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APPENDIX: Proof of Theorem 1

We will prove Theorem 1 through a reduction from the Even-Odd Partition problem. The Even-
0Odd Partition problem has been shown to be binary NP-complete by Garey, Tarjan and Wilfong

(1988); see also Garey and Johnson (1979).

Even-Odd Partition: Given 2n positive integers a1 < as < --- < agy,, where A = %23221 a;,
is there a partition of these integers into two sets A; and As, such that ZajeAl a; = Zaj€A2 a; = A,

where A; and As each contains exactly one element from {ag;—1, as}, i =1,2,...,n?

Let 0; = a9; — a9;—1,7 = 1,...,n. Notice that since each pair of integers, as;_1 and ag;, must



be put into two different sets, we can add a constant ¢; to each pair without changing the problem
instance. By carefully choosing ¢;, we may assume that the given instance of Even-Odd Partition
satisfies the following properties:

Property 1: a; > (2n + 2) max(o1,...,0n).

Property 2: a1 > Z?i:_lz a;.
Moreover, we may assume:

Property 3: a;/j is an integer for each 1 <i <2n and 1 < j < n.
If this is not true, we can multiply each a; by n! without changing the problem instance. Note that
although the numbers a; may become exponential, the size of the binary input remains polynomial.

Given an instance of the Even-Odd Partition problem, we create an instance I of our scheduling
problem as follows: There are 2n P-jobs, each of which corresponds to an integer in the Even-Odd
Partition instance, and a large R-job for Agent B. There are n Q)-jobs for Agent A. The processing

times and due dates of these jobs are shown in Table 5, where

Table 1: Job data in instance I

Job Processing Time Due Date

Pyi1 agi—1 (=p2i-1) S Pk + e Tk + P2
Py azi + (li — D)oy (=pai) 4t pok + ket Tk + D2i
R L Siiwi+ [A+ I (- 1)oi] + L

Qi x;

e [ is an integer larger than 2A.



e =1, z; = Z:ﬁiéagi_g fori=2,...,n—1, and z,, = %agn_g 4+ a9,_5. Note that 1 < x5 <

.-+ <z, and they are all integers.
® 0, = n—;i—i-la%_l for i =1,...,n. By Property 3, [;0; is an integer.
Let the threshold for the total completion time of Agent A be T'C', where
1 n
=4+ > (li = Dai,
i=1

n n 1
TC = Z(TL — i)[agi + (lz — 1)01'] + Z(’I’L — 1+ 1)l’i + 5 leo'z
i=1 =1 =1

and let the threshold for the number of tardy jobs of Agent B be n. Clearly, this transformation

can be done in polynomial time.

Note that based on the data given in Table 5, we have

e processing times p; < pa < -+ < pap—1 < Pap, and
e due dates dp, < dp, < --- <dp,, , <dp,, < dg. Figure 2 shows the due date pattern of the

jobs.

Figure 1: The due dates of jobs in instance I

In an instance I of the scheduling problem 1 || 3 O-EDY U]I-’ , a schedule is said to be feasible if

the number of tardy jobs of agent B is less than or equal to n. The decision problem asks: is there

a feasible schedule with total completion time of the jobs of Agent A less than or equal to T'C?
That is, is there a solution to the problem 1 || > Cf <TC : 37 Ujl? <n?

First of all, we have:

Lemma 1: Given an instance of the Even-Odd Partition problem, if there is a solution to this

instance, then there exists a solution to the corresponding instance of the problem 1 || > Cy<TC:



U ]l-’ <n.

Proof: If there is a solution to an instance of the Even-Odd Partition problem, i.e., there is a
partition A; and Ap such that -, c 4, aj = 324,ea, aj = A, where Ay and A each contains exactly
one element from {ag;—1, ag;}, i =1,2,...,n, then we can schedule the jobs of the corresponding
instance I as follows.

First, the R-job is scheduled to complete exactly at its due date. Second, the n P-jobs corre-
sponding to A; are scheduled before the R-job in EDD order. Third, the n Q-jobs are scheduled
together with the n P-jobs corresponding to A; as follows: if the P-job corresponds to as;, then job
Q); is scheduled just before Ps; as Q; Py;; if the P-job corresponds to as;_1, then job @; is scheduled
just after Py; 1 as Py;_1Q;. Finally, the n P-jobs corresponding to As are scheduled after job R in
any order. It is easy to check that this schedule is feasible (the n P-jobs corresponding to A; and
the R-job are non-tardy) and the total completion time (of the n @Q-jobs) of Agent A is exactly

TC'. This means that there is a solution to the instance I of the scheduling problem. O

In the following, we show that if there exists a solution to an instance of the problem 1 ||
YO <TC: Y UJI»’ < n, then there exists a solution to the corresponding instance of the Even-
Odd Partition problem. In fact, we will show that for any feasible schedule, the minimum value of
> C7 is exactly T'C. In other words, any schedule with > C} < TC must not be a feasible schedule.
Since the threshold for 3° C7 in the problem 1 | > Cy<TC: ) U;»’ < n is T'C, a solution to the
problem must imply that >° C7 = T'C. Moreover, to obtain a schedule with > C¥ = T'C, there
must be a solution to the corresponding instance of the Even-Odd problem.

The basic idea of the proof is to define a P-job for each integer a;, and a large R-job whose due

date is the largest among all the jobs, for Agent B. (Here, the P-job corresponding to ag; is called



an even P-job, and the P-job corresponding to ag;_; is called an odd P-job.) For Agent A, we
define n (Q-jobs each of which can and has to be scheduled in between an adjacent pair of P-jobs
in SPT order. By properly choosing the processing times and due dates of the jobs, we can show
that for any feasible schedule of instance I the following four assertions hold:

(a) Exactly one job from each pair {Ps;_1, P»;} must be tardy.

(b) The R-job must be on time and scheduled after all the other on-time P-jobs.

(c) The Q-jobs must be scheduled in SPT order before the R-job.

(d) The total processing time of the on-time P-jobs cannot exceed A+ 1 37, (I; — 1)o;.

It can be shown that for every i, there are two ways to schedule Ps; 1, Py; and Q;: either Py; 1
followed by @; (which implies that Ps; will be tardy), or @; followed by Py; (which implies that
Py;_1 will be tardy). In order to minimize the total completion time of the @)-jobs (which are the
jobs of Agent A), we need to have more even P-jobs on time. It can be shown that every time
we interchange a pair of even and odd P-jobs by making the even P-job tardy and the odd P-job
on-time, the total completion time of Agent A will be increased by a quantity equal to the difference
between the processing times of the two P-jobs, which is exactly the quantity reduced in the total
processing time of the on-time P-jobs. Thus, a feasible schedule with 3 C¥ < T'C'is obtained when
the total processing time of the on-time P-jobs is exactly A+ % >oiq1(li—1)o;. But this occurs only
when there is a solution for the instance of the Even-Odd Partition problem. Notice that the first
two terms in the formula of T'C' represent the total completion time when all the even P-jobs are
on time (which does not yield a feasible schedule since the R-job will be tardy). The last term is
the minimum increase in the total completion time when the total processing time of the on-time
P-jobs is reduced to A+ % Y1 (l; —1)o; (which yields a feasible schedule since the R-job will then

be on time).



Before we proceed to prove the assertions made above, we first prove the following inequalities

in order to facilitate the presentation of the proofs.

Lemma 2: (2.1) 22;11 Pok + by <poy fori=1,...,n—1.
(2.2) 302 Pok + Xkt Tk < Pan—s5 + P2n-1-
Proof: (2.1) For ¢ = 1, the left hand side is 1 = 1 and the right hand side is p; = ay. Clearly,
the left hand side is smaller than the right hand side. We now consider ¢ > 1.

Recall that

1
l = ———Qok_ k=1,...,n.
KOk n_k+1a2k 15 yeeey T
Furthermore, z1 = 1 and
n—k+1
= ————a9p_ k=2,...,n—1.
Th = TR a2k n

Thus, for i =2,...,n—1,

i—1 7
ZP%—FZ% = Z agk—i-(lk — 1)0k] —i—Zxk
k=1 k=1

i—1 i—1
= (agk + lkok — op) + 21+ > Tppa
k=1 k=1
:§(a +ﬂ—a)+x +§7k
Pt Tkt 1 F ! on—k+1 21

i—1 i—1 i—1
:Z agp + T1 — Zak-i-zazk 1 Za2k+za2k—1
k=1 k=1 k=1
< agi-1 = pai—1. (By Property 2)

(2.2) Recall that =, = %agn_g + a9,—5. Thus,

n—1 n
Zp2k+zxk—Z@2k+(lk_1)0k]+z$k
k=1 =1



n—1 1 n—1 n—k
=Y (agk + ————ag1 — Ok) +T1 + ) —————ag_1 + d2n 5
k=1 k=1

n—k+1 —n—k+1
(since z,, = %a%_g + agp—s)
1

< (agk + agk—1) + a2n—5 < A2p—1 + A2n—5 = Pan—5 + Pan—1
1

3
|

B
Il

(by Property 2).

Lemma 3:

i—1 i—1
ZP2k<ZP2k_1+SEi, 1=2,3,...,n.
k=1 k=1

Proof: For i = 2, the left hand side is
1
D2 :a2+(l1 —1)0‘1 =a1 + 01 —l—(ll —1)0‘1 =a1+ o1 = a1 —|—Ea1

and the right hand side is

n—1

p1+x2=ai+ ag.

Clearly, the left hand side is smaller than the right hand side.

Fori=3,...,n—1, we have
n—t+1 n—1 n
= _3 = _ ag;_
R R i b
2i—4
n—1 1
n—z+2]z::l T '+2a2i_3
n—i 2
n_2+2kz::1a2k_1+ T
(by Property 2)
i—2
= not + a
— aAok_ i
k:1n_ 12 2k—1 —i+2 2i—3



i—2

> EE— _ ——a9;—
kzln—k—i-la% 1+n—i+2a2l 3
(since n —i > 1)
- i—1
Z —————ag-1 = Z lkop.
k=1"" k+1 k=1
For ¢ = n,
! + > 1 +(1 + +1 )
Tp = =A2p—3 + Aop— —Q9p— —Qop—5+ -+ —a
n 2 2n—3 2n—>5 2 2n—3 3 2n—5 n 1
(by Property 2)
n—1 1
= — 1 = _ 1 = l .
a2n3+z_: _k+1a2k1 I;n_k+1a2k1 I;Wk
Thus, we have 22;11 lpop < x; for all § =2, ... ,n. Therefore, for all : = 2,...,n,

szk—Z[P% 1+ (k= Dog) < szk 1+ i

We now prove assertions (a) and (b) through Lemmas 4 and 5. These two lemmas characterize

the basic structure of a feasible schedule for instance I.

Lemma 4: In a feasible schedule:
(4.1) there are exactly n tardy jobs;
(4.2) the R-job is non-tardy and scheduled after all other non-tardy jobs;
(4.3) at least one job from {Poj_1, Poi}, i = 1,2,...,n, must be non-tardy.
Proof: (4.1) It is sufficient to consider the jobs of Agent B only since the jobs of Agent A have

nothing to do with the feasibility of a schedule. Recall that the Hodgson-Moore algorithm yields



a schedule with the minimum number of tardy jobs. Thus, it is sufficient to show that there are
exactly n tardy jobs when the Hodgson-Moore algorithm is applied to instance I. The Hodgson-
Moore algorithm scans jobs in increasing order of their due dates. In the course of scheduling, if a
job misses its due date, then the job with the largest processing time among all jobs currently in
the schedule (including the job that misses its due date), will be chosen as a tardy job and deleted
from the schedule. The algorithm then continues to scan the next job until all jobs have been
processed. Finally, the tardy jobs (that were deleted from the schedule) will be scheduled after the
non-tardy jobs, in any order.

For instance I, we have dp, < dp, < --- < dp,, , < dp,, < dr. Therefore, the jobs would be
scheduled in the order of Py, Py, P3, Py, ..., Pop_1, Poy, R by the Hodgson-Moore algorithm. It is
easy to see that P; meets its due date, but P, will not. Since p; < po, P» will be chosen as a tardy
job. Suppose we have scheduled all the jobs Py;j_1 and P»;, 1 < j <4 — 1, and all the even P-jobs
had been chosen as tardy jobs and discarded from the current schedule. If we now schedule Py; 1

and P»; sequentially, then the completion times will be

i1 i—1 i1
Chy s = > P2j—1+DP2ic1 < Y_paj+ Y xj +paic1 = dp,,_,.
j=1 i=1 j=1

For i < n, we have (by Lemma 2.1)

i—1 i—1 i
Cpy =Y p2j—1 + Pai1 +P2i > Pai—1 +D2i > Y P2+ D xj + P2 = dpy,,
= j=1 j=1

and for ¢ = n, we have (by Lemma 2.2),

n—1 n—1 n
Cpy, = ZPZj—l + P2n—1 + P2n > P2n—5 + P2n—1 + P2n > Z D2j + Zﬂfj + pon = dp,,.
j=1 j=1 j=1



Since P»; misses its due date and has the largest processing time among all the jobs currently
in the schedule, P»; will be chosen as a tardy job. Therefore, the Hodgson-Moore algorithm will
choose all the even P-jobs as tardy jobs.

For the R-job, we have

Cr = zn:lpzj—lJrL <A+L< ilxﬂr [A+ %an(li —Doil + L =dg.
j= i= i=

So it is on time. Hence, the total number of tardy jobs is n. Thus, any feasible schedule for
instance I must have exactly n tardy jobs.

(4.2) Since the R-job has the large processing time, a job scheduled after the R-job must miss
its due date. Hence, all the other on-time jobs must be scheduled before the R-job. Thus, (4.2)
also holds.

(4.3) We now prove (4.3) by contradiction. Suppose {Pa;j_1, Py;} is the first pair that are both
tardy in a feasible schedule S. Consider now applying the Hodgson-Moore algorithm to the job
set consisting of all the P-jobs except {Pa;_1, P2}, as well as the R-job. As shown in the proof
of (4.1), all the even P-jobs, P»j, j < i, will be chosen as the tardy jobs by the Hodgson-Moore
algorithm. If we now schedule the jobs Ps;+1 and Pojio, then Py;1q will still be on time. However,

the completion time of Pp; 4o is:

For i <n —1 (by Lemma 2.1),
i-1 i i1
Cpypy = Zp2j—1 + P2it1 + P2it2 > p2it1 + D22 > ij + Z Tj+ p2it2 = dpy, s,

j=1 j=1 j=1

and for i =n — 1 (by Lemma 2.2),

n—1 n—1 n
Cpyy = Y D2j—1 4 P2n—1 + P2n > Pons + Pon—1 +P2n > D P2j + Y Tj + Pon = dp,,.
J=1 Jj=1 Jj=1

10



Thus, Po;+o will miss its due date. Since Ps;1o has the largest processing time among all jobs
currently in the schedule, it will be chosen as a tardy job. By mathematical induction, we know

that all even P-jobs are tardy. By assumption, P»; 1 is also a tardy job. Thus, the total number

of tardy jobs will be n + 1, contradicting our assumption that S is a feasible schedule. a
Lemma 5: In a feasible schedule, exactly one job from {Psi_1, P}, i = 1,2,...,n, must be
tardy.

Proof: By contradiction. From Lemma 4 we know that at least one job from {Pa;_1, P},

i=1,2,...,n, must be non-tardy. Suppose Ps;_1 and Ps; are both non-tardy, then by Lemma 2.1,

fori=1,2,...,n — 1, we have
i—1 i
Cpy > P2i1 +D2i > Y P2j + O+ p2i = dpy,
j=1 j=1

and for i = n, since at least one of the jobs in {Pa,_3, Ps,—2} is non-tardy (Lemma 4), we have

(by Lemma 2.2)

n—1 n
Cpry, > P2n—3 + P2n—1 + P2n > P2n—s + Pon—1 + P2n > Z p2j + Z Tj+ pon = dp,,.
j=1 j=1
So one of the jobs in {Ps;_1, P»;} must be tardy. Hence, Lemma 5 holds. O

We now prove assertions (c) and (d) through Lemmas 6, 7 and 8. These three lemmas state

how Q-jobs must be scheduled in a feasible schedule with minimum }° C7 in instance I.

Lemma 6: In a feasible schedule with minimum total completion time of Agent A, all the

Q-jobs must be scheduled in the SPT order before the R-job.

Proof: First, recall that by the Hodgson-Moore algorithm, we have a feasible schedule with all
the odd P-jobs scheduled before the R-job and all the even P-jobs scheduled after the R-job; i.e.,

the schedule before the R-job (and including the R-job) is Py, Ps,..., Py,_1, R. Note that in this

11



schedule, the completion time of job Py;—; (i =1,2,...,n)is 22:1 por—1 and the completion time
of the R-job is (A — % ® 1 0i)+ L. Through a simple calculation of the due dates, we can see that
if we insert the )-jobs in this schedule to obtain a schedule Py,Q1,..., Poy,_1,Qn, R, it is still a
feasible schedule. We call this schedule S. Now, if we schedule any of the ()-jobs after the R-job,
the total completion time will be larger than that of S. Thus, in a feasible schedule with minimum
> C7, all the Q-jobs must be scheduled before the R-job.

Next, we prove that all the @-jobs must be scheduled in SPT order. Recall that the SPT
rule minimizes total completion time of a schedule. Suppose in an feasible schedule S’ that has
minimum 3 CY, Q; is scheduled before @;, where j < i. Now we interchange these two jobs and
schedule all the other jobs in the same order without idle time in between any two jobs. Call the
new schedule S”. Since p; < p;, it is easy to see that S” is still feasible, since the completion times
of all the P-jobs and the R-job in S” are no larger than their completion times in S’. However, it

is easy to see that the total completion time of S” is smaller than that of S’, contradicting the fact

that S’ is a feasible schedule with minimum > Cy. O

Lemma 7: In a feasible schedule with minimum total completion time of Agent A, no two

Q-jobs can be scheduled between dp,, , and dp,, (i =1,...,n), where dp, = 0.

Proof: By Lemma 6, we know that in a feasible schedule with minimum C7, all the Q-jobs

must be scheduled in the SPT order before the R-job. So the (-jobs must be scheduled in the

order of Q1,Q2,...,Qx.

By Lemma 5, we know that exactly one job from { Pa;_1, P5;} is on time. Let H; € {Py;—1, P} (i =

1,...,n) be the on-time P-job. Since

dp, = 1+ p2 > =1 + pH,,

12



@1 can be scheduled between 0 and dp, (either before or after Hy) without causing Hy, k = 2,...,n,

to be overdue. However, by Lemma 3,
1+ 22+ pH, > 21 +Pp2 =dp,.

Therefore, (2 cannot be scheduled between 0 and dp,.
Suppose we have scheduled each @Q; between dp,,_, and dp,; (either before or after H; 1)

without causing H; to be overdue, where j < i. Now we schedule @);. Since

i—1 ) i—1 i—1
dp,, = ZP% + Zﬂfk +p2i = Zka + Zwk + x; + p,
k=1 k=1 k=1 k=1

Qi can be scheduled between dp,; , and dp,, (either before or after H;) without causing Hy, k =

i+ 1,...,n to be overdue. However, by Lemma 3,
i—1 i—1 A i—1
Y opm+ Y wn @it +pu, = (Y pE, +Ti) + ) wk+ @
k=1 k=1 k=1 k=1
i i—1 i—1 i—1
> pok+ Y Tk +xi=Y P+ P Tk +Ti+po = dpy,.
k=1 k=1 k=1 k=1

Thus, Q;+1 cannot be scheduled between dp,, , and dp,,.

By mathematical induction, we conclude that Lemma 7 holds. O

Lemma 8: In a feasible schedule with minimum total completion time of Agent A, there are
only two possible configurations for each set of jobs {Pai—1, Pei, Q;}. We either have Ps;—1 on time
together with Q); and scheduled as Po;_1 followed by Q; before the R-job, or we have Po; on time

together with QQ; and scheduled as Q; followed by Ps; before the R-job.

Proof: By Lemma 5, we know that in a feasible schedule, exactly one job from {Pa;_1, Pa;} is
on time.
By Lemma 7, we know that in a feasible schedule with minimum }° C%, only Q; can be scheduled

between dp,, , and dp,;, 1 =1,...,n.

13



Now consider @) first. It is easy to see that if P; is on time (while P is tardy), then P; must
be scheduled before 1. On the other hand, if P is on time (while P; is tardy), then Q1 must be
scheduled before P» so as to minimize the completion time of Q.

Suppose we have scheduled {Pyj_1, P2, Q;} and we have either Py;_; followed by @;, or Q;

followed by P»j, where j < i¢. Now consider job ;. Since

i1 i1 i1 i1 i1 i1
> pok14+ D> et aitpaict = (O pok—1 i)+ Y Tk +P2ic1 > > pak+ D T+ pric1 =dp,,_,,
k=1 k=1 k=1 k=1 k=1 k=1

Q; can only be scheduled after P»;_1. On the other hand, since

i—1 i—1 i—1 i
Zka + Zl’k +x; +p2i < ZP% + Zazk + poi = dp,,,
k=1 k=1 k=1 k=1

Q; can be scheduled before Ps;.

By Lemma 5, we know that in a feasible schedule, exactly one job from {Py;_1, P»;} is on time.
Hence, if P»;_1 is on time, then we have Py; 1 followed by ;. On the other hand, if P»; is on time,
then we have ; followed by P»;. By mathematical induction, we conclude that Lemma 8 holds.

0.

Next, we show that in order to minimize the total completion time of the @-jobs, we should

schedule more even P-jobs to be on time.

Lemma 9: In order to minimize the total completion time of Agent A, it is always better to

choose Py; on time together with Q; and scheduled as @Q; followed by Ps;.

Proof: By Lemma 8, in a feasible schedule with minimum CJ‘-’, we either have Py;_1Q; or

Q; Py;. By interchanging P»; _1Q; with Q;P,; in a schedule, the total completion time decreases by

ag;—1 — (n — Z)ZZUZ = (n — 14 1)liO'Z' — (TL — Z)ZZO'Z = l;o; > 0.

14



Therefore, to minimize the total completion time, it is always better to choose Ps; on time
together with @; and to schedule them as ); followed by Ps;.
Note that at the same time, the total processing time before the R-job will increase by exactly

the same amount /;0;. O

Lemma 10: If there is a solution to an instance of the problem 1 || 35 CF < TC : ZUJI-’ <n,

then there exists a solution to the corresponding instance of the Even-Odd Partition problem.

Proof: From Lemma 4, we know that in a feasible schedule, the R-job must be on time. In
order to ensure that the R-job is on time, we cannot choose all the even P-jobs to be on time.
Suppose, on the contrary, we pick all the even P-jobs to be on time. Note that all the Q-jobs must
be scheduled before the R-job in a feasible schedule with minimum - C¢ (Lemma 8). Then, the

completion time of the R-job will be

n

szj +ij + L = ij + [A—i—Z(li — %)Uz] + L > dp.
j=1 j=1 j=1 i=1

Thus, the R-job will be tardy. So, we must choose some even P-jobs as tardy jobs. As we have
shown above, each time we interchange P,; with P»;_1, the total completion time will increase by
l;0;. At the same time, the completion time of the R-job will decrease by exactly l;0;. So, if we can
schedule the jobs such that the R-job completes exactly at its due date, then the total completion
time has the minimum value among all feasible schedules, and the total processing time of all the
on-time P-jobs is exactly TC = A + %Zzzl(li — 1)o;. This means that there is a solution to the
instance of the Even-Odd Partition problem if there is a solution to the instance I of the scheduling

problem. a

From Lemmas 1 and 10, we know that there is a solution to the instance of the Even-Odd

Partition problem if and only if there is a solution to the corresponding instance I of the scheduling

15



problem. Therefore, we have the following theorem.

Theorem 1: The problem 1|| 3 CF : 3° U]I-’ is binary NP-hard. O
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