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Appendix: Proofs of Consistency of the Second Stage Estimation 

Proof of Proposition 1: 

We wish to show that plim ˆ =%β β , where %̂β  is the OLS estimator of %β  in (14).  If the 

true productivity scores ln %θ  are available then the OLS estimation of   

 ln %θ  = - Z0β β  + δ       (A1)  

yields a consistent estimator of .β    Here, when the DEA estimator ln %̂θ  is used in place 

of ln %θ  we need to show that the OLS estimator of %β  in 

ln %̂θ  = - Z 0β% %β  + δ%        (A2) 

also yields a consistent estimator of β .  In finite samples, DEA estimators are biased 

(Banker 1993) since 

  ln %̂ jθ = ln % jθ +        (A3) jη

where ≥ 0 for all j.  From (A1), (A2) and (A3), we have jη

   %̂β = - (Z’Z)-1Z’ ln %̂θ  

      = - (Z’Z)-1Z’ (ln %θ +η) 

      = - (Z’Z)-1Z’ (-Z β +δ+η)    

      = β - Q-1 (Z’δ/n) - 1
n

Q-1 Z’η      (A4) 

First we show that the second term on the RHS converges in probability to zero.  

Since δ = -E(v-u) + (v-u) and since the random variables zs, u and v are mutually 



independent, the random variables δ and zs are mutually independent.  Therefore, 

( )plim Z' nδ  = 0 and the second term on the RHS of (A4) converges in probability to 

zero (Greene 1993, p. 353).   

Next we show that the last term on the RHS in (A4) converges in probability to 

zero.  From Banker (1993) we know that not only are DEA estimators consistent, but also 

 for any Z.  Therefore, p lim ( | Z) 0η = p lim (Z ' ) 0η = .   Since both the second and third 

terms on the RHS of (A4) converge in probability to zero, plim ˆ =%β β . 

Denote the variance of δj as 2σ .  Since the limiting distribution of Z’  

degenerates to a point located at the origin, the variance of the third term in (A4) 

converges to zero.  Using this result, the limiting distribution of 

η

n  ( %̂β - β ) can be 

derived as N[0, 2σ Q-1] as in the standard case of OLS estimation (Greene 1993, p. 353).  

As a consequence, the asymptotic distribution of %̂β  can be derived as N[ β , ( 2σ /n) Q-1]. 

Proof of Proposition 2:  

Our proof is based on Bierens (1994) and Gstach (1998).  First stage DEA provides 

consistent estimators %̂θ  for the productivity variable %θ .   Let the p.d.f. of the error term ε 

be given by f(ε;α), and let ξ = (α,β).  Let Θ and Ξ , respectively, denote the probability 

space of %θ  and ξ .     

Recall from (13) that  

ε = Zβ + VM + ln %θ  

The estimator ε̂  for ε, therefore, is  

 ε̂ = Zβ  + VM + ln %̂θ  
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By the assumed compactness of the input space X, its interior ( )ℑ X  is well defined.  

Similarly, the interior ( )ℑ Z  is also well defined for the contextual variables space Z.  Let 

 denote the probability space under consideration.   Ω [0,1]≡ × ×X Z

Let  ˆ ˆ( ) ln ( | )⎡ ⎤
≡ ⎢ ⎥

⎣ ⎦
∏n

n

Q f nεξ ε ξ  and ( ) ln ( | )⎡ ⎤
≡ ⎢ ⎥

⎣ ⎦
∏n

n

nεξ ε ξQ f  

define, respectively, the mean log-likelihood function based on the estimator ε̂  and the 

true value ε.  Further, let 

 ( ) lim [ ( )]
→∞

≡ nn
Q E Qξ ξ  

To prove that the ML estimator n̂ξ , implicitly defined by 

ˆ ˆ ˆ( ) sup ln ( | ) ,
∈Ξ

⎡ ⎤
≡ ⎢ ⎥

⎣ ⎦
∏n n

n

Q fε
ξ

ξ ε nξ  

converges pseudo-uniformly in probability to 0ξ , where 0ξ is a unique point in  such 

that  

Ξ

0( ) sup ( )
∈Ξ

=Q Q
ξ

ξ ξ , it is sufficient to show that  ˆ ( ) ( )⎯⎯⎯→Prob
nQ Qξ ξ  pseudo-

uniformly ∀ ∈Ξξ (Bierens 1994).  We prove below that this is indeed the case and, 

therefore, the ML estimator of β is consistent.    

Proof of Prˆ ( ) ( )⎯⎯⎯→ob
nQ Qξ ξ   

The proof proceeds in two steps.  First we show that ˆ ( ) ( )⎯⎯⎯→Prob
n nQ Qξ ξ  and 

( ) ( )⎯⎯⎯→Prob
nQ Qξ ξ  and then use these results to show that ˆ ( ) ( )⎯⎯⎯→Prob

nQ Qξ ξ .   

We prove by contradiction that ˆ ( ) ( )⎯⎯⎯→Prob
nQ nQξ ξ .  Suppose this is not the case.  Then  

 for some 0
ˆlim Pr[sup| ( ) ( ) | ] 1

→∞ ∈Ξ
− ≤n nn

Q Q
ξ

ξ ξ ε < 0ε > 0.  Because of the continuity of the 

supremum function this implies that there exists a set ' ' '× ×Θ ⊆ ΩX Z  and an infinite 
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dimensional vector {x∞, z∞, θ∞} ≡ 1{ , , }∞=i i i ix z θ  such that 

{ , , } ' ' ' 1, 2,...∈ × ×Θ ∀ =i i ix z X Z iθ  and 0
ˆsup| ( ) ( ) |∞ ∞

∈Ξ
− >Q Q

ξ
ξ ξ ε .  But when n→∞ the 

difference between %̂iθ  and %iθ vanishes for all i and, therefore, the difference between 

ˆ ( )and ( )n nQ Qξ ξ also vanishes for all ∈Ξξ .  Therefore, as n→∞,  

and we then have 0 > 

ˆsup| ( ) ( ) | 0∞ ∞
∈Ξ

− =Q Q
ξ

ξ ξ

0ε which contradicts the starting condition.  So, 

ˆ ( ) ( )⎯⎯⎯→Prob
nQ nQξ ξ  pseudo-uniformly.  If we define 1( , , )x z θn n nξ as that value of ξ that 

maximizes the absolute difference ˆ| ( ) ( )−n nQ Q |ξ ξ , this is equivalent to saying that for 

all ε1 > 0, there exists a set  

{ }1, 1 1 1
ˆ{x , z ,θ }:| ( (.)) ( (.))|Ω ≡ − ≤n n n n n nQ Qξ ξ ε   

with 1,lim Pr ( , , ) 1x z θ
→∞

⎡ ⎤∈Ω =⎣ n n n nn ⎦ .     (A5) 

 Recall that ( )nQ ξ , the mean log-likelihood function based on the values of the 

random variable ε=v-u, is well defined for all ∈Ξξ , since the density f(ε), given by (4), 

is continuous.  Therefore, ( ) ( )⎯⎯⎯→Prob
nQ Qξ ξ pseudo-uniformly.  If we define 

2 ( , , )x z θn n nξ as that value of ξ that maximizes the absolute difference | ( ) ( )−nQ Q |ξ ξ , 

this is equivalent to saying that for all ε2 > 0, there exists a set  

{ }2, 2 2 2{ , , }:| ( (.)) ( (.))|x z θΩ ≡ − ≤n n n n nQ Qξ ξ ε   

with 2,lim Pr ( , , ) 1x z θ
→∞

⎡ ⎤∈Ω =⎣ n n n nn ⎦      (A6) 

Combining (A5) and (A6), defining 1, 2,Ω = Ω ΩIn n n

|

and utilizing the inequality 

      ˆ| ( ) ( )−n nQ Qξ ξ  + | ( ) ( )|−nQ Qξ ξ  ≥ |ˆ| ( ) ( )−nQ Qξ ξ    (A7) 
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we immediately get the following result: 

 For all  ε1, ε2 > 0,   there exists { }3 3 1
ˆ{ , , }:| ( (.)) ( (.))|x z θΩ ≡ − ≤ +n n n n nQ Q 2ξ ξ ε ε   

       with lim Pr ( , , ) 1x z θ
→∞

⎡ ⎤∈Ω =⎣ n n n nn ⎦      (A8) 

where 3( , , )x z θn n nξ  is defined as that value of ξ that maximizes the absolute difference 

ˆ| ( ) ( )−nQ Q |ξ ξ .  But (A8) can be true only if ˆ ( ) ( )⎯⎯⎯→Prob
nQ Qξ ξ  pseudo-uniformly 

leading to the desired result. 
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