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A Proofs of Technical Results

Proofs of results in the text are presented here.

A.1 Proof of Lemma 2.6

To see that the first condition is sufficient for Assumption 2.4 to hold, note that for any x ≥ 0, |cjxj | =

|cj ||xj | = |cj |xj ≤ |cj |uj and
∞∑

j=1
|cj |uj ≤ ||u||∞

∞∑
j=1

|cj | < ∞ since u ∈ l∞ and c ∈ l1. Similarly, to see

that the second condition is sufficient, observe that for x ≥ 0, |cjxj | = |cj ||xj | = |cj |xj ≤ |cj |uj and
∞∑

j=1
|cj |uj ≤ ||c||∞

∞∑
j=1

|uj | < ∞ since c ∈ l∞ and u ∈ l1.

A.2 Proof of Proposition 2.7

The proof requires three preliminary results that we now state and prove.

Lemma A.1. The feasible region F of problem (P ) is closed.

Proof. For row i of matrix A, let J(i) denote the finite (by Assumption 2.2) support set {j : aij 6= 0}.

Consider sets Xi = {x ∈ R∞ :
∑

j∈J(i)

aijxj = bi} for i = 1, 2, . . .. Notice that F =
∞⋂
i=1

Xi
⋂
{x ∈ R∞ : x ≥

0}. The set {x ∈ R∞ : x ≥ 0} is closed. We show that sets Xi are closed for all i. Then since arbitrary
intersections of closed sets are closed, F must be closed. Let {xi(n)}∞n=1 be a convergent sequence of
points in Xi with limit x̄i ∈ R∞. For any integer n we have

∑
j∈J(i)

aijx
i
j(n) = bi. Taking limits we obtain

lim
n→∞

∑
j∈J(i)

aijx
i
j(n) = bi. Hence

∑
j∈J(i)

aij

(
lim

n→∞
xi

j(n)
)

= bi since J(i) is finite. Thus
∑

j∈J(i)

aij x̄
i
j = bi.

Therefore x̄i ∈ Xi implying Xi is closed.

Corollary A.2. The feasible region F of (P ) is compact.

Proof. Let 0 ≤ u ∈ R∞ be as in Assumption 2.3. Consider the set X = {x ∈ R∞ : 0 ≤ xj ≤ uj ∀j}. X
is compact by Tychonoff Product Theorem (Theorem 2.61 page 52 of [1]). F is closed by Lemma A.1.
Assumption 2.3 implies that F ⊆ X. Therefore F is compact.

Lemma A.3. The objective function of problem (P ) is continuous over its feasible region F .

Proof. Let {x(n)}∞n=1 be a convergent sequence of points in F with limit x̄ ∈ F . We need to show that

the sequence of objective function values
∞∑

j=1
cjxj(n) converges to

∞∑
j=1

cj x̄j as n →∞. Fix any ε > 0. Let

0 ≤ u ∈ R∞ be as in Assumption 2.4. Since the series
∞∑
i=1

|ci|ui of non-negative summands converges by

Assumption 2.4, there exists an integer K such that the tail
∞∑

i=k+1

|ci|ui < ε/2 for all k ≥ K. Fix any such

k and note that for any integer n,∣∣∣∣∣∣
∞∑

j=1

cjxj(n)−
∞∑

j=1

cj x̄j

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∞∑

j=1

cj(xj(n)− x̄j)

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣

k∑
j=1

cj(xj(n)− x̄j)

∣∣∣∣∣∣+
∣∣∣∣∣∣

∞∑
j=k+1

cj(xj(n)− x̄j)

∣∣∣∣∣∣ ,
which is bounded above by

k∑
j=1

|cj ||(xj(n)− x̄j)|+
∞∑

j=k+1

|cj ||(xj(n)− x̄j)| ≤
k∑

j=1

|cj ||(xj(n)− x̄j)|+
∞∑

j=k+1

|cj |uj



because 0 ≤ xj(n) ≤ uj and 0 ≤ x̄j ≤ uj . The second term is strictly less than ε/2. The first term

is bounded above by ( max
1≤j≤k

|(xj(n) − x̄j)|)(
k∑

j=1
|cj |). The only interesting case is where

k∑
j=1

|cj | 6= 0.

Since the sequence {x(n)}∞n=1 converges to x̄ componentwise, there exists an integer Nk large enough

such that ( max
1≤j≤k

|(xj(n) − x̄j)|) < ε 
2

kP
j=1

|cj |
! for all n ≥ Nk. Therefore, |

∞∑
j=1

cjxj(n) −
∞∑

j=1
cj x̄j | < ε

for all integers n ≥ Nk. Hence the objective function is continuous over F . (Note that an identical
proof can be reproduced to reach the stronger conclusion that the objective function is continuous over
X = {x ∈ R∞ : 0 ≤ xj ≤ uj ∀j}).

Note that the feasible region F of (P ) is nonempty (by Assumption 2.1) convex (since it is the
intersection of convex sets Xi defined in Lemma A.1 with the convex set {x ∈ R∞ : x ≥ 0}) and
the product topology on R∞ is locally convex Hausdorff (Lemma 5.74 page 206 of [1]). Existence of
an extreme point optimal solution to (P ) then follows directly from Corollary A.2, Lemma A.3 and a
Corollary (Corollary 7.70 page 299 of [1]) of the Bauer Maximum Principle (Theorem 7.69 page 298 of
[1]).

A.3 Proof of Theorem 2.9

We use Berge’s Maximum Theorem (Theorem 17.31 page 570 of [1]). Let I denote the set of extended
positive integers {1, 2, . . .}

⋃
{∞}. Also let X = {x ∈ R∞ : 0 ≤ xj ≤ uj ∀j} where sequence {uj} is as

in Assumption 2.4. Recall that F ⊆ X by Assumption 2.3 and also that FN ⊆ X by the definition of
projections of F in Equations (1) and (2). Now define a correspondence Ψ from I into X as

Ψ(N) = FN for N = 1, 2, . . .

Ψ(∞) = F.

Sets FN are non-empty for all N since F is non-empty by Assumption 2.1. Similarly, FN is also compact
for each N implying that correspondence Ψ has non-empty compact values. Moreover, it is continuous
by Lemma 2.8. Now define a function f : I ×X → R as

f(N,x) =
N∑

i=1

cixi for N = 1, 2, . . . , x ∈ X

f(∞, x) =
∞∑
i=1

cixi for x ∈ X.

Function f is continuous. To see this, fix ε > 0 and suppose xk → x in X and Nk →∞ as k →∞.

|f(∞, x)− f(Nk, x
k)| =

∣∣∣∣∣
∞∑
i=1

cixi −
Nk∑
i=1

cix
k
i

∣∣∣∣∣ ≤
∣∣∣∣∣
∞∑
i=1

cixi −
∞∑
i=1

cix
k
i

∣∣∣∣∣+
∣∣∣∣∣
∞∑
i=1

cix
k
i −

Nk∑
i=1

cix
k
i

∣∣∣∣∣
=

∣∣∣∣∣
∞∑
i=1

cixi −
∞∑
i=1

cix
k
i

∣∣∣∣∣+
∣∣∣∣∣∣

∞∑
i=Nk+1

cix
k
i

∣∣∣∣∣∣ ≤
∣∣∣∣∣
∞∑
i=1

cixi −
∞∑
i=1

cix
k
i

∣∣∣∣∣+
∞∑

i=Nk+1

|cix
k
i |

≤

∣∣∣∣∣
∞∑
i=1

cixi −
∞∑
i=1

cix
k
i

∣∣∣∣∣+
∞∑

i=Nk+1

|ci|ui because xk ∈ X.

Recall from the proof of Lemma A.3 that the objective function is continuous over X. Hence
∞∑
i=1

cix
k
i

converges to
∞∑
i=1

cixi because xk → x as k → ∞. Thus the first term in the above upper bound can be



made smaller than ε/2 by choosing k large enough. The second term also can be made smaller than ε/2
for k large enough by Assumption 2.4. Therefore, there exists an integer K such that for all k ≥ K,
|f(∞, x)− f(Nk, x

k)| < ε. Thus f is continuous.
Now define the “value function” m : I → R as follows.

m(N) = min
x∈FN

N∑
i=1

cixi = max
x∈Ψ(N)

−f(N,x), N = 1, 2, . . .

and

m(∞) = min
x∈F

∞∑
i=1

cixi = max
x∈Ψ(∞)

−f(∞, x).

From the first part of Berge’s Maximum Theorem, the value function is continuous, i.e., m(N) → m(∞)
as N → ∞. This proves the first claim in Theorem 2.9. For the second claim, define the “argmax”
correspondence µ from I into X as

µ(N) = {x ∈ Ψ(N) : f(N,x) = m(N)} ≡ F ∗
N , N = 1, 2, . . .

µ(∞) = {x ∈ Ψ(∞) : f(∞, x) = m(∞)} ≡ F ∗.

The second claim then follows from the second part of Berge’s Maximum Theorem.

A.4 Proof of Lemma 3.6

For the “if” part, let TN = FLN
. Then TN is extendable by definition of FLN

. For the “only if” part,
suppose TN 6= FLN

. Then there is some x ∈ TN that is not in FLN
. In particular, there is no y ∈ F whose

first LN components match with x. Thus TN is not extendable.

A.5 Proof of Lemma 4.1

We constructively show that (DP ) is feasible. Every infinite-horizon feasible state by definition has at
least one feasible action. We inductively construct a feasible solution to (DP ) by choosing exactly one
feasible action in each state in each period and setting the corresponding z variable to a positive value
so as to satisfy the equality constraints. Specifically, pick a1 ∈ A(s1) and set z(s1, a1) = β(s1). Set
z(s1, a) = 0 for all a ∈ A(s1) different from a1. Suppose choosing action a1 in state s1 transforms the
system to state s2 in period 2. Pick a2 ∈ A(s2) and set z(s2, a2) = β(s2) + αz(s1, a1) = β(s2) + αβ(s1).
Also set z(s2, a) = 0 for all a ∈ A(s2) different from a2. Continuing this procedure ad infinitum yields a
feasible solution to (DP ) satisfying Assumption 2.1. Let Θ be a uniform upper bounded on cardinalities
|Sn|, Λ a uniform upper bound on cardinalities |A(sn)|. It is easy to see that every equality constraint
has at most Λ + Θ variables hence Assumption 2.2 holds. We now claim that for every feasible solution
z to (DP ) and every period n = 1, 2, . . .,∑

sn∈Sn

∑
an∈A(sn)

z(sn, an) = αn−1β(s1) + αn−2
∑

s2∈S2

β(s2) + . . . + α
∑

sn−1∈Sn−1

β(sn−1) +
∑

sn∈Sn

β(sn).

We prove this claim by induction on n. The claim is true for n = 1 since S1 = {s1} and
∑

a1∈A(s1)

z(s1, a1) =

β(s1) from the equality constraint since X(s1) = ∅. Suppose the claim is true for some period n. Then
the equality constraint in (DP ) implies that∑

sn+1∈Sn+1

∑
an+1∈A(sn+1)

z(sn+1, an+1) =
∑

sn+1∈Sn+1

β(sn+1) + α
∑

sn∈Sn

∑
an∈A(sn)

z(sn, an)

=
∑

sn+1∈Sn+1

β(sn+1) + αnβ(s1) + . . . + α
∑

sn∈Sn

β(sn),



where the last equality follows from the inductive hypothesis. This restores our inductive hypothesis
proving the claim. Non-negativity of z then implies that

z(sn, an) ≤ αn−1β(s1) + αn−2
∑

s2∈S2

β(s2) + . . . + α
∑

sn−1∈Sn−1

β(sn−1) +
∑

sn∈Sn

β(sn)

for all sn ∈ Sn, an ∈ A(sn) and all n. Hence Assumption 2.3 holds with

u(sn, an) = αn−1β(s1) + αn−2
∑

s2∈S2

β(s2) + . . . + α
∑

sn−1∈Sn−1

β(sn−1) +
∑

sn∈Sn

β(sn).

Notice that components of u depend only on the time period and not on sn and an (since s1 is fixed). As
a result, Assumption 2.4 holds since costs are in l∞ as 0 ≤ cn(sn, an) ≤ c < ∞ and u is in l1. To see that

u ∈ l1 note that
∞∑

n=1

∑
sn∈Sn

∑
an∈A(sn)

u(sn, an) is bounded above as

≤ ΘΛ
∞∑

n=1

αn−1β(s1) + αn−2
∑

s2∈S2

β(s2) + . . . +
∑

sn−1∈Sn−1

αβ(sn−1) +
∑

sn∈Sn

β(sn)


= ΘΛ

(
β(s1) + . . . +

∑
sn∈Sn

β(sn) + . . .

)( ∞∑
n=1

αn−1

)
=

( ∞∑
n=1

∑
sn∈Sn

β(sn)

)
ΘΛ

1− α
< ∞.

Here the discount factor α, our choice of β(sn), and the inherent structure of our dynamic programs help
us embed u in l1. Recall that the discount factor appears in the constraints rather than with the costs in
linear programming formulations of dynamic programs as in problem (DP ). Thus even though the costs
are discounted, the cost coefficients in the linear objective function are in l∞, unlike say the production
planning problem (PROD) discussed in the paper. These same structural features will also prove helpful
in deriving inequality (3) critical for our “big-M” method below.

A.6 Proof of Lemma 4.2

Let z be a feasible solution to DP (N) and let sN+1 be any terminal state of the N -horizon truncation
of our original dynamic program. Owing to our extendability of finite-horizon strategies assumption, any
finite sequence of actions that terminates in sN+1 has an infinite-horizon feasible continuation. We append
z along the state-action pairs of this continuation respecting equality constraints and non-negativity to
construct a feasible solution to (DP ). The detailed procedure is similar to the one used in showing that
(DP ) has a feasible solution and hence is omitted.

A.7 A brief outline of the “big-M” approach for dynamic programs

We modify the original non-stationary infinite-horizon dynamic program defined in Section 4 as follows.
Include an artificial action ν(sn) feasible in state sn ∈ Sn for n = 1, 2, . . .. Similarly, include an ar-
tificial state ∆n feasible in period n and a corresponding feasible action µn for n = 2, 3, . . .. We set
gn(sn, ν(sn)) = ∆n+1 and gn(∆n, µn) = ∆n+1. See Figure 5. Let cn(sn, ν(sn)) = cn(∆n, µn) = M for
some arbitrarily large number M . Notice that extendability of finite-horizon strategies holds in this “ar-
tifical” dynamic program. Let γ(∆n) be a sequence of positive numbers indexed by artificial states ∆n

such that
∞∑

n=2
γ(∆n) < ∞. Then the CILP corresponding to the artificial dynamic program is given by

(DPM ) min
∞∑

n=1

∑
sn∈Sn

∑
an∈A(sn)

cn(sn, an)z(sn, an) +
∞∑

n=1

∑
sn∈Sn

My(sn, ν(sn)) +
∞∑

n=1

Mw(∆n, µn)
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Figure 5: A portion of the dynamic programming network for the artificial dynamic program corresponding
to the dynamic program in Figure 3. The artificial states and actions are shown with solid arrows for
emphasis. Artificial action labels are included next to the arrows.

y(sn, ν(sn)) +
∑

an∈A(sn)

z(sn, an)− α
∑

(sn−1,an−1)∈X(sn)

z(sn−1, an−1) = β(sn), sn ∈ Sn, ∀n,

w(∆n, µn)− αw(∆n−1, µn−1)− α
∑

sn−1∈Sn−1

y(sn−1, ν(sn−1)) = γ(∆n), n = 2, 3, . . .

z(sn, an) ≥ 0, sn ∈ Sn, an ∈ A(sn), ∀n, y(sn, ν(sn)) ≥ 0, sn ∈ Sn, ∀n
w(∆n, µn) ≥ 0, n = 2, 3 . . . .

Note that the variables in (DPM ) include the original variables z in (DP ) as well as the artificial variables
y and w. By replicating the proof of Lemma 4.1 one can confirm that (DPM ) satisfies Assumptions 2.1-
2.4. Hence (DPM ) has an optimal solution. More importantly, all finite-horizon truncations of (DPM ) are
extendable by an argument similar to Lemma 4.2 because finite-horizon strategies in the artificial dynamic
program are extendable. Notice that if solution z is feasible to (DP ) then it is also feasible to (DPM ) by

setting y(sn, ν(sn)) = 0 for all sn ∈ Sn, n = 1, 2, . . ., and w(∆n, µn) = γ(∆n)+
n−1∑
i=2

αn−iγ(∆i) ≡ ŵ(∆n, µn)

for n = 2, 3, . . .. Suppose z̄, ȳ, w̄ is an optimal solution to (DPM ) and suppose ȳ(sn, ν(sn)) > 0 for some sn

and ν(sn). Then w̄(∆n, µn) ≥ ŵ(∆n, µn) for all n. Then as in the “big-M” method for finite-dimensional
linear programs (Exercise 3.26 of [11]) it is easy to prove that (DP ) is infeasible. For if it is not, and if z

is feasible to (DP ), then
∑∞

n=1

∑
sn∈Sn

∑
an∈A(sn) cn(sn, an)z(sn, an) +

∞∑
n=1

Mŵ(∆n, µn) is at least

∞∑
n=1

∑
sn∈Sn

∑
an∈A(sn)

cn(sn, an)z̄(sn, an) +
∞∑

n=1

∑
sn∈Sn

Mȳ(sn, ν(sn)) +
∞∑

n=1

Mw̄(∆n, µn),

owing to feasibility of z, y = 0, ŵ and optimality of z̄, ȳ and w̄ to (DPM ) respectively. Therefore,∑∞
n=1

∑
sn∈Sn

∑
an∈A(sn) cn(sn, an)z(sn, an) is bounded below as

≥
∞∑

n=1

∑
sn∈Sn

∑
an∈A(sn)

cn(sn, an)z̄(sn, an) +
∞∑

n=1

∑
sn∈Sn

Mȳ(sn, νn) +
∞∑

n=1

M (w̄(∆n, µn)− ŵ(∆n, µn))

≥
∞∑

n=1

∑
sn∈Sn

Mȳ(sn, νn) +
∞∑

n=1

M (w̄(∆n, µn)− ŵ(∆n, µn)) ,



where the second inequality uses non-negativity of cn(sn, an) and z̄(sn, an). Let n ≥ 1 be the smallest
period for which there exist sn and ν(sn) such that ȳ(sn, ν(sn)) > 0. This implies that w̄(∆n+1, µn+1)−
ŵ(∆n+1, µn+1) > αȳ(sn, ν(sn)). Then using an upper bound from Lemma 4.1 on the left hand side we

get cΘΛ
1−α

(
∞∑

n=1

∑
sn∈Sn

β(sn)

)
≥ M(ȳ(sn, ν(sn)) + αȳ(sn, ν(sn))), i. e.,

cΘΛ
1−α

(
∞∑

n=1

∑
sn∈Sn

β(sn)

)
ȳ(sn, ν(sn)) + αȳ(sn, ν(sn))

≥ M, (3)

which is a contradiction since M is arbitrarily large. Thus Assumption 2.1 implies ȳ = 0. This also
implies that w̄ = ŵ. Moreover, in that case, z̄ is in fact optimal to (DP ). In summary, (DPM ) satisfies all
assumptions required for Shadow Simplex and is equivalent to (DP ). This also shows that our assumption
that finite-horizon strategies are extendable is without loss of generality.

A.8 Proof of Lemma 4.3

First recall that a point in a convex set is its extreme point if it cannot be expressed as a convex
combination of two other distinct points in the convex set. Let z be as in the hypothesis of the lemma.
Suppose by way of contradiction that z is not an extreme point. Then there exist feasible solutions x and
y and a fraction 0 < λ < 1 such that z = λx+(1−λ)y. We show that x = y = z. Non-negativity of x and
y implies that for all states sn and actions an ∈ A(sn) for which z(sn, an) = 0, x(sn, an) = y(sn, an) = 0.
Then one can confirm using simple algebra starting at state s1 and working inductively that under this
restriction the equality constraints in (DP ) have a unique solution, namely, z. This implies x = y = z.

A.9 Proof of Lemma 4.4

Suppose z is a feasible solution to (DP ) and there exists a state sn (called a “bad” state) with (at least)
two actions an ∈ A(sn) and bn ∈ A(sn) such that z(sn, an) > 0 and z(sn, bn) > 0. Let sn+1 = gn(sn, an)
and tn+1 = gn(sn, bn) and note that sn+1 6= tn+1 since two distinct actions lead to two distinct states.
In this proof, we consider two types of state-action sequences whose existence follows from the structure
of problem (DP ). The first is of the form {(sr, ar)}∞r=n+1 starting at sn+1 such that for all r, sr ∈ Sr,
ar ∈ A(sr), sr+1 = gr(sr, ar) and z(sr, ar) > 0. The set of all such sequences is denoted Ω(sn, an). The sec-
ond is of the form {(tr, br)}∞r=n+1 starting at tn+1 such that for all r, tr ∈ Sr, br ∈ A(tr), tr+1 = gr(tr, br)
and z(tr, br) > 0. The set of all such sequences is denoted Ω(sn, bn). We say that a sequence from
Ω(sn, an) “passes through” a particular state, or this particular state “belongs to” the sequence if it is
included in a state-action pair that is in the sequence. Similarly for sequences in Ω(sn, bn). We also use
this terminology for state-action pairs. We consider two possible cases and in both these show that it is
possible to construct two distinct solutions x and y feasible to (DP ) such that z = (x + y)/2 and hence
z cannot be an extreme point to complete the proof by contrapositive.
Case 1: There exists a bad state sn for which a sequence from Ω(sn, an) passes through a state that also
belongs to some sequence in Ω(sn, bn).
Let sn+k be the first state that these two sequences have in common for some k > 1, that is, sn+k = tn+k,
and sn+j 6= tn+j for j = 2, 3 . . . , k − 1. Specifically, let ε(an) > 0 be the largest amount that can
be subtracted from z(sn, an), reducing values of z(sn+1, an+1), . . . , z(sn+k−1, an+k−1) in order to satisfy
the equality constraints in (DP ) at the same time forcing these variables to be non-negative. Simi-
larly, let ε(bn) > 0 be the largest amount that can be subtracted from z(sn, bn), reducing values of
z(tn+1, bn+1), . . . , z(sn+k−1, bn+k−1) in order to satisfy the equality constraints in (DP ) at the same time
forcing these variables to be non-negative. Set ε = min{ε(an), ε(bn)}. Let x be the feasible solution
formed from z by subtracting ε from z(sn, an), reducing values of z(sn+1, an+1), . . . , z(sn+k−1, an+k−1),



adding ε to z(sn, bn), and increasing values of z(tn+1, bn+1), . . ., z(tn+k−1, bn+k−1) to satisfy equal-
ity constraints. Similarly, let y be the feasible solution formed from z by adding ε to z(sn, an), in-
creasing values of z(sn+1, an+1), . . . , z(sn+k−1, an+k−1), subtracting ε from z(sn, bn), and reducing val-
ues of z(tn+1, bn+1), . . . , z(tn+k−1, bn+k−1) to satisfy equality constraints. Then it is easy to check that
z = (x + y)/2 and hence z is not an extreme point.
Case 2: There is no bad state sn for which a sequence from Ω(sn, an) and a sequence from Ω(sn, bn)
both pass through a common state.
Consider any bad state sn and corresponding actions an ∈ A(sn) and bn ∈ A(sn) such that z(sn, an) > 0,
and z(sn, bn) > 0. For any sequence ζ ∈ Ω(sn, an), and any period N ≥ n+1, ζN denotes the state-action
pair that ζ passes through in period N and thus we can write z(ζN ). Define φz

N (sn, an) =
∑

ζ∈Ω(sn,an)

z(ζN ).

Suppose without loss of generality that z(sn, an) ≥ z(sn, bn). Note that φz
N (sn, an) ≥ α(N−n)z(sn, an),

which in turn is at least α(N−n)z(sn, bn), and also that φz
N (sn, bn) ≥ α(N−n)z(sn, bn). Let x be a new

feasible solution formed as follows. x(sn, an) = z(sn, an) − z(sn, bn) and x(ζN ) = z(ζN ) − ε(ζN ) for
some 0 ≤ ε(ζN ) ≤ z(ζN ) for all ζN ∈ Ω(sn, an) for all N ≥ n + 1. These ε(ζN ) are chosen so that
φε

N (sn, an) = α(N−n)z(sn, bn) satisfying (DP ) equality constraints at every state that sequences ζ pass
through. Moreover, x(sn, bn) = 2z(sn, bn) and x(ξN ) = z(ξN ) + δ(ξN ) for some 0 ≤ δ(ζN ) ≤ z(ξN )
for all ξN ∈ Ω(sn, bn) for all N ≥ n + 1. These δ(ξN ) are chosen so that φδ

N (sn, bn) = α(N−n)z(sn, bn)
satisfying (DP ) equality constraints at every state that sequences ξ pass through. Similarly, y is a new
feasible solution formed so that y(sn, an) = z(sn, an) + z(sn, bn) and y(ζN ) = z(ζN ) + ε(ζN ). More-
over, y(sn, bn) = 0 and y(ξN ) = z(ξN ) − δ(ξN ). All the other components of x and y are equal to the
corresponding components of z implying z = (x + y)/2.

A.10 Proof of Lemma 5.1

We first show constructively that (MDP) has a feasible solution. The procedure is similar to problem
(DP ). The first equality constraint is simply

∑
a1∈A(s1)

z(s1, a1) = β(s1) since X(s1) = ∅. Thus we

arbitrarily choose one action a1 ∈ A(s1) and set z(s1, a1) = β(s1). For all other actions in a ∈ A(s1), we set
z(s1, a) = 0. Then, the equality constraint corresponding to every s2 ∈ S2 reduces to

∑
a2∈A(s2)

z(s2, a2) =

αp1(s2|s1, a1)z(s1, a1) + β(s2). We therefore choose an arbitrary action a2 ∈ A(s2) and set z(s2, a2) =
αp1(s2|s1, a1)z(s1, a1) + β(s2). That is, set z(s2, a2) = αp1(s2|s1, a1)β(s1) + β(s2). For all other actions
a ∈ A(s2) we set z(s2, a) = 0. Continuing this way we can construct a feasible solution to (MDP) thus
satisfying Assumption 2.1. Every equality constraint has at most Λ + ΛΘ variables hence Assumption
2.2 holds. Similar to problem (DP ) we now claim that for any n,

∑
sn∈Sn

∑
an∈A(sn)

z(sn, an) = αn−1β(s1) +

αn−2
∑

s2∈S2

β(s2)+ . . .+
∑

sn∈Sn

β(sn) . We prove this by induction. The claim is true for n = 1 as S1 = {s1}

and X(s1) = ∅ implying that
∑

a1∈A(s1)

z(s1, a1) = β(s1). Now suppose it is true for some period n. Then

owing to the equality constraint,
∑

sn+1∈Sn+1

∑
an+1∈A(sn+1)

z(sn+1, an+1) equals

∑
sn+1∈Sn+1

β(sn+1) + α
∑

sn+1∈Sn+1

∑
sn∈X(sn+1)

∑
an∈X (sn,sn+1)

pn(sn+1|sn, an)z(sn, an)

=
∑

sn+1∈Sn+1

β(sn+1) + α
∑

sn∈Sn

∑
an∈A(sn)

z(sn, an) =
∑

sn+1∈Sn+1

β(sn+1) + αnβ(s1) + . . . + α
∑

sn∈Sn

β(sn),

where the last equality follows from the inductive hypothesis. This restores the inductive hypothesis
proving our claim. The rest of the proof is identical to (DP ) and hence is omitted.



A.11 Proof of Lemma 5.2

Similar to the (DP ) case hence omitted.


