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Appendix A: Proof of Proposition 1

Observe that (6) solves (5) if the following difference can be shown to equal zero:

max
a∈A(s)

{
I∑

i=1

ri(si, ai)+λT

[
b−

I∑
i=1

Di(si, ai)

]
+β

∑
s′∈S

p(s′|s,a)

[
λTb
1−β

+
I∑

i=1

V λ
i (s′i)

]}

− λTb
1−β

−
I∑

i=1

V λ
i (si)

= − λT

1−β
[b−b(1−β)−βb]

+ max
a∈A(s)

{
I∑

i=1

(
ri(si, ai)−λTDi(si, ai)

)
+β

∑
s′∈S

p(s′|s,a)
I∑

i=1

V λ
i (s′i)

}
−

I∑
i=1

V λ
i (si)

The term in square brackets vanishes. We introduce the notation S−i to represent the set ×j 6=iSj

and s−i to represent the vector s exclusive of component i. Simplifying, the expression becomes

max
a∈A(s)

{
I∑

i=1

(
ri(si, ai)−λTDi(si, ai)

)
+β

I∑
i=1

∑
s′i∈Si

∑
s′−i∈S−i

p(s′|s,a)V λ
i (s′i)

}
−

I∑
i=1

V λ
i (si)

= max
a∈A(s)

{
I∑

i=1

(
ri(si, ai)−λTDi(si, ai)

)
+β

I∑
i=1

∑
s′i∈Si

V λ
i (s′i)

∑
s′−i∈S−i

p(s′|s,a)

}
−

I∑
i=1

V λ
i (si)

= max
a∈A(s)

{
I∑

i=1

(
ri(si, ai)−λTDi(si, ai)

)
+β

I∑
i=1

∑
s′i∈Si

V λ
i (s′i)pi(s′i|si, ai)

∑
s′−i∈S−i

∏
k 6=i

pk(s′k|sk, ak)

}
−

I∑
i=1

V λ
i (si)

= max
a∈A(s)


I∑

i=1

(
ri(si, ai)−λTDi(si, ai)

)
+β

I∑
i=1

∑
s′i∈Si

pi(s′i|si, ai)V λ
i (s′i)

−
I∑

i=1

V λ
i (si)

1
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=
I∑

i=1

 max
ai∈Ai(si)

(ri(si, ai)−λTDi(si, ai)
)
+β

∑
s′i∈Si

pi(s′i|si, ai)V λ
i (si)


− I∑

i=1

V λ
i (si), (19)

for all s∈ S.
Equation (7) is the optimality equation for a discounted dynamic program with finite state space

and bounded rewards, thus its solution exists by Puterman (1994), Theorem 6.2.5. A solution to (7)
will also clearly make (19) equal to zero. Thus, our proposed value function (6) solves optimality
equations (5) and is optimal by Puterman (1994), Thm. 6.2.2. �

Appendix B: A Counterexample to the State-Wise Bound

Assume two subproblems (I = 2), each of which is defined on two states. Let the subprob-
lem state spaces each be {1,2} so that the overall problem state space is s = (s1, s2) ∈
{(1,1), (1,2), (2,1), (2,2)}. We assume the discount factor β = 0 so that dynamics are immate-
rial, and the initial state distribution is α11 = Pr{s0 = (1,1)} = 0.1, α12 = Pr{s0 = (1,2)} = 0.7,
α21 = Pr{s0 = (2,1)}= 0.1, α22 = Pr{s0 = (2,2)}= 0.1.

Two controls, “active” (ai = 1) and “passive” (ai = 0) are available for subproblem i, and the con-
troller must abide by the constraint

∑
i Di(si, ai)≤ 1. The controller seeks to maximize

∑
i ri(si, ai).

Constraint coefficients and rewards are as follows:
• ri(si, ai) = 0 for all i, si, ai, except r1(1,1) = 1 and r2(2,1) = 1.
• Di(si, ai) = 0 for all i, si, ai, except D1(1,1) = 1.0, D1(2,0) = 0.4, D1(2,1) = 0.6, D2(1,1) = 0.6,

and D2(2,1) = 0.6.
The following table summarizes the solutions of the two relaxations.

HLP (α) = 1 Hλ∗(α) = 1.24 (λ∗ = 1)
V LP

1 (1) = 1 V λ∗
1 (1) = 0

V LP
1 (2) = 1 V λ∗

1 (2) =−0.4
V LP

2 (1) = 0 V λ∗
2 (1) = 0

V LP
2 (2) = 0 V λ∗

2 (2) = 0.4

For state (2,1), this implies JLP (2,1;α) = 1, while Jλ∗(2,1;α) = 0.6.

Appendix C: Proofs of Theorems 2 and 3

Proof of Theorem 2. We proceed by proving (i) ⇒ (iii) ⇒ (ii) ⇒ (i).
First, we show (i) ⇒ (iii). Set λ = λ∗ equal to optimal multipliers in the Lagrangian problem,

and let d(·)∈ Ā(·) be an optimal policy for the original problem. Fix any s∈ S, then

Jλ∗(s) = Jλ∗,d(s)+Jλ∗(s)−Jλ∗,d(s)
=
[
Jd(s)+W λ∗,d(s)

]
+Jλ∗(s)−Jλ∗,d(s)

= J(s)+W λ∗,d(s)+Jλ∗(s)−Jλ∗,d(s).

By Lemma 1, condition (i) is equivalent to Jλ∗(s) = J(s) for all s∈ S. This implies

0 = W λ∗,d(s)+
(
Jλ∗(s)−Jλ∗,d(s)

)
Since W λ∗,d(s)≥ 0 and Jλ∗(s) upper bounds Jλ∗,d(s), both terms in the above equation must

equal zero. The first term equal to zero implies that λ∗T [b−D(s,d(s))] = 0 for all s ∈ S, while
the second term equal to zero implies Jλ∗(s) = Jλ∗,d(s) (which incidentally implies statement (ii)).
Thus,

max
a∈A(s)

r(s,a)+λ∗T [b−D(s,a)]+βE
[
Jλ∗(s′)|s,a

]
= r(s,d(s))+λ∗T [b−D(s,d(s))]+βE

[
Jλ∗(s′)|s,a

]
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Substituting J(s) = Jλ∗(s) yields

max
a∈A(s)

r(s,a)+λ∗T [b−D(s,a)]+βE [J(s′)|s,a] = r(s,d(s))+λ∗T [b−D(s,d(s))]+βE [J(s′)|s,a] ,

which is equivalent to equation (12).
To show (iii) ⇒ (ii), take the d in condition (iii) and suppose there existed a state s ∈

S and an action â ∈ Ā(s) with r(s, â) + βE [J(s′)|s, â] > r(s,d(s)) + βE [J(s′)|s,d(s)]. We have
λT [b−D(s, â)]≥ 0 because â∈ Ā(s), and λT [b−D(s,d(s))] = 0 by assumption, so â satisfies

r(s, â)+λT [b−D(s, â)]+βE [J(s′)|s, â] > r(s,d(s))+λT [b−D(s,d(s))]+βE [J(s′)|s,d(s)]

This contradicts equation (12), so it must be true that

d(s)∈ argmaxa∈Ā(s)r(s,a)+βE [J(s′)|s,a] .

d is then an optimal policy for the exact problem, so Jd(s) = J(s) for all s∈ S, and equation (12)
is then equivalent to

d(s)∈ argmaxa∈A(s)r(s,a)+λT [b−D(s,a)]+βE
[
Jd(s′)|s,a

]
, for all s∈ S.

Thus Jd(·) solves the optimality equations for the Lagrangian problem with multipliers λ, so
Jλ(s) = Jλ,d(s) for all s∈ S, implying Hλ(α) = Hλ,d(α).

Finally, we show (ii) ⇒ (i).

Hλ∗(α) ≤ Hλ(α)
≤ Hλ,d(α)
=
∑
s∈S

α(s)
(
Jd(s)+W λ,d(s)

)
=
∑
s∈S

α(s)Jd(s)

≤ H(α)

It is known that Hλ∗(α)≥H(α), so this tells us Hλ∗(α) = H(α). �

Proof of Theorem 3. We can write the Lagrangian problem for λ = λLP as follows, by expressing
the original aggregated Lagrangian dynamic program as a linear program:

HλLP (α) = min
V L

∑
s∈S

α(s)V L(s) (20)

s.t. V L(s)≥ r(s,a)+λT

LP [b−D(s,a)]+βE
[
V L(s′)|s,a

]
, for all s∈ S,a∈A(s)

By the theorem condition,

max
a∈A(s)

r(s,a)+λT

LP [b−D(s,a)]+βE
[
V LP (s′)|s,a

]
= r(s,d(s))+λT

LP [b−D(s,d(s)]+βE
[
V LP (s′)|s,d(s)

]
= r(s,d(s))+βE

[
V LP (s′)|s,d(s)

]
≤ V LP (s), for all s∈ S,

where the final inequality follows from the feasibility of V LP (α) in (LP). Thus, V LP (·) is feasible
in the linear program (20), and gives objective value

∑
s∈S α(s)V LP (s) in the same problem. Thus,

Hλ∗(α)≤HλLP (α)≤HLP (α). Given that we have Hλ∗(α)≥HLP (α) in general, we conclude that
Hλ∗(α) = HLP (α) here. �
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Appendix D: The Restless Bandit Problem

The restless bandit problem, introduced by Whittle (1988) and recently considered by Bertsimas
and Niño-Mora (2000), entails controlling a set of I subproblems, or “arms,” each of which can be
operated at each time stage in either an “active” or “passive” mode. The number of “active” controls
at each stage is limited to b. Conditional on whether it is operated in “active” or “passive” mode,
each arm generates rewards and transitions to a new state in a Markovian fashion independent of
the other arms. The restless bandit problem fits into the framework of weakly coupled dynamic
programs with a single linking constraint∑

i

1l{ai = “active”} ≤ b, (21)

where we use the symbol 1l{·} to indicate the binary indicator function. Constraint (21) differs from
the classic restless bandit problem of Whittle (1988), which enforces equality. We use the version
with “≤” to connect with the rest of our paper, noting that both the Lagrangian and LP-based
relaxations can be extended to the equality case. The multiarmed bandit problem is the special
case of the restless bandit problem in which “passive” arms are assumed to self-transition and
b = 1. Bertsimas and Niño-Mora (2000) define a family of linear programming relaxations (distinct
from the LP-based relaxation we consider here) of the restless bandit problem, and Hawkins (2003)
shows that the Lagrangian relaxation is equivalent to Bertsimas and Niño-Mora’s “first-order”
relaxation.

We have generally observed the Lagrangian and LP-based relaxations to give simiar bounds
for restless bandit problems, and we can prove the equivalence of the bounds for the special case
of the restless bandit problem with b = 1 (which includes the multiarmed bandit problem). Let
ri(si,1) (respectively, ri(si,0)) indicate “active” (respectively, “passive”) rewards produced when
subproblem i is in state si, and let pi(s′i|si,1) (respectively pi(s′i|si,0)) represent the subsequent
state transition probabilities.

Theorem 7. For a b = 1 restless bandit problem with λ∗ > 0, Hλ∗(α) = HLP (α)

Proof. We already have HLP (α)≤Hλ∗(α) from Corollary 1, so it remains to show HLP (α)≥
Hλ∗(α). For the special case of the restless bandit problem with b = 1, we can express HLP (α) and
Hλ∗(α) as

(DLP ) : HLP (α) = max
x

∑
s∈S

[
I∑

i=1

xs,i

(
ri(si,1)+

∑
j 6=i

rj(sj,0)

)
+xs,0

I∑
j=1

rj(sj,0)

]

s.t.
∑

s′∈S:s′i=si

(
xs′,0 +

I∑
j=1

xs′,j

)
−β

∑
s′∈S

pi(si|s′i,1)xs′,i

−β
∑
s′∈S

pi(si|s′i,0)

(
xs′,0 +

∑
j 6=i

xs′,j

)
= αi(si), si ∈ Si, i∈ {1, . . . , I}

xs,i ≥ 0, s∈ S, i∈ {1, . . . , I}
xs,0 ≥ 0,

(DL) : Hλ∗(α) = max
x

I∑
i=1

∑
si∈Si

(ri(si,1)xsi1 + ri(si,0)xsi0)

s.t.
I∑

i=1

∑
si∈Si

xsi1 ≤
1

1−β

xsi0 +xsi1−β
∑
s′i∈Si

(
pi(si|s′i,1)xs′i1

+ pi(si|s′i,0)xs′i0

)
= αi(si), si ∈ Si, i∈ {1, . . . , I}

xsi0, xsi1 ≥ 0, si ∈ Si
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The problems (DLP) and (DL) are the same as in Sections 2.3 and 2.4.
Take an optimal solution {x̄si1, x̄si0, si ∈ Si} to (DL), then a solution {xs,i, s ∈ S, i ∈ {1, . . . , I}}

that satisfies

x̄si1 =
∑

s′∈S:s′i=si

xs′,i, si ∈ Si

x̄si0 =
∑

s′∈S:s′i=si

(
xs′,0 +

∑
j 6=i

xs′,j

)
, si ∈ Si

xs,i ≥ 0, s∈ S, i∈ {1, . . . , I}
xs,0 ≥ 0

will be feasible in (DLP) and give optimal objective value equal to Hλ∗(α). Thus, showing that
this system is feasible is sufficient for the desired result.

Feasibility of this system is equivalent to boundedness of the program

(DF ) : max
u

I∑
i=1

∑
si∈Si

(usi1x̄si1 +usi0x̄si0)

s.t. usi1 +
∑
j 6=i

usj0 ≤ 0, s∈ S, i∈ {1, . . . , I}

I∑
j=1

usj0 ≤ 0, s∈ S

Because all x̄si0 and x̄si1 are greater than or equal to zero, and the constraints of (DF) are the
same for each state, boundedness of (DF) is equivalent to boundedness of the following program

(DF ′) : max
u

I∑
i=1

(
ui1

∑
si∈Si

x̄si1 +ui0

∑
si∈Si

x̄si0

)
s.t. ui1 +

∑
j 6=i

uj0 ≤ 0, i∈ {1, . . . , I}

I∑
j=1

uj0 ≤ 0

This is equivalent to feasibility of

wi =
∑
si∈Si

x̄si1, i∈ {1, . . . , I}

z +
∑
j 6=i

wj =
∑
si∈Si

x̄si0, i∈ {1, . . . , I}

wi ≥ 0, i∈ {1, . . . , I}
z ≥ 0.

The solution z = 0 and wi =
∑

si∈Si
x̄xi1 ≥ 0 is feasible because z +

∑
j 6=i wj =

∑
j 6=i

∑
sj∈Sj

x̄sj1 =
1

1−β
−
∑

si∈Si
x̄si1 =

∑
si∈Si

x̄si0, where the second inequality follows from complementary slackness
(given that λ∗ > 0) applied to the first constraint of (DL), and the third inequality follows by
adding the second set of constraints in (DL) over Si for any i. �

The restless bandit problem (with arbitrary b) represents a class of problems for which we can
generate columns particularly easily in the column generation algorithm presented in Section 5
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for computing the LP-based bound. In the case of the restless bandit problem, problem (18) is
equivalent to

max
s,J

∑
i∈J

fi(si,“active”)+
∑
i/∈J

fi(si,“passive”)

s.t. s∈ S,J ⊆ {1, . . . , I}, |J | ≤ b

= max
J :|J |≤b

{∑
i∈J

max
si∈Si

fi(si,“active”)+
∑
i/∈J

max
si∈Si

fi(si,“passive”)

}

= max
J :|J |≤b

{∑
i∈J

max
si∈Si

fi(si,“active”)+
∑
i/∈J

max
si∈Si

fi(si,“passive”)

+
∑
i∈J

max
si∈Si

fi(si,“passive”)−
∑
i∈J

max
si∈Si

fi(si,“passive”)

}

= max
J :|J |≤b

 ∑
i∈{1,...,I}

max
si∈Si

fi(si,“passive”)

+
∑
i∈J

[
max
si∈Si

fi(si,“active”)−max
si∈Si

fi(si,“passive”)
]}

=
∑

i∈{1,...,I}

max
si∈Si

fi(si,“passive”)

+ max
J :|J |≤b

{∑
i∈J

[
max
si∈Si

fi(si,“active”)−max
si∈Si

fi(si,“passive”)
]}

.

This implies that in the restless bandit case, problem (18) can be solved simply by ranking the
subproblems by the quantity [maxsi

fi(si,“active”)−maxsi
fi(si,“passive”)], assigning the “active”

action to subproblems in a greedy fashion, then choosing subproblem states si maximizing the
reward given the assigned action. Thus, column generation in the restless bandit case can be
accomplished extremely efficiently.

Appendix E: Bertsekas’ Duality Gap Result

In this appendix, we adapt to our setting the duality gap result in Proposition 5.26 of Bertsekas
(1982).

Fix subproblem i and subproblem state si. We first define a function that returns a scalar
measuring the lack of convexity in ri(si, ·) viewed as a function of the action ai ∈ Ai(si). For
simplicity we will assume that the finite set Ai(si) has dimension 1. First, define

r̃i(si, ãi) = inf
{
γri(si, a

1
i )+ (1− γ)ri(si, a

2
i ) : ã1 = γa1

i +(1− γ)a2
i ;a

1
i , a

2
i ∈Ai(si); 0≤ γ ≤ 1

}
for all ãi ∈ conv(Ai(si)), where conv(Ai(si)) is the convex hull of Ai(si). Similarly, define

D̃i(si, ãi) = inf
{
γDi(si, a

1
i )+ (1− γ)Di(si, a

2
i ) : ã1 = γa1

i +(1− γ)a2
i ;a

1
i , a

2
i ∈Ai(si); 0≤ γ ≤ 1

}
.

(22)
for all ãi ∈ conv(Ai(si)), where the infimum is taken separately for each of the N components of
the function Di. These can be viewed as “convexified” versions of the underlying functions defined
on the convex hull of their domain.

Lastly, define

r̂i(si, ãi) = inf
{
ri(si, ai) : Di(si, ai)≤ D̃i(si, ãi);ai ∈Ai(si)

}
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for all ãi ∈ conv(Ai(si)). Then a measure of non-convexity is

ρi(ri(si, ·)) = sup{r̂i(si, ãi)− r̃i(si, ãi) : ãi ∈ conv(Ai(si))} ,

for all subproblems i and subproblem states si. Because we have, for all ãi ∈ conv(Ai(si)),

r̂i(si, ãi)≤ sup{ri(si, ai) : ai ∈Ai(si)} and r̃i(si, ãi)≥ inf{ri(si, ai) : ai ∈Ai(si)},

it follows that

ρi(ri(si, ·))≤ sup{ri(si, ai) : ai ∈Ai(si)}− inf{ri(si, ai) : ai ∈Ai(si)}.

So if ri(si, ·) is taken from a bounded set, then ρi(ri(si, ·)) is bounded.
Now consider the optimization problem (P(s)) and its Lagrangian dual (D(s)), for a fixed state

s. Consider the following assumptions

Assumption 1. For every state s, Ā(s) 6= ∅.

Assumption 2. For each subproblem i and subproblem state si,

{(ai,Di(si, ai), ri(si, ai)) : ai ∈Ai(si)}

is compact.

Assumption 3. For each subproblem i, given any ãi ∈ conv(Ai(si)), there exists an ai ∈ Ai(si)
such that Di(si, ai)≤ D̃i(si, ãi).

This last assumption can be shown to hold when the infimum in (22) is attained. In our case, all
three assumptions hold, the latter two because Ai(si) is a finite set.

Theorem 8 (Bertsekas (1982), Proposition 5.26). Fix state s ∈ S. Under the three assump-
tions above, there holds

inf D(s)− supP (s)≤ (N +1)E(s),

where E(s) = max{ρi(ri(si, ·)) : i∈ {1, . . . , I}}.
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