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Appendix B: Proofs

B.1. Open vs. closed queueing system models

Proof of Proposition 2: From (1—p;, )+/s, — [ and Proposition 1 of Halfin and Whitt (1981), the
limiting probability of delay of the open systems is equal to o (/3). Note also that (1—py, )/5, — 3
implies that p,, — 1 which leads to s, /n — r. We can now determine the corresponding service

grade for the closed systems by taking the following limit,

1
lim (%—r)\/ﬁ: limr<p —1> \/51/822\/77&

where the first equality follows from A}, = rn for all n, and the second equality follows from

(1 —ps,)y/Sn — B. It follows from Proposition 1 that the limit of the approximate probability of
delay is equal to a(+/r(3) for the closed systems. To obtain the last part of the result, note that

. @ (L ,
a(Vrp) <ao(f) & \/Fegr@ > e 23V21®(3)
o ()

& Vrh| —= ) h(=B)>pBh|—= |,
vr <\/ﬁ (=8)>4 VT
where h(z) = ¢(z)/P(—x) is the hazard rate of the normal distribution (with ¢ is the density of

the standard normal distribution). The function h(-) is strictly increasing for all z (see Barlow
and Proschan (1965)) and h(z) > x for all z since h'(z) = h(x)(h(x) —z) > 0 (where the equality
is obtained using ¢'(x) = —x¢(x)). It follows that h (—8) > h (7—\/9 and +/rh (%) > % > [ from

which we obtain the result. [J



B.2. Convergence of distributions
In the following we provide proofs of Proposition 1 and Theorems 3 and 6 as well as some prelim-
inary results.

For the purpose of this section, define for each real x and integer n > 1,

=Y (M) =S (1) A0,

B,(z)= i <Z> k—!!s;n-kpk and ani<Z>ﬁsSn-kpk:Bn((sn—m)/\/ﬁ).
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Note that A, (z) and B, (x) can be rewritten as

eyl
A,(x)=(1+p)" Z <k> R = (14 p)"P(X < rn+zy/n)

k=0

and
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respectively, where X is a binomial random variable with parameters n and r and Y is a Poisson
random variable with rate s, /p, i.e. X ~ Bi(n,r) and Y ~ P(s,/p). Finally, applying the central

limit theorem and (4) we have for any =z,

P(Xgmﬂ;\/ﬁ):P()f/;_;”g\/%) —><I><\/%> (25)

and
_ Y —s,/p _rF(rn—s,)/\/n—rzx —rx —7f3
PlY<rn—zvn)=P —-¢ —F),
s m e (m ST Jrrenin ) (777) e

The following lemma gives the limit of the condition steady state distributions under QED
staffing. Let IN,,(0c0) be defined as in Theorem 3 and N(oco) be the steady state of the limiting

diffusion process of Theorem 2.

LEMMA 1. Under (4), for any x < (3,

lim P(N,(00) <71+ avn| Ny(0o) < s,) = ® <i>/q> (%) (27)

n—oo

and for any x > 3,

Tim P(N,(00) < n+av/n | No(o0) = 5,) = [(I) <m;;;5> _ 3 <£>]/¢< b ) (28)




Proof: Assume x < (. For sufficiently large n we have rn + sy/n < s,. Using the steady state
distribution provided in (1), it follows that

P(N,(00) S rntav/n | Ny(00) < s,) = A:f) = Pﬁ? ;n:f{)ﬁ)

Equation (27) follows immediately from (4) and (25).

Now assume that x > 3. Again using the distribution in (1), we have

P(N,(00) St 2/ | N, (00) 2 5,) 2 _Bf"m -7 n_zf?;;i(fiyn —ay/A)

Equation (28) follows immediately from (4) and (26).00
We now verify that the approximate delay probability has a nondegenerate limit under the QED
staffing assumption.

Proof of Proposition 1: Using the distribution from (1),

A0\
> = — .
P(N, > s,) <1+ Bﬂ)

The approximate probability of delay can be written as

P(X<sn—1)>_ ’ (29)

> = =" 7
P(N, > s,) <1+C"P(Y§n—sn)

where

P su
To study the limit of C,, as n — oo, we apply the Stirling’s formula n! ~ (27n)'/?n"e™" twice, to n

and to s,, yielding

,8 n+1/2
C, ~ T <1 - m) en—en/T, (30)

Since (14 B/(r/n))"+Y/2 ~ efVR/r=02/20" and n — s, /r = —B/n/r from (4), (25), (26), (29) and
(30), we deduce that C, — e=#*/2* \/r and

e ()
P(N, > s,)— f(B)= 142 r 20 |
03

a strictly decreasing function mapping the reals to (0,1).

Suppose that a, has a limit « € (0,1) and that § # f~!(«) is a (possibly infinite) limit point
of {(s,/n—r)y/n}. Assume for now that > f~!(«a). Construct a sequence {s/,} such that s/, <s,
and (s, /n—r)y/n— ' =min((B+ f'(«))/2, f(a)+1), as n — oo. Notice that f~(a) < ' < o0,

which implies a > f(’). Let N/ denote the number of users in the nth system with s/, servers.



Since s/, < s,, P(N! > s') > P(N,, > s,). However, taking the limit of both sides yields f(3') > a, a
contradiction. A similar argument shows that 5 < f~!(«) is also impossible. Hence, the convergence
a, — a € (0,1) implies {(s,/n —r)y/n} has a unique finite limit as well.C]

Proof of Theorem 3: The proof of this theorem hinges on the first convergence in (13), which
follows from Proposition 1 and Lemma 1 above. The remaining results are consequences of (13)
and the continuous mapping theorem. [J

Proof of Theorem 6: The limiting value of the approximate delay probability follows from
Proposition 1. As in the proof of Theorem 3 above, one only needs to prove that N, (co) =
N(o0) ~ Normal(0,75/r). Recall that in the ED regime s < r. For sufficiently large n (such that

s$p<n(l1—75/r)), one can express the distribution of N,,(c0) as

P(N, (c0) <z) = P(N,(0c0) <n(l—75/r)+zvn) B
= P(N,(c0) < s,) + <P<sn < N’}ﬁf})@j;f);ff)/r +ay/n)
B P(Y <n—s,)— P(Y <7sn/r —nyn)

) PV, > 5)

for any real xz. By Proposition 1 and the fact that § <r, o, — 1. The condition § < r and (26)
imply P(Y <n-—s,)— 1. Finally, by the central limit theorem and the fact that v/n|s—s,/n|—0

as n — oo,

il
)|

P(Ygrsn/r—n\/ﬁ):P<Y_8”/p<(mn/r_sn/p)/\/ﬁ_x>—><I>< “ )

sn/p N

and, hence, P(N,(c0) <) — ®(x//L2) as well. This concludes the proof. O]

T

Proof of Theorem 8: The limiting value of the approximate delay probability follows from Propo-
sition 1. To complete the proof, one only needs to prove that N, (c0) = N(oco) ~ Normal(0,r7).

Recall that in the QD regime s> r. One can express the distribution of N,,(c0) as

P<Nn(oo) <z)= P(Nn(oo) Srn‘f‘x\/ﬁ)
P(N, (<) <rn+xy/n)
P(XPLNH(S:)) \S/%)
- (M) a-a

) Pv.c) < 50)

for any x and sufficiently large n so that s, > rn + zy/n. From Proposition 1 and (25) it follows
that P(N,,(c0) <z) — ®(z/y/r7). O



B.3. Convergence of sequences of processes

Proof of Theorem 1: We follow the framework of Browne and Whitt (1995) which summarizes a
useful theorem of Stone (1963). For each integer n > 1, the process N,, is a birth-death process with
state space {0, 1,...,n}, state-dependent arrival rate A\, (j) = (n— j)A, and state-dependent service
rate fi,(7) = (j A s,) . The fluid scaled process N, has the state space {0,1/n,2/n,...,(n—1)/n,1}

and drift and diffusion functions

() = Mllne])  pa(lne)) _ (n=|nz)A  ([na] As,)p

n n n n

and
_ Mallna]) | pa(lne)) _ (n—[neDA | (Inz] Asa)p

n2 n2 n2 n?2

)
respectively, where |x] is the largest integer no more than xz. We take the limit of both quantities
to obtain the infinitesimal mean and variance of our limiting diffusion:

m(z) = lim m,(z) =A— A+ p)z+ p(z—35)* (31)

n—oo

and

o(x)= lim 7,(x)=0.

The limiting infinitesimal variance is zero, implying that the limiting diffusion is degenerate. More-
over, the deterministic initial point yields a deterministic path for our limiting process. The drift
of the limiting process is (31), which coincides with (7).

For investigating the limiting value b(co) we consider three cases, corresponding with the three
limiting staffing regimes, separately.

Case 1: 5=r. If b(0) <7, then, as long as b(t) < r, we have

Solving for b yields

a function that is strictly increasing, always less than r for finite ¢, and asymptotically equal to r

as t — oo. Likewise, if b(0) > r, then

%(t) = A(1—Db(t)) — pr=Ar — Ab(t),

the solution of which,
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is strictly decreasing and asymptotically equal to 7. Lastly, if b(0) =7, then b(t) =r for all ¢ > 0.

Case 2: 5 < r. Suppose b(0) < 5. Then, for sufficiently small ¢ >0,
db _ _ _
—7 () =M1 =b(t)) — ub(t) = A= (A+p)b(?),

whose solution is

r—s

B(t) =7+ (B(0) = r)e- 1 t< (At p)r=In <7’” - 5(0)> ,

At time 7, we have b(7) = 5. We know then that, for any initial value b(0), there is some finite

to > 0 such that b(ty) € [5,00). In fact, because the drift at 5 of b is positive, b(t) € [5,00) and
db = _ _ ar
E(t) =A1-=b(t)) —pus=X—pus—Ab(t)

for all ¢ > ty. The solution to the above ODE is,

B(t) = (1- %5) + (B(to) + ? —1) e, >,

The function is monotonic and asymptotically approaches b(co) =1 — 5 The trajectory is strictly
monotonic if b(0) # b(c0).
Case 3: 5> r. Suppose b(0) > 5. Then, for sufficiently small ¢ >0,
(1) = M1~ b(t)) — 5= A~ 5~ Ab(),
whose solution is

b(t) = (1—?) + (B(o>+§ “1)eM, t<r=ATlm (M) .

The process b is decreasing since 5> r and b(0) > r. At time ¢ = 7, we have b(t) = 5. It follows
then that, for any initial value b(0), there exists a finite ¢, > 0 such that b(t,) € [0,5]. The drift at

5 of b is negative. Hence, b(t) € [0, 5] and

%(t) =A(1—b(t)) — ub(t) = A — (A +pu)b(t)

for all ¢ > t,. The solution to the above ODE is

b(t) =7r+ (B(to) _ 7“) e‘O‘""#)(t—tU)’ t>to.

This function is monotonic and asymptotically approaches r. The trajectory is strictly monotonic

if b(0) # r and constant otherwise. [J



Proof of Theorem 2: We proceed in the same fashion as in the proof of Theorem 1. The difference

here is that the limiting diffusion will not be degenerate. The state space of the scaled process N,,

l1—rn rn—1

is {*—\/’"ﬁ", T T ,%} The drift and the diffusion functions of N,, are

() = (n—lrntavnA _ (Irn+zvn]As.)p
! vn vn

and

02 (z) = (n—lrntavn))A | (rndovinf As.p

n n

I

respectively. The limiting drift function is piecewise linear, with two parts. On the interval (—oo, (3)
the drift is m(z) = —(A 4 p)z. On the interval [3,00) the drift is m(z) = —Ax + pS. The limiting
diffusion function is a constant, 2ur. By Stone’s Theorem, the limiting process is a piecewise
linear diffusion, with instantaneous drift given in (11) and infinitesimal variance equal to 2ur; see,
e.g. Browne and Whitt (1995). Also, by Browne and Whitt (1995), this process has a limiting
distribution given by (12). Joint convergence of the scaled queue length and idle time process
follows from the continuous mapping theorem; see, for example, Whitt (2002). OJ

Proof of Corollary 1: Convergence of the first three components follow from Theorem 1 and
the continuous mapping theorem; see, e.g., Whitt (2002). The convergence of W,, follows from the
convergence of Q,,, the weak law of large numbers, and the fact that when the number of activate
users exceeds the number of servers, all s,, servers must be processing users.

We only sketch the proof that D,, converges in probability to a constant. As noted in the paper,
the distribution of D,, is a change of measure of the conditional distribution of W,,, involving the
distribution of N, (c0) and the state-dependent collective activation rate A(n — N,,). The following
asymptotic relations hold: W,,(oc0) = (b;—if +0(1), N,(00) =nb+o(n), and hence, A\(n — N, (c0)) =
An(1—0b)+4o(n). One can take advantage of these relations and (3) to show the result. OJ
Proof of Theorem 4: Our proof is similar to the proof of Theorem 3 in Garnett et al. (2002)
and relies on a corollary by Puhalskii (1994). Introduce the processes D,, and A,, which track the
cumulative number of processed users activated users (including the initial active users at time 0),
respectively, as functions of time. Let X,, and Y,, be fluid-scaled versions: X, (t) = (1/n)D,, and
Y, =(1/n)(A, — s, +1). The virtual waiting time can be expressed W,,(¢t) = (Z,(t) —t)*, where

Z,(t)=inf{s>0:D,(s) > A,(t) — (s, — 1)}

It is instructive to express the cumulative number of activated users as A, (t) = N, (0) + A%(¢),

where A° () counts the number of users activated after time 0. By the law of large numbers, we



have X,, = X, Y, =Y, and Z, = Z, as n — oo, where X (t) =Y (t) = prt, for all t > 0, and Z(t) =t.
By Theorem 2, we have N,, = N, as n — oo. It follows that, as n — oo, U, =/n(X, — X)=U
and V,, =/n(Y,—Y) =V, where

U= VimBat) ~n | (N7 5)ds.

t
V() =NO) =+ VB0 - [ N(s)ds,
0
The processes B; and B, are independent, standard Brownian motions that together constitute
the martingale component of N. Using the corollary in Puhalskii (1994) we have, as n — oo,
Vi(Z, — Z) = Z, jointly with the convergence N,, = N, where
V() -U(Z(t) _N-7

Z(t) =
=X e
The convergence in (15) follows from the continuous mapping theorem. [J
. : —bn 1-bn n—bn—1 n—bn
Proof of Theorem 5: The state space of the scaled process N, is { T T e e

where b=1— % The drift and the diffusion functions of N,, are

(n—|bn+zyn)N  ([bn+xv/n| As,)p

mn(x) = -

vn vn

and
(n—[bn+xvn])A N ([bn+zv/n) A sp)p

oi(z) = - ;

respectively. Because /n(s,/n — §) — 0, the limiting drift function is lim, ., m,(z) = Az, Vz.

I

Whereas in the QED case the limiting drift function is piecewise defined, here the limiting func-
tion is simply linear. The limiting diffusion function is a constant, equal to o? = 2u35. By Stone’s
Theorem, the limiting process is an OU process. The steady state distribution of this process is
Normal with mean zero and variance 75/r. Again, joint convergence of the scaled queue length and
idle time process follows from the continuous mapping theorem. [

Proof of Theorem 7: The proof is similar to that of Theorem 5. The linear drift functions under
ED and QD cases are both determined by which term ultimately dominates, either bn++/nz or s,,.
In the ED case, the first quantity is the larger for sufficiently large n, whereas in the QD case the
second term is eventually larger. Further, when s, is the larger of the two, there are always excess
servers. As a result, an increase in x has a corresponding increase in the service rate; hence the
 term in the limiting drift function under QD staffing. Likewise when s,, is smaller, the servers
are always busy, additional jobs are not accompanied with an increase in the service rate, and
thus, under ED staffing, the limiting drift is absent the p term. The limiting diffusion is similarly

affected, because its value is o(z) =2u(r A 5). O



B.4. Decreasing Probability of Delay

PROPOSITION 4. P, ((D,, > 0) is decreasing in s.

Proof: From (2), the probability of delay is equal to B(s)/(A(s) + B(s)) where

As) = ;(n k( ) nM(”_l)

B(s)=Y (n—k) <Z> lz—;ss_kpk —nY" <"; 1) gss_kpk

k>s k>s

and

with A(s +1) > A(s) and B(s) >n) . ., n; !

1)B(s) — A(s)B(s+ 1) > 0 which implies the result. O

s kpk > B(s +1). It follows that A(s +

B.5. Asymptotic PASTA

Proof of Theorem 9: Fix ¢. If 8 = 0o then, from the proof of Proposition 1, we have that o= 0.
Likewise, 3 = —oo implies that = 1. Under both of these degenerate cases, we have a(q) = «,
regardless of the size of ¢, provided it is finite. Now suppose that § is finite. By Theorems 2 and
3, we have that (24) holds. To see this, one only needs to integrate the density of the limiting
diffusion process, provided in (12), over the appropriate intervals.

The quantity v, (q) can be expressed as

T fot 1(Nn(5)25n+qﬁ)dAn(s)
() = thjgo A1) ;

where A, is the activation process. We can divide the numerator and denominator each by ¢ and

handle them separately. We have the equivalence:

t t
/0 1(Nn(8)28n+qﬁ)dAn(3) =B, <AA (n - Nn(3>) 1(Nn(3)25n+qﬁ) d8> ) (32)

where B, is a rate 1 Poisson process. By elementary Markov chain results, we have B, (t)/t — 1

almost surely and

t
(1/8) [ (0= No5) Loy 85 = nPN(50) 2 50+ 037 = BINA(50) 3, 2540,
0

as t — oo; see, e.g. Karlin and Taylor (1975). It follows that

no, (q) — E[N, (00) 1w, (00)> s +qvm)]
n—E[N,(c0)] '

fyn(Q) =

Now we again handle the numerator and denominator separately, dividing each by n. By Corol-
lary 1, N,(0)/n — b implies N, (t)/n — b, for each ¢ > 0. By the same argument in the proof of
Theorem 3, N,,(c0)/n — b, as well. By the bounded convergence theorem, (1/n)E[N,, (c0)] — b and
(1/n)E[N,,(00)1(n,(00)>sn-+qvm) — ba(q). We can conclude that (23) holds. O
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Appendix C: Numerical Study for the Cost Minimization Problem

Table 1 sk —s$ as a function of n and r for a/c=0.1

r |n=2|n=4|{n=6|n=8|n=10|n=15|n=20|n=>50 | n=100 | n=200

0.1 0 0 -1 0 0 0 0 0 0 0
0.5 0 0 1 2 2 3 3 2 -2 -14
0.9 0 1 -1 -1 -2 -4 -5 -20 -45 -98

Table 2 s —sC as a function of n and r for afc=1

r I n=2|{n=4|\n=6|n=8{n=10|{n=15|n=20|n=>50|n=100 | n=200

0.1 0 0 0 0 0 0 0 0 0 1
0.5 0 0 0 0 0 0 0 0 0 0
0.9 0 0 1 1 0 1 1 1 1 1

Table 3 si —sS as a function of n and r for a/c=10

r I n=2|{n=4|\n=6|n=8{n=10|{n=15|n=20|n=>50|n=100 | n=200

0.1 0 1 0 1 0 0 0 1
02| -1 0 -1 0 0 0 0 0 0 0
09| -1 -1 -1 -1 -1 -1 0 0 0 0

In this section, we evaluate the heuristic for the cost minimization problem from Section 6.
Consider cost structure (a) and suppose r < \/W. Given the cost ratio a/c we consider the
staffing rule s¢ = rn + 3*y/n, where 3* is the solution of (22) (we determine 3* by performing a
simple search along the real line). In all our experiments, we fix g = 1. The results are summarized
in Tables 1 —3 which present the difference between the optimal staffing level s* and s¢ for different
values of n, r and a/c. For cases with a/c =0.1 and r is either 0.5 or 0.9, then r > \/a/c and our
heuristic does not perform well, as predicted. On the other hand, we have r < \/W for all the
other cases and the corresponding errors |s* — s¢| are all smaller than or equal to one.

It is also interesting to compare how a heuristic designed for an open queueing system would
perform on a closed system with the same offered load. To address this issue, we again equate
the offered load of the open and closed systems and we consider the heuristic proposed by Borst
et al. (2004): s =rn+ y*(a/c)y/rn where y*(a/c) is defined by (40) (in Borst et al. 2004) and
which performs extremely well for open queues. On the other hand, Tables 4-6 show that, not

surprisingly, the heuristic does not perform well when applied to close queues, unless the values
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n

of r and a/c are small. The difference s* — s¢ can be significantly large otherwise, reaching 32 for
instance when a/c =0.1 and r = 0.9. The difference s* — s¢ is actually negative, suggesting that

when staffing the system in order to minimize cost, failing to recognize a closed system results in

overstaffing. This is consistent with Proposition 2.

Table 4 s} — s as a function of n and r for a/c=0.1

r (n=2|n=4{n=6|n=8{n=10|n=15|{n=20|n=>50|n=100 | n=200

0.1 0 0 0 0 0 1 0 1 1 1
05| -1 -2 -2 -2 -3 -4 -5 -11 -21 -41
09| -2 -3 -5 -6 -7 -10 -13 -32 -61 -122

Table 5 st —s9 as a function of n and r for afc=1

rin=2|n=4|n=6|n=8|n=10|n=15|{n=20|n=>50 | n=100 | n=200
1 0 1 1 1 1 2 2 4
0 -1 -1 -1 -1 -1 -1 -3 -3 -5
-1 -2 -2 -2 -3 -3 -4 -6 -9 -14

Table 6 s — s as a function of n and r for a/c=10

r In=2|{n=4|\n=6|n=8{n=10|{n=15|n=20|n=>50|n=100 | n=200
0.1 1 1 1 1 1 1 1 2 2 4

05| -1 -1 -1 -1 -1 -2 -2 -2 -3 -4

09| -3 -3 -4 -4 -5 -5 -6 -9 -11 -17
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Appendix D: Extensions
D.1. Abandonment

Abandonment occurs when members waiting in-queue become impatient and decide to leave. When
a member abandons the queue, one can envision one of two things taking place next: either the
abandoning member reverts to the inactive state or they enter some type of retrial state, from
which they will attempt to join the queue later. In the former case, one can model the retrial
times as a sequence of i.i.d. random variables that are (keeping in line with the remaining random
variables) exponentially distributed with mean 1/v > 0. For simplicity, the quantity v, referred to
as the retrial rate, will be assumed to be equal to the activation rate A. As such, the retrial and
inactive members are effectively indistinguishable (at least with regards to their contribution to
the collection of active users) and there is no substantive difference between the retrial and inactive
states. In the following we consider what happens to the results of our model when abandonment
is modelled. Analogs to some of the results of Sections 3 and 4 are provided without proof.

Consider the sequence of membership services models with abandonment, indexed by n. Let N¢
denote the number of active users in the nth system. Assume that for a newly activated user, the
time to potential abandonment (which also can be thought of as the associated member’s patience)
is exponentially distributed with mean 1/6 > 0. If the member’s queueing time reaches the potential
abandonment time, then the member indeed leaves the queue and reverts to the inactive state.
Including both the service completion process and the abandonment process, the total rate at
which members become inactive is u(N* As,) +0(N® —s,)*.

The staffing regime boundaries are not affected by the addition of abandonment. Moreover, the
fluid behavior under abandonment is only affected in the ED regime. This can be seen in the analog
to Theorem 1 below (for which the proof can be replicated). Let N¢ = N¢/n be the fluid-scaled

number of active members in the membership model with abandonment and define vy = A/(A 4+ 6).
THEOREM 10. (fluid limit for the M /M /s, + M /oo /n membership model) If N¢(0) = b®(0), where
b (0) is a positive deterministic constant, then

N?=b* in D as n— oo,

where b® obeys the following ODE
db®
dt

and has the steady state value

b“zl_)“(oo):{v( _§)+§’§
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By defining ¢* = (b*—8)T =~ (1 — §)+ as the limiting fraction of members in-queue and comparing
this quantity to its abandonment-free analog ¢ = (1 — £)*, we see that abandonment decreases the
queue length by a factor v: ¢* = vq.

In Section 4 we proved diffusion limits for the sequence of membership models. The first key
step in this process is appropriately centering the processes. The abandonment analog of (9) is
Ni(t) —bn
—n

for each n > 0. We can immediately provide analogs to Theorems 2 and 5 by replicating their proofs.

NG (1)

t>0,

No analog to Theorem 7 is needed because in the limit as n — 0o, no members in a sequence of
systems staffed in the QD limiting regime abandon. For simplicity we state the theorems exclusively

in terms of the scaled active member process.

THEOREM 11. (stochastic-process limit for the M/M/s, + M/oco/n queue in the QED regime)
Consider the sequence of membership models with abandonment operating in the QED staffing

regime, i.e. satisfying (4). If N¢(0) = N*(0) as n — oo, then
N =N" in D, as n— oo,

where N is a diffusion process with infinitesimal mean

m( ):{_(/\+M)$ z <f,
~A+0)r+(0-p)fz>p

and (constant) infinitesimal variance (c*)? = 2ur. The steady state, N®(oc0), has probability density
1—a® T B
. r¢<¢——)/‘1’<f> z < f3,
fQED (z)=

a? re+73 —f
VAT < vf>/q)<rﬁ) z2 B,

1

h (r Z F)

at= 1+ \ﬁ ) (34)

"R (—L,)
Vrr

THEOREM 12. (stochastic-process limit for the M /M /s, + M /oo/n queue in the ED regime) Con-

where

sider the sequence of membership models with abandonment operating in the ED staffing regime

(s<r). If N*(0) = N*(0) as n — oo and
Vn|s—s,/n|—0,

both as n — oo, then

N =N" in D, as n—oo,
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where and N* is an OU process with infinitesimal mean m®(z) = —(A + 0)x and infinitesimal
variance

(0")? =2u5+ 0q"
and has steady state distribution N®(0co) = Normal (0, v (? + %)).

As analogs to their non-abandonment versions, Theorems 11 and 12 can be also be used for
staffing decisions. For instance, (34) provides the asymptotic probability of delay as a function of
the service grade (. It makes sense that for a given staffing level, the presence of abandonment
reduces the probability of delay. Thus fewer servers are required to produce the same probability
of delay. Likewise, the ED regime result (Theorem 12) suggests a method for staffing to meet an

expected delay constraint.

D.2. Balking

Balking occurs when newly activated members see the queue and decide not to join. As was the
case in our modeling of abandonment, after balking, members enter into a retrial state from which
they emerge at rate v back to the active state. For the last result of this section, we will allow for
any arbitrary value of v. For now though, assume that the retrial rate is the same as the activation
rate: v = A. In this case, the retrial and inactive members are effectively indistinguishable.

Members balk from the queue if it is longer than a certain threshold. However, their choice not
to join is likely based on their anticipation of the wait that is associated with this queue length. It
makes sense then, given that the staffing level increases roughly linear with n, that their tolerance
for queue length grows linearly with n as well. We provide a slightly more general approach. Suppose
that newly activated members in the nth system balk from the queue if it already has ¢yn + \/n
others in it.

Let N’ denote the active user process when users balk from the queue and N® be the diffusion
scaled version of the process, where for each n > 1,
NE(t) —bn
7\/5 )

The superscript ‘b’ stands for balking and is not a parameter. Conversely, the centering constant

N’ (t) = t>0.

bn is the same as in (9).

It should be clear that staffing policies in the QD regime are unaffected by the balking phe-
nomenon; no one queues in the QD regime. Moreover, in the QED regime, the queue length is o(n).
So balking takes place in the QED regime only if /5 = 0. This assumption leads to the following

analog of Theorem 2.
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THEOREM 13. (stochastic-process limit for the M /M/s, /l/n/n queue in the QED regime) Con-
sider the sequence of membership models with balking operating in the QED staffing regime, i.e.

satisfying (4). Assume that > 0. If N®(0) = N°®(0) < 8+£ as n — oo, then
N =N’ in D, as n— oo,
where N° is a diffusion process with infinitesimal mean

m

T
@)=\ Xe—up f<z<f+i,

infinitesimal variance (o°)? = 2ur, and reflected above at 3+ (. The steady state, N°(c0), has
probability density

forp(z)= 1Jbr%b¢< Irf /(I) v T
o) () 8 (25)] sz
where B
At

o) ()
The quantity o’ above is the limiting approximate probability of delay. If one allows for £ =0, then
the resulting model has blocking. This case was considered by Randhawa and Kumar (2005).

Now suppose we are staffing in the ED regime. Because v = A, for every § there is one natural
choice of £y, namely b —5=1— 2 from (8). If instead we have £, > b then, in the limit as n — oo,
no members balk. If £, < b then the limiting diffusion is trivial. In particular, the number of users
in queue is equal to fyn +£y/n + o(y/n). That is, the deviation of the number of active users from
the maximum that the system will accommodate is small relative to y/n. We will return to this
scenario at the conclusion of this section.

Suppose for now that ¢, = b — 5 and that ¢ is any real number. The following is a balking analog

of Theorem 5.

THEOREM 14. (stochastic-process limit for the M /M /s, /(b—35)n+£€y/n/n queue in the ED regime)
Consider the sequence of membership models with balking operating in the ED staffing regime (s <
r). If Nt (0) = N®(0) </ as n — oo and

Vnl|s—s,/n|—0,

both as n — oo, then

NfL:>Nb m D, as n— oo,
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where and N° is an OU process, truncated above at £, with infinitesimal mean m®(z) = —\x and
infinitesimal variance,

(0*)* =2u3

and whose steady state distribution has the following density

foo(@) = _¢<x\F> /@(ﬁ —) 2t

To conclude this section, we allow for the retrial rate and the activation rate to be different
(v # A), provided that staffing is in the ED regime and the order n balking constant is less than the
deterministic limit of the sequence of fluid-scaled queue length processes (¢y < b — ). In addition
to the active user process N, we also track the number of retrial users R and the number of
inactive users M as a function of time, for each n > 1. Our remaining arguments are strictly
intuition-based. We will assume, without loss of generality that £=0.

Suppose we define the following diffusion scaled processes:

NbENg—n(Eo—i—E)’ 1\/IZ)EM£—n(1—b)7 and R? Rt —n(b—5—14)

! vn " vn vn ’

Because N? + M% + RY = 0, the system is two-dimensional. As n — oo, we anticipate that the

n>1.

limiting scaled active user process converges to a degenerate process. Specifically, this process
converges to the constant 0, provided that N®(0) = 0, M%(0) = M"(0) and R?(0) = —M?*(0),
where MP?(0) is a proper random variable. It follows that this relation between M’ and R’ will
hold for all time ¢ so that the limiting system is one-dimensional. The intuition behind why the
limit reduces in dimension is straightforward. For sufficiently large systems, the number of active
users is always greater than ns. So the output rate is us,. However, because the number of active
users is at most nfy + s, the input rate exceeds us, by an order n quantity. This means that users
balk at an order n rate and further that the queue never drops below its maximum amount.

In essence, a relatively fixed number, nf, + s,,, of users are always active; thus N? = 0. This
reduction in the state space is a type of state space collapse. Although analyzing the limiting
process R is equivalent to analyzing the limiting process M?, it turns out the latter is conceptually
easier. Because N is trivial, the input process to the collection of inactive users is constant at rate
us,. However, the output (activation) rate (regardless of whether the activated users join the queue
or balk) depends on the number of inactive users, exclusively; the activation rate is proportional to
the number of inactive users. It follows then the limiting process is the same as the one in Theorem

5. Namely, the limiting process is an OU process whose steady state is Normal(0,7s/r).
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One curiosity with the above conjecture is that the retrial rate v has no effect on the limiting
diffusion-scaled retrial user process. This is not to say that retrial rate does not affect individual
users. The faster they retry, the sooner they emerge from the retrial state. However, the faster the

retrial rate, the more likely that inactive users will balk on their initial attempt to join the queue.



