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Glossary and Proofs

EC.1. Glossary

A rate of customer arrivals

X customer order size

k=0,1,... order size
pr=P{X =k}

I; inventory on hand at time ¢
S order up to level
u delivery rate
T= /lt expected lead time
Ny the number of replenishment orders size k at time ¢
Ny = (N kt)i:l
N ={N,,t >0}
V' state space of replenishment orders
nk(?) number of orders size k, i € V
n(i) = (n1(i),no(i),...,ns(7))
no(i) =S — S5, kni(i)
m(7) the number of orders outstanding
(,7) transition
16,51 = 2y I (8) = e (5)]
ki = 30y b ni(i) = ni(5)]
V2 customer order arrivals class
V32 replenishment order arrivals class

A;; infinitesimal generator for lost sale Markov process

X(t) generic continuous Markov chain
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Vi

generic state space

generic stationary distribution
generic generator for X
reference state

reversibility rates

m=(m,) stationary distribution of number of units on order

Nms=y, v & stationary probability of m orders and s units on order

]7:

S—nqg(i)=s
m(i)=m

L normalizing constant

4 jsig Vi

fne(:;m,p) negative binomial probability distribution

G(S) normalizing constant for () distribution

EC.2. Proofs

Proof of Proposition ?77:

For any path chosen according to the largest subscript rule and for the generators (?7),

no(J (k N *1)
Ainm(i)flAjm(i)fljm(i)72"'Aj1i = Hl:m(i),m(i)—l,...,l()‘pl{ 0(]l_l)>0}(1 —p) i)

P
= ()0 =) Bt
= (ﬁ)m(i)(l _p)S*no(i)pfl{no(i)ZO}‘

Considering the path from ¢ to iy and noting that if n, (i) =0, ni(i)! =1, we get

S
Aijl AjlemAjm(i)*liO - H 'unka,jlﬂ Ul) - ’U’m(l) H(nk(l)')
k=1

1=0,1,...,m(i)—1

Therefore, from (?77)

m(1)
Ap —ng (e
U= A Ajyi - (u(lfp)) (1 —p)s 0()
[ Al]lAJIJQA]m('L)fl'LO Hi:1 (nk(’l,)') pl{no(i)zo}

10Jm(i)—1 Ajm(i)—ljm(i)—Q

Proof of Theorem 77:
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Consider any two distinct states i,i € V, with n(i) = (n1(:),n2(i),...,ns(i)) and n(i’) =

(ny("),na(?),...,ns(i)), i #7'.

1. Since ¢ # ¢, ||(4,7)|| # 0. Suppose A, =0, then by (??7) Ay; =0, too. Hence, if A;y =0, we
have v;A;;y = vy Ay; = 0.

2. When A #0 and i # ', then, by (??), ||(4,7)|| = 1, and either (i,i') € V3 or (i,i') € V3.
Without loss of generality, we assume (i,7') € V3 and (¢/,1) € V3.
There are two subcases:

e ny(i’) > 0: In this case, a demand of size k;» arrives which is strictly less than ng(i). Then

A =201 = )50, Ay =n, ()= (i, (i) + Ve and m(i') = m(i) + 1. Hemce

A ym() -
viAiy = &(ﬁp)) (p)® "ol ~(Ap(1 *p)(k“'/_l))

fe1 (i () plino(H)=0}

m(i)

(Gi=py)
o1 (ne(i))

. (1 _p)anO(i)+kii/*1()\p)ler(i)

./
_ *ﬁ&u(ll—p))m(Z ) My 1
4

S (ng (i) Tk 1 ()

(1= p)s 7m0 (Ap)m (@)

( Ap )'m(z/)

1—p) 5 X (1 _p)ano(i/) . (,LL

”km.,a')!

= & )
g (ng (! T, i1 ()

— v (a,, ()10)

= UV Ai’i'

e no(i") = 0: In this case, a demand arrives and the demand size is equal to or greater than

ki =mno(i), so Ay = A(1 —p)(k“”*l% and Ay; = Nk, (i")p. But

Ap m(i/) 5 (/)
_ (u(l—p)) (I—p)” ™"
= ‘ .
[T (ne(i)h) p

Vit

Similarly,
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(2™ ys—ng (i)
vi(Agp) = SE s U - (AL = p)*a=D)p

=1 (ng (D)) plino(H=0}

Ga)""

I ENCNOD)

(1 _ p)s—no(i)-‘rkii/ -1 ()\p)1+m(z)

Vi
_ ‘i(\u(llfp) ) Tk g1 ()

Sama (@) MG

H(L=p)S o )

A m(i’
_ ( (lfp)) «)

nki’i/(i’)!
g1 (ng (i)

(1—p)5= - (u

)

"km., (4)!
= vap+ (ni,, ("))

= (Vi’p) Ay

Hence, V’L'Aii’ = Vi’Ai’i'
Therefore, for any i,i’ € V., we have v;A;» = vy Ay; and, after normalization, n; A,y = 1y Ay By
Proposition ??, N is a reversible stochastic process whose stationary distribution is given by (??)

and (77). .

Proof of Theorem 77:
Let z and y be positive integers such that S =z +y and P(X =) >0 and P(X =y) > 0.

Consider the special states

n(ip) = (0,0,...,0)
and
{n(iz) :n, (i) = 1,m,(is) = 1,ny(i2) =0, for k# z,y}.
Now pick the cyclic sequence: iy — iy — 12 — i) — 7o, where

{n(ll) nnc(zl) - 17nk(i1) = 07 for k #x},

and

{n(i) :ny(#) =1,ni(i1) =0, for k#y}.
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If this is a reversible Markov process,

Vig Ay iy Aiy iy Ay it A

11,44 ig,17 4] 10

= Vi Np. P(X > y)p”

10,71
must equal

Vig Ay it Aur 1, A

o
10,87 17,92

i2,i1Ai1,i0 = Vio)‘zpyP(X > 37)#2-
ie.

pP(X >y) =p,P(X >x).

Now, if {p,, >0, for k=1,2,....}, an inductive proof easily establishes p, = p;(1—p;)*~! by letting
x =1. So X must be geometrically distributed with parameter p = p;. Combined with Theorem

(3.3), this is a sufficient and necessary condition for reversibility. .

Proof of Proposition 77:

First, let us show that

| s—1
s o m | Ec1)
i€V Hk:1 (nx(i)!) m—1
S

To better understand the combinatorial expressions, we recast the language from orders and order
sizes into boxes and balls. We are considering placing s balls (i.e. units on order) into m boxes (i.e.
orders). Suppose we have placed the s balls and have used exactly m boxes. Let ny € {0,1,2,...,s}
denote the number of boxes that contain exactly k balls, k=1,2,...,s. We refer to n; as the box
size count for box size (equivalently, for ball count) k. Of the m! permutations of boxes, we are
interested only in sequences that are unique with respect to the number of balls in each box. Thus,
for example, if k; is the number of balls in box j, j =1,...,m, the sequence (ki,ks,k3) = (0,1,1)
corresponds to two equivalent permutations of the boxes since boxes numbered 2 and 3 can be
reversed in sequence without changing the vector (ki, ks, k3). For a given vector of box size counts,
n = (ny,na,...,Ns), the number of permutations of boxes that are unique with respect to box size

(i.e. ball count), is given by:

m! . m!
- s 9
er{l,“as} nk! Hk:l nk'
>
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where equality comes from the convention that 0! = 1. From this, it follows that the number of
ways of assigning s balls to exactly m boxes and sequencing the boxes so that the sequence is

unique by ball count is given by

m)! m!
Ol
nf‘nl,n2 ..... ns) Hk:l nk! i€V Hk:l (nk (Z)‘)
Pi:l knp=s S*”_O(_l):s
& — m(i)=m
k=1 7Lk m
This is the left hand side of (EC.1). Now, we consider the same combinatorial problem from a
different perspective. If we take any sequence of balls and place dividers between some of them,
we could then assign the balls between dividers to boxes in sequence. The placement of dividers
would uniquely define a sequence of ball counts per box. To ensure that exactly m boxes were used
(with positive ball counts in each) we would have to place exactly m — 1 dividers into different
positions between the s balls. (Placing two dividers between the same two balls would imply an

empty box, which is not allowed.) Note that only s — 1 positions are available in this partitioning

process; therefore, it follows that the number of ways to place these dividers is given by

s—1
m—1
From this we get (EC.1).
Therefore,
Y (%)m m s—=m s—1
Nm,s =V i{s=57, P (1-p) 1
m [e—
Aym s—1
—_ ﬂ(,:rz! p_l{s:S} pm(l _p)sfm
s—m
_("
= v-LpT 5=S) fyp(s —mym, p).

Proof of Theorem ?77:
Theorem EC.2 shows that the stationary distribution of v; is unchanged if the lead time has
the same mean i but has a general distribution where the lead times are independently identically
distributed. Therefore the stationary distribution of the number of units on order is still the same

as that when lead times are exponentially distributed. .
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Proof of Theorem 77:

Recall that f is the pdf of a geometric distribution with parameter p. Then

J(s) = fxs(s —m;m,p).

Thus, TrSG(S)efﬁ = h(s)H(S) holds for s=0,1,...,5 —1.

When s=5=1,

mG()e i = (D)e n Lt = (Z)e = h(S)H(S).

Suppose s=5>1and i >.S. When m > 1

(i+1)—1
ml i+1—m
41 ((i+1)m)p o) i

fom@) F 1 =i+1_m(1—p)>(1—p)-
pm(1—p)i-m

T—m

This means f*™(i+1) > (1 —p)f*™(i) and

@) > (L =p) =5 f(S).

Therefore, when S >1 and m > 1,

S50 > S-S = Y -y =
=S i=S =0

Since f*°(i) =0 for i >0 and f*'(S)/p=f(S)/p=> s [(i), we see that for S >1

S S 0o
TsG(S)e # =3 (( ) ST(Eyme i /ml) S i) = h(S
m=0 =S

m=0

*m

e_%/m'

7;\>/
7;\>/

After normalization, we have

h(S)>ms and h(s) <mg, for s=0,1,...,5—1,

when S > 1. Furthermore,

provided s,s’ < S.

H(S).
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EC.3. The Complete Fill Case

To this point we have considered only the partial fill case. Another possibility is that a customer
order is rejected (all units lost) if there is insufficient stock on hand to fill it completely. We refer

to this as the complete fill case. The analysis is very similar to the partial fill case. We have

A>mf”“3_m”mp) (EC.2)

77m,s = 770,0 < |
12 m:

where 7 o is the normalizer. The steady state distribution of units on order is given by the following:

ProrosiTioN EC.1. For the lost sales model with stuttering Poisson demand and complete fills,

the stationary distribution of the number of units on order is given by:

E;@: (g)m fNB(S;Jn;m,p)
0“(%5) , (EC.3)

T =
where G(S) = Zf:o > o (%n—)!mfNB(s —m;m,p), and fyp(s —m;0,p) =1{s =0} when m =0. i.e.
the truncated compound Poisson distribution.

Proof: In the case of complete fill the accepted demand is given by X1x<;, where X is the

customer order size and [ is inventory on hand at the time of the order, as before. The infinitesimal

generator in the stuttering Poisson case becomes:

i, (D) if (i, ) € V2,
D, . if 1,]) € VQ’

A= Phi; B (i,7)€Ve (EC.4)
—(m(i)p+ AL = Pg(iy)) 1{no(d) # 0} if j =1,
0 otherwise.

Following the notation and method of section 3, we get
(L)m(i)
o= AT (g S e (EC.5)

I, ()

as the complete fill counterpart to (??). Observe that the term 7 is needed for the partial

-1
pl{no(i):O
fill case (77).

In the analog of Theorem 77 for the complete fill case, simply replace (??7) with (EC.5). The

proof is identical except that the case ny(i) =0 is no different from the ny(7) > 0 case with complete
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fills. In the analog of Proposition ?? and Corollary 1, omit the factor pl{nol(i):o} or p1{5125}- The

analog to (??) for the complete fill case becomes (EC.3). .

This is a bimodal distribution because the mode at s =S disappears.

THEOREM EC.1. Suppose in the lost sales model that demand occurs according to stuttering Pois-
son process and the replenishment order lead times are independent and identically distributed and

1

have general distribution with finite mean L = . where there is no point mass at zero. For the

complete fill case, the stationary distribution of the number of units on order is given by

where T, given by (EC.3), is the stationary distribution of the number of units on order in the lost

sales model when lead times are exponentially distributed with mean i
The proof is similar to that of Theorem ?77.

EC.4. A Lost Sales Model with Stuttering Poisson Demand and General Lead
Times

We always assume that the lead times are independently identically distributed. The original
process X (t), with exponentially distributed lead times is a Markov process. When it is extended to
the case of general time distributions, it becomes a generalized semi-Markov process (GSMP). By
extending the state space, we can obtain a Markov process and derive the stationary distribution
of the extended state space. Finally, we could prove the marginal stationary distribution of the
number of units on order does not depend on the lead time distribution but only on its mean.
Let F(-) denote the general cumulative distribution function(CDF) of order lead times with no
point mass at zero. Expand the underlying state space from V to V x R¢ 5. Here U = (u,,) € R g
is an S by S matrix with non-negative elements. We construct the lost sales model with generally

distributed lead times as a stochastic process Z(t), with state space V x R g:
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nl(l) ng(l) ...... ’I'Ls(l)

Y S u)

Z(t) = (i,U) = (n1(i),na(3), ... ,ng(i); U) u® Wl ul
TS S u)

Here, n4(7) is the number of outstanding orders with size s and ugl) > uf) > .. > ugs) >0 stand

for the ordered replenishment ages for orders with size s. That is u{") is the age of the rth oldest
replenishment order of size s. The new process Z(t) is a Markov process on V x R{ ¢
Define R(i) =

{(s,7) : 7 <n,(i)} as the replenishment order index set. So we have u(” =0 if

(s,r) ¢ R(i). Define

Rss(i)={UeR g:ul >ul® > ... >ul¥ >0, and u”

=0if (s,r) ¢ R(7)}.

Each state (i,U) in this system satisfies the condition U € Rg (i) and therefore we have (i,U) €
VxRss(i) SV xRE g

Our intent is to show that the stationary distribution of Z(¢) is insensitive to the lead time
distribution for a given mean

, i, under the partial fill case. The proof for the complete fill case is

nearly the same.

=30 na(i).

where m(i)

Proof: Since [, .[1- F(u{")] does not depend on the order of u{"), we could integrate it on the

whole space and divide the results by n,(i)! for each s fixed. Therefore,
fUE%S,S(i) Hsgr[]‘ - F(u

dus? . .ug” =

.’:1

i) FORC RO LA F(u{?)]dul™ ... ul®]
S gmoll = Fter) sidtan - dbys]

Sl = F(t)]de] =0}
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The proof of uniqueness and ergodicity of the stationary distribution of this Markov process Z(t)
is a consequence of Theorem 1 in Sevastyanov (1957). The proof just follows the routine of proving
the results for a telephone system with refusals (Sevastyanov, 1957, section 3). The stationary
distribution of Z(t) is given by the following theorem. The marginal distribution of X (¢) is seen to

be invariant to the form of the lead time distribution.

THEOREM EC.2. The steady state distribution of this Markov process Z(t), (v s

m(i) S—ng (i)
Ap (1-p) (r)
C(i,U) =C <1 _p) pl{no(i):O} H [1 - F(ub )]7 (ECG)
(s,r)ER(7)
where C = == is the same normalizer as in Corollary ?7. Therefore, the steady state distribution

el)

of the original GSMP,

m(i)
_Ap S—ng (i)
(qu (1-p)~ ™
fi:/ (ol = CE .
venty I, (n(3)) pHm@=0)

r=1

which is the same stationary distribution that is obtained when the lead times are exponentially
distributed with mean i
Proof: Notice that [], ,[1— Fu{)] = Iismermll — F(u{")] since 1 — F(u{?) =1 for (s,r)

outside of R(7). Integrating ((; vy with respect to U € Rg s(7) and use LemmaEC.1, we have

Ci7 dU:C() _/ 1—-F ugr) dU
/UG?RS,S(i) ( U) ]_ — p pl{’ﬂo(l)fo} Ue%s!s(i) g[ ( )]

Ap m(i) s ()
(u(l—P)) (1—p)> "
[, () 1000

r=1

=C

Let U + At(or U — At) denote adding (or subtracting) small At (or min(At,u{")) to U’s each
entry u(™ if (s,7) € R(i).

We claim that for At sufficiently small, there will occur at most one event (customer arrival or
order replenishment delivery) in the interval (¢,¢+ At] for any ¢. This follows because the delivery

process is simply a shifted, filtered version of the arrival process. Consequently, the combined



e-companion to Author: Chen, Jackson, and Muckstadt ecl3

process is a filtered version of a Poisson process (refer to Resnick 2005, section 4.4 page 316).
So now we choose a At sufficiently small so that at most one event happens within the interval
(t,t+ At].

Define Q; v),;,u1)(At) as the transition probability from state (i,U) to state (j,U’) during time
At. Since Z(t) is a Markov process, @) has no dependence on t. For sufficiently small At, we have
the following transition probabilities:

Case 1 : If no customer arrives, ng(i) =5, and (j,U’) = (4o, O), where O is the matrix with zeros

entries,

Q(io,O),(iO,O)(At) =1-—-MAt+ O(At).
Case 2 : If no replenishment order arrives when (i,U) has ng(i) =0 (any arrival is lost), we have

1— F(ul) + At)
1— F(u”)

Qi) u+an(At) = H

(s,7)ER(7)

Case 3 : If no customer arrives for general state (i,U) with 0 <ng(i) < S,

e (Case 3a) When no customer arrives, or no replenishment order arrives during time At case,

1— F(ul) + At)
1— F(ul)

Q(i,U),(i,U+At)(At) = H

(s,r)ER(7)

(1= AAt + o(At))

e (Case 3b) Now suppose no customer arrives but one replenishment order of size k;; ((i,7) € V33)

arrives. Suppose that order is the /th oldest order, 1 <1 <nj, (7). Let Uf; be the same as U except

that the element u,(cl) is deleted so that the /[th column changes from

ij

. (nk,, ()
(u,(cij_,...,ukij’ ,0,...,0),
to
1 1-1) (41 (g, ; (4))
(uélj,,u,(% ),u,(cij ), Ry 00,0, ,0)

Actually, U} is U after recording delivery of Ith oldest order of size k;;. Thus,

j

(At) =

F(Ul(cli +At) - F(u,(f;) H 1 — F(ul" + At)

1—F(u))) Ty L AATe(An).

Q(i7U),(j,Uf;+At)
(s,r)ER()/ (Kij,l)
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Case 4 : When (i,U) satisfies ng(i) > 0, and one customer arrives with accepted order size k;;
((i,7) € VZ2) and has age u (0 < u < At) at the end of the interval and no replenishment order

arrives, we have

1—F(ul” + At)
1— F(ul)

Quorgoy &= ] (A2t +0(A0) (1)1 - F(w).

(s,r)ER(7)
Here U; ; = U + At except that the new replenishment order caused by the new arrival has age

(ng,; (9)) . . " . . .
U, ;” " = u. Notice that (2;) is the conditional density of the new replenishment order with u

1,

being the age at the end of the interval (0, At]. This is because of the uniformly distributed arrival
time of the Poisson process conditioned on one arrival occurring during an interval of length At.
A special case when (i,U) = (49, 0),(i0,J) € VZ, we have

A

io. g At +o(At
Q(iOxO),(LUiO,j)(At) _ “lio,J (At)

At

(1 - F(U)),

1)

where U;, ; = O except Uy, = .

0]
Define P y)(t) = P[Z(t) = (i,U)]. Making use of the Markov property and Q. uvyu)(At), we

obtain:

Case 1 For (i,U) = (ig,O),

& F(ug) +At) = F(uy)
Piig.0)(t+At) = Py o) (1) (1= AA) + Y / P (t) —= Poduy) +o(At),
) 0

_ (1) i
(5:(Gi0)EVE 1= Flug) ’
(EC.7)
except u,(%,)io, the other entries of U are zeros.
Case 2 For (i,U) with ng(i) =0,
1— F(ul”
P(i,U) (t + At) = P(i,UfAt) (t) H ( 3 ) =+ O(At) (EC8)

1—F(ul” — At)

(s,r)ER(7)
Case 3 For general (i,U) with 0 <ng(i) < S, and u{” >0 for all (s,r) € R(i),
Puu)(t+ At)

— 1-F(ul))
= P(i,U—At) (t) H(s,r)eR(i) m(l — )\At)

o0 1-Fl?)  P(uw)—F(u—At)
+Z{(j,U’):(j,i)eVé,U’:(U—At);}fo P(ij’)(t)H(s,r)GR(i) 1—F—ay 1-F(u—At) du(1 - AAt)

+o(At),
(EC.9)

where (U — At)}; is the U — At inserting u,(clj)l = u for some I <ny . (4).
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Case 4 For general (i,U), with one u{"”) =u with 0 <u < At for (s,7) € R(3i),

1— F(ul" 1
Py (t+ At) =Py u_an(t) H ((T) ) (Aj;At+0o(At))—(1—-F(u)), (EC.10)
ery L= Fus” = At) At
s, 7)
where (j,1) € V2.
Define Py () = S I;(:)U[i(j)F( oIk which is the conditional probability in state i given the
s,7)ER(i Us
oPr,
ages of replenishment orders at time ¢. Assume the existence of “é(tj)(t) and ek Z) Dividing

equations (EC.7)-(EC.9) by At and letting At — 0 in equation (EC.7)-(EC.10), we obtain the

following system of integro-differential equations

Case 1
OP: (%)
(i0,0) *
# + AP, 0)(t) = / Py oy (t)dF (u ]lo)
:(J, 10)6
uf%,)io is the only positive entry of U.
Case 2 For (i,U) with ng(i) =0,
O ®) 5 OFiw® _
(r) )
o (syer() OUs
Case 3 For general (i,U) with ¢ # i and 0 <ng(i) < S,
OF; 1) (1) OF; 1) (1) \ >~
) % + AP (t) = 3 / Pl (H)dF(u)  (EC.11)
(s,m)€R(D) ° {GU):G,)EVRU'=(U) T}

where (U)7, is the U inserting uk) = u for some I <ny ().

Jt

Case 4 for (j,i) € V&,
P(Z,U)(t) = AjiP(?,U) (t)
If we start with the stationary distribution, then all the derivatives with respect to time ¢ vanish.

Dropping the dependence on t, we have

Case 1

* — - * (1)
APGo.0) = E / P(j,U)dF(Ukﬁo), (EC.12)
(:(Gio)evgy " °

ug)io is the only positive entry of U.
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Case 2 For (i,U) with ng(i) =0,
P 1) _

> EC.13)
(r) (
(smyer() OUs
Case 3 For general (i,U) with ¢ #ig and 0 <ng(i) < S,
OF o0
(7‘1U) * _ *
> O A = > / Py dF (u) (EC.14)
(s,r)ER(I) # {(G,UN:3,9)eVRU'=(U) T}

where (U)}; is the U inserting u,(f])l = u for some I <ny,(j).
Case 4 For (j,1) € V2,

Let (,v) be given by (EC.6). It is straightforward to verify that the substitution P by

C(i’[? ) satisfies equations (EC.12)-(EC.15). We show only the proof of Case 3 here.
(s,r)ER() I+~ (Us

From (EC.6), we know

m(t S—ng(z
Sa) YU R (EC.16)
H(s,r)ER(i) [1— F(Ugr))] L—p pHimo®=0} 7 '

where C' is the normalizer. Now the substitution P,y in (EC.14) by (EC.16), we have the left

hand side (LHS) as

B )\p m (%) (1 _p)ano(i) B )\p m (i) S—ng ()
LHS_AC(I-p) pl{’rLo(i):O} —)\C ﬂ (1—p) .

The right hand side (RHS) becomes

m(j) S—ng(5)
— oo A (d—p)>" "0
RHS = Z{(j,U’):(J‘,i)ev,g,U/:(U);g}fo C<1fp> pl{iom:O} dF (u)

m(4) S—ng(j)
— A (1—p) (¥
= Luunern © (fpp) TG =0
m(i)+1 S—ng(i)+n;;
_ A (]_— ) 0 ij
= 2Gaeva) C( fp’) TG0
—\C (22 m(@) 1 S—no(i) ( _p (1—p)™ii
=AC (%) (1-p) 55 ) 2o45:G.i)ev2) JimoGr=oF
_ A S—ng(i no(i) (1—p)"i
- )\C (1—pp> (]' _p) 0( ) (131)) Zn?jzl pl{nOIZj):O}
m(i) , .
—nn(i ng(i)—1 k 1—p)n0(?)
=20 (£5)  (L=p)F0 () (T (- p) 4 S
_ Ap m(@) S—nq (i) p 1—p
=5 (1-p) ) (55
m(2) —ng(2
=0 ()" a-pS®

Therefore, (;.,) is the stationary distribution of Z(t).



