] : (24>

As p, (1 — pe) and (1 — pe — pp + peprn) terms share a similar structure, below we look at

the p, (1 — pe) term:

H (n+2,s+1)—H! (n+3,5)—H!  (n+1,s+1)+H' (n+2,5)
= max[g(n+1,8)+r,,g(n+2,5s—1)+r

+max[g(n+1,8+1)+r,,g(n+2,s) +r

—max[g(n,s+1)+7,,9(n+1,s)+ 1

—max[g(n+2,8)+r,,g(n+3,s—1)+74. (25)
DIfgn,s+1)+r,>gn+1,s)+rsand g(n+2,s)+r, >g(n+3,s—1)+rs,

H'L'a+1(n+278+1)_HiaJrl(n—i_SJS)_HiaJrl(n—i_175+1)+Hia+1(n+275)
= max[g(n+1,s)+7,9(n+2,5s—1)+7
+max[g(n+1,s+1)+7n,9(n+2,5)+ 74

—g(n,s+1)—r,—gn+2s)—r,

v



Dlfgn,s+1)+r,<gn+1,s)+rsandg(n+2,8)+r, <gn+3,s—1)+r,

>

3) If g (n,

v

Hiy(n+2,s+1)—Hy(n+3,s) — Hyy (n+1,s+1) + Hiyy (n+2,5)
max [g(n+1,s) +7p,9(n+2,5— 1)+
+max[g(n+1,s+1)+7,,9(n+2,5)+ 7
—gn+1,8)—rs—gn+3,s—1)—r;

gn+2,s=1)+g(n+2s)—gn+1ls)—gn+3,s—1)>0.
s+1)+r,>gn+1,8)+rsand g(n+2,5)+7r, <g(n+3,s—1)+r,

Hiyy(n+2,s+1)—HYy(n+3,s) - Hyy(n+1s+ 1)+ HYy (n+2,5)
max [g(n+1,s) +rn,g(n+2,5—1) 47,
+max[g(n+1,s+1)+7r,,9(n+2,8)+ 7
—g(n,s+1)—r,—gn+3,s—1)—r
gn+2,s—1)+gn+1,s+1)—g(n,s+1)—gn+3,s—1)

gn+1,s)+gn+1,s+1)—g(n,s+1)—g(n+2,s)>0.

HIftgn,s+1)+r,<gn+1,s)+rsand g(n+2,5)+r, >g(n+3,s—1)+r,

>

Hiyy(n+2,s+1)—HYy(n+3,s) - Hyy(n+1s+ 1)+ HYy (n+2,5)
max [g(n+1,5) + 7, 9(n+2,5 — 1)+
+max[g(n+1,s+1)+r,,g(n+2,s)+7
—g(n+1,8)—rs—gn+2,8)—ry,

gn+1,s)+g(n+2,s) —gn+1,s) —g(n+2,s) =0.

Second, for the case of n > 1 and s = 0,

[Tig (n+1,0) = Tg (n, V)] = [Tg (n + 2,0) = Ti'g (n + 1, 1)]

= pepulg(n+2,0)—g(n+1,1)—g(n+3,0)+g(n+21)]
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+pe (1 =pp)[g(n+1,0) —g(n,1) —g(n+2,0)+g(n+1,1)

+pn (1 — pe) [Hiaﬂ (n+2,0) = Hy (n+1,1) — HYy (n+3,0) + Hyy (n+2, 1)}
+ (1 = pe = Pn + Pepn)

x [Hf, (n+1,0) — HYy (n,1) — HYy (n+2,0) + HY, (n+1,1)]. (30)

For the p, (1 — p.) term we get

HiaJrl <n+270) _HiaJrl (n+171) _HiaJrl <n+370) +Hia+1 (n+271)
= g(n+1,0)+r,—-HY\ (n+1,1) —g(n+2,0)—r,+ H' (n+2,1)

= ¢g(n+1,0) —max[g(n,1) +7,,g(n+1,0) +rs] —g(n+2,0)

+max[g(n+1,1) +7r,,g(n+2,0) +r,l. (31)
DIfg(n,1)+r>g(n+1,0)+r,
H! (n+20)—H! (n+1,1)—H, (n+3,0)+H  (n+2,1)
> gn+1,0)—g(n,1)—g(n+2,00+g(n+1,1) > 0. (32)
2) I g(n,1) +r, < g(n+1,0)+r,
HY (n+2,0)— HY, (n+1,1) — H%, (n+3,0) + HS, (n+2,1)
> g(n+1,0)—g(n+1,00—g(n+2,0)+g(n+2,0)=0. (33)
Third, for the case of n =0 and s > 1,
Tfg(n+1,s+1)—Tg(n+2,5) = T/g(n,s + 1)+ T g(n+1,s)
= PePnlg(2,5+1)—9g(3,5) —g(l,s+1) +g(2,5)]
+pe(1=pa)lg(Ls+1) —g(2,5) =g (0,5 +1) +g(1,5)]
+pn (1 = pe) [HiaJrl (2,s+1) - H, (3,5) - Hl, (1,s+ 1)+Hf+1 (275)]

+ (1 — Pe — Pn +pepn)

x[H&ML3+1y—Hﬁﬂls}—HﬁMQs+1}+HﬁdL@] (34)



For the (1 — p. — pp + peprn) term we have

qu-‘rl (17 s+ 1) - Hia—i-l (2, 3) - Hia—i-l (Ov s+ 1) + qu—f—l (17 5)
= max[g(0,s+ 1) +7r,,9(1,s) +7rs] —max[g(Ll,s) +7n,9(2,s — 1) + 74

—9(0,s) —rg + max[g (0,s) +rp,g (1,5 = 1) 4+ 7. (35)
DIfg(1,8)+r,>9(2,s—1)+r,

Hiy(g(1,s+1)) — Hiy (9(2,8) — H (9(0,s+ 1) + Hiy (9 (1,8))
= max[g(0,s+1)+7r,,9(1,s)+7rs] —g(1,s) —ry,
—g(0,s) —rs + max[g (0,s) +7p,9 (1,8 — 1) + 74

Z g(1,8)+7"5—g(].,8)—Tn—g(O,S)—T8+g(0,8)+7”n:0. (36)
NIfg(l,s)+r,<g(2,s—1)+r,,

Hiy (Ls+1) = Hy (2,8) = Hi (0,5 + 1) + Hiy (1, 5)
= max[g (0,5 + 1) +7,,9(1,8) +7] —g(2,5 1) —r,
—g(0,s) —rs + max[g (0,s) +7n,9 (1,8 — 1) + 74
> g(1,8)+rs—g(2,s—1)—r,—g(0,8) —rs+g(l,s — 1)+
> 0. (37)
The non-negativity of the p, (1 — p.) term is proved in the exactly same fashion as in the
case of n > 1 and s > 1.

Fourth, for the case of n =0 and s =0,

= Tig(1,1) = T7g(2,0) = T7'g (0,1) + Tig (1,0)
= Pepnlg(2,1) =9 (3,0) —g(1,1) +¢(2,0)]
+pe (1= pa) [9(1,1) =9 (2,0) = g(0,1) + g(1,0)]
+pn (1= pe) [H (2,1) = Hiyy (3,0) = HYyy (1,1) + Hy (2,0)]
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+ (1 — Pe — DPn +pepn)

x [Hfyy (1,1) = Hiy (2,0) = Hiy (0,1) + Hf (1,0)] (38)

7

For the p, (1 — p.) term we get

Hz{l-i-l (27 1) - qu—&-l (3a O) - qu—f—l (17 1) + Hia—&-l (27 0)
= max[g (1, 1) +7,,9(2,0) + 7] —g(2,0) =7y

—max[g(0,1) +r,, 9 (1,0) + ] + g (1,0) + 7. (39)
1)Ifg(0,1) +r, >g(1,0) +rs,

Hia-&-l (27 1) - qu—i—l (37 0) - Hia-i-l (17 1) + Hia-&-l (27 O)

> g(1,1)+r,—g(2,0)—g(0,1) —r, +¢(1,0) > 0. (40)
2)If g(0,1) + 7, <g(1,0) + s,
H,(2,1) = HY, (3,0) — HY (1,1) + HY (2,0)

> 9(2,0)+7r,—9(2,0)—g(1,0) —rs+g(1,0) = 0. (41)
Finally, for the (1 — p. — p, + pepn) term we have

HY, (1,1) = HY, (2,0) — HY, (0,1) + Hi (1,0)

= maX[g(0,1)+rn,g(1,O)+7’s]—g(l,O)—rn—g(O,O)—rs—i—g(O,O)—i—rn

> 9(170)+T3_9(170)_9(070)_Ts+g(070)20' (42)

The property (20) in Proposition 1 is derived exactly in the same way as the proof of (19).
We now show that T%g (n+1,s +1) = Tfg(n,s+2) —Ttg(n+1,s) +T¢g (n,s + 1) > 0.
We provide the proof for the case a;11 = 0 and look at 4 separate cases: 1) (n > 1,5 > 1),
2) (n>1,s=0),3) (n=0,s>1),4) (n=0,s=0). First, for the case of n > 1 and

s>1,

T;ag<n+17$+1)+7—;ag(n7s+1)_Tiag(nas—{_Q)_T;ag(n—{_l?S)
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= pPulg(n+2,s+1)+gn+1,s+1)—gn+1,s+2)—g(n+2,s)

+p.(l=po)lgn+1,s+1)+g(n,s+1)—g(n,s+2)—g(n+1,s)]

+pn (L —pe) [HYy (n+2,s+ 1)+ HY  (n+ 1,5+ 1) — HY (n+1,s+2) — HYy (n+2,5)]

+ (1 — Pe — Pn +pepn)

X [Hfﬂ (n+1l,s+1)+H! (n,s+1)—H (n,s+2)—H (n+ 1,3)} )

As p, (1 —pe) and (1 — pe — pp + pepn) terms share a similar structure, we only look at

the (1 — Pe — DPn +pepn) term:

Hz'a+1 (n78+ 1) - qu—i-l (7’L+ 173) - H;I—H (n78+2> +H£z+1 (n+ Ls+ 1)
= max[g(n—1,s+1)+r,,g(n,s)+r] —maxg(n,s) +rp,g(n+1,s — 1)+
—max[g(n—1,s+2)+7r,,9g(n,s+ 1) + 74

+max[g(n,s+1)+r,,g(n+1,s)+7 (44)
DIfg(n,s)+rn>gn+1,s=1)+rsandg(n—1,s+2)+r, >g(n,s+1)+r,

Hiy(n,s+1) = Hiyy (n+1,s) — HYy (n,s +2) + Hiyy (n+ 1,5+ 1)
= max[g(n—1,s+1)+7r,,g(n,s)+r—g(n,s)—r,
—gn—1,s4+2) —r, +max[g(n,s+1)+r,,g(n+1,s) + ry

lfgn,s)+r,<gn+l,s=1)+rsandg(n—1,s+2)+r, <g(n,s+1)+r,

H  (n,s+1)—H (n+1,s)—H  (n,s+2)+H" (n+1,5+1)

= max[g(n—1,s+1)+r,g(n,s)+r]—gn+1,s—1)—rg
—g(n,s+1)—ry+max[g(n,s+1)+7r,,g(n+1,s)+r

> gn,s)+rs—gn+1,s=1)—rs—gn,s+1)—rs+gn+1,s)+rs

= gn,s)—gn+1,s—1)—g(n,s+1)+g(n+1,s)>0. (46)

7

(43)



NIlfgn,s)+r, <gn+1l,s—1)+rsandg(n—1,s+2)+r, >g(n,s+1)+r,

qu+1 (”a5+1)_Hz‘a+1 (”+175)—Hf+1 (n,s+2)+Hf+1 (n+1,5+1)
- max[g(n—1,s+1)+rn,g(n,s)—|—7’s]—g(n—i—l,s—l)—rs

—gn—1,s4+2) —r, +max[g(n,s+1)+r,,g(n+1,s) + ry

v

gn—1,s+1)—gn+1,s—1)—gn—1,s+2)+g(n+1,s)

Vv

gn,s)—gn+1,s—1)—g(n,s+1)+gn+1,s) >0. (47)
HIfgn,s)+r,>gn+1l,s—1)+rsand g(n—1,s+2)+r, < g(n,s+1)+r,

H  (n,s+1)—H  (n+1,s)—H  (n,s+2)+H' (n+1,s5s+1)
= max[g(n—1,s+1)+r,,g(n,s)+r]—g(n,s)—r,
—g(n,s+1)—ry+max[g(n,s+1)+r,,g(n+1,s)+r

> g<n75>_g<n75)_g(n75+1>+g(n75+1):O (48)
Second, for the case of n > 1 and s = 0,

Tig(n+1,1) + Tig (n,1) = Tig (n,2) = Ti'g (n + 1,0)
= pepnlg (n+1,1)+g(n,1) —g(n,2) —g(n+1,0)]
+pe (1 —pn)lg(n+1,1)+g(n,1) —g(n,2) —g(n+1,0)]
+pn (L —pe) [HYy (n+2,1)+ HY (n+1,1) — HY, (n+1,2) — H, (n+2,0)]
+ (1 = pe = pn + pepn)
x[H (n+1,1)+ HY  (n,1) = H,, (n,2) — HY,, (n+1,0)]. (49)

For the p, (1 — p.) term,

HiaJrl (TL + 27 1) + HiaJrl (n + 17 1) - Hia+1 (Tl + 17 2) - HiaJrl (n + 27 0)
= max[g(n+1,1) +7,,9(n+2,0) +rs] + max|g (n,1) +r,,g9 (n+ 1,0) + ry]
—max[g (n,2) +rm,g(n+1,1)+7r] —g(n+1,0) —rp,. (50)
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Ifg(n,2)+r, >gn+1,1)+rs,

Hiy (n+2,1) + Hiyy (n+1,1) — Hfyy (n+1,2) — HYy (n+2,0)
= max[g(n+1,1) +7r,,9(n+2,0) 4+ rs] + max[g (n,1) + r,, g (n+ 1,0) + 4]
_g(n72> _rn_g(n+1>0) —Tn

> gn+L,)+r+gn, ) +r,—gn,2)—r,—g(n+1,0)—r, >0. (51)
D lfgn,2)+r, <gn+1,1)+r,,

Hiy (n+2,1) + Hiyy (n+1,1) = Hfy (n+1,2) — HY,y (n+2,0)
= max[g(n+1,1) +7,,9(n+2,0) 4+ rs] + max[g (n,1) + r,,g (n+ 1,0) 4+ r4]
_g(n+171)_rs_g(n+1a0>_rn

Third, for the case of n =0 and s > 1,

Tig(l,s+1)+T7g(0,s +1) = T'g (0,5 +2) = Tig (1, s)
= pepn[g(L,s+1)+9(0,s+1) —g(0,5+2) —g(L,s)]
+pe (1 =pu)[g(1,54+1) +9g(0,s+1) =g (0,s+2) —g(1,s)]
+pn (1= pe) [Hiy (2,5 +1) + Hyy (Ls+1) — HYy (1,5 +2) — HY L (2,9)]
+ (1 = pe = pn + PePn)

X[qu-yl (Ls+1)+ Hi (0,8 +1) — HY (0,8 +2) — H (1,8)]. (53)
For the (1 — p. — pp + pepn) term, we get

HY(L,s+ 1)+ HYyy (0,s+1) — HY (0,8 4+2) — HiY (18)
= max[g (0,5 +1) +7,,9(1,5) + 7] +g(0,5) + 75

—g(0,s+1)—ry —max[g(0,8) +7r,,g9 (1,5 — 1) + 1. (54)



D Ifg(0,8)+r,>g(l,s—1) 47,

qu—&-l (L s+ 1) + qu-i-l (07 s+ 1) - Hzl’l—&-l (Oa s+ 2) - qu—f—l (175)
= max([g (0,5 +1)+7,,9(L,5)+7+9(0,5) —g(0,s+1) —g(0,s) =,

> g0,s+1)+7r,+g(0,8) —g(0,s+1)—g(0,8) —r, =0. (55)

2)Ifg(0,s)+m, <g(l,s—1)+rs,

= max[g(0,s+1)+7r,g(l,s)+7r]+g(0,s) —g(0,s+1)—g(l,s—1)—rs

> g(1,8)+rs+9(0,5) —g(0,s+1)—g(l,s—1)—rs >0. (56)

Fourth, for the case of n =0 and s = 0,

Tig(1,1) + Tg (0,1) = Ti'g (0,2) — Ti*g (1,0)
= Pebnl9(1,1) +9(0,1) = g(0,2) —g(1,0)]
+pe (1 —pa) [9(1,1) +9(0,1) = g(0,2) — g(1,0)]
+pn (1= pe) [Hiyy (2,1) + Hiyy (1,1) = Hiyy (1,2) — HiYy (2,0)]
+ (1 = pe = o + Pepn)

x [Hiy (L,1) + Hiy (0,1) = Hi (0,2) = HYy (1,0)] (57)
For the p, (1 — pe) term, we have
iy (2,1) + Hyy (L 1) = HYy (1,2) — HY L (2,0)

= max[g(1,1) 4+ r,,9(2,0) + 5] + max[g (0,1) + 7,9 (1,0) + 7]

—max[g(0,2) + 7y, g (1,1) + 7] — g (1,0) — 1, (58)

1)Ifg(0,2) +r, >g(1,1) +rg,

qu—I—l (27 1) + Hia-i-l (17 1) - qu—&-l (L 2) - qu—i-l (27 0)
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= max[g(1,1) 4+ r,, ¢ (2,0) + rs] + max[g (0,1) + 7,9 (1,0) + 7]
-9(0,2) —r, —g(1,0) — 1,
2 9(171)+rn+g(071)+rn_g(072)_rn_g(lao)_rn20' (59)

2)If g(0,2) + 7, < g(1,1)+ 7,

HY o (2,1) +H (1,1) — HY (1,2) — HY (2,0)
= max[g(1,1) + 7, 9(2,0) + ry] + max[g (0,1) + 75, g (1,0) + 7]
_9(171) —Ts—g(l,()) —Tn

2 g(lal)+rn+g(1>0)+Ts_g(171) —rs—g(l,O) —Tn = 0. (60)
Finally, for the (1 — pe — pn + pepn) term, we get

Hp, (1,1) + Hi, (0,1) — HY, (0,2) — HY, (1,0)
= max[g(0,1) +7,,9(1,0) + 75 +¢g(0,0) + 75 —g(0,1) =75 — g (0,0) — 7,

> ¢g0,1)+7r,—g(0,1) =7, =0. (61)

For the proof of submodularity (21) we need an additional result:
Lemma A2
For every service period i = 1,...., N + 1 and every state of the system (n,s) € S;_1,
fromr, >g(n+1,8)—g(n,s), rs>gn,s+1)—g(n,s) it follows that
rn > Tign+1,s)—Tg(n,s), (62)

Ts > ﬂag <n7 s+ 1) - Eag (na S) . (63)

Proof of Lemma A2
For (62), we provide the proof for the case a;;1 = 0 and look at 4 separate cases: 1)
(mn>1,5>1),2) (n>1,s=0),3) (n=0,s>1),4) (n=0,s =0). In general,

rn+ 19 (n,s) =T g (n+1,s)
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= ot wn+pepnlg(n+1s) —g(n+2,8)] +pe(l—pa)lg(n,s) —g(n+1,s)]
+pn (L= pe) [Hiy (n+1,5) — HYyy (n+2,5)]
+ (1= pe = P+ Pepn) [Hiy (n,5) = HYyy (n+1,5)]
= Pepu(ra +wn) +9(n+1,5) —g(n+2,s)]
+pe (1= pn) [(rn +wn) + 9 (n,s) =g (n+1,s)]
+pn (L= pe) [(rn +wn) + HYyy (n+1,8) — Hiyy (n+2,5)]

+ (1 — DPe — Pn +pepn) [(rn + wn) + qu—i-l (na S) - qu—&-l (TL + 17 S)] ' (64)

First, for the case of n > 1 and s > 1, the non-negativity of the p.p,, p. (1 — p,) terms can
be directly derived from the assumption. Since the p, (1 — p.) and the (1 — p. — p, + Pepn)

terms share a similar structure, we only look at the p, (1 — p.) term:

(rn + wn) + qu-i-l (n + 17 5) - Hia-i-l (n + 2’ 3)
= (rp+w,) +max[g(n,s)+rn,g(n+1,s—1)+r

—max[g(n+1,8)+7r,g(n+2,s—1)+r (65)
DIfgn+1,s)+r,>g(n+2,s—1)+r,,

(T +wy) + HYy (n+1,s) — HY  (n+2,5)
= rpt+w, +max[g(n,s)+rn,gn+1,s—=1)+r—gn+1s) —r,

> rptw,+g(n,s)+r,—gn+1,s)—r, >r, +w, >0. (66)
D Ifgn+1,8)+r,<gn+2,s—1)+r,,

(ro +wn) + Hiy (n+1,5) = Hiy (n+ 2, 5)
= rp+tw,+maxlg(n,s)+r,gn+1,s=1)+r—gn+2,s—1)—r,
> rptw,+gn+1l,s—1)+rs—gn+2,s—1)—r,
= mtw,+g9gn+1,s—1)—gn+2,s—1)>0. (67)
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Second, for the case of n > 1 and s = 0,

rn+ 9 (n,0) —g(n+1,0)
= Pepn[(rn+wn) +g(n+1,0) =g (n+20)]
+pe (1= pa) [(rn + wn) + 9 (n,0) — g (n +1,0)]
+pn (1 = pe) [(rn +wp) + HYy (n+1,0) — HY (n+2,0)]

+ (1 — DPe — DPn +pepn) [(rn + wn) + H?—&-l (TL, 0) - qu—&-l (n +1, 0)} (68)

The non-negativity of the pep,, pe (1 — p,) term can be directly derived from the assump-

tion. As the p, (1 — p.) and the (1 — p. — p, + peprn) terms share a similar structure, we

look at the p, (1 — p.) term:

(rn +wy) + HY (n+1,0) — HY, (n+2,0) =7, +w, +g(n,0) —g(n+1,0) > 0. (69)

Third, for the case of n =0 and s > 1,

mn+9(0,5) —g (L)
= pePn[(rn+wn) +9(L,8) —g(2,8)] +pe (1 —pa) [(rn +wn) +9(0,5) —g(1,5)]
+Pn (1 - pe) [(Tn + wn) + HZH (17 S) - Hf—ﬁ-l (27 S)}

+ (1 = pe — Pn + DepPn) [(Tn +wy) + H\ (0,s) — H\, (1, 5)] . (70)

The non-negativity of p. (1 — p,,) term can be directly derived from assumption. The proof
of the non-negativity of the p, (1 — p.) term goes exactly as in the case of n > 1 and s > 1.

For the (1 — p. — pn + pepn) term,

(Tn + wn) + H7,'a+1 (O, 8) - Hia+1 (17 8)

= rptw,+9(0,s—1)4+r; —max[g(0,s) +1r,,g(l,s — 1)+ 1
w, +1s+9(0,s—1)—g(0,5) >0, if g(0,8)+r,>9g(1,s—1)4r,

_ (71)

Wy + 71, +90,s—1)—g(l,s—1)>0, if g(0,s)+7r, <g(l,s—1)+r,.
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Fourth, for the case of n =0 and s =0,

n+9(0,0) —g(1,0)
= Pepn [(rn +wn) +9(1,0) = g(2,0)] 4+ pe (1 = py) [(ra + wa) + g (0,0) = g (1,0)]
+pn (1 = pe) [(rn +w,) + Hq (1,0) — HY (2, 0)}
+ (1= pe = o+ Pepn) [(rn + wn) + Hiy, (0,0) — HY (1,0)] (72)
The non-negativity of pepy, pe (1 — p,) term follows directly from the assumption. The

proof for the p, (1 — p.) term goes exactly as in the case of n > 1 and s = 0. Finally, for

the (1 — pe — pn + Deprn) term we get
(rn +wy) + Hy (0,0) = Hy (1,0) = 7, + w, + ¢ (0,0) — g (0,0) =7, = wy, > 0. (73)

In a similar way we get 7 +T¢g (n,s) — Tig (n,s + 1) > 0.0
The proof of submodularity is derived the same way as above. We consider 4 scenarios:
)(n>1,s>1),2)(n>1,s=0),3) (n=0,s >1),4) (n=0,s =0) . Below we provide
the proof for the case of a;,; = 0 since the case of a; = 1 is proved in a similar way. Now,
Ttg(n+1,8)+Tlg(n,s+1)—Tlg(n,s) —Tlg(n+1,s+1)
= ppnlgn+2,s)+gn+1,s+1)—gn+1,s)—g(n+2s+1)]

+p.(l=pu)lgn+1,8)+g(n,s+1)—g(n,s) —g(n+1,s+1)]

+pn (1 — pe) [Hia+1 (n+2,8)+ Hy(n+1,s+1) = Hyy(n+1,s) — Hiy (n+2,s+ 1)]

+ (1 = pe = Pn + PePn)
X [qu-s-l (n+1,s)+ H (n,s+1)— Hi, (n,s) — H;l-s-l (n+1,s5+ 1)}
First, for the case of n > 1 and s > 1, the non-negativity of the p. term can be directly

derived from the assumption. As the p, (1 — p.) and the (1 — p. — p, + pep,) terms share

a similar structure, we look only at the p, (1 — p.) term:

Hi (n+2,8)+Hy(n+1,s+1)—Hy(n+1s)—H  (n+2,s+1)

14



= max[g(n+1,5)+7r,,9(n+2,5—1)+r
+max[g(n,s+1)+r,,g(n+1,s)+ry
—max[g(n,s) +7n,g(n+1,5s—1) 41
—max[g(n+1,s+1)+r,,g(n+2,s)+r. (75)
DIfg(n,s)+rn>gn+1,s—1)+rsandgn+1,s+1)+7r, > g(n+2,s) +rs,
Hiyy(n+2,s)+Hyy(n+1,s+1)—H (n+1,s) - HYy (n+2,5+1)
= max[g(n+1,5)+rp,g(n+2,5s—1)+r
+max[g(n,s+1)+r,,g(n+1,s)+ ry
—g(n,s)—g(n+1,s+1)—r,—mr,
> gn+1,s)+g(n,s+1)—g(n,s)—g(n+1,s+1)>0. (76)
D Itgn,s)+r<gn+l,s—1)+r;andgn+1,s+1)+r, <g(n+2,s)+r,
Hiy(n+2,8) + Hiyy (n+ 1,5 +1) = HYyy (n+1,s) = Hiyy (n+ 2,5+ 1)
= max[g(n+1,8)+7r,,9(n+2,5—1)+r,
+max|[g(n,s +1) +ry,g(n+1,s) +r
—g(n+1,s=1)—rs—g(n+2,s)—rs
> gn+2s—1)+gn+1,s)—gn+1,s—1)—g(n—+2,5)>0. (77)
N fgn,s)+r,>gn+1l,s—1)+rsandg(n+1,s+1)+r, <gn+2,s)+rs,
Hiy(n+2,s)+ Hiyy(n+1,s+1) = Hiy (n+1,s) = HYy (n+2,s +1)
= max[g(n+1,8)+r,,g(n+2,5s—1)+r
+max[g(n,s+1)+7r,,9(n+1,5)+r

—g(n,s)—rn—g(n—i—Q,s)—rs

v

gin+Ls)+g(n+1ls)—gns)—gn+2s)
= 2g(n+1,8)—g(n,s) —g(n+2s) >0, (78)

15



HIftgn,s)+r,<gn+1l,s—1)+rsand g(n+1,s+1)+r, >g(n+2,s)+rs,

Hia+1<n+278)_'_Hia+1(n+175+1)_HiaJrl(n—i_le)_Hia+1<n+278+1>

= max[g(n+1,8)+7,9(n+2,5s—1)+7
+max[g(n,s+1)+7,,9(n+1,s)+ 1

_g(n+173_1)_Ts_g(n+178+1)_Tn

v

= 2g<n+178)_g(n+17‘9—1)_g(n+175+1)207
Second, for the case that n > 1 and s = 0,

T;lag <n+ ]-70) +T2ag (n71> _jlag (n,O) _T;,ag <n+ ]-71)
= pepn[g(n+270)+g(n+171)_g<n+170>_g<n+271)]

+pe (1 =pn)[g(n+1,0)+g(n,1) —g(n,0) —g(n+1,1)]

g(n—i—l,s)+rn+g(n+1,s)—|—rs—g(n+1,s—1)—rs—g(n+1,3+1)—rn

(79)

+pu (L=pe) [Hiy (n+2,0) + HYyy (n+1,1) — HY (n+ 1,0) = Hfyy (n+2,1)]

+ (1 — Pe — Pn +pepn>

x [Hf,, (n+1,0) + Hfy (n,1) — HY,  (n,0) — HY, (n+1,1)].

The non-negativity of p. terms can be directly derived from our assumption.

(80)

As the

pn (1 — pe) and the (1 — pe — Py + peprn) terms share a similar structure, it is sufficient to

look at the p, (1 — p.) term:

Hiyy(n+2,0)+ HYy (n+1,1) — HYy (n+1,0) — HYy, (n+2,1)
= ¢g(n+1,0)+r, +max[g(n,1)+r,,g(n+1,0) +ry
—g(n,0) —r, —max[g(n+1,1) +r,, g9 (n+2,0) 4 rg).
DIlfgn+1,1)+r,>g(n+20)+r,
HY (n+2,0)+H(n+1,1) - H  (n+1,0) - H | (n+2,1)
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> gn+1L,0)+r,+g9g(n,)+r,—g(n,0) =1, —g(n+1,1)—r,
= g(n+1,04+g(n,1)—gn,0)—g(n+1,1) > 0. (82)
DIlgn+1,1)+r, <g(n+2,0)+rs,
H}, (n+2,0) + H, (n+1,1) - H}, (n+1,0) - H, (n+2,1)
> gn+1,0)+r+g(n+1,0)+rs—g(n,0) —r,—g(n+2,0)—r
= 29(n+1,0) —g(n,0) —g(n+2,0) >0, (83)
Third, for the case that n =0 and s > 1,
Tig(1,s) + T{g (0,s + 1) = Tg (0,5) = T'g (1,5 + 1)
= PePulg(2,8) +g9(Ls+1)—g(l,5) —g(2,5+1)]
+pe (L —pn)[9(1,8) +9(0,s+1) —g(0,5) —g(l,s+1)]
+pn (1 —pe) [qu—f—l (2,8) + Hiyy (1,s+1) — H\ 4 (1,5) — H, (2,s+ 1)]
+ (1= pe = o+ pepn)
X [Hiyy (1,8) + Hyy (0,5 +1) = Hiyy (0,8) — Hiyy (1, +1)] (84)
The non-negativity of p. term can be directly derived from the assumption. The proof for
the p, (1 — p.) term is exactly same as the one for the case of n > 1 and s > 1. For the
(1 — pe — pn + Pepn) term, we get
Hia+1 (1,8) + Hz‘a+1 (0,s+1) — Hz‘a+1 (0,s) — Hia+1 (1,s+1)
= max[g(0,8) +7,,9(1,s = 1)+ 7] +g(0,8)+rs—g(0,s—1) —r,
—max[g (0,s + 1) +7,,9(1,s)+ rsl. (85)
Ifg(0,s+1)+r, >g(1,s)+rs,
iy (Ls) + Hiyy (0, +1) = Hiyy (0,8) — Hiyy (Ls 1)
> g(0,8)+7r,+9g(0,s) —g(0,s—1)—g(0,s+1)—r,
= 2¢g(0,s) —¢g(0,s—1)—g(0,s+1) >0, (86)
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2) 1t g(0,s+1)+r, < g(Ls) +7s,
qu—I—l (175) _|_ng1+1 (O,S—I—l) _qu—&-l (073) _Hia—&-l (175+1)
Z g(lus_1)+rs+g(0’8>_9(078_1)_9(178)_T5

Fourth, for the case of n =0 and s =0,

Tig(1,0) + T (0,1) = Tig (0,0) = Tg (1,1)
= Pepnl9(2,0) +9(1,1) = g(1,0) = g (2,1)]
+pe (1= pn) [9(1,0) +9(0,1) =g (0,0) =g (1,1)]
+pn (1= pe) [H, (2,0) + HY (1,1) — HY (1,0) — HY (2,1)]
+ (1 = pe = pu + pepn)
x [Hy (1,0) + Hiyy (0,1) — H L (0,0) = H (1,1)] (88)
The non-negativity of the p. term can be directly derived from our assumption. For the
pn (1 — pe) term, we have
HE (2,0) 4 HE (11) — HEyy (1,0) — HY (2,1)
= ¢(1,0) + 7, +max[g (0,1) + 7,9 (1,0) + ]
—g(0,0) = r, —max[g (1,1) +7r,,9(2,0) + rs]. (89)

DIfg(1,1)+7r, > ¢g(2,0) + s,

H,(2,0) + H, (1,1) — HY, (1,0) — HY (2,1)
= g(1,0)+rn+max[g(0,1)+rn,g(1,0)—|—7’5] _Q<0,0) _rn_g(Ll) —Tn
> 9(1,0) +g(0,1) —g(0,0) —g(1,1) > 0. (90)
) Ifg(1,1)+7r, <g(2,0)+7s,
Hi 4 (2,0)+ Hy (1,1) = HY (1,0) = HE G (2,1)
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= g(1,0) +rn +max{g (0,1) + 74,9 (1,0) + 4] = g(0,0) =1 — g (2,0) — s

For the (1 — p. — p,) term,

Hi, (1,0) + Hi, (0,1) — H, (0,0) — HY, (1,1)

= 9(0,0) + 72+ 9(0,0) + 75 = g(0,0) —max[g (0,1) +rn, g (1,0) + 7. (92)
1) If g(0,1) +r, > ¢(1,0) 4 rs, then using Lemma A2, we get

HzflJrl (17 0) + Hia+1 (Ou 1) - quJrl (07 0) - HzflJrl (17 ]-)
= 9(0,0)+7m+9(0,0)+7r.—9(0,0) =g (0,1) =7y

2) If g(0,1) + 7, < g(1,0)+rg, then using Lemma A2, we get

Hi, (1,0) + Hi, (0,1) — HY, (0,0) — HY, (1,1)
= ¢(0,0) + 7, +g(0,0) + 7, —g(0,0) =g (1,0) —r,

= ¢(0,0)+ 7, —g(1,0) > 0. (94)

For the concavity of g, if we have g(n,s) + g(n+2,s) < 2g(n+1,s) and g(n,s) +

g(n,s+2)<2g(n,s+1), by adding up (19) and (21) we get
Tig(n,s) +Tig(n+2,s) < 2T g(n+1,s), (95)
and by adding up (20) and (21) we get

Tig(n,s) + I'g (n,s+2) < 2T¢g (n,s + 1). (96)

This concludes the proof of Lemma Al. Now we turn to the proof of the statement of

Proposition.
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a) For a given service period i, we observe that the structure of the capacity allocation
operator H{ (n, s) implies that, when in the state (n, s) (such that n,s > 1) an outpatient
is chosen for service if and only if V* (n,s — 1) = V*(n — 1,s) > r, — rs. Since, according

to (19), VA (n —1,s) — V. (n,s — 1) is an decreasing function of n, we can define

i+1, AVE >y — 1,
ni(s) = (97)
min(n‘%(nﬂg_l)_‘/i(n_LS)<rn_rs); A‘/;a<rn_T37
where AV = Ve (i,s — 1) — V* (i — 1,s), so that outpatients are serviced if and only if
n < ni(s).

b) Considering n¢(s) and nf(s + 1), we observe that, as it follows from (20) and the

definition of n¢(s),

Vieni(s + 1) +1,s = 1) = V¥ (ni(s +1),s) = V¥(ni(s+ 1)+ 1,5) =V (nf(s +1),5+1)

Vv

Ty — Ts (98)

Thus, nf(s) < nf(s+1).
Proof of Proposition 2

We start by proving the monotonicity of the critical indices with respect to m,. Consider
two different values of the penalty costs m, and 7, such that w, < 7,. Let V.*(n,s,m,)
and V (n, s, ,) be the optimal value functions for these respective values of the penalty
costs. The monotonicity of the critical index nf(s) would follow if we show that for every

i (i=1,..,N) and every (n,s) € S;,
Ve(ny,s+1,m,) = Vi (n+1,s,m,) <V (n,s+1,m,) = V" (n+1,s,m,). (99)

The proof of this statement is derived by induction over the service period index i. For ¢ =
N+ 17 V]?/Jrl (na S+ 17 7Tn) - V]gf+1 (n + 17 S, 7Tn) - VJ%Jrl (n7 s+ 17 7_Tn) - VZ%+1 (n + 17 S, 77'”) =
T, — T < 0. Assuming that V4, (n,s +1,7,) — V4% (n+1,s,m,) < V% (n,s+1,7,) —

1 (n+1,s,7,) for some service period index, we want to prove that V;* (n,s +1,m,) —
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Ve(n+1,s,m,) <V*(n,s+1,7,)—V*(n+1,s,7,). We need to look at 4 separate cases:
1)(n>1,s>1),2)(n>1,s=0),3) (n=0,s>1),4) (n=0,s =0). The proofs for the

cases of a; = 0 and a; = 1 are similar, so we only look at the case of a; = 0 below:

Vit (ny,s+1,m,) =V (n+1,s,m,)] — [V (n,s+ 1,7,) =V (n+1,s,7,)]

= PePn (VﬂH (n+1,s+1,m)—Vii(n+2,sm) Vi (n+tls+1,m) + Vi (n+2s 7Tn))
+pe (L —pn) (V4 (nys + 1,m0) = Vi (n+ 1,s,m,) = Vi (s + 1,7,) + Vi (n+ 1,5, 7,))
o0 (1 —pe) (H (n+ 1,5+ 1,m,) — H (n+2,8,m,) — H, (n+ 1,5+ 1,7,)
+H  (n+2,5,7,)) + (1 = pe — pp + pepn) (Hy (n,s + 1,m,) — HY (0 +1,5,7,)

—H  (n,s+1,7m,) +H  (n+1,5m,)) (100)

The non-positivity of the p. term can be directly derived from the induction assumption.
As the p, (1 — p.) and the (1 — p. — p, + pepn) terms share a similar structure, we take

the (1 — pe — pn + Pepn) term for example.

First, for the case of n > 1 and s > 1, we get

H (n,s+1,m,)—H:Y (n+1,s,m,)—HY (n,s+1,7,)+ H 1 (n+1,s,7,)
= max [Vlil (n—=1,s+1,m,) +rn, Vi (n,s,m) + 7”3}

— max [V;‘_’H (n,8,7) +rn, Vi (n+ 1,5 =1,m,) + 7"3}

— max [VZJrl (n—1,5s+1,7,) +7,, Vi (n,s,7,) + 7’5}

+max [Vi4, (n, s, %n) + 70, Vit (R + 1,5 — 1,%,) + 7] (101)

1

DIEVE, (n—1,s 4+ 1,m,)+r, > V% (n,s,m,)+rsand Vi, (n, s, T,) 4+, > Ve (n+ 1,5 — 1,7,)+

Ts

7

H{l+1 (n73 + 177TTL) - Hzferl (’I’L + 17 877Tn) - quJrl (n,s + 1777',1) + qu+1 (TL + 1,8,77%)
= Vii(n—=1,s+1,m)+r+ Vi (ns7)+r,
— max [V;‘fH (n,s,m,) +rn, Vi (n+ 1,5 = 1,m,) + 7“5]
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— max [‘/ﬁrl (n - 17 s+ 177?n) + T, ‘/iil (n, S, 7Tn) + Ts]

< Vi(-li-l (n - 175 + 1>7Tn) + V;'(-IH (na S’ﬁn) - Vii—l (n>5?ﬂ-n) - Vi(-li-l (n - 175 + 1’7?71)

IN

0. (102)

2Q)UVA, (n—1,s4+1,m,)+r, <V (n,s,m)+rsand V4, (n,s,7,)+r, <Vi% (n+1,s —1,7,)+
Ts
H  (n,s+1,m,) —H  (n+1,sm)—HY (n,s+1,7,)+H\ (n+1,57,)
= Vi (s m) Vi (ks = LR
—max [V, (n,s,m0) + 70, Vit (n+ 1,5 — 1,7,) + 7]
—max [Vi4, (n— 1,5+ 1,7,) + 7, Vity (0,8, Tn) + 7]
= Vi (n,s,m)+ Vi (n+1l,s—1,7m) - Vi (n+1,s—1,m)— Vi (ns T,

< 0. (103)

UV, (n—1,s+1,m,)+r, > Vi (n,s,m,)+rsand V4, (n, s, 7,)+r, < Vi (n+1,s —1,7,)+

rs, then, using the induction assumption we have

Viin—=1,s+1,m) =V (n,s,m) = Vi (n—1s+1,7)+ Vi (n,s7,) <0, (104)
and

Vii(n,s,m) =Vii(n+1,s=1,m,) =V (ns 7))+ Vi (n+1,s—1,7,) <0. (105)
Adding up (104) and (105), we get

V;C—L&-l(n_178+177Tn)_Vi(—l‘rl(n—i_las_lvﬂn)_‘/Z—l&-l<n_178+1’ﬁn)+‘/;3-1(n+178_177_Tn)

< 0 (106)
Therefore,

Hiy (nys+1,m,) — Hiy (n+1,s,m,) — Hiy (nys+ 1,7,) + HYy (n+1,8,7,)
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= Vi (n—1s5+1m,)+r, —max [‘/;il (n,8,7) +rn, Vi (n+ 1,5 =1,m,) + rs}
+Vi (n+1,s = 1,@,) +rg —max [V, (n— 1,54+ 1,7,) + 1y, Vi (n,5,7,) + 14)
< Viin=1ls+1,m) -Vl (n+1l,s—1m) Vi (n-1s+17,)
+Vi (n+1,s—1,7,) <0. (107)
HUVE (n—1,s+1,m,)+r, < V& (n,s,m,)+rs and Vi (n, s, T, )+r, > V4 (n+1,s — 1,7,)+
Ts,
H  (n,s+1,m,) —H  (n+1,sm)—HY (n,s+1,7,)+H\ (n+157,)
= Vii(ns,mn) +rs + Vi (0, s, Tn) + 14
— max [V;‘_IH (n,s,m,) +rn, Vi (n+1,s —1,m,) + rs]
—max [Vi4, (n— 1,5+ 1,7) + 7, Viy (0,8, Tn) + 7]

<V (05 ) Vi (05 7) = Vi (15 70) — Vi (1,5, 7) = 0. (108)
Second, for the case of n > 1 and s = 0,
H\ (n,1,7m,) —H (n+1,0,m,) — H, (n,1,7,) + H | (n+1,0,7,)
= max [V (n—1,1,m,) + 7, V% (n,0,7,) +75] — Vi (n,0,7m,) — 1y
— max [V;?H (n—1,1,7,) +rn, Vi (n,0,7,) + TS} + Vi (n,0,7,) +r, (109)
HIEVS, (n—1,1,m,) +7r, <V (n,0,m,) + s,

qu—&-l (TL, 1’ ﬂ-n) - qu—',-l (TL + 1) 077T71) - Hq+1 (nv 17 7?71) + qu-&-l (TL + 17 O,ﬁ-n)

)

< VZLH (nv 07 ﬂ-n) - VZLH (nv 07 Wn) - VZLH (TL, O? ﬁn) + Viil (n7 07 7_7-”) = 0. (110)
2) If Ve, (n—1,1,m,) +r, > V% (n,0,7,) + 7, and, using the induction assumption

qu+1 (Tl, 17 ﬂ-n) - Hz'aJrl (n + 17 Ovﬂ-n) - HF{H (nv 177?“) + Hia+1 (n + 17 077_1-71>

)

< Vi =11,m) = Vi (n,0,m) = Vi, (n = 1, 1,7) + Vi3, (0, 0,7)

IN

0. (111)
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Third, for the case of n =0 and s > 1,

H, (0,s+1,m,) —H  (1,s,m,) — H 1 (0,5 +1,7,) + H4 (1,8, 7,)
= V&4,(0,s,m,) +r, — max [VZ‘_‘H (0,8, m,) + 1, Vi, (1, s = 1,m,) + rs]

—Va41(0,8,7,) — re 4+ max [V, (0,5, 7T) + 70, Vit (1, s — 1,7,) + 1] (112)
D IEVE, (0,8,7) +r >V (L,s—1,7,) + 15,

H, (0,s+1,m,) —H (1,s,m,) — H' (0,5 + 1,7,) + H,, (1,5,7,)
= ‘/jfi-l (07 S,’ﬂ'n) + s —Inax [‘/;(il (07 saﬂ-n) + Tn, ‘/i(-lt,-l (]-a s — ]-77Tn) + Ts}
-V, (0,8, 7,) — s + Vi1 (0,8, 7) + 14

S Vicjrl (07 S, T‘-TL) - ‘/iil (07 S, ﬂ-n) - ‘/z’il (07 S5 7T-TL) + V+1 (07 S, ﬂ-n) =0. (113)
2) If V4, (0,8, 7,) + 1 < V4% (1,5 = 1,7,) + 1, and, using the induction assumption,

)

H(0,s+1,m,) — H (1,s,m,) — H ;1 (0,s+1,7,) + H' (1,5,7,)
= V%,(0,s,m,) +r, —max [VﬂH (0,8, 7) +1rn, Vi, (1,s = 1,m,) + rs}

_V;?&-l (O, S, ﬁn) —7Ts+ V;'(—Li-l (1, S — 17ﬁn) + 7

VAN

V;(—lf—l (0,s,m,) — V;(-lf—l (1,8 —1,m,) — V;+1 (0,8,7) + V (s —=1,7,)

IN
o

(114)
Fourth, for the case of n =0 and s = 0,

Hza—&-l (07 1a Wn) - qu—i-l (17 077Tn) - qu—i-l (07 17 ﬁ-n) + H+1 (1 O 7Tn)
= V4,(0,0,m,) +r, —V%,(0,0,7,) —r, — V4, (0,0,7,) —rs+ VS, (0,0,7,) + 7,
= 0. (115)
The monotonicity of the critical indices with respect to m, is established in the similar

fashion. As far as the monotonicity with respect to w, is concerned, we use the same

set-up for w, < w, to observe that at the initial step of induction (for i = N + 1),
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V]%—o—l (nv s+ 17wn) - VJ?H—I (n + 17 van) - v]e/—i-l (n7 s+ 1771_)11) + V]%—t-l (TL + 1737wn> = 0.

Considering the main induction step, we have

[V 1,5+ L) = VO (0 1,5, 00)] — [VA (1,5 + L) = V0 (0 + 1,5, 0,)]
= (wn — W)
+pepn(Viiq (n+ 1,8+ 1, w,) = V& (n+2,5,w,) — V4 (n+ 1,5+ 1,w,)
+Vi (n+2,8,10,))
P (1 = pn) (Vidy (n,s + Lown) = Vi (n+1,8,wn) = Vi (n, s+ 1,0)
+Vi4 (n+1,s,10,))
+pn (1 —pe) (Hy (n+ 1,54+ 1, w,) — H,y (n+2,s,w,) — HY,y (n+ 1,5+ 1,0,)
+Hyy (n+2,5,10,))
+ (1= pe = pn 4 pepn) (Hy (0,8 + 1wn) — HYyy (041, 8,wn) — HYyy (0,5 + 1, )

+H  (n+1,s,w,)) (116)

It’s clear that the first term (w, — w,) < 0. The proof of non-positivity of other terms
follows from the induction assumption in exactly the same way as in the proof of mono-

tonicity with respect to m,. Similarly, the monotonicity with respect to wy is established.

Further, let us look at the monotonicity with respect to p,. As above, we consider
two different values for this probability p, < p,, and define V.* (n, s, p,) and V* (n, s, p,,)
to be the optimal value functions for these respective values of the probability of a non-
scheduled arrival. The proof of this statement is derived by induction over the service pe-
riod index . Fori=N+1, V., (n,s+1,p,) = Vi, (n+1,5p,) = Vi, (n,s+1,p,)+
Vi (n+1,s,p,) =0. Assuming that for some service period index i, V%, (n,s + 1,p,) —
Vi, (n+1,s,p,) < V4 (n,s+1,0,)—V4 (n+ 1, 5,Dy), we will show that V* (n, s + 1, p,)—

VA (n+1,8p,) <V*(n,s+ 1,0,)—V,* (n+ 1,s,p,) . As before, we only provide the proof
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for the case of a; = 0 since the case of a; = 1 is analyzed in a similar manner. Now,

Vi (nys +1,p0) = Vi (n 41, 8,p0)] = [Vi* (5 + 1, Pa) = Vi* (n+ 1,5, p,)]
= PePn (Vﬁﬂ (n+1,5+1,p,) — Vi (n+2,8,pn) — Vi (n+1,s+1,pn) + Vi (n+2, S,ﬁn))
+pe (B — Pn) (Vi (n+ 1,5+ 1,5,) + Vi, (n+2,5,P0))
+pe (1= pn) (Vi1 (ny s+ 1pn) = Vi, (n+ 1,s,p,) = Vi (0,5 + 1,50) + Vi (n+ 1,5,5,))
—pe (B — pn) (Vi1 (0,5 +1,5,) + Vi1 (n+1,5,7n))
+pn (1 —pe) [HY (n+ 1,54+ 1,p,) — Hy (n+2,8,p,) — HY  (n+ 1,5+ 1,Dy)
+H (n+2,5,pn)]
— (P = pn) (1= pe) [Hiy (n 41,8 +1,0n) — Hiy (n+2,5,5,)]
+ (1 = pe = Pn+ pepn) [H 1 (s + 1,pn) — Hiyy (n+1,8,p,) — Hiyy (n,s 4+ 1,p,)
+H (n+1,5,p,)]

— (Pn —pn) (1 = pe) [HEyy (nys+1,D,) — HYy (n+1,5,5,)] (117)

The non-positivity of the p.p,, pe (1 — p,) terms above directly follows from the induction
assumption. For the p, (1 —p.) and the (1 — p. — pp + peprn) terms, the non-positivity
is established in exactly the same way as in the proof of monotonicity with respect to
wy,. Finally, the non-positivity of the (p, — p,) terms were established in the proof of

Proposition 1.

The monotonicity with respect to p, is established as follows. As before, we consider
two different values for this probability ps; < p, and define V,* (n, s, ps) and V* (n, s,p,) as
the respective optimal value functions. Fori = N+1, Vg, (n,s + 1,ps) =V (n+ 1,5, ps)—
Vg (n,s +1,5,)+ Vi, (n+1,5,p,) = 0. Assuming that for some service period index 4,
Vi (n,s+1,p,) =V (n+1,s,ps) > V4 (n, s+ 1,p) = Vi, (n+ 1,5, D), we will show

that V% (n,s + 1,ps) =V (n+1,s,ps) > Vo (n,s+1,ps) =V (n+1,s,ps) . Since we only
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need to consider the case of a; = 1, we get

[V;a (n7 5+ 17p8) - Via (TL + 17 Saps)] - [Via (nv 5+ 17]78) - V;a (n + 17 Svﬁs)]

Vii(n+1,s+1,p) =V (n+2,s,ps)
= DeDPn (1 - ps)
_V;?H (TL + ]-7 s+ 1,?3) + ‘/;?l-l (n + 27 S?pS)

Vii(n+1,8+2,p) = Vi, (n+2,5+1,p,)
+PePnDs
—Vii(n+1,8+2,p) + Vit (n+2,54+1,ps)

V;?i-l (n’ s+ 17p8) - ‘/;‘fbl—l (7’L + 17 S7ps)
+pe(1 _pn) (1 - ps)
_V;il (nv 5+ 17]58) + V;a+1 (n + 17 57253)

V;il (n7 s+ 27p8) - ‘/iil (n + 17 s+ 17]93)
+pe(1 _pn)ps
_Vi(—li-l (n7 s+ 27]55) + ‘/ic—li-l (n + 17 s+ 1aﬁs)

He oy (n+1,s+1,ps) — HY (n+ 2,8, ps)
+pn(1 _pe> (1 - ps)
_qu—‘rl (n + ]'7 s+ 172_93) + Hz'a—i-l (n + 27 872_93)

Hia—&-l (n + 1’ 5+ 27p8) - qu—&-l (TL + 273 + 17ps)
+pn(l _pe>ps
_Hz{l—i—l (n + 17 S + 27]_93) _'_ HZ{Z—H (n _'_ 27 S + 17233)

qu-i-l (n7 5+ 1,]75) - qu—i-l (n + 17 S:ps)
+ (1 — Pe — Pn +pepn) (1 _ps)
_qu+1 (TL, s+ 17ﬁs) + qu+1 (TL + 17 S?ﬁs)
H, (n,s+2,ps) — H, (n+1,5+1,ps)
+ (1 — Pe — DPn +pepn> Ds
_H;L+1 (TL, s+ Qaﬁs) + H’?—&-l (TL + ]-7 s+ 17]_93)

B V;ﬁ_l(n—{—]_,s—’—l,ps)_‘/;il(n""Q;syps)
+ (ps _ps)pepn
—Viy (n+ Ls +2,5,) + Vi (0 + 2,5+ 1,7,)

Vﬁ-l (na 5+ 17175) - V;‘ELH (n +1, 57]55)
+ (]_93 - pS)pe(l - pn)
_‘/ia+1 <n7 5+ 27]38) + ‘/z’il (n + 17 s+ 17]33)

_ Hz%rl (n—i—l,s—i—l,ﬁs)—HfH (n+2787ﬁ5)
+ (Ds — ps) Pu(1 — pe)

_qu—&—l (n + ]-a s+ 27?5) + qu—l—l (’I’L + 27 s+ 17]_95)
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+ (Z_)s - ps) (1 —Pe — Pn +pepn)

qu n,S‘i‘l,ps _HZa n+1787ﬁs
y +1< ) +1( ) ' (118)

_Hz{l—i-l (n’ 5+ 27?5) + Hg—i—l (n +1,s+ 171—95)

On the one hand, the non-negativity of the first 8 terms above follows from the induction

assumption and is shown in exactly the same way as in the proof of the monotonicity with

respect to w,. On the other hand, the non-negativity of the last 4 terms with (p, — ps)

follows from Proposition 1. Thus, V.* (n,s + 1,ps) — V.*(n+ 1,s,ps) > V.*(n,s + 1, ps) —

V*(n+1,s,ps) , and the monotonicity with respect to p; is established.

Now, let us look at the monotonicity with respect to r,. We consider two differ-

ent values r, < 7, and define V*(n,s,r,) and V(n,s,T,) to be the respective value

functions. In order to prove the monotonicity, we need to show that V%, (n,s +1,7,) —

Gin+ 1 s, rp)+r, < VS (n, s+ 1,7,)=V4, (n+1,s,7,)+7, implies that V;* (n, s + 1,7,)—

7

Va(n+1,s,r,)+r, <V*n,s+1,7,) —V.*(n+1,s,7,) +T,. Then, for the main induc-

tion step, we get (a; = 0)

Vi(n,s+1,r,) = Vi(n+1,8,1,)+r.] —[Vi*(n,s+1,7,) =V (n+1,s7T,) + T,
PelnViia (n+1,s +1,m,) = VS, (n+2,8,r,) +1, — VS (n+ 1,5+ 1,7,)

+Vi (n+2,8,7,) — T

P (1= pn) Vi1 (0 s + 1) = Vi (n+1,8,m) + 1 = Vit (0, s +1,70)

+Vi (n+1,8,7,) — T

+pn (1 —pe) [HY  (n+ 1,54+ 1,1r,) — HY y (n+2,8,1,) + 1 — H,y (n+ 1,5+ 1,7,)
+HY (n+2,5,T,) — Ty

+ (1= pe = o+ pepn) [Hiyy (0,5 +1,m) = Hiyy (41, s,m) + 1 — Hiyy (0,5 +1,7)

+H (n+1,5,7,) — Tyl (119)

The non-positivity of the p. term follows from the induction assumption. Since the

pn (1 —pe) and the (1 — pe — pp + pepn) terms share similar structure, we look at the
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(1 — Pe — DPn + pepn) term:

HY (n+1,s+1,m,)—H! (n+2,57m,)+r,
—H! (n+1,s+1,7,)+H (n+2,57,) —Tp
= rp+max [V (n,s+1,r,) 4+, Vi (n+1,8,1m,) + 14
—max [V, (n+1,8,7,) + 70, Vi (R + 2,5 — 1,1) + 7]
—Tp —max [V (n,s + 1,7,) + T, Vi (n+ 1,5,7,) + 7]
+max [Vi4, (n+1,8,7,) + 70, Vi (n+ 2,5 — 1,7,) + 1] . (120)
DIfVE (nys+1,1m)+r, >V (n+1,8,1m,)+rsand V4 (n+ 1,8, 7,)+7, > Vi (n+ 2,5 — 1,7,)+
Ts,
Hl  (n+1,s+1,r,)—H! (n+2,51,)+7r,
—H!  (n+1,s+1,7,)+H  (n+2,57,) =Ty
= r,+ Vi (n,s+1, rn)+rn—max[ San+1s, )+, Vi (n+2,s — 1,Tn)—i—7"5}
—T, —max [V (n, s+ 1,7,) + 7, Vi (n+ 1,8,7,) + 7] + Vi (n+1,8,7,) + Ty
< rp+Vii(nos+ 1) = Vi (n+1,s,1m,) =T — Vi (n,s +1,7,) + Vi (n+1,s,7,)

< 0. (121)

2) VS, (n,s+ 1) +r, < VA (n+1,s,mp)+rsand Vi, (n+1,5,7,)+7, < V4, (n+2,5s —1,7,)+

Ts,
H (n+1,s+1,m,)—H' (n+2,571,)+r,
—H!  (n+1,s+1,7,)+H (n+2,57,) =Ty
= 1+ Vi (n+1,sr,)+rs—max [Vi (n+1,81,) +r,, Vi (n+2,s—1,r,) +r
—T, —max [V (n, s+ 1,7,) + 70, Vi (n+ 1,8,7,) + 7] + Vi (n+2,s = 1,7,) + 1y
< 4 Vii(n+1sr) = Vii(n+2,s—1,r,) =7, — Vi% (n+1,5,7,)

+Vi(n+2,5-1,7,) <0. (122)
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3)IUVE, (n,s+1,1m)+r, > Ve, (n+1,s,rp)+rsand V4 (n+1,5,7,)+7, < V% (n+ 2,5 —1,7,)+

rS?

IN

IN

H (n+1,s+1,m,)—H' (n+2,571,)+r,

—H{ (n+1,s+1,7,) + Hy (n+2,8,T,) — Ty

rn + Vi (n,s +1,7,) +r, —max [Vl‘il (n+1,8,1) 4+ 70, Viiq (n+ 2,5 — 1,rn)+r5]

—Tp —max [V (n,s + 1,7) + 7, Vi (n+ 1,8,7,) + 7] + Vi (n+2,s = 1,7,) + 7y
Vi (s + 1) —Vii(n+1,s,1,) —Tn— Vi (n+1,57,) + Vi (n+2,5—1,7,)
Vi + 1) = Vii(n+2,s=1,r,) =7 = Vi (n+1,57,)

+Vi (n+2,5s - 1,7,) <0, (123)

where we have used the result of Proposition 1.

NIV (nys+ 1) +r, S VA (n+ 1, s,rp)+rsand VA, (n+ 1, 8,7,)+7, > V4 (n+ 2,5 — 1,7,)+

rS?

IN

Hl  (n+1,s+1,r,)—H! (n+2,51,)+7r,

—H! (n+1,s+1,7,)+H! 1 (n+2,5,T,) —Tn

rn+Vii(n+1s rn)—i—rs—max[ San+1s, )+, Vi (n+2,5 — 1,rn)+rs]
Ty —max [V (n,s + 1,7) + 7, Vi (n+1,5,7,) + 7] + Vi (n41,8,7,) + Ty
Vi (n+1s,r) +rs =V (n+1,8,1m) —r,—Tp = Vi, (n+1,57,) —rs

+ i(—l&—l (TL + 17 Sa?n) +?n - 0 (124)

Finally, the monotonicity with respect to ry is established in exactly the same way as the

monotonicity with respect to r,.

Proof of Proposition 3

We first need the following definitions. Let G;, j = 1,2,3 be the classes of functions
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defined on S; such that for every g(n,s) € Gy,
gn—1,5)—g(n,s—1) <rs—r, (125)
and for every g(n,s) € G,
gn—1,8)—g(n,s—1)>r,—ry, (126)
while for every g(n,s) € Gs;,
gn—1,8)—gn,s—1)=gn—1,s+1)—g(n,s), (127)

for every (n,s) € S;; n>1,s > 1,i =1,...,N + 1. We observe that if the optimal value
function of (1), V,* (n, s), belongs to class Gy ;, then it implies that it is always optimal to
serve outpatients at the i-th service slot irrespective of the state the system. Similarly, if
V:* (n,s) € Ga,, then inpatients will have service priority at the i-th service slot. Finally,
Ve (n,s) € G5, implies that the decision on which patient type to serve at the i-th service
depends only on the number of inpatients waiting for service and not on the number of

waiting outpatients.

The proof of part a) is derived using induction over the service period index i. Using (3),

for ay = 0 (similar result is obtained for ay = 1), we get

V]%<n75+1) _Vﬁ(n—i_l?‘g)_vﬁ/fl <n75+1)+v]$/71 <n+175>
= [_ <S+ 1) (wS +7TS) _n(wn+7rn) _pnﬂ-n]

—[=s(ws +75) — (n+ 1) (wy, + T) — pu)

—(s+ 1) ws —nw, +pepVEn+1,s+1) +pe (1 —pp) Vi (n, s+ 1)

+pn(1_pe)HJG\L[<n+173+1)+(1_p6_pn+p6pn)Hﬁ[(n73+1>

—swy — (n+ 1) Wy, + pepa Vi (n+2,8) +pe (1 — p,) Vi (n+ 1, )
_|_

| Apn (L= pe) Hyy (4 2,8) + (1 = pe = pn + pepn) Hy (0 + 1, )
= Tn—Ts—PePn [V (n+1,s+1) = Vy(n+2,9)] —pe (L —pn) [Vy (n,s +1) = Vi (n+1,s)]
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—pn (1 —=pe) [Hy (n+ 1,5+ 1) — Hy (n+ 2, )]

— (1= pe = pn + pepn) [Hy (0,5 +1) — HY (n 41, 5)]

Tn—Ts — PePn [V (n+1,s+1) =V (n+2,8)] —pe(1—p,) [Vi (n,s+1) = Vg (n+1,s)]
—pn (1= pe) [Vi (n,s + 1) = Vi (n+ 1, )]

— (L =pe = pn+pepn) [Vy (n — 1,5 +1) = Vi (n, 5)]

(T = 7s) = Pebn (Wn + o — Wy — T5) = Pe (1 = pn) (W + T — W — 705)

—Pn (1= pe) (wn + T — ws = 5) = (1 = pe — P + pepn) (wn + T — ws — 7s)

ws — wy, > 0. (128)

For the case n =0, s = 0,

>

Vi (0,1) = Vg (1,0) = Vy_, (0,1) + Vx_; (1,0)

T — s — Pepn [Viy (0,1) = Vi (1,0)] = pe (1 = pn) [V (0,1) = V5 (1,0)]

—pn (1= pe) [Hy (1,1) = Hy (2,0)] — (1 = pe — pa + pepn) [Hyy (0,1) — Hy (1,0)]
T = Ts = PePn (T + Wy = Ts — ws) = Pe (1 = pn) (T + Wy, — 75 — W)

—Pn (1 = pe) (M + wn — 5 — ws) — (L = pe — pp + Pepn) (s — 70)

(1 = pe = P+ Pepn) (Tn + 1 — T — 175) + (Pe + Pr — PePn) (ws — wy,)

0. (129)

For the case n > 1, s = 0,

Vﬁ[ <n7 1) - V]% (Tl + 170) - V]%fl (n7 1) + V]ilffl (Tl + 170)
Tip — Ts — PePn [Vjef (TL + 17 1) - V]?] (TL + 27())] — De (1 _pn) [ngf (na 1) - V]?f (n+ 170)]
—Dn (1 _pe) [H](if (7’L + 1’ 1) - H](if (n + 270)} - (1 — Pe — Pn +pepn) [H]a\/ (TL, 1) - H]‘if (TL + 170)]

ws — wy, > 0. (130)

For the case n =0, s > 1,

V]?f (07 5+ 1) - Vﬁf (17 S) - V]?/—l (Oa s+ 1) + V]g/'—l (173)
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= My —Ts —pePn VN (Ls +1) =V (2,5)] = pe (1 = pp) [V (0,5 + 1) = Vi (1, 5)]
—Pn (1 _pe> [H](if (17 s+1)— HY (2>3)] — (I =pe —pn "‘pepn) [HXT (075 + 1) — Hy (17 S)]

= (1 — Pe — Pn +pepn) (7Tn + Tn — Ts — Ts) + (pe +pn - pepn) (ws - wn) Z 0. (131)

Suppose that, for some ¢ and any (n,s) € S, V%, (n,s +1)=V%, (n + 1,5) =V, (n,s + 1)+
Vi (n+1,s) > 0. Below we will show that V%, (n,s +1)=V;%; (n+1,5)—V*(n,s + 1)+
VA (n+1,s) > 0.

We look at 4 cases: 1) (n>1,s>1),2)(n>1,s=0),3)(n=0,s>1),4) (n=0,s=0).
For each of those cases, we consider 2 scenarios: a;1; = a;42 and a;21 = 1, a;40 = 0. In
addition, the proofs for the scenarios a;1; = a;42 = 0 and a;41 = a;12 = 1 are similar, so
below we only provide the proof for a;;; = a;1o = 0. For this scenario, for the case of

n>1ands>1,

Vi, (ns+1) = Va3, (n+1,8) = Vi (nos + 1) + V2 (n+ 1,5)
= pepn Vita(n+1,5+1) = Viio (n+2,5) = Vit (n+ 1,5 + 1) + Vg, (n + 2, 5)]
+pe (1= pn) [Viga (s +1) = Vi (n 4+ 1,8) = Vi, (0,5 + 1) + Vi (n+ 1, )]
+pn (1 — pe) [Hf+2 (n+1,s+1)—H!'y(n+2,5)—H (n+1,s+1)+H, (n+2,s)]
+ (1 = pe = Pn + Pepn)

x [Hfy(n,s+ 1) — Hfy(n+1,8) — H, | (n,s+ 1)+ HY,  (n+1,5)] . (132)

The non-negativity of the p. terms can be directly derived from the induction assumption.
As the p, (1 — p.) and the (1 — pe — p, + Pepn) terms share a similar structure, we only

look at the p, (1 — p.) term:

HZ{I+2 (n+178+1) _Hz’a+2 (n+273> _qu—i-l (n+178+1) +qu+1 (TL—}-Q,S)
= max [V, (n,s+ 1) + 7, Viiy (n+1,5) + 7]

—max [Vii, (n+1,8) + 70, Viiy (R + 2,5 — 1) + 7]
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—max [Vi4, (n,s + 1) + 7, Vit (n+1,5) + 7]

+max [Vi4, (n+1,8) + 7., Vil (n+ 2,5 — 1) + 7] (133)

DIEVeA,(n+1,8)4+r, > Viy(n+2,s—1)+rsand V4 (n, s+ 1)+r, > V5 (n+1,5)+

rS?

H,(n+1,s+1)—H'y(n+2,5)—H' (n+1,s+1)+ H" (n+2,5)
= max [Vi%, (n,s + 1) + 7., Vidy (n+ 1,8) + 7]
—Vis(n+1,8)—r, = Vi (n,s+1) —ry

+max [Vi4y (n+1,8) + 70, Vit (n+2,5 — 1) + 1]

v

Vi (n,s+1) = Vi (n+1,8) = Vit (n,s + 1) + Vi, (n+ 1,8)

v

0. (134)

) Vi,(n+1,8)+r, > Vi, (n+2,s—1)+rsand Vi, (n,s + 1)+r, < V4 (n+1,5)+

Ts,

Hy,(n+1,s+1)—H,(n+2,5)—H' (n+1,s+1)+ H  (n+2,5)
= max [Vi4, (n,s + 1) + 7., Vidy (R + 1, 8) + 7]

Vi (4 Ls) = — Vi, (nt108) 7

+max [V (n+1,8) +r,, Vi (n+2,s — 1) + 1

2 ‘/ic—sl—Q <n+ 178) - ‘/z'(—li-l (n+ 1’S> - ‘/z'(—li-2 (TL+ 178) _‘/i(—ll-l (’I’L—|— 178) = 0. (135)

U Viy(n+1,8)+r, <Vi,(n+2,s—1)+rsand V5, (n,s + 1) +r, > V4 (n+1,5)+
rS?
Hia+2<n+178+1) _Hz'(l+2(n+278) _HiaJrl (n+178+1>+Hia+1 (n+275)
= max [V, (n,s + 1) + 7., Vidy (n+ 1, 8) + 7]
Vi (n+2,s=1)—r, = Vi (n,s+1) =1,
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+max [Vi%, (n+1,8) + 70, Vit (n+2,5 — 1) + 1]

> Vio(n,s+1)=Vi,(n+2,5s=1)=Vi (n,s+1)+ Vi (n+2,5—1)

v

0. (136)

ATV, (0 Ls) 4y < Vi (n 4 208 — Db and Vi (n,s + 1)+, < Vi (04 1)+

Ts,

Hia+2<n+]—78+1)_Hg+2(n+278)_qu—l—l(n—i_178+1>+H£I—|—1(n+278)
= max [Vi%, (n,s + 1) + 7., Vidy (R + 1, 8) + 7]
—Visn+2,s=1)—r,=Vi (n+1,5) —r,

+ max [Vﬁu (n+1,8)+r, Vi (n+2,5—-1) —1—7“5}

v

Vie(n+1,8) = Vis(n+2,s—1)-Vi (n+1,s)+ Vi (n+2,s—1)

v

0. (137)
Second, for the case of n > 1 and s = 0,

Vi (n,1) = Vi (n+1,0) = Vi (n, 1) + V* (n + 1,0)
= pebn [Viia (n+1,1) = Vi, (0 +2,0) = Vi, (n 4+ 1,1) + Vi, (n+2,0)]
+pe (1 — pn) [Vz(«zm (n,1) — Vi (n+1,0) - Vi (n,1) + Vi (n+1, 0)}
+pn (1= pe) [Hiy (n+1,1) = HY 5 (n+2,0) — HY (n+1,1) + HYy (n+2,0)]
+ (1 = pe = pn + PePn)

X [qu+2 (n,1) — H?+2 (n+1,0) — Hf?+1 (n,1) + Hia-i-l (n+1, 0)] (138)

The non-negativity of the p. terms follows directly from the induction assumption. Again,
because of the similar structure of the p, (1 — p.) and the (1 — p. — p, + pepn) terms, we

only consider the (1 — p. — p,, + pepn) term:

Hf+2 (n,1) — Hz‘a+2 (n+1,0) — H?+1 (n,1) + qu+1 (n+1,0)
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= max[Vii, (n— 1, 1) 470, Vi, (n,0) + 1] = Vily (n,0) =7
—max[V4, (n —1,1) +7,, V4, (n,0) + 7] + V% (n,0) + 7y (139)
HIEVS, (n—=1,1)+r, > V4% (n,0) +r,,
Hio(n1) = Hip(n+1,0) = HYy (n,1) + HYy (n+1,0)
= max[Viiy (n = 1L, 1) 4+ 74, Vi (0, 0) + 7] = Vi (n,0) = Vi (n = 1,1) — r + Vi, (0, 0)
> Via(n=1,1) = Vi, (n,0) = Vi, (n = 1,1) + V%, (n,0) = 0. (140)
2)IfVe, (n—1,1) +r, < V&, (n,0) + 1y,
HY (n,1) — HY (n+1,0) - HY (n,1) + H} (n+1,0)
= max(Viy (1 — 1,1) 4+ 1, Vil (0,0) £ 1] — Vi (n,0) = V2, (n,0) = 7 + V2, (n,0)
> Vi (n,0) = Vi, (n,0) = Vi, (n,0) + Vi, (n,0) = 0. (141)
Third, for the case of n =0 and s > 1,
Vi, (0,5 +1) = Vi (1,5) = Vi (0,5 4+ 1) + V2 (1,5)
= pepn [Via (Ls +1) = Vi, (2,8) = VA, (1,s + 1) + Vi, (2,5)]
+pe (1= pa) [Vi42 (0,5 +1) = Vity (1,s) = Vi, (0,5 + 1) + Vg (1, 5)]
pn (L=pe) [Hiypo (Ls +1) = HYyp (208) — Hiyy (Ls + 1) + HY (2, 5)]
+ (1= pe = pn + pepn)
x [Hf 5 (0,5 +1) — HY 5 (1,8) — HYy (0,5 + 1) + HY (1,8)] (142)
The non-negativity of the p. terms can be directly derived from the induction assumption.

The non-negativity of the p, (1 — p.) term can be shown in exactly the same way as in

the case of n > 1, s > 1. For the (1 — p. — p, + pepn) term we get:

Hi o (0,s+1) = HYp(1,s) — Hyy (0,5 +1) + Hy (1, 5)
= Vi(-li-2 (07 3) T — Hlax[vi(—li-Q (07 5) + T, V;(—lﬂ (17 S = 1) + 7”3]
—V4,(0,8) —rg + max[Vi5, (0,8) + 1y, VIS, (1,5 — 1) 4+ 7). (143)
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D IEVA,0,8)+r, > Vi, (1,s — 1)+,

qu+2 (0,8 +1) — Hz‘a+2 (1,8) — Hz‘a+1 (0,s+1)+ Hf+1 (1,5)
‘/212 (Ov S) - ‘/z'(—li-2 (07 S) —Tn — V:L'C-&L-l (O’ S) + max[‘/z‘(—li-l (07 3) + Tn, V;(—lo—l (17 s — 1) + 7”5]
> ‘/ii2 (07 5) - Vi(jr2 (07 5) —Tn — ‘/;il (07 8) + VZLH (07 S) + = 0. (144)

2) If V4, (0,8) 1, < Vi, (Ls—1) + 7,

H 5 (0,s+1) = Hi\»p(1,8) — H,, (0,8 +1) + Hi', (1,5)
= Vi (0,8) = Vi (1,s = 1) =7y = Vi, (0,8) + max[V;4, (0,8) + 7, Vi (1,8 — 1) + 1]
Vz‘iz (0,s) — ‘/;(—1&-2 (1,s—=1) —r,— ‘/;(-li-l (0,s) + ijﬂ (I,s=1)+r, >0. (145)

Fourth, for the case of n =0 and s = 0,

Vi (0,1) = Vi3, (1,0) = Vi* (0,1) + Vi (1,0)
= pepn [V (11) = Vi45(2,0) = Vi (1,1) + Vit (2,0)]
+pe (1= pn) [Vi2 (0,1) = Vit (1,0) = Vi4, (0, 1) + Vi, (1,0)]
+pn (1= pe) [Hiyp (1,1) — Hiyp (2,0) — Hiyy (1,1) + HiY (2,0)]
+ (1 = pe = pn + pepn)
x [H{, (0,1) — HY., (1,0) — HY, (0,1) + H, (1,0)] . (146)

The non-negativity of p, terms is obvious. As the p, (1 — p.) and the (1 — p. — p, + Pepn)

terms share a similar structure, we look at the p, (1 — p.) term:
Hio (1,1) — HY 5 (2,0) — HiYyy (1,1) + HY (2,0)
= max(V2, (0, 1) + 1, Vi (1,0) 4 1] — Vi (1,0) = 1,y
—max[V5,(0,1) 4+ 7, V5, (1,0) + 5] + V4 (1,0) + rp. (147)
1) It V;(«IH (07 1) T = V;(}H (17 0) + 7T
Hia-i-2 (17 1) - H?—&-Q (2a O) - qu—f—l (17 1) + Hia—&-l (2a O)
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= maX[Vfw (O, 1) + T, V;i2 (17 O) + TS] - ‘/iCJLrQ (1? 0) - Viil (07 1) —Trpt Viil (17 0)

= Vii—2 (07 1) - V;'(—IFZ (17 O) - Vi(—li-l (07 1) + V;'(-ZH (17 O) > 0.
2) If V4, (0,1) + 7, < V44 (1,0) + 7,

Hp o (1,1) = H 5 (2,0) — HY, (1,1) + HY (2,0)

= HlaX[Vi?‘rZ (07 1) + Tn, ViiQ (17 0) + TS] - ‘/212 (17 O) - V;il (17 0) — Tt ‘/iil (17 O)

= V;(-li-2 (17 0) - Vii—Q (17 0) - V;'(—ZH (17 O) + Vii—l (17 O) =0.

Now we turn to the scenario for which a;11 = 1, a;52 = 0. Forn > 1, s > 1, the p. (1 — p,)

term in V4, (n,s+1) = V5, (n+1,5) = V*(n,s +1) + Vi (n + 1, 5) looks like

[(1 - psai+2) ‘/112 (nv 5+ 1) + psai-l—?v;(—lﬂ (nv 5+ 2)]
- [(1 - psai—i-?) %3—2 (TL + 17 S) +psai+2vﬁ-2 (TL + 17 5+ 1)}
- [(1 - psai—i-l) V;il (na 5+ 1) +psai+1v;i1 (n7 s+ 2)]

+ (1= psain) Vigy (n+ 1,8) + psaina Vi, (n+ 1,5 +1)]

= ‘/;'(—1&—2 (nv s+ 1) - ‘/;'?1-2 (TL + 17 S) - [(1 - pS) Vi(—li-l (TL, S+ 1) +psvi(-1|-1 (n> S+ 2)}

+ [(1 _ps) ‘/;(—Il—l (n + 175) +psv;(—zi—1 (TL + 173 + 1)]
= ‘43—2(”784—1)_%12(”_’_178)_Vvi(—li-l(nas_f—]-)—i_v;z-l(n—i_lus)
+ps [V (n,s +1) = Vi (0,5 +2) =V (n+1,8) + Vi (n+ 1,5+ 1)]

> 0.
We can get same result for p.p, term. For the (1 — p. — p, + pepn) term we get

[(1 = pstiva) Hiys (n, 5 +1) + peaipaHyo (0,5 4 2)]

— [(1 = psairo) HYyy (n+1,8) + psai2HY,y (n+ 1,5+ 1)]
— [(1 = psaira) HYyy (0,5 + 1) + poaipa HY (0,5 +2)]

+ [(1 = Psis1) Hity (n+1,8) + psaip Hy (n+ 1,5 + 1)}
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= H!'y(n,s+1)—H'y(n+1,5)—H! (n,s+1)+H! (n+1,s)
+Ps [qu+1 (ns+1) = HYy (n,s+2) — Hyy (n+1,8) + HYy (n+ 1,8+ 1)}

> 0. (151)

For n =0, s > 1, the p. terms are non-negative, just like in the case of n > 1, s > 1. For

the (1 — pe — pn + Pepn) term we have

H o (0,s+1) — Hi\»(1,8) — HY, (0,8 +1) + Hi, (1,5)

tpy [HE (0,5 +1) = HY (0,5 +2) — By (Ls) + HE (Ls +1)] 2 0. (152)

Similarly, for n > 1, s = 0 and for n = 0, s = 0, the p, terms have the same structure as

above. For the (1 — p. — p, + pepn) term, we get

Hz'CL+2 (n,1) — Hz'a+2 (n+1,0) — HiaJrl (n,1) + Hiaﬂ (n+1,0)

+ps [Hia+1 (Tl, 1) - H’ia+1 (Tl, 2) - H';l+1 (Tl + 17 0) + Hia+1 (n + 17 1>:| Z O (153)
forn>1, s =0, and

H},(0,1) — H, (1,0) — H, (0,1) + H}"; (1,0)

_'_ps [qu—&-l (Oa 1) - qu—i-l (07 2) - Hia—i-l (17 0) + Hq—&—l (17 1)} 2 0 (154)

(2

forn=20, s =0.

The proof of parts b),c) and d) is also derived using induction over the service period

index i. For part b), we need to show that there exists an index n} such that

(

Goi,Gs; n>nj,

‘/ia (TL7 8) € GLinS,i n = n;k — 1, (155)

Gl,i? n < TL: — 1.
\
We consider the case of a;,1 = 1 only since for the case a;.1 = 0 the structure of the proof

is the same (results for this case can also be obtained by letting p, = 0).
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For i = N, we have V¢ (n—1,8) = Vg (n,s—1) = m, + w, — Ts — ws > rg — Tp,
V(n,s) € Sy. Therefore, for n > 0, V§ € Gy n, V§ € Gsn. Equivalently, we can set
ny = 0.

Suppose at the (i 4+ 1)-th slot we have n, ; such that: forn > n},,, V4, € G211, G341,

while for n < nj ,, Vi%; € G1,41. We want to prove that at i-th slot, we have nj > nj

such that for any n > n;, V* € Gq;, Gs,, and Vn < n}, V* € G1,;. We observe that for

n < ny,q, it directly follows from the result of part a) that V* € G1.

Define D; 1 (n,s) = V%, (n —1,5) = V%, (n,s — 1) and consider, for n > n} ,,

Vi(n—=1,5)=V*(n,s—1)
= —ws + Wy + Pepn [(1 = psin1) Viy (0, 8) + psaia Vi (n, s +1)]

—pepn [(1 = pstir1) Vi, (n 41,5 — 1) + psaia Vi, (n +1,5)]

+pe (1= pn) [(1 = pstir1) Viay (n = 1,8) + peaip1 Vi, (n — 1,5+ 1)]

—pe (1= pn) [(1 = psaiy) Vi (0,5 — 1) + psaia Vi (n,5)]

+pn (1 — pe) [(1 — psair1) Hy (n,8) + psaipi Hiy (n, s + 1)]

—pn (1= pe) [(1 = psais) HYy (n 41,8 = 1) + psagp1 Hyy (n 41, 5)]

+ (1 = pe — pn + pepn) [(1 — psais1)HE (n— 1, 8) + psai Hy (R — 1,54 1)]

— (1= pe = o+ pepn) [(1 = pstiya) Hy (0,8 — 1) + peas HY ()]
(1—ps) (Va1 (n,8) = VA, (n+ 1,5 = 1))

+ps (Vi (n,s+1) = Ve (n+1,5))

= —Ws+ Wy + PePn

(1 - pS) (‘/z'c—li-l (n - 17 S) - ‘/ic—ll-l (nv §— 1))

+Ds (V;(—li-l (TL - 17 S+ 1) - V;[—l&-l (n7 S))

+pe (1 - pn)

(1= ps) (Hiyy (n,8) = Hiyy (n+ 1,5 = 1))
+pn (1 - pe)
tps (Hfyy (nys+1) — HYyy (04 1,5)
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(1 _p3> (Hz%rl (n - 17 S) - Hz%rl (n75 - 1))
+ (1 — Pe — DPn +pepn) (156)
+Ds (qu—i-l (n—1,s+1)— H, (n, 3))

In the analysis of the last expression, let us look at 2 separate cases. For n > 2, we have

Vi(n—1,s)=V*(n,s—1)—rs+mr,
(]‘_ps) (‘/i(—ll—l (77/,5) _V;(—li-l (n_l_]-as_l))

+Ds (‘/ﬁkl (n,s+1) =V, (n+1, 5))

—Ws + Wn, + PePn

(1 —ps) (Vzil (n—1,8) = Vi (n,s— 1))
+pe (1 _pn)
| +p8 (‘/i(—ll-l (’I’L— 17S+1) _Vﬁ—l (TL,S)) ]
(1—ps) (Vi (n—1,8) = Vi, (n,s = 1))
+pn (1 _pe)
+Ps (Vﬁu (n—1,5s+1) =V, (n, 3)) |

(L=ps) (Vi (n = 2,8) = Vi, (n— 1,5 — 1))
+(1_pe_pn+pepn) _TS+TTL
s (Ve (n—2,5+1) = V2, (n—1,s))

—Ws + Wn, +peani+l (n + 17 3) +pe (]- - pn) Di—i—l (’I’L, 3) +pn (1 - pe) Di+1 (TL, S)

+ (1 = pe = P+ pepn) Diga (n = 1,8) —rs + 1y (157)

On the other hand, if n =1,

‘/;a(()?'s) _‘/;a(]‘78_ ]') _Ts_‘_rn
(1=po) (Vi (Ls) = Vity (25— 1))

+p5 (V;'(-l&-l (17 5+ 1) - V;(-li-l (27 5))

—Ws + W, + PePn

oty | 7P 09 =V (s = D)
| +ps (V;lil (07 5+ 1) - Vi?H (17 S)) |
1 —ps) (ViS5 (0,8) = V4, (1,s—1
o1y | 7P (09 = Vi (L5 = D)
+ps (V;'j-I (0’ 5+ 1) - ‘/i(—ll—l (17 3)) i

(I1—ps) (V2 (0,s—=1)+7,— V2 (0,s—=1) =1,
+ (1 — Pe — Pn + pePn) ( o ! ) —Ts + Tn
+p5 (‘/i(—zi-l (07 S) + s — ‘/i(—l&-l (Oa 8) - Tn)
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= —Ws + Wy + PePrnDit1(2,8) + pe (1 —pn) Div1 (1,8) + pn (1 — pe) Diva (1, 5)

+ (_pe — Pn + pepn) (7“5 - 7nn) (158)

As Diy1 (n+1,5s), Diy1(n,s) and D;1 1 (n — 1, s) do not depend on the value of s as long
as n > nj,,, for both n = 1 and n > 2 cases, we have V* € G3; for n > nj ;. Using
(19) we observe that values of D; 1 (n +1,s), D;11 (n,s) and D;yq (n — 1, ) increase with
n, so that for n > nj ,, there would be an index n; such that since values V;* € Gy ; for
n > n; and V* € Gy, for n < n}. The above results also imply that if w, < w,, we
will always have V;* (n —1,s) = Vi*(n,s — 1) —ry+ 1, > 0, i.e.,, V* € Go, for all system
states. Therefore, in this case, inpatients are always served whenever there is one waiting.
We observe that the expression V* (n —1,s) — V% (n,s — 1) — ry + r, does not contain
ps. Thus, the switching curves are independent of the value of pg, and, therefore, of the

selected threshold appointment policy.

Proof of Proposition 4

In order to show that the dynamic programming operator mapping ‘7;‘11 (n,s) into
Vi (n, s) preserves the linearity of the value function, we consider XA/Z‘}H (n,s) = a;n +
Bit1S + 7ix1 and obtain

HE (n,s) = max[Ve, (n —1,8) + 70, V2 (0,5 — 1) + 7] = V2, (n,8) + 61, (159)

where 0; 11 = max [r, — a;41,7s — fBi11], so that

~ ~

‘/z'a (TL, S) = —WpN — WsS + z'(—li-l (TL, S) + PePn [ai—i-l + psaz’—i-lﬂi—&-l]
+Pe (1 = pn) [Ps@ir1Bis1] + P (1 — pe) [Qip1 + ps@iz1Biy1 + dita)
+ (1 = pe)(1 = pn) [Ps@iv1Biv1 + dita]

~

= —wyn—wss + Vi, (n,8) + Prviy1 + Pstiv1Biv1 + (1 — pe) i1. (160)

Thus, a; = a1 — Wy, Bi = Big1 — Ws, Vi = Yit1 + Pnit1 + Ps@iv1Bit1 + (1 — pe) dig1.

Noting that ay1 = —m,, Bys1 = —7s, we obtain by induction a; = —m, — (N + 1 —i)w,,
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Bi = —ms — (N + 1 —i)ws, 6; = max[r, +m, + (N + 1 —d)wy,,rs + 75 + (N + 1 — i)wy),

1=1,...,]N.
Note on derivation of the “newsvendor” heuristic

For the case of w,, = ws = 0, Proposition 3 indicates that the optimal tactical capacity
allocation policy is either “inpatients first” (if r,, + m, > rs + 7,) or “outpatients first” (if
rn+ T < 15+ ms). For the case of r,, +m, < rs + 7, we use the following approximation

to the expected daily profits under threshold a*:

Vi(rn + 7m0 < 15+ ms) =rspsa’ + rpF [min ((1 — p.) N — psa®, D,,)]

—7nF [D,, — min ((1 — p.) N — psa*, D,)], (161)

where D,, is the total (random) number of inpatients arriving during the day. According
to our assumptions, D, is distributed as a binomial random variable with parameters N
and p,: D, ~ B(N,p,). (161) assumes that inpatients are served using the “residual”
capacity (1 —p.) N — psa* left after serving the emergency patients and outpatients. In
order to further simplify the analysis and to obtain closed-form expressions for the heuristic
threshold level ay;, we approximate D,, as a normal random variable with expectation Np,
and variance Np, (1 — p,). Then, differentiating (161) with respect to a* and introducing

+0c0 2
O (z) = \/%Tr i e~z dt, we obtain, after some algebra

an(rp+m, < rs+ms)=arg max V)
0<a*<(1—pe)N

| 0 for L= < @ (M)
; T )
e R G R
s ’ and rnﬁﬂn <® (pe\jz;zzrf_spj))\/ﬁ 7
\ N, for 2 > <_(pe\‘7;:-(i-1pj;j))\/ﬁ> ‘

When r, + 7, > rs+ 7, we approximate the expected daily profits under threshold a*
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as follows:

Vi (rn+my >rs+m5) = rppaN + rE [min ((1 — p. — p,) N, Dy)]

—msE [Ds — min ((1 — pe — pn) N, Ds)], (163)

where Dj is the total (random) number of outpatients arriving during the day, D ~
B (a*,ps). (163) implies that the outpatients are served using the “residual” capacity
(1 —pe — pn) N left after serving the emergency patients and the inpatients. Approxi-
mating D, as a normal random variable with expectation psa* and variance p, (1 — ps) a*,

we get a closed-form expression for the expected daily profits:

Vi (rn + T > 15 + )

s (1 —ps)a* _ ((=pe—pn)N—psa*)?
= rnpnN - (Ts + 7T5) we 2ps(1=ps)a” - 7Tspsa* + (Ts + ﬂ-s) psa*

V2
X < Ps (1 _ps) a* + ((1 — Pe _pn) N _psa*> o ((1 — Pe _pn) N _psa*)> (164)

While the transcendental form of (164) does not allow for a closed-form expression of
the optimal threshold, af; can be easily computed by comparing the value of V,* for N + 1

potential thresholds 0, ..., V.
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