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APPENDIX: Proof of Theorem 1

We will prove Theorem 1 through a reduction from the Even-Odd Partition problem. The Even-

Odd Partition problem has been shown to be binary NP-complete by Garey, Tarjan and Wilfong

(1988); see also Garey and Johnson (1979).

Even-Odd Partition: Given 2n positive integers a1 < a2 < · · · < a2n, where A = 1

2

∑
2n
j=1 aj ,

is there a partition of these integers into two sets A1 and A2, such that
∑

aj∈A1
aj =

∑

aj∈A2
aj = A,

where A1 and A2 each contains exactly one element from {a2i−1, a2i}, i = 1, 2, . . . , n?

Let σi = a2i − a2i−1, i = 1, . . . , n. Notice that since each pair of integers, a2i−1 and a2i, must
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be put into two different sets, we can add a constant ci to each pair without changing the problem

instance. By carefully choosing ci, we may assume that the given instance of Even-Odd Partition

satisfies the following properties:

Property 1: a1 > (2n + 2)max(σ1, . . . , σn).

Property 2: a2i−1 >
∑

2i−2
j=1

aj.

Moreover, we may assume:

Property 3: ai/j is an integer for each 1 ≤ i ≤ 2n and 1 ≤ j ≤ n.

If this is not true, we can multiply each ai by n! without changing the problem instance. Note that

although the numbers ai may become exponential, the size of the binary input remains polynomial.

Given an instance of the Even-Odd Partition problem, we create an instance I of our scheduling

problem as follows: There are 2n P -jobs, each of which corresponds to an integer in the Even-Odd

Partition instance, and a large R-job for Agent B. There are n Q-jobs for Agent A. The processing

times and due dates of these jobs are shown in Table 5, where

Table 1: Job data in instance I

Job Processing Time Due Date

P2i−1 a2i−1 (= p2i−1)
∑i−1

k=1
p2k +

∑i−1

k=1
xk + p2i−1

P2i a2i + (li − 1)σi (= p2i)
∑i−1

k=1
p2k +

∑i
k=1 xk + p2i

R L
∑n

i=1 xi + [A + 1

2

∑n
i=1(li − 1)σi] + L

Qi xi

• L is an integer larger than 2A.
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• x1 = 1, xi = n−i+1

n−i+2
a2i−3 for i = 2, . . . , n − 1, and xn = 1

2
a2n−3 + a2n−5. Note that x1 < x2 <

· · · < xn and they are all integers.

• liσi = 1

n−i+1
a2i−1 for i = 1, . . . , n. By Property 3, liσi is an integer.

Let the threshold for the total completion time of Agent A be TC, where

TC =
n∑

i=1

(n − i)[a2i + (li − 1)σi] +
n∑

i=1

(n − i + 1)xi +
1

2

n∑

i=1

liσi = A +
1

2

n∑

i=1

(li − 1)σi,

and let the threshold for the number of tardy jobs of Agent B be n. Clearly, this transformation

can be done in polynomial time.

Note that based on the data given in Table 5, we have

• processing times p1 < p2 < · · · < p2n−1 < p2n, and

• due dates dP1
< dP2

< · · · < dP2n−1
< dP2n

< dR. Figure 2 shows the due date pattern of the

jobs.

... ... ...
0 dp1

dp2
dp3

dp4
dp2n−2

dp2n−1
dp2n

dR

p1 p3 p2n−1 L
︸ ︷︷ ︸

x1+p2

︸ ︷︷ ︸

x2+p4

︸ ︷︷ ︸

xn+p2n

Figure 1: The due dates of jobs in instance I

In an instance I of the scheduling problem 1 ||
∑

Ca
j :

∑
U b

j , a schedule is said to be feasible if

the number of tardy jobs of agent B is less than or equal to n. The decision problem asks: is there

a feasible schedule with total completion time of the jobs of Agent A less than or equal to TC?

That is, is there a solution to the problem 1 ||
∑

Ca
j ≤ TC :

∑
U b

j ≤ n?

First of all, we have:

Lemma 1: Given an instance of the Even-Odd Partition problem, if there is a solution to this

instance, then there exists a solution to the corresponding instance of the problem 1 ||
∑

Ca
j ≤ TC :
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∑
U b

j ≤ n.

Proof: If there is a solution to an instance of the Even-Odd Partition problem, i.e., there is a

partition A1 and A2 such that
∑

aj∈A1
aj =

∑

aj∈A2
aj = A, where A1 and A2 each contains exactly

one element from {a2i−1, a2i}, i = 1, 2, . . . , n, then we can schedule the jobs of the corresponding

instance I as follows.

First, the R-job is scheduled to complete exactly at its due date. Second, the n P -jobs corre-

sponding to A1 are scheduled before the R-job in EDD order. Third, the n Q-jobs are scheduled

together with the n P -jobs corresponding to A1 as follows: if the P -job corresponds to a2i, then job

Qi is scheduled just before P2i as QiP2i; if the P -job corresponds to a2i−1, then job Qi is scheduled

just after P2i−1 as P2i−1Qi. Finally, the n P -jobs corresponding to A2 are scheduled after job R in

any order. It is easy to check that this schedule is feasible (the n P -jobs corresponding to A1 and

the R-job are non-tardy) and the total completion time (of the n Q-jobs) of Agent A is exactly

TC. This means that there is a solution to the instance I of the scheduling problem. 2

In the following, we show that if there exists a solution to an instance of the problem 1 ||

∑
Ca

j ≤ TC :
∑

U b
j ≤ n, then there exists a solution to the corresponding instance of the Even-

Odd Partition problem. In fact, we will show that for any feasible schedule, the minimum value of

∑
Ca

j is exactly TC. In other words, any schedule with
∑

Ca
j < TC must not be a feasible schedule.

Since the threshold for
∑

Ca
j in the problem 1 ||

∑
Ca

j ≤ TC :
∑

U b
j ≤ n is TC, a solution to the

problem must imply that
∑

Ca
j = TC. Moreover, to obtain a schedule with

∑
Ca

j = TC, there

must be a solution to the corresponding instance of the Even-Odd problem.

The basic idea of the proof is to define a P -job for each integer aj , and a large R-job whose due

date is the largest among all the jobs, for Agent B. (Here, the P -job corresponding to a2j is called
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an even P -job, and the P -job corresponding to a2j−1 is called an odd P -job.) For Agent A, we

define n Q-jobs each of which can and has to be scheduled in between an adjacent pair of P -jobs

in SPT order. By properly choosing the processing times and due dates of the jobs, we can show

that for any feasible schedule of instance I the following four assertions hold:

(a) Exactly one job from each pair {P2i−1, P2i} must be tardy.

(b) The R-job must be on time and scheduled after all the other on-time P -jobs.

(c) The Q-jobs must be scheduled in SPT order before the R-job.

(d) The total processing time of the on-time P -jobs cannot exceed A + 1

2

∑n
i=1(li − 1)σi.

It can be shown that for every i, there are two ways to schedule P2i−1, P2i and Qi: either P2i−1

followed by Qi (which implies that P2i will be tardy), or Qi followed by P2i (which implies that

P2i−1 will be tardy). In order to minimize the total completion time of the Q-jobs (which are the

jobs of Agent A), we need to have more even P -jobs on time. It can be shown that every time

we interchange a pair of even and odd P -jobs by making the even P -job tardy and the odd P -job

on-time, the total completion time of Agent A will be increased by a quantity equal to the difference

between the processing times of the two P -jobs, which is exactly the quantity reduced in the total

processing time of the on-time P -jobs. Thus, a feasible schedule with
∑

Ca
j ≤ TC is obtained when

the total processing time of the on-time P -jobs is exactly A+ 1

2

∑n
i=1(li−1)σi. But this occurs only

when there is a solution for the instance of the Even-Odd Partition problem. Notice that the first

two terms in the formula of TC represent the total completion time when all the even P -jobs are

on time (which does not yield a feasible schedule since the R-job will be tardy). The last term is

the minimum increase in the total completion time when the total processing time of the on-time

P -jobs is reduced to A+ 1

2

∑n
i=1(li − 1)σi (which yields a feasible schedule since the R-job will then

be on time).
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Before we proceed to prove the assertions made above, we first prove the following inequalities

in order to facilitate the presentation of the proofs.

Lemma 2: (2.1)
∑i−1

k=1
p2k +

∑i
k=1 xk < p2i−1 for i = 1, . . . , n − 1.

(2.2)
∑n−1

k=1
p2k +

∑n
k=1 xk < p2n−5 + p2n−1.

Proof: (2.1) For i = 1, the left hand side is x1 = 1 and the right hand side is p1 = a1. Clearly,

the left hand side is smaller than the right hand side. We now consider i > 1.

Recall that

lkσk =
1

n − k + 1
a2k−1, k = 1, . . . , n.

Furthermore, x1 = 1 and

xk =
n − k + 1

n − k + 2
a2k−3, k = 2, . . . , n − 1.

Thus, for i = 2, . . . , n − 1,

i−1∑

k=1

p2k +
i∑

k=1

xk =
i−1∑

k=1

[a2k + (lk − 1)σk] +
i∑

k=1

xk

=
i−1∑

k=1

(a2k + lkσk − σk) + x1 +
i−1∑

k=1

xk+1

=
i−1∑

k=1

(a2k +
a2k−1

n − k + 1
− σk) + x1 +

i−1∑

k=1

n − k

n − k + 1
a2k−1

=
i−1∑

k=1

a2k + x1 −
i−1∑

k=1

σk +
i−1∑

k=1

a2k−1 ≤
i−1∑

k=1

a2k +
i−1∑

k=1

a2k−1

< a2i−1 = p2i−1. (By Property 2)

(2.2) Recall that xn = 1

2
a2n−3 + a2n−5. Thus,

n−1∑

k=1

p2k +
n∑

k=1

xk =
n−1∑

k=1

[a2k + (lk − 1)σk] +
n∑

k=1

xk
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=
n−1∑

k=1

(a2k +
1

n − k + 1
a2k−1 − σk) + x1 +

n−1∑

k=1

n − k

n − k + 1
a2k−1 + a2n−5

(since xn = 1

2
a2n−3 + a2n−5)

≤
n−1∑

k=1

(a2k + a2k−1) + a2n−5 < a2n−1 + a2n−5 = p2n−5 + p2n−1

(by Property 2). 2

Lemma 3:

i−1∑

k=1

p2k <
i−1∑

k=1

p2k−1 + xi, i = 2, 3, . . . , n.

Proof: For i = 2, the left hand side is

p2 = a2 + (l1 − 1)σ1 = a1 + σ1 + (l1 − 1)σ1 = a1 + l1σ1 = a1 +
1

n
a1

and the right hand side is

p1 + x2 = a1 +
n − 1

n
a1.

Clearly, the left hand side is smaller than the right hand side.

For i = 3, . . . , n − 1, we have

xi =
n − i + 1

n − i + 2
a2i−3 =

n − i

n − i + 2
a2i−3 +

1

n − i + 2
a2i−3

>
n − i

n − i + 2

2i−4∑

j=1

aj +
1

n − i + 2
a2i−3

>
n − i

n − i + 2

i−2∑

k=1

a2k−1 +
1

n − i + 2
a2i−3

(by Property 2)

=
i−2∑

k=1

n − i

n − i + 2
a2k−1 +

1

n − i + 2
a2i−3
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>
i−2∑

k=1

1

n − k + 1
a2k−1 +

1

n − i + 2
a2i−3

(since n − i > 1)

=
i−1∑

k=1

1

n − k + 1
a2k−1 =

i−1∑

k=1

lkσk.

For i = n,

xn =
1

2
a2n−3 + a2n−5 >

1

2
a2n−3 + (

1

3
a2n−5 + · · · +

1

n
a1)

(by Property 2)

=
1

2
a2n−3 +

n−2∑

k=1

1

n − k + 1
a2k−1 =

n−1∑

k=1

1

n − k + 1
a2k−1 =

n−1∑

k=1

lkσk.

Thus, we have
∑i−1

k=1
lkσk < xi for all i = 2, . . . , n. Therefore, for all i = 2, . . . , n,

i−1∑

k=1

p2k =
i−1∑

k=1

[p2k−1 + (lk − 1)σk] <
i−1∑

k=1

p2k−1 + xi.

2

We now prove assertions (a) and (b) through Lemmas 4 and 5. These two lemmas characterize

the basic structure of a feasible schedule for instance I.

Lemma 4: In a feasible schedule:

(4.1) there are exactly n tardy jobs;

(4.2) the R-job is non-tardy and scheduled after all other non-tardy jobs;

(4.3) at least one job from {P2i−1, P2i}, i = 1, 2, . . . , n, must be non-tardy.

Proof: (4.1) It is sufficient to consider the jobs of Agent B only since the jobs of Agent A have

nothing to do with the feasibility of a schedule. Recall that the Hodgson-Moore algorithm yields
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a schedule with the minimum number of tardy jobs. Thus, it is sufficient to show that there are

exactly n tardy jobs when the Hodgson-Moore algorithm is applied to instance I. The Hodgson-

Moore algorithm scans jobs in increasing order of their due dates. In the course of scheduling, if a

job misses its due date, then the job with the largest processing time among all jobs currently in

the schedule (including the job that misses its due date), will be chosen as a tardy job and deleted

from the schedule. The algorithm then continues to scan the next job until all jobs have been

processed. Finally, the tardy jobs (that were deleted from the schedule) will be scheduled after the

non-tardy jobs, in any order.

For instance I, we have dP1
< dP2

< · · · < dP2n−1
< dP2n

< dR. Therefore, the jobs would be

scheduled in the order of P1, P2, P3, P4, . . . , P2n−1, P2n, R by the Hodgson-Moore algorithm. It is

easy to see that P1 meets its due date, but P2 will not. Since p1 < p2, P2 will be chosen as a tardy

job. Suppose we have scheduled all the jobs P2j−1 and P2j , 1 ≤ j ≤ i − 1, and all the even P -jobs

had been chosen as tardy jobs and discarded from the current schedule. If we now schedule P2i−1

and P2i sequentially, then the completion times will be

CP2i−1
=

i−1∑

j=1

p2j−1 + p2i−1 <
i−1∑

j=1

p2j +
i−1∑

j=1

xj + p2i−1 = dP2i−1
.

For i < n, we have (by Lemma 2.1)

CP2i
=

i−1∑

j=1

p2j−1 + p2i−1 + p2i > p2i−1 + p2i >
i−1∑

j=1

p2j +
i∑

j=1

xj + p2i = dP2i
,

and for i = n, we have (by Lemma 2.2),

CP2n
=

n−1∑

j=1

p2j−1 + p2n−1 + p2n > p2n−5 + p2n−1 + p2n >
n−1∑

j=1

p2j +
n∑

j=1

xj + p2n = dP2n
.
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Since P2i misses its due date and has the largest processing time among all the jobs currently

in the schedule, P2i will be chosen as a tardy job. Therefore, the Hodgson-Moore algorithm will

choose all the even P -jobs as tardy jobs.

For the R-job, we have

CR =
n∑

j=1

p2j−1 + L < A + L <
n∑

i=1

xi + [A +
1

2

n∑

i=1

(li − 1)σi] + L = dR.

So it is on time. Hence, the total number of tardy jobs is n. Thus, any feasible schedule for

instance I must have exactly n tardy jobs.

(4.2) Since the R-job has the large processing time, a job scheduled after the R-job must miss

its due date. Hence, all the other on-time jobs must be scheduled before the R-job. Thus, (4.2)

also holds.

(4.3) We now prove (4.3) by contradiction. Suppose {P2i−1, P2i} is the first pair that are both

tardy in a feasible schedule S. Consider now applying the Hodgson-Moore algorithm to the job

set consisting of all the P -jobs except {P2i−1, P2i}, as well as the R-job. As shown in the proof

of (4.1), all the even P -jobs, P2j , j < i, will be chosen as the tardy jobs by the Hodgson-Moore

algorithm. If we now schedule the jobs P2i+1 and P2i+2, then P2i+1 will still be on time. However,

the completion time of P2i+2 is:

For i < n − 1 (by Lemma 2.1),

CP2i+2
=

i−1∑

j=1

p2j−1 + p2i+1 + p2i+2 > p2i+1 + p2i+2 >
i∑

j=1

p2j +
i+1∑

j=1

xj + p2i+2 = dP2i+2
,

and for i = n − 1 (by Lemma 2.2),

CP2n
=

n−1∑

j=1

p2j−1 + p2n−1 + p2n > p2n−5 + p2n−1 + p2n >
n−1∑

j=1

p2j +
n∑

j=1

xj + p2n = dP2n
.

10



Thus, P2i+2 will miss its due date. Since P2i+2 has the largest processing time among all jobs

currently in the schedule, it will be chosen as a tardy job. By mathematical induction, we know

that all even P -jobs are tardy. By assumption, P2i−1 is also a tardy job. Thus, the total number

of tardy jobs will be n + 1, contradicting our assumption that S is a feasible schedule. 2

Lemma 5: In a feasible schedule, exactly one job from {P2i−1, P2i}, i = 1, 2, . . . , n, must be

tardy.

Proof: By contradiction. From Lemma 4 we know that at least one job from {P2i−1, P2i},

i = 1, 2, . . . , n, must be non-tardy. Suppose P2i−1 and P2i are both non-tardy, then by Lemma 2.1,

for i = 1, 2, . . . , n − 1, we have

CP2i
> p2i−1 + p2i >

i−1∑

j=1

p2j +
i∑

j=1

xj + p2i = dP2i
,

and for i = n, since at least one of the jobs in {P2n−3, P2n−2} is non-tardy (Lemma 4), we have

(by Lemma 2.2)

CP2n
> p2n−3 + p2n−1 + p2n > p2n−5 + p2n−1 + p2n >

n−1∑

j=1

p2j +
n∑

j=1

xj + p2n = dP2n
.

So one of the jobs in {P2i−1, P2i} must be tardy. Hence, Lemma 5 holds. 2

We now prove assertions (c) and (d) through Lemmas 6, 7 and 8. These three lemmas state

how Q-jobs must be scheduled in a feasible schedule with minimum
∑

Ca
j in instance I.

Lemma 6: In a feasible schedule with minimum total completion time of Agent A, all the

Q-jobs must be scheduled in the SPT order before the R-job.

Proof: First, recall that by the Hodgson-Moore algorithm, we have a feasible schedule with all

the odd P -jobs scheduled before the R-job and all the even P -jobs scheduled after the R-job; i.e.,

the schedule before the R-job (and including the R-job) is P1, P3, . . . , P2n−1, R. Note that in this
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schedule, the completion time of job P2i−1 (i = 1, 2, . . . , n) is
∑i

k=1 p2k−1 and the completion time

of the R-job is (A− 1

2

∑n
i=1 σi)+L. Through a simple calculation of the due dates, we can see that

if we insert the Q-jobs in this schedule to obtain a schedule P1, Q1, . . . , P2n−1, Qn, R, it is still a

feasible schedule. We call this schedule S. Now, if we schedule any of the Q-jobs after the R-job,

the total completion time will be larger than that of S. Thus, in a feasible schedule with minimum

∑
Ca

j , all the Q-jobs must be scheduled before the R-job.

Next, we prove that all the Q-jobs must be scheduled in SPT order. Recall that the SPT

rule minimizes total completion time of a schedule. Suppose in an feasible schedule S ′ that has

minimum
∑

Ca
j , Qi is scheduled before Qj, where j < i. Now we interchange these two jobs and

schedule all the other jobs in the same order without idle time in between any two jobs. Call the

new schedule S ′′. Since pj < pi, it is easy to see that S ′′ is still feasible, since the completion times

of all the P -jobs and the R-job in S ′′ are no larger than their completion times in S ′. However, it

is easy to see that the total completion time of S ′′ is smaller than that of S ′, contradicting the fact

that S′ is a feasible schedule with minimum
∑

Ca
j . 2

Lemma 7: In a feasible schedule with minimum total completion time of Agent A, no two

Q-jobs can be scheduled between dP2i−2
and dP2i

(i = 1, . . . , n), where dP0
= 0.

Proof: By Lemma 6, we know that in a feasible schedule with minimum
∑

Ca
j , all the Q-jobs

must be scheduled in the SPT order before the R-job. So the Q-jobs must be scheduled in the

order of Q1, Q2, . . . , Qn.

By Lemma 5, we know that exactly one job from {P2i−1, P2i} is on time. Let Hi ∈ {P2i−1, P2i} (i =

1, . . . , n) be the on-time P -job. Since

dP2
= x1 + p2 ≥ x1 + pH1

,
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Q1 can be scheduled between 0 and dP2
(either before or after H1) without causing Hk, k = 2, . . . , n,

to be overdue. However, by Lemma 3,

x1 + x2 + pH1
> x1 + p2 = dP2

.

Therefore, Q2 cannot be scheduled between 0 and dP2
.

Suppose we have scheduled each Qj between dP2j−2
and dP2j

(either before or after Hj−1)

without causing Hi to be overdue, where j < i. Now we schedule Qi. Since

dP2i
=

i−1∑

k=1

p2k +
i∑

k=1

xk + p2i ≥
i−1∑

k=1

pHk
+

i−1∑

k=1

xk + xi + p2i,

Qi can be scheduled between dP2i−2
and dP2i

(either before or after Hi) without causing Hk, k =

i + 1, . . . , n to be overdue. However, by Lemma 3,

i−1∑

k=1

pHk
+

i−1∑

k=1

xk + xi + xi+1 + pHi
= (

i∑

k=1

pHk
+ xi+1) +

i−1∑

k=1

xk + xi

>
i∑

k=1

p2k +
i−1∑

k=1

xk + xi =
i−1∑

k=1

p2k +
i−1∑

k=1

xk + xi + p2i = dP2i
.

Thus, Qi+1 cannot be scheduled between dP2i−2
and dP2i

.

By mathematical induction, we conclude that Lemma 7 holds. 2

Lemma 8: In a feasible schedule with minimum total completion time of Agent A, there are

only two possible configurations for each set of jobs {P2i−1, P2i, Qi}. We either have P2i−1 on time

together with Qi and scheduled as P2i−1 followed by Qi before the R-job, or we have P2i on time

together with Qi and scheduled as Qi followed by P2i before the R-job.

Proof: By Lemma 5, we know that in a feasible schedule, exactly one job from {P2i−1, P2i} is

on time.

By Lemma 7, we know that in a feasible schedule with minimum
∑

Ca
j , only Qi can be scheduled

between dP2i−2
and dP2i

, i = 1, . . . , n.
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Now consider Q1 first. It is easy to see that if P1 is on time (while P2 is tardy), then P1 must

be scheduled before Q1. On the other hand, if P2 is on time (while P1 is tardy), then Q1 must be

scheduled before P2 so as to minimize the completion time of Q1.

Suppose we have scheduled {P2j−1, P2j , Qj} and we have either P2j−1 followed by Qj , or Qj

followed by P2j , where j < i. Now consider job Qi. Since

i−1∑

k=1

p2k−1 +
i−1∑

k=1

xk +xi +p2i−1 = (
i−1∑

k=1

p2k−1 +xi)+
i−1∑

k=1

xk +p2i−1 >
i−1∑

k=1

p2k +
i−1∑

k=1

xk +p2i−1 = dP2i−1
,

Qi can only be scheduled after P2j−1. On the other hand, since

i−1∑

k=1

pHk
+

i−1∑

k=1

xk + xi + p2i ≤
i−1∑

k=1

p2k +
i∑

k=1

xk + p2i = dP2i
,

Qi can be scheduled before P2i.

By Lemma 5, we know that in a feasible schedule, exactly one job from {P2i−1, P2i} is on time.

Hence, if P2i−1 is on time, then we have P2i−1 followed by Qi. On the other hand, if P2i is on time,

then we have Qi followed by P2i. By mathematical induction, we conclude that Lemma 8 holds.

2.

Next, we show that in order to minimize the total completion time of the Q-jobs, we should

schedule more even P -jobs to be on time.

Lemma 9: In order to minimize the total completion time of Agent A, it is always better to

choose P2i on time together with Qi and scheduled as Qi followed by P2i.

Proof: By Lemma 8, in a feasible schedule with minimum
∑

Ca
j , we either have P2i−1Qi or

QiP2i. By interchanging P2i−1Qi with QiP2i in a schedule, the total completion time decreases by

a2i−1 − (n − i)liσi = (n − i + 1)liσi − (n − i)liσi = liσi > 0.
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Therefore, to minimize the total completion time, it is always better to choose P2i on time

together with Qi and to schedule them as Qi followed by P2i.

Note that at the same time, the total processing time before the R-job will increase by exactly

the same amount liσi. 2

Lemma 10: If there is a solution to an instance of the problem 1 ||
∑

Ca
j ≤ TC :

∑
U b

j ≤ n,

then there exists a solution to the corresponding instance of the Even-Odd Partition problem.

Proof: From Lemma 4, we know that in a feasible schedule, the R-job must be on time. In

order to ensure that the R-job is on time, we cannot choose all the even P -jobs to be on time.

Suppose, on the contrary, we pick all the even P -jobs to be on time. Note that all the Q-jobs must

be scheduled before the R-job in a feasible schedule with minimum
∑

Ca
j (Lemma 8). Then, the

completion time of the R-job will be

n∑

j=1

p2j +
n∑

j=1

xj + L =
n∑

j=1

xj + [A +
n∑

i=1

(li −
1

2
)σi] + L > dR.

Thus, the R-job will be tardy. So, we must choose some even P -jobs as tardy jobs. As we have

shown above, each time we interchange P2i with P2i−1, the total completion time will increase by

liσi. At the same time, the completion time of the R-job will decrease by exactly liσi. So, if we can

schedule the jobs such that the R-job completes exactly at its due date, then the total completion

time has the minimum value among all feasible schedules, and the total processing time of all the

on-time P -jobs is exactly TC = A + 1

2

∑n
k=1(li − 1)σi. This means that there is a solution to the

instance of the Even-Odd Partition problem if there is a solution to the instance I of the scheduling

problem. 2

From Lemmas 1 and 10, we know that there is a solution to the instance of the Even-Odd

Partition problem if and only if there is a solution to the corresponding instance I of the scheduling
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problem. Therefore, we have the following theorem.

Theorem 1: The problem 1||
∑

Ca
j :

∑
U b

j is binary NP-hard. 2
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