
OPERATIONS RESEARCH
doi 10.1287/opre.1100.0872ec

informs ®

©2011 INFORMS

e - c o m p a n i o n
ONLY AVAILABLE IN ELECTRONIC FORM

Electronic Companion—“Exact Analysis of a Lost Sales Model
Under Stuttering Poisson Demand” by Jie Chen, Peter L. Jackson, and
John A. Muckstadt, Operations Research, doi 10.1287/opre.1100.0872.



Submitted to Operations Research

manuscript 3

Exact Analysis of a Lost Sales Model under
Stuttering Poisson Demand-Online Appendix

Jie Chen, Peter L. Jackson, John A. Muckstadt
School of Operations Research and Information Engineering, Cornell University, Ithaca, NY, USA

jc562@cornell.edu, pj16@cornell.edu, jam61@cornell.edu

We investigate the (S-1,S) inventory policy under stuttering Poisson demand and generally distributed lead
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Glossary and Proofs

EC.1. Glossary

λ rate of customer arrivals

X customer order size

k = 0,1, . . . order size

pk ≡ P{X = k}

P k ≡ P {X > k}

It inventory on hand at time t

S order up to level

µ delivery rate

τ = 1
µ

expected lead time

Nkt the number of replenishment orders size k at time t

Nt = (Nkt)
S

k=1

N = {Nt, t≥ 0}

V state space of replenishment orders

nk(i) number of orders size k, i∈ V

n(i) = (n1(i), n2(i), ..., nS(i))

n0(i)≡ S−∑S

k=1 knk(i)

m(i) the number of orders outstanding

(i, j) transition

||(i, j)|| ≡∑S

k=1 |nk(i)−nk(j)|

kij ≡
∑S

k=1 k |nk(i)−nk(j)|

V 2
C customer order arrivals class

V 2
R replenishment order arrivals class

Aij infinitesimal generator for lost sale Markov process

X̃(t) generic continuous Markov chain
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Ṽ generic state space

ξ̃i generic stationary distribution

Ã generic generator for X̃

i0 reference state

νi reversibility rates

π = (πs) stationary distribution of number of units on order

ηm,s =
∑

i∈V
S−n0(i)=s

m(i)=m

ξi stationary probability of m orders and s units on order

ν̄ = 1
1+
P

j 6=i0
νj

normalizing constant

fNB(·;m,p) negative binomial probability distribution

G(S) normalizing constant for (πs) distribution

EC.2. Proofs

Proof of Proposition ??:

For any path chosen according to the largest subscript rule and for the generators (??),

Ai0jm(i)−1
Ajm(i)−1jm(i)−2

...Aj1i =
∏

l=m(i),m(i)−1,...,1(λp1{n0(jl−1)>0}(1− p)(kjl,jl−1
−1))

= ( λp
(1−p)

)m(i)(1− p)
Pm(i)

l=1
kjl,jl−1p−1{n0(i)=0}

= ( λp
(1−p)

)m(i)(1− p)S−n0(i)p−1{n0(i)=0}.

Considering the path from i to i0 and noting that if nk(i) = 0, nk(i)! = 1, we get

Aij1Aj1j2 ...Ajm(i)−1i0 =
∏

l=0,1,...,m(i)−1

µnkjl,jl+1
(jl) = µm(i)

S∏
k=1

(nk(i)!).

Therefore, from (??)

νi ≡
Ai0jm(i)−1

Ajm(i)−1jm(i)−2
...Aj1i

Aij1Aj1j2 ...Ajm(i)−1i0

=

(
λp

µ(1−p)

)m(i)

∏S

k=1 (nk(i)!)
(1− p)S−n0(i)

p1{n0(i)=0} .

Proof of Theorem ??:
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Consider any two distinct states i, i′ ∈ V , with n(i) = (n1(i), n2(i), . . . , nS(i)) and n(i′) =

(n1(i′), n2(i′), . . . , nS(i′)), i 6= i′.

1. Since i 6= i′, ||(i, i′)|| 6= 0. Suppose Aii′ = 0, then by (??) Ai′i = 0, too. Hence, if Aii′ = 0, we

have νiAii′ = νi′Ai′i ≡ 0.

2. When Aii′ 6= 0 and i 6= i′, then, by (??), ||(i, i′)|| = 1, and either (i, i′) ∈ V 2
C or (i, i′) ∈ V 2

R.

Without loss of generality, we assume (i, i′)∈ V 2
C and (i′, i)∈ V 2

R.

There are two subcases:

• n0(i′) > 0: In this case, a demand of size kii′ arrives which is strictly less than n0(i). Then

Aii′ = λp(1− p)(kii′−1), Ai′i = nkii′ (i
′)µ = (nkii′ (i)+ 1)µ and m(i′) = m(i)+ 1. Hence

νiAii′ =
( λp

µ(1−p)
)m(i)

QS
k=1(nk(i)!)

(1−p)S−n0(i)

p1{n0(i)=0} · (λp(1− p)(kii′−1))

=
( 1

µ(1−p)
)m(i)

QS
k=1(nk(i)!)

· (1− p)S−n0(i)+kii′−1(λp)1+m(i)

=
µ( 1

µ(1−p)
)m(i′)

QS
k=1(nk(i′)!)

nki,i′ (i′)!
nki,i′ (i)!

· (1− p)S−n0(i′)(λp)m(i′)

=
( λp

µ(1−p)
)m(i′)

QS
k=1(nk(i′)!) · (1− p)S−n0(i′) · (µ

nki,i′ (i′)!
nki,i′ (i)!

)

= νi′ · (nki,i′ (i
′)µ)

= νi′Ai′i.

• n0(i′) = 0: In this case, a demand arrives and the demand size is equal to or greater than

kii′ = n0(i), so Aii′ = λ(1− p)(kii′−1), and Ai′i = nkii′ (i
′)µ. But

νi′ =

(
λp

µ(1−p)

)m(i′)

∏S

k=1 (nk(i′)!)
(1− p)S−n0(i′)

p
.

Similarly,
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νi(Aii′p) =
( λp

µ(1−p)
)m(i)

QS
k=1(nk(i)!)

(1−p)S−n0(i)

p1{n0(i)=0} · (λ(1− p)(kii′−1))p

=
( 1

µ(1−p)
)m(i)

QS
k=1(nk(i)!)

· (1− p)S−n0(i)+kii′−1(λp)1+m(i)

=
µ( 1

µ(1−p)
)m(i′)

QS
k=1(nk(i′)!)

nki,i′ (i′)!
nki,i′ (i)!

· (1− p)S−n0(i′)(λp)m(i′)

=
( λp

µ(1−p)
)m(i′)

QS
k=1(nk(i′)!) · (1− p)S−n0(i′) · (µ

nki,i′ (i′)!
nki,i′ (i)!

)

= νi′p · (nki,i′ (i
′)µ)

= (νi′p)Ai′i.

Hence, νiAii′ = νi′Ai′i.

Therefore, for any i, i′ ∈ V , we have νiAii′ = νi′Ai′i and, after normalization, ηiAii′ = ηi′Ai′i. By

Proposition ??, N is a reversible stochastic process whose stationary distribution is given by (??)

and (??).

Proof of Theorem ??:

Let x and y be positive integers such that S = x + y and P (X = x) > 0 and P (X = y) > 0.

Consider the special states

n(i0) = (0,0, . . . ,0)

and

{n(i2) : nx(i2) = 1, ny(i2) = 1, nk(i2) = 0, for k 6= x, y}.

Now pick the cyclic sequence: i0 → i1 → i2 → i′1 → i0, where

{n(i1) : nx(i1) = 1, nk(i1) = 0, for k 6= x},

and

{n(i′1) : ny(i′1) = 1, nk(i′1) = 0, for k 6= y}.
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If this is a reversible Markov process,

νi0Ai0,i1Ai1,i2Ai2,i′1Ai′1,i0 = νi0λ
2pxP (X ≥ y)µ2

must equal

νi0Ai0,i′1Ai′1,i2Ai2,i1Ai1,i0 = νi0λ
2pyP (X ≥ x)µ2.

i.e.

pxP (X ≥ y) = pyP (X ≥ x).

Now, if {pk > 0, for k = 1,2, . . . .}, an inductive proof easily establishes pk = p1(1−p1)k−1 by letting

x ≡ 1. So X must be geometrically distributed with parameter p = p1. Combined with Theorem

(3.3), this is a sufficient and necessary condition for reversibility.

Proof of Proposition ??:

First, let us show that
∑
i∈V

S−n0(i)=s
m(i)=m

m!∏S

k=1 (nk(i)!)
=


 s− 1

m− 1


 . (EC.1)

To better understand the combinatorial expressions, we recast the language from orders and order

sizes into boxes and balls. We are considering placing s balls (i.e. units on order) into m boxes (i.e.

orders). Suppose we have placed the s balls and have used exactly m boxes. Let nk ∈ {0,1,2, ..., s}

denote the number of boxes that contain exactly k balls, k = 1,2, ..., s. We refer to nk as the box

size count for box size (equivalently, for ball count) k. Of the m! permutations of boxes, we are

interested only in sequences that are unique with respect to the number of balls in each box. Thus,

for example, if kj is the number of balls in box j, j = 1, ...,m, the sequence (k1, k2, k3) = (0,1,1)

corresponds to two equivalent permutations of the boxes since boxes numbered 2 and 3 can be

reversed in sequence without changing the vector (k1, k2, k3). For a given vector of box size counts,

n≡ (n1, n2, ..., ns) , the number of permutations of boxes that are unique with respect to box size

(i.e. ball count), is given by:

m!∏
k∈{1,...,s}

nk>0
nk!

=
m!∏s

k=1 nk!
,
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where equality comes from the convention that 0! = 1. From this, it follows that the number of

ways of assigning s balls to exactly m boxes and sequencing the boxes so that the sequence is

unique by ball count is given by

∑
n=(n1,n2,...,ns)Ps

k=1
knk=sPs

k=1
nk=m

m!∏s

k=1 nk!
=

∑
i∈V

S−n0(i)=s
m(i)=m

m!∏S

k=1 (nk(i)!)
.

This is the left hand side of (EC.1). Now, we consider the same combinatorial problem from a

different perspective. If we take any sequence of balls and place dividers between some of them,

we could then assign the balls between dividers to boxes in sequence. The placement of dividers

would uniquely define a sequence of ball counts per box. To ensure that exactly m boxes were used

(with positive ball counts in each) we would have to place exactly m− 1 dividers into different

positions between the s balls. (Placing two dividers between the same two balls would imply an

empty box, which is not allowed.) Note that only s− 1 positions are available in this partitioning

process; therefore, it follows that the number of ways to place these dividers is given by

 s− 1

m− 1


 .

From this we get (EC.1).

Therefore,

ηm,s = ν̄
(λ

µ)m

p1{s=S}m!
pm (1− p)s−m


 s− 1

m− 1




= ν̄
( λ

µ )m

m!
p−1{s=S}


 s− 1

s−m


pm(1− p)s−m

= ν̄
( λ

µ )m

m!
p−1{s=S}fNB(s−m;m,p).

Proof of Theorem ??:

Theorem EC.2 shows that the stationary distribution of νi is unchanged if the lead time has

the same mean 1
µ

but has a general distribution where the lead times are independently identically

distributed. Therefore the stationary distribution of the number of units on order is still the same

as that when lead times are exponentially distributed.
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Proof of Theorem ??:

Recall that f is the pdf of a geometric distribution with parameter p. Then

f∗m(s) = fNB(s−m;m,p).

Thus, πsG(S)e−
λ
µ = h(s)H(S) holds for s = 0,1, . . . , S− 1.

When s = S = 1,

π1G(1)e−
λ
µ = (

λ

µ
)e−

λ
µ

f(1)
p

= (
λ

µ
)e−

λ
µ = h(S)H(S).

Suppose s = S > 1 and i > S. When m > 1

f∗m(i+1)
f∗m(i)

=


 (i+1)− 1

(i+1)−m


pm(1− p)i+1−m


 i− 1

i−m


pm(1− p)i−m

=
i

i+1−m
(1− p) > (1− p).

This means f∗m(i+1) > (1− p)f∗m(i) and

f∗m(i) > (1− p)i−Sf∗m(S).

Therefore, when S > 1 and m > 1,

∞∑
i=S

f∗m(i) >
∞∑

i=S

(1− p)i−Sf∗m(S) = f∗m(S)
∞∑

i=0

(1− p)i =
f∗m(S)

p
.

Since f∗0(i) = 0 for i > 0 and f∗1(S)/p = f(S)/p =
∑∞

i=S f(i), we see that for S > 1

πSG(S)e−
λ
µ =

S∑
m=0

((
λ

µ
)me−

λ
µ /m!)

f∗m(S)
p

<
S∑

m=0

((
λ

µ
)me−

λ
µ /m!)

∞∑
i=S

f∗m(i) = h(S)H(S).

After normalization, we have

h(S) > πS and h(s) < πs, for s = 0,1, . . . , S− 1,

when S > 1. Furthermore,

h(s)
πs

=
h(s′)
πs′

,

provided s, s′ < S.
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EC.3. The Complete Fill Case

To this point we have considered only the partial fill case. Another possibility is that a customer

order is rejected (all units lost) if there is insufficient stock on hand to fill it completely. We refer

to this as the complete fill case. The analysis is very similar to the partial fill case. We have

ηm,s = η0,0

(
λ

µ

)m
fNB(s−m;m,p)

m!
, (EC.2)

where η0,0 is the normalizer. The steady state distribution of units on order is given by the following:

Proposition EC.1. For the lost sales model with stuttering Poisson demand and complete fills,

the stationary distribution of the number of units on order is given by:

πs =

∑s

m=0(
λ
µ
)m fNB(s−m;m,p)

m!

G(S)
, (EC.3)

where G(S) =
∑S

s=0

∑s

m=0

( λ
µ )m

m!
fNB(s−m;m,p), and fNB(s−m; 0, p) = 1{s = 0} when m = 0. i.e.

the truncated compound Poisson distribution.

Proof: In the case of complete fill the accepted demand is given by X1X≤I , where X is the

customer order size and I is inventory on hand at the time of the order, as before. The infinitesimal

generator in the stuttering Poisson case becomes:

Aij ≡





nkij
(i)µ if (i, j)∈ V 2

R,

λpkij
if (i, j)∈ V 2

C ,

−(m(i)µ+λ(1−P n0(i)))1{n0(i) 6= 0} if j = i,

0 otherwise.

(EC.4)

Following the notation and method of section 3, we get

νi ≡

(
λp

µ(1−p)

)m(i)

∏S

k=1 (nk(i)!)
(1− p)S−n0(i) (EC.5)

as the complete fill counterpart to (??). Observe that the term 1

p1{n0(i)=0} is needed for the partial

fill case (??).

In the analog of Theorem ?? for the complete fill case, simply replace (??) with (EC.5). The

proof is identical except that the case n0(i) = 0 is no different from the n0(i) > 0 case with complete
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fills. In the analog of Proposition ?? and Corollary 1, omit the factor 1

p1{n0(i)=0} or 1

p1{s=S} . The

analog to (??) for the complete fill case becomes (EC.3).

This is a bimodal distribution because the mode at s = S disappears.

Theorem EC.1. Suppose in the lost sales model that demand occurs according to stuttering Pois-

son process and the replenishment order lead times are independent and identically distributed and

have general distribution with finite mean L = 1
µ
, where there is no point mass at zero. For the

complete fill case, the stationary distribution of the number of units on order is given by

π̂s = πs,

where πs, given by (EC.3), is the stationary distribution of the number of units on order in the lost

sales model when lead times are exponentially distributed with mean 1
µ
.

The proof is similar to that of Theorem ??.

EC.4. A Lost Sales Model with Stuttering Poisson Demand and General Lead
Times

We always assume that the lead times are independently identically distributed. The original

process X(t), with exponentially distributed lead times is a Markov process. When it is extended to

the case of general time distributions, it becomes a generalized semi-Markov process (GSMP). By

extending the state space, we can obtain a Markov process and derive the stationary distribution

of the extended state space. Finally, we could prove the marginal stationary distribution of the

number of units on order does not depend on the lead time distribution but only on its mean.

Let F (·) denote the general cumulative distribution function(CDF) of order lead times with no

point mass at zero. Expand the underlying state space from V to V ×<+
S,S. Here U = (us,r)∈<+

S,S

is an S by S matrix with non-negative elements. We construct the lost sales model with generally

distributed lead times as a stochastic process Z(t), with state space V ×<+
S,S:
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Z(t) = (i,U) = (n1(i), n2(i), . . . , nS(i);U) =




n1(i) n2(i) . . . . . . nS(i)

u
(1)
1 u

(1)
2 . . . . . . u

(1)
S

u
(2)
1 u

(2)
2 . . . . . . u

(2)
S

...
...

...
...

...

u
(S)
1 u

(S)
2 . . . . . . u

(S)
S




.

Here, ns(i) is the number of outstanding orders with size s and u(1)
s ≥ u(2)

s ≥ . . .≥ u(S)
s ≥ 0 stand

for the ordered replenishment ages for orders with size s. That is u(r)
s is the age of the rth oldest

replenishment order of size s. The new process Z(t) is a Markov process on V ×<+
S,S.

Define R(i) = {(s, r) : r ≤ ns(i)} as the replenishment order index set. So we have u(r)
s = 0 if

(s, r) /∈R(i). Define

<S,S(i)≡ {U ∈<+
S,S : u(1)

s ≥ u(2)
s ≥ . . .≥ u(S)

s ≥ 0, and u(r)
s ≡ 0 if (s, r) /∈R(i)}.

Each state (i,U) in this system satisfies the condition U ∈ <S,S(i) and therefore we have (i,U) ∈

V ×<S,S(i)⊆ V ×<+
S,S.

Our intent is to show that the stationary distribution of Z(t) is insensitive to the lead time

distribution for a given mean, 1
µ
, under the partial fill case. The proof for the complete fill case is

nearly the same.

Lemma EC.1. Given state i ((n1(i), n2(i), . . . . . . nS(i))),

∫

U∈<S,S(i)

∏
s,r

[1−F (u(r)
s )]du

(1)
1 . . . u

(S)
S =

1∏S

s=1 ns(i)!
(
1
µ

)m(i),

where m(i) =
∑S

s=1 ns(i).

Proof: Since
∏

s,r[1−F (u(r)
s )] does not depend on the order of u(r)

s , we could integrate it on the

whole space and divide the results by ns(i)! for each s fixed. Therefore,

∫
U∈<S,S(i)

∏
s,r[1−F (u(r)

s )]du
(1)
1 . . . u

(S)
S =

∏S

s=1[
∫

u
(1)
s ≥u

(2)
s ≥...≥u

(S)
s ≥0

∏
r[1−F (u(r)

s )]du(1)
s . . . u(S)

s ]

=
∏S

s=1[
∫∞

ts,1=0
. . .

∫∞
ts,S=0

[1−F (ts,r)] 1
ns(i)!

dts,1 . . . dts,S]

=
∏S

s=1{ 1
ns(i)!

[
∫∞

t=0
[1−F (t)]dt]ns(i)}

=
∏S

s=1{ 1
ns(i)!

[ 1
µ
]ns(i)}

= 1QS
s=1 ns(i)!

( 1
µ
)m(i).
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The proof of uniqueness and ergodicity of the stationary distribution of this Markov process Z(t)

is a consequence of Theorem 1 in Sevastyanov (1957). The proof just follows the routine of proving

the results for a telephone system with refusals (Sevastyanov, 1957, section 3). The stationary

distribution of Z(t) is given by the following theorem. The marginal distribution of X(t) is seen to

be invariant to the form of the lead time distribution.

Theorem EC.2. The steady state distribution of this Markov process Z(t), ζ(i,U) is

ζ(i,U) = C

(
λp

1− p

)m(i) (1− p)S−n0(i)

p1{n0(i)=0}
∏

(s,r)∈R(i)

[1−F (u(r)
s )], (EC.6)

where C = 1
G(S)

is the same normalizer as in Corollary ??. Therefore, the steady state distribution

of the original GSMP,

ξ̃i =
∫

U∈<+
S,S

ζ(i,U)dU = C

(
λp

µ(1−p)

)m(i)

∏S

r=1 (nr(i)!)
(1− p)S−n0(i)

p1{n0(i)=0} ,

which is the same stationary distribution that is obtained when the lead times are exponentially

distributed with mean 1
µ
.

Proof: Notice that
∏

(s,r)[1− F (u(r)
s )] =

∏
(s,r)∈R(i)[1− F (u(r)

s )] since 1− F (u(r)
s ) = 1 for (s, r)

outside of R(i). Integrating ζ(i,U) with respect to U ∈<S,S(i) and use LemmaEC.1, we have

∫

U∈<S,S(i)

ζ(i,U)dU = C

(
λp

1− p

)m(i) (1− p)S−n0(i)

p1{n0(i)=0}

∫

U∈<S,S(i)

∏
s,r

[1−F (u(r)
s )]dU

= C

(
λp

µ(1−p)

)m(i)

∏S

r=1 (nr(i)!)
(1− p)S−n0(i)

p1{n0(i)=0}

Let U + ∆t(or U −∆t) denote adding (or subtracting) small ∆t (or min(∆t, u(r)
s )) to U ’s each

entry u(r)
s if (s, r)∈R(i).

We claim that for ∆t sufficiently small, there will occur at most one event (customer arrival or

order replenishment delivery) in the interval (t, t+∆t] for any t. This follows because the delivery

process is simply a shifted, filtered version of the arrival process. Consequently, the combined



e-companion to Author: Chen, Jackson, and Muckstadt ec13

process is a filtered version of a Poisson process (refer to Resnick 2005, section 4.4 page 316).

So now we choose a ∆t sufficiently small so that at most one event happens within the interval

(t, t+∆t].

Define Q(i,U),(j,U ′)(∆t) as the transition probability from state (i,U) to state (j,U ′) during time

∆t. Since Z(t) is a Markov process, Q has no dependence on t. For sufficiently small ∆t, we have

the following transition probabilities:

Case 1 : If no customer arrives, n0(i) = S, and (j,U ′) = (i0,O), where O is the matrix with zeros

entries,

Q(i0,O),(i0,O)(∆t) = 1−λ∆t+ o(∆t).

Case 2 : If no replenishment order arrives when (i,U) has n0(i) = 0 (any arrival is lost), we have

Q(i,U),(i,U+∆t)(∆t) =
∏

(s,r)∈R(i)

1−F (u(r)
s +∆t)

1−F (u(r)
s )

.

Case 3 : If no customer arrives for general state (i,U) with 0 < n0(i) < S,

• (Case 3a) When no customer arrives, or no replenishment order arrives during time ∆t case,

Q(i,U),(i,U+∆t)(∆t) =
∏

(s,r)∈R(i)

1−F (u(r)
s +∆t)

1−F (u(r)
s )

(1−λ∆t+ o(∆t))

• (Case 3b) Now suppose no customer arrives but one replenishment order of size kij ((i, j)∈ V 2
R)

arrives. Suppose that order is the lth oldest order, 1≤ l≤ nkij
(i). Let U l−

i,j be the same as U except

that the element u
(l)
kij

is deleted so that the lth column changes from

(u(1)
kij

, . . . , u
(nkij

(i))

kij
,0, . . . ,0)′,

to

(u(1)
kij

, . . . , u
(l−1)
kij

, u
(l+1)
kij

, . . . , u
(nkij

(i))

kij
,0,0, . . . ,0)′.

Actually, U l−
ij is U after recording delivery of lth oldest order of size kij. Thus,

Q
(i,U),(j,U l−

i,j +∆t)
(∆t) =

F (u(l)
kij

+∆t)−F (u(l)
kij

)

1−F (u(l)
kij

))

∏

(s,r)∈R(i)/(kij ,l)

1−F (u(r)
s +∆t)

1−F (u(r)
s )

(1−λ∆t+ o(∆t)).
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Case 4 : When (i,U) satisfies n0(i) > 0, and one customer arrives with accepted order size kij

((i, j) ∈ V 2
C) and has age u (0 < u ≤ ∆t) at the end of the interval and no replenishment order

arrives, we have

Q(i,U),(j,Ui,j)(∆t) =
∏

(s,r)∈R(i)

1−F (u(r)
s +∆t)

1−F (u(r)
s )

(Aij∆t+ o(∆t))(
1

∆t
)(1−F (u)).

Here Ui,j = U + ∆t except that the new replenishment order caused by the new arrival has age

u
(nkij

(j))

kij
= u. Notice that ( 1

∆t
) is the conditional density of the new replenishment order with u

being the age at the end of the interval (0,∆t]. This is because of the uniformly distributed arrival

time of the Poisson process conditioned on one arrival occurring during an interval of length ∆t.

A special case when (i,U) = (i0,O),(i0, j)∈ V 2
C , we have

Q(i0,O),(j,Ui0,j)(∆t) =
Ai0,j∆t+ o(∆t)

∆t
(1−F (u)),

where Ui0,j = O except u
(1)
kij

= u.

Define P(i,U)(t) = P [Z(t) = (i,U)]. Making use of the Markov property and Q(i,U)(j,U ′)(∆t), we

obtain:

Case 1 For (i,U) = (i0,O),

P(i0,O)(t+∆t) = P(i0,O)(t)(1−λ∆t)+
∑

{j:(j,i0)∈V 2
R
}

∫ ∞

0

P(j,U)(t)
F (u(1)

kji0
+∆t)−F (u(1)

kji
)

1−F (u(1)
kji0

)
du

(1)
kji0

+o(∆t),

(EC.7)

except u
(1)
kji0

, the other entries of U are zeros.

Case 2 For (i,U) with n0(i) = 0,

P(i,U)(t+∆t) = P(i,U−∆t)(t)
∏

(s,r)∈R(i)

1−F (u(r)
s )

1−F (u(r)
s −∆t)

+ o(∆t). (EC.8)

Case 3 For general (i,U) with 0 < n0(i) < S, and u(r)
s > 0 for all (s, r)∈R(i),

P(i,U)(t+∆t)

= P(i,U−∆t)(t)
∏

(s,r)∈R(i)
1−F (u

(r)
s )

1−F (u
(r)
s −∆t)

(1−λ∆t)

+
∑

{(j,U ′):(j,i)∈V 2
R

,U ′=(U−∆t)+ji}
∫∞
0

P(j,U ′)(t)
∏

(s,r)∈R(i)
1−F (u

(r)
s )

1−F (u
(r)
s −∆t)

F (u)−F (u−∆t)

1−F (u−∆t)
du(1−λ∆t)

+o(∆t),
(EC.9)

where (U −∆t)+
ji is the U −∆t inserting u

(l)
kji

= u for some l≤ nkji
(j).
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Case 4 For general (i,U), with one u(r)
s = u with 0 < u≤∆t for (s, r)∈R(i),

P(i,U)(t+∆t) = P(j,U−∆t)(t)
∏

(s,r)∈R(j)

1−F (u(r)
s )

1−F (u(r)
s −∆t)

(Aji∆t+ o(∆t))
1

∆t
(1−F (u)), (EC.10)

where (j, i)∈ V 2
C .

Define P ∗
(i,U)(t) =

P(i,U)(t)
Q

(s,r)∈R(i)[1−F (u
(r)
s )]

, which is the conditional probability in state i given the

ages of replenishment orders at time t. Assume the existence of
∂P∗(i,U)(t)

∂t
and

∂P∗(i,U)(t)

∂u
(r)
s

. Dividing

equations (EC.7)-(EC.9) by ∆t and letting ∆t → 0 in equation (EC.7)-(EC.10), we obtain the

following system of integro-differential equations

Case 1

∂P ∗
(i0,O)(t)
∂t

+λP ∗
(i0,O)(t) =

∑

{j:(j,i0)∈V 2
R
}

∫ ∞

0

P ∗
(j,U)(t)dF (u(1)

kji0
),

u
(1)
kji0

is the only positive entry of U .

Case 2 For (i,U) with n0(i) = 0,

∂P ∗
(i,U)(t)
∂t

+
∑

(s,r)∈R(i)

∂P ∗
(i,U)(t)

∂u
(r)
s

= 0.

Case 3 For general (i,U) with i 6= i0 and 0 < n0(i) < S,

∂P ∗
(i,U)(t)
∂t

+
∑

(s,r)∈R(i)

∂P ∗
(i,U)(t)

∂u
(r)
s

+λP ∗
(i,U)(t) =

∑

{(j,U ′):(j,i)∈V 2
R

,U ′=(U)+ji}

∫ ∞

0

P ∗
(j,U ′)(t)dF (u) (EC.11)

where (U)+
ji is the U inserting u

(l)
kji

= u for some l≤ nkji
(j).

Case 4 for (j, i)∈ V 2
C ,

P ∗
(i,U)(t) = AjiP

∗
(j,U)(t).

If we start with the stationary distribution, then all the derivatives with respect to time t vanish.

Dropping the dependence on t, we have

Case 1

λP ∗
(i0,O) =

∑

{j:(j,i0)∈V 2
R
}

∫ ∞

0

P ∗
(j,U)dF (u(1)

kji0
), (EC.12)

u
(1)
kji0

is the only positive entry of U .
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Case 2 For (i,U) with n0(i) = 0,
∑

(s,r)∈R(i)

∂P ∗
(i,U)

∂u
(r)
s

= 0. (EC.13)

Case 3 For general (i,U) with i 6= i0 and 0 < n0(i) < S,

∑

(s,r)∈R(i)

∂P ∗
(i,U)

∂u
(r)
s

+λP ∗
(i,U) =

∑

{(j,U ′):(j,i)∈V 2
R

,U ′=(U)+ji}

∫ ∞

0

P ∗
(j,U ′)dF (u) (EC.14)

where (U)+
ji is the U inserting u

(l)
kji

= u for some l≤ nkji
(j).

Case 4 For (j, i)∈ V 2
C ,

P ∗
(i,U)(t) = AjiP

∗
(j,U)(t). (EC.15)

Let ζ(i,U) be given by (EC.6). It is straightforward to verify that the substitution P ∗
(i,U) by

ζ(i,U)
Q

(s,r)∈R(i)[1−F (u
(r)
s )]

satisfies equations (EC.12)-(EC.15). We show only the proof of Case 3 here.

From (EC.6), we know

ζ(i,U)∏
(s,r)∈R(i)[1−F (u(r)

s )]
= C

(
λp

1− p

)m(i) (1− p)S−n0(i)

p1{n0(i)=0} , (EC.16)

where C is the normalizer. Now the substitution P ∗
(i,U) in (EC.14) by (EC.16), we have the left

hand side (LHS) as

LHS = λC

(
λp

1− p

)m(i) (1− p)S−n0(i)

p1{n0(i)=0} = λC

(
λp

1− p

)m(i)

(1− p)S−n0(i)
.

The right hand side (RHS) becomes

RHS =
∑

{(j,U ′):(j,i)∈V 2
R

,U ′=(U)+ji}
∫∞
0

C
(

λp
1−p

)m(j)
(1−p)S−n0(j)

p1{n0(j)=0} dF (u)

=
∑

{j:(j,i)∈V 2
R
}C

(
λp

1−p

)m(j)
(1−p)S−n0(j)

p1{n0(j)=0}

=
∑

{j:(j,i)∈V 2
R
}C

(
λp

1−p

)m(i)+1
(1−p)

S−n0(i)+nij

p1{n0(j)=0}

= λC
(

λp
1−p

)m(i)

(1− p)S−n0(i)
(

p
1−p

)∑
{j:(j,i)∈V 2

R
}

(1−p)
nij

p1{n0(j)=0}

= λC
(

λp
1−p

)m(i)

(1− p)S−n0(i)
(

p
1−p

)∑n0(i)

nij=1
(1−p)

nij

p1{n0(j)=0}

= λC
(

λp
1−p

)m(i)

(1− p)S−n0(i)
(

p
1−p

)
(
∑n0(i)−1

k=1 (1− p)k + (1−p)n0(i)

p
)

= λC
(

λp
1−p

)m(i)

(1− p)S−n0(i)
(

p
1−p

)
( 1−p

p
)

= λC
(

λp
1−p

)m(i)

(1− p)S−n0(i)

= LHS.

Therefore, ζ(i,u) is the stationary distribution of Z(t).


