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Appendix A

Theorem 1: In a robotic cell with circular layout, the recognition version of problem RFE; |(free, A,
cyclic-1)|Cy is NP-complete.

Proof:

We use the following NP-complete problem for our reduction (Garey and Johnson 1979).

PARTITION: Given a set A = {a1,a92,...,an_1,a,} and a; € Z* for each i = 1,2,...,n, where

> a;eai = 2B, does there exist a partition of A into subsets A; and Ay such that >°, .4 ax =
Zaj EAQ aj = B ?
Proof: Given an arbitrary instance of PARTITION, we now describe a polynomial-time construction of

an instance of RFy |(free, A, cyclic-1)|Cy.

o {M;,ie M},m=|M|=28n—2, is the set of machines in the robotic cell. The travel time of the
robot between any two adjacent machines is 6 = 3B and the load/unload time is € = 0. The set of
machines is partitioned into five disjoint sets of machines, referred to as a-machines, b-machines,

z-machines, y-machines, and z-machines. We now define these five sets.

e z-machines: Mr;41 (for convenience of exposition, also denoted as M), i =0,1,...,n.

z-machines: Mz; 2 (also denoted as M, ,

),i=0,1,...,n—1.

y-machines: Mz; 3 (also denoted as My, , , ), Mrz;15 (also denoted as M, , , ,

), M7it6 (also denoted
as M,

Yi+1,3

),i=0,1,...,n— 1

a-machines: My 4 (also denoted as Mg, ,

) and Mz 7 (also denoted as M,,,,,), i = 0,1,
..,n—1.

b-machines: Mrp,4144 (also denoted as M;,), i =1,2,...,21n — 3.

e The processing times of the z-machines M; (i.e., M,,) and Mz7,41 (i.e., M) are p,, = p,, =

14né+ B. The processing time of the z-machine Mr;11 (i.e., M;,) is p,, = 14nd, i =1,2,...,n—1.

e The processing times of the z-machines My;1o (ie., My, ) are py, , = (m +2)6 = 28nd, i =

0,1,...,n—1.



e The processing times of the y-machines Mz; 3 (i.e., My, ), Mzi15 (ie., M, , and Mr;46 (ie.,

i+1,2)

M,

Yi+1,3

) are py,,,, =14nd, j =1,2,3;i=0,1,...,n — 1.

e The processing times of the a-machines Mz;4 (i.e., My, ;) and Mz 7 (ie., My, ,) are po,,, ; =

i+1,1

ai+1,7 =1,2;¢=0,1,...,n—1.
e The processing times of the b-machines Myp114; (i.e., My,) are pp, = 0,7 =1,2,...,21n — 3.

Decision Question (DQ): “Does there exist a 1-unit cycle m, with cycle time T'(m,) < 14nd + 2B +
(m +2)6 = 4208 + 2B 7

Note that the cycle time of a given 1-unit cycle can be computed in time polynomial in the size of the
instance (e.g., via linear programming; see Crama et al. 2000, Dawande et al. 2007). Thus, a “yes”
answer to DQ can be verified in polynomial time. Consequently, DQ is in NP. We show that there exists

a 1-unit cycle m, with T'(m,) < 42nd 4 2B if and only if there exists a solution to PARTITION.

The terms primary travel time and secondary travel time, and the machine usages Uy and Uy are
frequently used in this proof. Therefore, before proceeding further, the reader may want to refer to

Section 3.1 for the definitions of these terms. Table 7 illustrates these terms for four 1-unit cycles.

CYCLE Total Primary | Total Secondary Machine Usages
Travel Time Travel Time

my = (ML, ML, ML, ML, M), 65 + 10e 0 Uy: My, My, Ms, My
where m = 4 Us: None

mq = (ML, ML ML ML MY, 60 + 10e 106 U;: None
where m = 4 Us: My, My, M3, My

me = (ML, ML, ML, ML ML), 66 + 10e 66 U;: None
where m = 4 Z/{QI Ml, MQ, Mg, M4

T = (M, M, M}, M, ML ML M), 85 + 14e 106 Uy: My, Mg

where m =6 z/{gi Mg, M3, M4, M5

Table 7: Travel time and machine usages in four 1-unit cycles. Graphical representations of cycles m,,, 74,
and 7. are provided in Figure 3.

If part: Suppose that there exists a solution to PARTITION. Without loss of generality, assume that

ar+az+---+ag+ap+apyr + - +ap, = B and agy1 +agy2 + - +ap—1 = B, where g < h < n.



Consider the 1-unit cycle m, = (m,,, 7y, Ty ), Where

l l 1 l 2 l l 1 l 1 l
Tpy = (M07¢17 217¢27'--’Mz ,17¢97Mz 7¢g+17 : M 2a¢h 1 zh,15¢h7"'7Mzn,1v¢n7Mzn)7
4 l l l 4 l 4
Try = ( 17¢ 27(2527-- 7¢ Mq+1v¢g+17-- Mh 17¢h 1 xhv(bh?"'?Mxnv(bn)? and
l l l
Trg = (M7n+27 M7n+3> s 7Mm7 Mm-‘rl)v

with the subsequences gb,lg, qb%, qbz, and ¢?, defined, respectively, as follows:
op = (M, |, My, . M, ), ¢ = (My, . My, ), ¢} = (Mg, . My, ,, M, ), and ¢y = (Mg, |, M, ).

The cycle time T'(m,) can be viewed as the time consisting of four components: V), Vi, W, and
W, where (i) V, = (m + 2)d is the primary travel time, (i) V is the robot’s secondary travel time
and (iii) W), and Wy denote, respectively, the total partial and full waiting times of the robot at the
machines. Thus, T'(7,) =V}, + Vs + W), + W;. We refer the reader to Section 3.1 for definitions of these
components of the cycle time.

Note that ¢}, (resp., ¢}) indicates that the usage at machine M,, , (vesp., My, ,) is Uy. It is easy to
verify that m, is a feasible 1-unit cycle. There is no partial waiting time at any machine and W, = 0. The
robot experiences a total full-waiting time of Wy = Y7 | a; = 2B. The total primary time is V}, = 28nd
and the total secondary travel time is V. = 14nd. Thus, the total cycle time of 7, is T'(m,) = 42nd + 2B,
as required. O

The following example illustrates the if part.

Example 2: Consider an instance of problem RF}, |(free, A, cyclic-1)|Cy with n = 5.

) Ty o Ty L Try N
= (ML oI ML 93 ML, G3ML GTML GLML ) (MY, $3 M, 93 MY, $3ML, GTML ¢3) (MY oMy, 5. My, M, )
™ + as + ag + as j@i ™md + a1 + ag j‘ 21nd — 26 | 20
M, Gi= (M, M) ML ¢3 (ML, ML ML) M M,
¢y = (M, M, ,M,,,) = (M, M, ,) as+as3+as=a,+as =B
¢3 = ( y31M3l/32M(§,32) = (M}, M, ) n=>5m=138,¢=0,06 =3B
7 = (M, ya, 1M3543) ¢4* (M, a41 y“Mé“) V, = 28nd, Vs = 14nd
¢5 (M, ys, 1Mé52M}152) = (M, a51 y53) Wy, =0, Wy =2B

Figure 5: 1-unit cycle 7, for Example 2 with n = 5; T'(7,) = 42né + 2B.

Figure 5 illustrates the following solution corresponding to PARTITION: as+as+as = B and a14+a4 = B.




The cycle time is T'(w,) = 42nd + 2B. For this example, the sequence of moves of the robot in 7, is

illustrated in Figure 6. The machines have the following usages:

Machines M,

a2

M

as,2

and Mg ,, corresponding respectively to elements az, a3, and as of the

partition set {ao, as,as}, have usage U;.

Machines My, ;, and M,, ,, corresponding respectively to the elements a; and a4 of the partition

set {a1, a4}, have usage U .
The b-machines { M7,42, M7p43, ..., My} have usage U;.

All other machines have usage Us. =

Figure 6: The moves of the robot in m,.: for clarity, only the loading and unloading of the machines in
{M(), My, ..., Mg}, {Mgg, Msg, ..., Mgﬁ} and {M37, Msg, . .., Misg, Misg, M()} are indicated (k > 8,5 >
k+16,t > s+ 8).

In order to facilitate the understanding of the proof of the Only If part, it is beneficial to summarize

the properties of the cycle 7, defined above.



Properties of 7,: The main properties of cycle m, = (7, 7p,, 7ry) can be described as follows: (i) the

sequence of the loading/unloading of the machines in the cycle can be partitioned into three smaller
subsequences: 7, , 7, and m.,. The subsequence (7, m,,) specifies the sequence of loading/unloading
of machines in the set {My, My, ..., M7,4+1}. The robot performs both loading and unloading on this set
of machines before moving to do the same for the other machines (defined in 7,,) not in this set, (ii) in
7r,, the z-machines are loaded and the z-machines are unloaded, (iii) in 7,,, the z-machines are loaded,
(iv) in 7y, all machine usages are U;, and (v) the total secondary travel time is Vs = 14nd < (m + 2)0.

The total primary travel time is V), = 28nd, with W), = 0 and Wy = 2B.

T(m,) the cycle time of 1-unit cycle m,, T'(7m,) = Vp, + Vs + Wy, + Wi,

Vi the primary travel time.

Vs the robot’s secondary travel time.

4% the total partial waiting times of the robot at the machines.

Wy the total full waiting times of the robot at the machines.

A the robot’s travel path between M,i and M}, k€ M.

Ly, the robot’s travel time in A excluding the partial and full waiting times.
Sp the machine set, Syy = {My, My, My, My, . |i=1,2...,n;j=1,23}.

Table 8: Summary of notation.

Only If part: Suppose there exists a cycle 7, such that T'(7,) < 42né + 2B. We first argue through a

series of claims that 7, can only take the form 7, = (7o, , To,, Tos ), Where

Top = (ML, ¢, ML, 3 . ... ML ¢ ML), with s; € {1,2},i=1,2,....n,

Toy = (M:lvl, ﬁl,MiQ,d)?, e ,Min,qﬁf{’), with t; =4 (resp., 3) if s; =1 (resp., 2),i =1,2,...,n,
l 1 l 1

Toz = (M7n+27M7n+37'"7Mm7Mm+1)'

We then show that T'(m,) < 42nd 4+ 2B implies that there exists a solution to PARTITION.

We require additional notation and definition for the rest of the proof. Let Sy = {M,,, M,,, M,,,
My, . li=1,2...,n;j=1,2,3}. Let Ay, k € M, denote the robot’s travel path between M,i and M;' and
let Lj denote the robot’s travel time in A4 excluding the partial and full waiting times. A primary pass
refers to the robot’s travel between unloading M, and loading the next machine M, 1,7 =0,1,...,m.
Any other pass of the robot across any two machines M; and M, i # j (while the robot is either traveling
directly from M; to M; or while it is traveling between any other pair of machines) is referred to as a
secondary pass across M; and M;. Table 8 summarizes some of the notation that is used repeatedly in

the remainder of the proof.



Next, we establish some properties of cycle 7,. Note that, since V,, = 28nd, we have V; < 14nd +2B

in m,.

e Claim 1: In cycle w,, the machines in Sy; must have usage Us.

Proof of Claim 1: There are exactly 5n + 1 machines in set Sp;. Note that the primary robot
travel time for any 1-unit cycle is V, = 28nd. If a machine in Sp; has usage U, then it contributes
at least 14nd towards the full waiting time. Thus, if two or more machines have usage U, then
the cycle time T'(m,) > 28nd +28nd = 5610, which exceeds the upper bound 42nd + 2B (note that
d = 3B). Suppose exactly one machine has usage U;. Each machine with usage Us contributes at
least 0 = 3B to the secondary travel time. Thus, T'(m,) > 28nd 4+ 5nd + 14nd = 47nd > 42nd + 2B,

which contradicts the required upper bound on T'(7,). The result follows. O

e Claim 2: In m,, the number of secondary passes across any two adjacent machines, M; and M; 1,

is even, 1 =0,1,...,m.

Proof of Claim 2: Let there exist an odd number of secondary passes across consecutive machines
M; and M;11. The only situation that results in secondary travel is when there exist two machines
M; and My, j # k, with each having usage Uy and M Jl is immediately followed by M;'.

Depending on the relationship between the three indices ¢, 7, k, and the sign of the quantity

[(m+2) _

5 (max{i, j, k} — min{i, j, k})], there are twelve different cases. For brevity, we provide a

detailed proof under one case; the proofs under the other cases are similar. Consider the case
1<, k>i4+1,and k—j < @ Then, there exists at least one secondary pass across the
machines M; and M;;1. In order to complete cycle 7,, the robot must return to machine M; for
unloading. There are two possibilities. If the robot returns to M; by traversing the intermediate
set of machines { M1, Mjio,..., M;, Mii1,..., My}, then the number of secondary passes across
M; and M, is even and, therefore, contradicts our assumption. Otherwise, if the robot returns to
M; by traversing the intermediate set of machines { M1, My12,..., My, Myy1, Mo, ..., M;_1},
then the number of secondary passes across M; and M;;; is odd. In the latter case, the robot
travels across all (m+2) machines between the activities M jl and M} (an example of this is the odd-
even cycle in Figure 3(c)). Therefore, when the robot completes cycle 7,, the total secondary time
is at least (m+2)d and Vy > (m~+2)6 = 28nd. This implies that T'(7,) > 28nd+28nd > 42nd+2B,

which contradicts the required upper bound on T'(7,). 0



Remark 1: As a consequence of Claim 2, the number of secondary passes across two adja-
cent machines, M; and M;,1, ¢ = 0,1,...,m, in m, is even. Hence, first, by starting with M
and scanning the machines in a forward pass until M,,11, we group the machines in the set
{Moy, My, My, ..., My, My 41} into disjoint subsets Q;, j = 1,2,...,t, of consecutive machines,
say Qj = {Mj,, Mj,+1,..., Mj 1n;}, such that: (i) the subsets Q;,j = 1,2,...,¢, are arranged so
that their first machine indices are in ascending order. That is, 0 < j; < (j+1)1,j =1,2,...,t—1,
and t; < m, (ii) there exist at least two secondary passes across each pair of adjacent machines
in subset Q;, and (iii) there are no secondary passes across the pair of machines (M, _1, M;,),
g1 > 1, and (Mj,4n;, Mj;4n;41), j1 +nj < m. Using Claim 1 and Claim 2, ¢ > 1. The definition

of Q; implies properties P1-P7 below:

Pi: |Qj| =n; + 1 > 2 and the secondary travel time across the machines in Q; is at least 2n;J.
Po: If Q; = {Mj1an1+1}7 ie., |Qj| = 2, then either j; =0or j1 + 1 =m+ 1.

P3: Machines My, yn;+1, Mjy4n;42, -+ oy M(j41),-1, 5 =1,2,...,t—1, which are located between

the sets Q; and 9,11, have usage U .

P4: Machines My, My, ..., Mj; _1, which are located between My and M; , and machines
My yn+1, My 4n,+2, .., Mpy, which are located between My, 4., and M,,4+1, have usage
U.

P5: There is no secondary pass between sets Q; and Q;, i # j (i.e., between a machine in Q; and

a machine in Q;), except possibly between sets Q; and Q;.

Pg: |Q1] < Tn+ 1. To see this, suppose |Q;1| > 7n + 1. Since the number of secondary passes
across all the machines in Q; is at least two, the total secondary travel time in the cycle
To is Vs > 2(7n 4 1)d. This implies that T'(m,) > 28nd + 2(7n + 1)6 > 42nd + 2B, which

contradicts the required upper bound on T'(7,).

Using Property Pg and the fact that ¢ > 1, we have 1; + ny +1 € M. Therefore, without
loss of generality, we assume in the rest of the proof that the 1-unit cycle m, starts with the

. . . . l _ l l l
loading of machine M1, ypn, 41, i.e., with My . y. Hence, 7o = (M7, 1, 1, M1, 1pyaos-- s Mo, 1,

7%2,M51+n2+1,...,7?3,...,7%“1,...,1&), where 7/, j = 2,3...,t — 1, is a subsequence of ,, such
that both loading and unloading of machines in Q; are performed in #/. Furthermore, ¢ is a

subsequence of 7,, in which loading and unloading of all the machines in {Q;, Q1} are performed,



where {Qy, O1} = {My,, My, 41, -, Miy1, Mo, ..., My, My, 41, - .., M1, 4n, }. Thus, we have the

following property.

P7: In m,, the robot performs both loading and unloading activities for all the machines in Q;
before it performs the same for the machines in Q;1, j = 2,3,...,t — 1. Consequently,

M}l,j =2,3,...,t, precedes M} and Mjl.lJrnj,j =1,3,...,t — 1, precedes Mjul+nj.

In 7,, exactly one of the following two cases occurs: (i) there exists at most one secondary pass
between the sets Q1 and Oy (i.e., between a machine in Q; and a machine in Q;) and (ii) there
exist at least two secondary passes between the sets @7 and Q;. This distinction is required later
in our proof. Figure 8, which is placed at the end of the proof of Theorem 1, provides an example

of these two cases.

Figure 8(a) illustrates Case (i), where there exists at most one secondary pass between Q; and
Q1. Recall that both loading and unloading of the machines in sets Q; and Q; are performed in
the subsequence . Thus, in this case, the robot completes both loading and unloading of all the
machines in @y before moving to Q;. Hence, ¥ can be decomposed into two subsequences, namely
#t and 7', where the robot performs both loading and unloading of the machines in Q; (resp.,
Q1) in ! (resp., At).

Figure 8(b) illustrates Case (ii), where the robot travels between the two sets Q; and Q; in
performing the loading and unloading of the machines in Q. Thus, in this case, ¢ cannot be
decomposed into 7' and 7! as above. In Figure 8(b), the number of secondary passes between the

sets Q; and Q7 is three.
Claim 3: There exists at least one machine My« € Sp; such that either My € Q1 or My« € Qs,
pre > 14n6, and M., precedes M. in m,.

Proof of Claim 3: Observe that M{H_m precedes MY ,, in the subsequence 1. We consider

the following two cases: (i) Mi,4n, € Sy and (i) M1, 40, & Sum-

(i) Mi,4n, € Sm: P1y4+n, > 14n0. Hence, k* = 11 + ny. The result follows.

(ii)) M1,4n, ¢ Swm: From Property Pg, |Q1| < 7Tn + 1. This implies that My, 4p, is an a-
machine. Note that both the machines that are adjacent to an a-machine are in Sp;. Hence,

Mi,4ni+1 € Smy P1y4n+1 > 14nd and has usage Us (Claim 1). Consequently, Mi, 4n,+1



belongs to Qy. Thus, for k* = 11 + n1 + 1 = 21, we have My« € Qg, pp+x > 14nd. Since Mél

precedes My' , the result follows. 0

As a consequence of Claim 3, in the rest of the proof, we assume that there exists a machine
My~ such that, My € Q1 or My« € Qa, pp= > 14nd, and M., precedes M}, in m,. The robot’s
travel in Ag- (recall that Ag- denotes the robot’s travel path between M,lg* and M. and Ly~
is the corresponding travel time) can be decomposed into primary and secondary passes across
adjacent machines. Let A7, denote the set of secondary passes in Ag+. In Claim 4, we prove that
the secondary travel time in 7, is at least Ly«. To do this, we show that for each primary pass
between a pair of adjacent machines in Ag«, there exists a corresponding secondary pass, across
the same pair of machines, which is not in Ay-. Let A%, denote the set of these corresponding
secondary passes. For clarity, we denote the total travel time for the secondary passes in Aj. UAS,
as V. An example, placed at the end of the proof of Theorem 1, illustrates Ag+ on the l-unit

cycle given in Figure 8(a).

Claim 4: Ly = V* < V.
Proof of Claim 4: We provide the proof under two cases: (i) Mg+ € Q; and (ii) My~ € Q.

Case (i): Let My« € Qj. There are two possibilities: (a) there exists at most one secondary pass
between the sets Q; and Q; and (b) there exist at least two secondary passes between the sets Q;
and Q. Recall that the loading and unloading of the machines in sets Q; and Q; are performed
in the subsequence 1. Also, note that under the first possibility, the robot completes both loading
and unloading of all the machines in Q; before moving to Q;. Hence, 1 can be decomposed
into two subsequences 7t and 7!, where the robot performs both loading and unloading of the

t

machines in Q; (resp., Q1) in @’ (resp., #!). However, under the second possibility, the robot

travels between the machines in the two sets @1 and Q, in performing the loading and unloading

of the machines in Q7.

1

(a) Observe that the subsequence 7" can be decomposed into primary and secondary passes

across adjacent machines in set Q1. The following two properties are immediate: (i) for any
pair of adjacent machines, there is exactly one primary pass and (ii) the total number of

1

secondary passes across each pair of adjacent machines in 7" is even and is at least two (from

Claim 2).



The robot’s travel in A+, k* € M, can be decomposed into primary and secondary passes
across adjacent machines in Q;. From Property Pg, |Q1]| < 7Tn+ 1. Consequently, in A+, the
total number of passes (primary and secondary) across a pair of adjacent machines is even.
Consider the unique primary pass in Ay« across two adjacent machines, say M;. and M; ;.
Thus, the total number of secondary passes across M;, and M;, 41 in Ay« is odd. However,

1

as noted earlier, the total number of secondary passes in 7" across M;,. and M;, 41 is even.

Thus, there exists a secondary pass in 7!

across M;,. and M; 11 which does not belong to
Ap«. We conclude that for each primary pass in Ag«, there is at least one secondary pass in

#! that does not belong to Ay-. The result follows.

(b) Note that A« can be decomposed into primary (resp., secondary) passes across adjacent
machines in Q; and Q. Since there exist at least two secondary passes between Q; and O,
it is clear that M,,+1 € Q; and My € Qp. Furthermore, since the total number of secondary
passes across the machines in Q1 U Q; is at least 2(|Q;| + |Q¢| — 2)d, we have (using an
argument similar to that in Property Pg), (|Q1| + |Q¢|) < ™n + 2. Consequently, in A+,
the total number of passes (primary and secondary) across a pair of adjacent machines in

Q1 U Q; is even. The result now follows from the argument in Case (i)-(a).

Case (ii): Let My« € Qo. Then, Ag+ can be decomposed into primary and secondary passes across
adjacent machines in Qs. As in Property Pg, we have |Qs| < 7n + 1. Consequently, in A+, the
total number of passes (primary and secondary) across a pair of adjacent machines in Q5 is even.

The result now follows from the argument given in Case (i)-(a). 0

Recall that for cycle m,, (i) V, and V; denote, respectively, the primary and secondary robot travel
times and (ii) W), and W} denote, respectively, the total partial and full waiting times of the robot
at the machines. T'(m,) =V, + Vi + W), + Wy (see Table 8). Note that the elapsed time between
the loading of My« and the unloading of My« is (Lj+ + W) + W}‘), where we let W and W;J be,

respectively, the total partial waiting and the total full waiting times between M, ,é* and M.

Claim 5: (Vs + W, + Wy) > (VS + Wy + W;) > 14nd.

Proof of Claim 5: We consider two cases: (i) My« € Q1 and (ii) My+ € Qs. We further divide
Case (i) into two subcases: (a) there exists at most one secondary pass between the sets Q; and

Q; and (b) there exist at least two secondary passes between the sets Q; and Q;. We provide a

10



proof for Case (i)-(a) below. The proofs for Case (i)-(b) and Case (ii) are similar and, therefore,

not explicitly provided.

Case (i)-(a): Recall that My« € Q; and activity M!. precedes activity M% in #'. The processing
time of My« is pg+ > 14nd (Claim 3). From Claim 4, we have Ly« = V < V,. The elapsed
time between the loading of My« and the unloading of My« is (L« + Wy + W}) > 14nd. Thus,
(Vs + Wy +Wy) > (VI + Wy +W5) = (L= + Wy + W}) > 14né. O

e Claim 6: There cannot exist t > 1 subsets, Q;, j = 1,2,...,t, which are defined as in Remark 1.

Proof of Claim 6: Suppose ¢t > 1. We provide the proof under two cases.

(i) Suppose My« € Q1. From Claim 5, (V" + Wy +W}) > 14nd. When there exists at most one
secondary pass between Q; and Qy, the robot’s travel in each subsequence #7,j = 2,3,...,1t,
contributes at least an additional amount § towards the secondary travel time other than
that included in V;*. Using this observation together with Claim 4, we have Ly~ + (t —1)d =
Vi+(t—1)6 < V. Thus, (Vs + Wy +Wy) > (V7 + W5+ Wi) + (8 —1)0 > 14né + (¢ — 1)0.
Since V,, = 28nd, T(m,) > 28nd + 14nd + (t — 1)0 > 42nd + 2B, which exceeds the required

upper bound.

When there exist at least two secondary passes between Q; and Q, it is clear that M,, 1 €
Q; and My € Q;. Recall that the total number of secondary passes across the machines
in Q1 U Q, is at least 2(|Q1| + |Q| — 2)d and (|Q1] + |Q:]) < Tn + 2 (refer to the proof
of Claim 4). Note that M7,41 € Sy has usage Uz (Claim 1). Since |Qy| > 2, we have
|Q1] < 7n. Hence Mr,y1 € Q1. As a result, M7,.1 € Qo and subsequence 72 contributes
at least an additional amount § towards the secondary travel time other than that included
in V. This observation and Claim 4 together imply that Ly« +6 = V" + 9 < V,. Thus,
Vet Wp+ W) > (VIS +Wy+WF)+0 > 14nd+d. Hence, T(mo) > 28nd+14nd+6 > 42n6+2B,
which exceeds the required upper bound.

(ii) Suppose My« € Q. Since |Q1| > 2, we have M; € Q1. As M, has usage Us, the subsequence
1 contributes at least an additional amount ¢ towards the secondary travel time other than
that included in V*. This observation and Claim 4 imply that L+ + 9 =V,  + 9 < V,. Thus,
(Vs Wyp+Wy) > (VI+Wy+W;)+0 > 14nd+4. Hence, T(m,) > 28nd+14nd+0 > 42nd+2B,

which exceeds the required upper bound. 0
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As a consequence of Claim 6, we have ¢ = 1. From Claim 1, each machine in Sy; has usage
Us. Thus, all 5n 4+ 1 machines in Sy belong to Q1, and are both loaded and unloaded in 7l
Recall that M; = M,, € Sy and M7,11 = M., € Sy. Also, the 2n a-machines and the
machines in Sy (defined in the construction at the beginning of the proof of Theorem 1) belong
to the set {My, Mo, ..., M7p4+1}. From Property Pg, |Q1] < 7n + 1. Thus, the 7n + 1 machines
My, Ms, ..., M7y, are in Qp and form the subsequence #!. Recall that the 1-unit cycle 7, starts

with the loading of machine Mj, 4y, +1, where (11 +n1 + 1) = Tn + 2.

e Claim 7: In cycle w,, the b-machines { Mz,+2, M7p13, ..., My} must have usage U;.

Proof of Claim 7: The primary travel time in 7, is V, = 28nd. From Claim 5, we have
(V&+wy +W; ) > 14nd. If any b-machine has usage Us, then it contributes at least § = 3B to the
secondary travel time other than that included in V" and V; > V* 4 4. Thus, (Vs + W, + Wy) >
(V& + W,y + W)+ 3B > 14nd + 3B. Consequently, T'(mo) >V, + Vs + W), + Wy > 42n6 + 3B >
42n6 + 2B. 0O

e Claim 8: 7, is of the following form: mw, = (M%nJrQ, M%n+3a o ML MTlnH,ﬁ'l), where 7' defines

the loading/unloading of the machines in { My, Ma, ..., Mzp41}.

Proof of Claim 8: Follows from Claims 6 and 7. 0
Next, in Claims 9, 10, and 11, we establish the precise structure of 1.

e Claim 9: In subsequence 7', M. must precede Mfw 1=1,2,...,n.

Proof of Claim 9: Suppose, for machine M,,, the activity M}’ does not precede activity MglcZ in
#1. The processing time of machine M,, is p,, = 28nd. Note that the robot travel time between the
loading of M,, and the unloading of M, is L,,. From Claims 4 and 6, we have L,, < V. Moreover,
the elapsed time between the loading of M, and the unloading of M,, is (L, + WZ; + W}) >
Dz, = 28nd, where WZ;, W} are, respectively, the total partial waiting and the total full waiting
times between MY, and M. Thus, Vy + W, + Wy > Vi + W, + W; > La, + W, + W} > 28n4.
Consequently, using 6 = 3B, we have T'(7,) = V}, + Vi + W, + Wy > 28n6 + 28nd > 42n0 +2B.

e Claim 10: V, = 14né. Furthermore, 7' takes the following form: #' = (MéO,Mél L ,Mil,
1 1 1 1 1 1 1 1
My, ooy Mz My Mg ooy My, Mg, ooy My (Mg s LMY,
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Proof of Claim 10: Since V), = 28nd and T'(7,) < 42nd + 2B, we have Vy < 14nd + 2B. From

Claims 2 and 6 and the argument following Claim 6, the secondary robot travel time in 7! is
at least 14nd. Any additional secondary robot travel adds at least 6 = 3B to Vi, resulting in

Vs > 14nd + 3B. This contradicts the requirement that Vi < 14nd + 2B. Thus, Vs = 14né.

From Claim 9 and V, = 14nd, #' consists of the following subsequences: (Mézi 1’MZIJ~L ), 0=

1,2,...,n, and (Mfci,Mflu), 1 = 1,2,...,n. Moreover, (Miiil,Mé“) precedes (M:f%,Mfm),

i = 1,2,...,n. Since V, = 14nd, the only possible arrangement of these subsequences in 7!
is (ML, ML oo ML MY ME ML ML M M ML M M), for
otherwise Vi > 14né + 3B. 0O

(d) Robot Movement in Subsequence ¢

Figure 7: Robot movement in subsequence ¢%,i = 1,2, 3, 4.

s RS l S l S l l l t l t l t
e Claim 11: 7' = (M., 5", ML ¢32,..., M w M My o1 My, @57 My, épr, M),

07 z1” Zp—17 7N
1 _ l l l 2 l l 3 l l l 4
where d)k - (Myk,l’Myk,2’Mak,2)’ ¢k - (Myk,l’Myk,3)7 ¢k: - (Mak,1’Myk,2’Mak,2)7 and ¢k -

(ML M ), with sp € {1,2), and t;, = 4 (resp., 3) if s, = 1 (resp., 2), k =1,2,...,n.

ag,1’ Yk,3
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: . : ~1 l l l l l l
Proof of Claim 11: From Claim 10, we have 7+ = (MZO’MZJLI""7M217My2,1""’ M, M, ,
Méll,..., MJZCQ,MCILM,..., Min,M(llnl,...,M;n). We first determine the machine loading se-
quence in (Mékl,...,Mik),k =1,2,...,n. Since V; = 14né (Claim 10) and the usage of ma-
chines My, , and My, , is Uz (Claim 1), the possible loading sequence in (]\@h17 e ,Mik) is either

(My, ML ML ML) = (¢, ML) or (ML M ML) = (¢7, M ). We now determine the

Yk,1° Yk,27 ag,2? Yk,1? Yk,37

loading sequence in (Mék, Mtlzk,v ...),k=1,2,...,n. Since sequence (Mio, e Min) must precede
sequence (Min, oo, MY ) in 7!, the loading sequence in (Mik, Mﬂllk,l’ ... ) should be consistent with
the corresponding sequences ¢}C and ¢i in (M io, o, M én) The only possible sequences are either
(M, M, My, ) = (M, ,¢}) (compatible with ¢}) or (Mg, , M}, M} .M. ) = (Mg, ¢})
(compatible with (Z)i) (see Figure 7). Thus, At = (Mio, #1, Mél OSSN Min_l, oo Mén, Mil, ?,
ML, ¢%, ... ML ¢l MY). m|

e Claim 12: In m,, there is no partial waiting at (1) the x-machines, (ii) the y-machines, (iii) the
z-machines M,,,i =1,2...,n—1, and (iv) the a-machines that have usage Us.
Proof of Claim 12: From Claim 8, m, = (M%,H_Q, M%M_S, ce an,anH,frl). Also, Claim 11

specifies the machine loading sequence for 7. We have

e For My € {M,,,i=1,2...,n—1}, activity M,i precedes activity M} in m,. Since Lj = 14nd
and pr = 14nd, there is no partial waiting at these machines.

o For My € {M,,,i=1,2...,n}, activity M} precedes activity M}. Since Lj = (m + 2)§ =
28n¢d and pi = 28nd, there is no partial waiting at these machines.

e For an a-machine, say My, with usage Us, the processing time is pp < B < §. Thus, there is
no partial waiting at these machines.

e For some y-machines, activity M,lC precedes activity M}; in this case, Ly = 14nd and pp =
14nd. For the remaining y-machines, activity M;' precedes activity M,i,; in this case, L =

(m +2)d = 28nd and py = 14nd. In either case, py < Ly and there is no partial waiting.

Let [M!, M?] refer to the time interval between the instant of completion of activity M} and the

instant of completion of activity M.

e Claim 13: There is no partial waiting at machines M, and M,

Proof of Claim 13: Claim 11 identifies the precise sequence of loading of the machines in 7'.

For Kk =1,2,...,n, in the subsequence ¢,1€ (resp., qﬁz), machine My, , (resp., M, ,) has usage U;.
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Thus, the full waiting time in ¢i (resp., ¢3) is exactly ay. Thus, Wy = Y. ; a; = 2B. Next,
the processing time at each of the machines M, and M., is 14nd + B. Let fy and f,, denote the
total full waiting times incurred in the intervals [M! ,M“] and [M! , M ], respectively. From

Claim 12, there is no partial waiting at any of the machines in these two intervals, except at

machines M., and M, .

Suppose fo < B. Since the robot travel time between Mio and M} is 14nd (Claim 11), the partial
waiting time at M, is w., = B — fo. Thus, W), > B — fo. Since V,, = 28nd, Wy = 2B, and from
Claims 10 and 11, V; = 14nd, we have T'(m,) = V,, + Vs + W, + Wy > 28nd + 14nd + B — fo + 2B,
which violates the condition T'(m,) < 42nd + 2B.

If fo > B, then w,, = 0. Since the robot travel time between Mén and M7 is 14nd and f, =
2B — fo, the partial waiting time at M, is w,, = B — f, = fo — B. Thus, W), > fo — B. Then,
T(mo) = Vp+ Vs + Wy + Wy > 28n6 + 14n6 + fo — B + 2B which again violates the condition
T(m,) < 42nd + 2B. Thus, fo = f, = B and w,, = w,, = 0. 0O

Claim 14: If T(m,) < 42nd + 2B, then there exists a solution to PARTITION.

Proof of Claim 14: Claims 8-11 specify completely the machine loading sequence in 7,. As
mentioned earlier, V,, = 28nd for all 1-unit cycles. From Claims 10 and 11, Vs, = 14né. From
Claim 11, Wy = > ; a; = 2B. From Claims 12 and 13, we have W, = 0. Thus, T(m,) =
42n6 + 2B. From Claim 13, fy = f, = B, i.e., the total full-waiting time in both intervals
[M]

z0?

M®] and [M! ,M!] is exactly B. Let A; (resp., A2) denote the processing times of the

subset of a-machines in the interval [M] , M| (resp., [M!. ,M*]) where the robot performs full

z0?
waiting. Then, 41 N Ay = () and Zai€A1 a; = ZaieAQ a; = B. Therefore, we have a solution to

PARTITION. This completes the proof of Theorem 1. [

Description of Figure 8

In 7,, one of the following two cases occurs: (i) there exists at most one secondary pass between the

sets Q1 and Q; and (ii) there exist at least two secondary passes between the sets Q; and Q;. Figure 8

illustrates the above two cases. The 1-unit cycle m given in Figure 8(a), illustrates Case (i) while the

1-unit cycle my given in Figure 8(b) illustrates Case (ii). The machine loading sequence in each 1-unit

cycle and the corresponding grouping of the machines are given below:
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(a) Themoves of therobot in x; (b) The moves of therobot in x,

Figure 8: Two cases: (a) m: There is no secondary pass between subsets Q; and Qy, t = 3, (b) mo:
There are three secondary passes between subsets Q1 and Qy, t = 4.

l l l l l l l l l l l l l l l
m = (MG,MS,M7,M9,M10,M12,M14,M11M13,M15,M1,M3,M5,M2,M4),t:3.
Ql - {M17M27M37M47M5}

QQ = {M67M77M8}

Qs = {Mio, M11, M1z, M3, M4}

wl = (M}, M3, Mg, Mj, M)

i = (Mg, Mg, My)

= (MloaM{2aM14aM11aM13)

b = (7%71) = (Mig, Miy, Miy, Miy, Mig, M{, M3, M5, My, M})

My = (M, M, Mg, M§, Mg, Mig, Miy, M§, Miy, Mig, Mis, M{, M3, Miy, M3), ¢ = 4.

Ql - {MOaMhMQ?M?)}
Qs = {Ms, Mg, M7}
Q3 = {Mjg, My, Mg, M1, M12}

Qs = {Mz, M4, M15}

72 = (Mg, Mi, M)
ﬁ-3 = (MéaM{OvM{%MSl))M{I)
¢ = (M{37M{57M{7M?€7M{47M£)
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An example to illustrate Ay+: Consider the 1-unit cycle 7; in Figure 8(a). Observe that M; € Q;
and M} precedes M{* in 1. Let k* = 1. The robot’s travel path A; between M! and M consists of the
following: a move from M; to My without carrying a part (a secondary pass indicated by arrow 21), a
move from My to M3 carrying a part (a primary pass indicated by arrow 22), a move from M3 to My
without carrying a part (a secondary pass indicated by arrow 23), a move from My to My carrying a
part (a primary pass indicated by arrow 24), and a move from M5 to M; without carrying a part (a
secondary pass indicated by arrow 25).

The secondary pass from M; to M (indicated by arrow 25) can be decomposed into secondary passes
across adjacent machines as follows: a pass across M5 and My, a pass across My and M3, a pass across
Ms and M>, and a pass across My and Mj. Thus, the path A; can be decomposed into primary and
secondary passes across adjacent machines. Note that A7 denotes the set of secondary passes between
adjacent machines in the path A;, i.e., the passes (M, M), (Ms, My), (Ms, My), (My, M3), (Ms, Ms),
and (Ma, M7). Furthermore, A5 is the set of the secondary passes (M, M3) and (My, Ms), indicated
by arrows 27 and 29, respectively. Note that L; = V] = 80.
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Appendix B: Proofs of Lemmas 1-7 and Theorems 2-5

Theorem 2: For an additive-travel-time cell under a circular layout, the cycle-time T'(7) of any 1-unit

cycle 7 satisfies

m
T(r) > max {(m +2)5+2(m+1)e+ Zmin{pi, 5}, X p; +46 + 46} =1TB.
i=1 ==

Proof: Consider the first argument. Each part requires m + 1 part-transfer activities (Section 3.1)
between successive machines: from machine M; to machine M;;1,7 = 0,1,...,m. The transfer between
successive machines M; and M;y; requires time 6 + 2¢ and includes the following: unloading machine
M; (requiring time €), a loaded forward robot movement (requiring time ¢), and loading machine M,
(requiring time €). Thus, for each part, the total time for these part-transfer activities is (m + 1)d +
2(m + 1)e. Also, an additional time of at least ¢ is required for the robot to return to the input My to
complete the cycle. Together, the total time for these activities is at least (m + 2)d 4+ 2(m + 1)e. The
summation term in the first argument represents the time between the part-transfer activities. After
the robot completes loading machine M;, i = 1,2,...,m, it either waits at machine M; for the duration
of its processing (time p;), or it moves to another machine (requiring time 9, at minimum) to begin
another part-transfer activity. Thus, the time required for such activities is at least ., min{p;, §}. It
follows that T'(7) > (m +2)0 +2(m + 1)e + > ;" min{p;, d}.

Note that for any 1-unit cycle 7 and any machine M;, the instant of the loading of machine M;
can be viewed as the start of w. Also, the cell returns to the same state after executing 7. Thus,
T(m) > p; + 46 + 4e, which is the minimum time between two successive loadings of M;: processing
time (p;), transfer of the part from M; to M;;; (requiring time § + 2¢), the travel time of the robot
from M;q to M;_1 (requiring time 2§), and transfer of a (new) part from M;_; to M; (requiring time

d + 2¢). Thus, T'(7) > max p; + 49 + 4e. ]
1<i<m

Theorem 3: The 1-unit cycle 7. achieves a 2-approximation for problem RE} |(free, A, cyclic-1)|C}
and this bound is tight.

Proof: We divide our argument into two subcases:

Case 1: ppmaz < (m +2)d + (m — 1)e. From (4), in this case, the cycle time of 7. satisfies

T(me) <2(m+2)0+2(m+ 1)e.
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From Theorem 2, if 7* is an optimum 1-unit cycle, then T'(7*) > (m + 2)d + 2(m + 1)e. Hence,

T(m.) < 2(m+2)d +2(m+ 1)e < 2(m +2)d

T(r*) = (m+2)0+2(m+1)e — (m+2)8 =2.

Case 2: ppmaz > (M +2)d + (m — 1e.

In this case, we have from (4)
T(ﬂ—c) < Pmaz + (m + 2)(5 + (m + 3)6

Also, from Theorem 2, we have T'(7*) > max{(m + 2)0 + 2(m + 1)¢, pmas + 49 + 4¢}. Then,

T(Trc) < Pmazx + (m + 2)5 + (m + 3)5 _ Pmazx (m + 2)5 + (m + 3)6
T(r*) — T(r*) T(r*) T () 7
(m+2)d+ (m+ 3)e

(m+2)0+2(m+1)e —

< 1+

To demonstrate the tightness of this bound, consider a cell with m > 2, € = 0, ppar = pr = (M +
2)6 for some index k € M, and p; = 0,5 € M\{k}. The optimal 1-unit cycle for the cell is 7* =
(MY, MY, M, My My ML Mo M ML ML) with cycle-time T(7%) = ppiag + 46 =

(m +6)0. Since T'(7.) = 2(m + 2)0, the ratio Tgﬂc)) = ((7;":62))56 — 2 as m — 0. ]

Lemma 1: If ppa, > 3md + 2(m — 1)e, then the reverse cycle 7y = (MI,MLLH,Ml M!

m—1s > Mé)
achieves the optimal 1-unit cycle time.
Proof: When pe > 3md + 2(m — 1)e, it follows from (2) that T'(74) = pmaz + 49 + 4e. Since T'(7y)

equals the lower bound of Theorem 2, cycle my is optimal. [ ]

Theorem 4: When p; > 6,5 = 1,2,...,m, the reverse cycle mq provides an asymptotically 3/2-
approximation for RF; |(free, A, cyclic-1)|Cy.

Proof: If pyq: > 3md + 2(m — 1), then 74 is optimal by Lemma 1. Thus, without loss of generality,
we can assume that ppae < 3md + 2(m — 1)e. Then, from (2), T'(7g) = (3m + 4)d + 2(m + 1)e. Thus,

we have

(Bm+4)d +2(m + 1)e
(m+2)d+2(m+1)e+ > ;" min{p;, 6}’
(Sm +4)0+2(m+ 1)e

2(m+1)d+2(m + 1)e
(3m 483
+1)

( 5—>§asm—>oo.

IA

IN

, since min{p;,d0} =49 Vi,

IN
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Lemma 2: If p; < § Vi, then the forward cycle m, = (M, ML, ML, ... M anﬂ) is optimal.
Proof: When p; < 4,Vi, T(my) = (m+2)d +2(m +1)e+ > "2, p; = T1p, the lower bound on the cycle

time of any of 1-unit cycle (Theorem 2). The result follows. [

Lemma 3: If p; < 26 Vi, then the forward cycle m, = (M{,Mé,Mé,...,MTlmenH) is a 3/2-
approximation.

Proof: T'(m,) = (m+2)0+2(m+1)e+> 1L, pj. Also, T(7*) > (m+2)d +2(m+1)e+|B2|0+> " icp, Pj-
Thus,

T(my) (m+2)0+2m+1e+370 p;  (m+2)5+2m+1De+3cp pj+ D ep, P

< —
T(r*) = (m+2)0+2(m+1)e+ [Bold + Y cp, P (m+2)d +2(m +1)e+|Ba|d + > icp,pj

426+ e, p
(m+2)d + |B2|o

Note that 2., pj — 3|Ba|d < 4|B2|d — 3[B2[d < (m +2)d. Thus, r < 3. ]

Lemma 4: If 2(m + 1)d + 2me < ppaz < 3md + 2(m — 1)e, then the reverse cycle my is a 3/2-
approximation.

Proof: Using pmez < 3mé + 2(m — 1)e in (2), we have T(mq) = (3m + 4)0 + 2(m + 1)e. Also, from
Theorem 2, T(7*) > pmaz + 40 + 4e > 2(m + 3)d + 2(m + 2)e. Thus,

T(7a)
T ()

(Bm+4)5+2(m+1)e  3[(m+3)5+ (m + 2)e] — [55 + (m + 4)€]
2(m + 3)5 +2(m +2)e 2[(m +3)0 + (m + 2)€]

< <3
p— 2'

Lemma 5: If 3[(m + 2)§ + 2(m + 1)€] < ppas < 3md + 2(m — 1)e, then the odd-even cycle . is a
5/3-approximation.

Proof: From (4), we have T(7.) < pmaz + (m +2)0 + (m + 3)e. Using T(7*) > Pimaz, we have

< Pmaz +(m+2)0+ (m+3)e _ 1+ (m+2)d+ (m + 3)e
T(m*) — Pmaz Pmas

(m+2)d+ (m+ 3)e
[(m+2)8 +2(m + 1)e]’

)

< 1+
2

<

Wl Ut

Before proving Lemma 6 and Lemma 7, we first need an intermediate result (Property A below)
that uses the characteristics of the circular layout to modify the lower bound given by Theorem 2 under

a certain condition.
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Property A: If [3|B1]6 + | B2|6 + > jens Pjl < (m+2)d, then the cycle-time T'(m,) of a 1-unit cycle m,
satisfies T'(m,) > (m + 2)0 + %|Bl|5 +[B2|d + > e p, pj +2(m + 1e.

Proof: Let I be an arbitrary instance of problem RFY |(free, A, cyclic-1)|C;. In order to simplify
the proof, we modify I by truncating its processing times to obtain a transformed instance I’, with

processing times p defined as follows:
o If j € By, then p}; = 24,5 =1,2,...,m.
o If j € By, thenp;- =4,j=1,2,...,m.
e If j € B3, thenp;- =pj,j=12,...,m.

Let B) = {j € M : p}; = 26}, By = {j € M : p}; =6}, and By = {j € M : p; = p;}. Note that
|Bi| = |B1l|, |By| = |Bz| and |Bs| = | Bs|. Let 7y (resp., ;) be an optimal 1-unit cycle for the instance
I (resp., I') with corresponding cycle time T’ (77) (resp., T (m)). Let 7! (m7) be the cycle time
obtained by executing cycle 7y on instance [ "

Claim 1: T!(x;) > T" ().

Proof of Claim 1: Since p; < p; Vj € M, we have T!(r;) > T (n7) > T (7). 0

From Theorem 2, we have T! (7)) > (m 4 2)6 + 2(m + 1)e + | B}|0 + | By|d + ZjeBg pj. Recall from
the proof of Theorem 2 that the last three terms of this lower bound represent the total time for the
robot’s waiting and secondary activities (Section 3.1). Observe that the only change in this bound and
the one proposed in the statement of Property A is that the third term is 3|B}|6 instead of |Bj|d; the
third term represents the contribution of the machines in B; towards the total time for the secondary
activities. We let 3 denote the average per-machine contribution from the machines in B/1 towards this

secondary time and show that 8 > %5 under the hypothesis of Property A.

Claim 2: If [5|B1]0 + | B2|d + Y, j] < (m +2)6, then § > 5.
Proof of Claim 2: Before starting the detailed proof, we provide its brief outline. We first show that,
in 7y, there cannot be an odd number of secondary passes across any two adjacent machines. Next, we
transform cycle 7y into an alternate optimal 1-unit cycle 7. Finally, we show that the optimality of
cycles mp and 7 implies that g > %5 .

Consider the optimal cycle 7y for the transformed instance I’. If there is no secondary travel in

7, then each machine has usage U;. Hence, at each machine Mj,j € Bf, the robot experiences a full
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waiting time of p; = 26. Thus, 8 = 26 > %5 . Consequently, for the remainder of the proof we consider
the case where there is secondary travel in 7.

Without loss of generality, assume that cycle 7y, starts with M{ We first observe that, in 7/, the
number of secondary passes across any two adjacent machines M; and M;4q (i = 0,1,...,m,) must be
even. The proof is similar to that provided for Claim 2 of Theorem 1. However, for better readability,
we explicitly provide the proof with slight modifications below.

Let there exist an odd number of secondary passes across consecutive machines M; and M;q,
i = 0,1,...,m,. The only situation that results in secondary travel is when there exist two machines
M; and My, j # k, with each having usage Us and M Jl is immediately followed by M. Depending on
the relationship between the three indices i, j, k, and the sign of the quantity [@ — (max{i, j, k} —
min{i, j, k})], there are twelve different cases. For brevity, we provide a detailed proof under one case;
the proofs under the other cases are similar. Consider the case j <14,k > i+1,and k—j < (m27+2) Then,
there exists at least one secondary pass across the machines M; and M; ;. In order to complete cycle 7/,
the robot must return to machine M; for unloading. There are two possibilities. If the robot returns to
M; by traversing intermediary machines in {M;, Mjq1,..., M;, M1, ..., My}, then the number of sec-
ondary passes across M; and M;,1 is even and, therefore, contradicts our assumption. Otherwise, if the
robot returns to M; by traversing intermediate machines {Myy1, Myia, ..., My, M1, Mo, ..., Mj_1},
then the number of secondary passes across M; and M;,1 is odd. In the latter case, the robot travels
across all (m + 2) machines between the activities M. Jl and M (an example of this is the odd-even cycle
in Figure 3(c)). Therefore, when the robot completes the 1-unit cycle 7/, the total secondary time is
at least (m 4 2)d. It follows that T (7)) > 2(m +2)6 + 2(m + 1)e. Hence, the total secondary and full
waiting time for any cycle that has an odd number of secondary passes across any two adjacent machines
is at least (m + 2)d, which is strictly larger than the lower bound stated in Property A. Consequently,
we assume that in 7/, the number of secondary passes across any two adjacent machines is even. Next,

we use this observation to transform cycle 7;» into an alternate optimal 1-unit cycle 7;» and show that

B> 30

First, by starting with My and scanning the machines in 7y in a forward pass until M,,+1, we
group the machines in the set {My, My, Mo, ..., My, My, 41} into disjoint subsets Q;, j =1,2,...,t, of
consecutive machines, say Q; = {Mj,, My, y1,..., Mj, 1, }, such that: (i) the subsets Q;,j =1,2,...,1,

are arranged so that their first machine indices are in ascending order. That is, 0 < 51 < (7 + 1)1,j =
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1,2,..

.,t—1, and t; < m, (ii) there exist at least two secondary passes across each pair of adjacent

machines in subset Q;, and (iii) there are no secondary passes across the pair of machines (Mj, 1, Mj, ),

71> 1, and (Mj1+nj,Mj1+nj+1), J1 +n; < m. The definition of Q; implies the properties P1-P4 below:

Plt

Ps:

Pj:

Py:

|Qj| =mnj +1 > 2 and the secondary travel time across the machines in Q; is at least 2n;d.
If Qj = {Mj17Mj1+1}7 then either j1 =0or j1 +1=m+ 1.

Machines My, 1n;+1, Mjy4nj+25 -y M(j41),-1, J = 1,2,...,t — 1, which are located between the

sets Q; and Qj;1, have usage U;.

Machines My, Mo, ..., Mj _1, which are located between My and M;,, and machines My, 4n,+1,

My, 4n,+2, .., My, which are located between My, and M,,4+1, have usage U .

Next, we transform cycle 7/ into an alternate 1-unit cycle 7y with T'(7;/) < T'(mwp). The trans-

formation involves rearranging the loading sequence of the machines in each subset Q;, j = 1,2,...,t,

while keeping the relative loading sequence of the machines that are not in the set Q;,j = 1,2,...,1,

unaffected. We now provide the details of the construction which, when completed, results in 7.

Step 1: Initialize: Set j = 1. If j; > 1, then set i = j; and ¢ = (M}, M, ..., M}). Otherwise, set
i1=1and ¢ = (Mf ). Steps 2, 3 and 4, perform the transformation of the loading sequence of the

machines in Q;.

Step 2: If i < (j1 +nj —2) and if at least two of the three indices 4, i + 1, and i + 2, in Q;, are
in B, then set ¢ = (v, M}, o, M}, M/, 3) and i = i+ 3 (refer to Figure 9(b)). Otherwise, set
¢ =(,M}, ) andi=i+1.

Step 3: If i < (j1 +nj —2). then go to Step 2.

Step 4: If i < (j1 + n; ), then set ¢ = (¢, M}, |, M/ ,, ..., M! Ml

M s j1+nj+1). If j = t, then go to

Step 7.

Step 5: If j <t and ((j +1)1 — j1 +n;) > 1, then set ¢ = (¢,M;1+nj+2,M]l»l+nj+3, . M(lj+1)1)'
Set j =4+ 1.

Step 6: If j <, then set ¢ = j; and go to Step 2.
Step 7: If ¢1 4+ ny < m, then set ¢ = (¢, M} L, 0. M} ) 5., ML }). Set Tpp = ¢ and END.
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O Elements 0B, o Elements OB,

Figure 9: Examples for robot move sequences in 7;.: (a) An Example for the transformed loading
sequence of the machines in Q; = {Mj,, Mj,+1,..., Mj, 1n;}, where n; = 8, (b) Possible arrangements
of the machines in 7;» and their corresponding machine loading sequences.

We now show that T'(w) < T(xp). Note that TT (7)) > (m + 2)6 + 2(m + 1)e + 2221 2n6 + f,
where f is the total full waiting at machines not in Q;, j = 1,2,...,t. The above transformation
reduces (or keeps the same) the secondary travel time in the resulting cycle 7;» by decomposing the
set Q; into smaller subsets with exactly three machines (Figure 9(a)). Since the processing time at
each machine is at most 24, the robot does not experience any partial waiting in 7 or in 7. As

a result of the above transformation, we obtain the following upper bound: T' (7)) < {(m + 2)6 +

2(m+1)e+ 2221(4“”?1”54— 2a;0) + f}, where nj +1 = a; (mod 3) (i.e., a; € {0, 1,2} is the integral

remainder left after dividing nj; + 1 by 3). The quantity Z§:1<4L(nj3,+ 1)j5 + 2a;6) + f represents the

upper bound on the sum of total secondary travel time and the full waiting time in 7. Note that

St 208 =00 (61" 6 4 (205 — 2)6) > S8 (41 Y |6 + 2a;6). Thus, TV () < TV (np).

Since 7/ is an optimal 1-unit cycle for the instance I’, we have T'' (7)) = T (xp). Hence, 7 is an
alternate optimal 1-unit cycle for the problem instance I’. Observe that |Q;| < 5,7 =1,2,...,t. If not,
then 2, (6] "5 15+ (2a; — 2)8) > 324 (4| "5 |5 + 24;6). Therefore T (7)) < T (n), which

contradicts the optimality of cycle 7p. If |Q;| =2, B = 20 > %6. Finally, note that for 3 < [Q;| < 5,

we have 0 > anT15 > %5.

This completes the proof of Property A. [

We will use this lower bound in the proofs of Lemma 6 and Lemma, 7.
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Lemma 6: If 26 < puae < (m + 2)d + 2(m + 1)e, then the better of 7F and 7. achieves a 3/2-
approximation.
Proof: We illustrate the bound under two cases: |Bj| < (m;rz) and |B;| > (m+2) " Recall that

4
By = {jlp; > 26}.
Case 1-(a): (|B1| > 2) and ([3|B1]d + [Bald + Xcp, 0] < (m +2)9).

Consider cycle m.. Then, from (4), T(7.) < 2(m + 2)§ + 2(m + 1)e. From Property A, T(7*) >
(m+2)8 +2(m + 1)e + §|B1|0 + | Bo|0 + Y, pj- Thus,

T(m) _ 20m + 2)3 + 2(m + e
T(m) = (m+2)6+2(m+ e+ 5|Bi|d + |Bal + e, pj
2(m +2)5 Am+2)8 3

(m+2)5+3|B1l6 ~ (m+2)0+i(m+2)5 2

Case 1-(b): (|B1| > "2 and ([4|Bu]d + |Bald + > pj] > (m + 2)d).
JEBs3
Consider cycle m.. Again, from (4), T'(7.) < 2(m + 2)6 + 2(m + 1)e. From Theorem 2, T'(7*) >

(m+2)0 +2(m + 1)e + |B1|6 + [B2[d + > g, pj- Thus,
T(m.) < 2(m+2)6+2(m+1)e
T(r*) = (m+2)0+2(m+1)e+[Bi]d + |Ba|d + 3 cp, pj’
2(m+ 2)0 < 2(m+2)6 < 6
2(m+2)0— £[B1]0 ~ 2(m+2)6 —ims ~ 5

Case 2-(a): (|B1| < "F2) and ([4B1]d+ [Bald + Y pj] < (m +2)d).
JEB3
Consider cycle 7F. Since the total secondary time for this cycle is 46|B;| (Section 3.2), the cycle time

T(7E) satisfies the following upper bound

T(rF) < (m+2)0+2(m+1)e+48Bi|+ > pi+ > .
JEB2 JEBs3

Also, from Property A, we have

4
T(x") > (m+2)5+2m+ e+ 2[Bils+|Bald+ Y py
JjEBs3

Thus,

T(rF) < (m+2)5+2(m+1)€+4’Bl|5+2jeB2pj+Zjengj
T(m) = (m+2)0+2(m+1)e+3|Bil6 +[Bal0 + Y jep, v
(m +2) +4|B1| +2|By| _
(m+2)+ 4|Bi| +|Bs|
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If (4| B1| 4 3|Ba|) < (m + 2), then we show that r < 3.

(m + 2) + 4| B1| + 2| By _ 8|By| + |Bo|

(m+2) + 3|B1| + | Bo| (m+2)+ 5|B1| + |Ba|

Note that 4|B;1| < (m +2) < (m + 2) 4 3|B2|. Hence, we have 8|B1| + 3|Ba| < [(m + 2) + 4|B;|] and
2(m +2) +4[Bu|] < 3(m +2) + 4|B1| + 3/ By]. Then,

8| B1| + 3| Ba| <1+1:§

r = 1+
3(m+2) +4|By| + 3|Bs| — 2 2

Hence, r < 2: so, 7€ is a 3/2-approximation.
b 27 ) S pp

Otherwise, i.e., (4|B1| + 3|Bz2|) > (m + 2), for cycle 7., we have

T(m) < 2(m+2)d + 2(m + 1)e
T(r) = (m+2)5+2(m+1)e+3Bil0+ [Bald + Y e, 05
2(m + 2) <2(m+2)_§

(m+2)+3|B1|+|Ba| ~ d(m+2) 2

Case 2-(b): (|By| < "2 and ([4]B1]6 + |Bald + > pj] > (m +2)d).
JEBs3
Consider cycle m.. Then, as in Case 1(b), we have

T(m.) < 2(m+2)6+2(m+1)e
T(r*) = (m+2)0+2(m+1)e+ [Bi]d +|Ba|d + 3 icp, pj’
2(m+2)6 < 2(m+2)6 < 24

2(m +2)0 — £|B1|0 ~ 2(m +2)6 — 5 (m +2)5 ~ 23’
]
Lemma 7: If (m + 2)0 + 2(m + 1)e < pmaz < 3[(m + 2)0 + 2(m + 1)e], then the better of 7€ and n.
achieves a 5/3-approximation.

Proof: As in the proof of the previous result, we divide our argument into 4 subcases. From our

previous discussion, we recall the following four bounds:

From (4), T(7¢) < Pmaz + (m +2)6 + (m + 3)e.

— From Theorem 2, T(7*) > ppasz + 40 + 4e.

From Property A, T(m*) > (m +2)6 +2(m + 1)e + 3| B1]6 + |Ba|d + > icBs Pi-

— From Theorem 2, T'(7*) > (m +2)6 4+ 2(m + 1)e + |B1[0 + [B2|d + > ;e g, Dj-
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We will use these bounds in the subsequent analysis.

Case 1-(a): (|By| > %2y and ([4]B1]d + [Bald + D pj] < (m + 2)d).
JEB3
Consider cycle ..
Prmaz + (M +2)5 + (m + 3)e
T(7*) ’

(m—2)0 4+ (m — 1)e
(m+2)6+2(m+1)e+ 5B1l0 + |Ba|d + 3 e 5, 15
(m—2)0+ (m—1)e
(m+2)6 +2(m + 1)e + 3|B1|6’
(m—2)0 4+ (m — 1)e
(m +2)8 + 2(m + 1)e + 525

IN

1+

2 5
1 —.
+ 3

< 1+ “<

Case 1-(b): (|B1| > 272y and ([4|B1]6 + | Bald + Y pj] > (m + 2)d).
JEB3
Consider cycle 7.

Pmaz + (M +2)6 + (m + 3)e
T(m*) ’
Prmaz + 40 + 4de (m—2)+ (m—1)e
Pmaz +46 +4e  (m+2)5 +2(m+ 1)e + [B1|0 + [Ba|0 + 32 e g, 1)
(m—2)0+ (m — 1)e
2(m+2)0 +2(m+ 1)e— 1[By|6’
(m—2)(5—i—(m—l)e1 §1+§§
2(m +2)0 4+ 2(m + 1)e — 3md 5

IN

o] oo

Case 2-(a): (|B1] < 2752 and ([4|B1]6 + [B2ld + Y pj] < (m + 2)3). First, we obtain the bound
JEB3
offered by cycle 7F.

T(rE) < (m+2)0+2m+De+ABild+ > pi+ > vy
JEB2 j€Bs

T(nE) - (m+2)6 +2(m + L)e +4|B1|6 + 3 cp, i + X jep, Pi

T(r*) = (m+2)0+2(m+1)e+ §|Bi|d + [Bald + 3, 1)
(m+2)0+2(m + 1)e +4|B1|0 + 2| Ba|0
(m+2)0+2(m+ e+ 3|Bo+ |Balo

)

If (4| B1| 4 3|B2|)d < 3(m + 2)8 + 3(m + 1)e, then we show that r < 3.

[31B1] + |Ba|]6
[(m+2)+ %\Bﬂ +|Ba|]6 +2(m + 1)e

r = 1+
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Since 4|B1|6 + 3| Ba|6 < 3(m+2)5 4+ 3(m + 1), we have [24|B;|6 +9|Ba|6] < [6(m +2)6 + 12(m + 1)e +
8|B1|d + 6|B2|d]. This is the same as

8| B1|d + 3| Ba6 < 2
3(m+2)d+6(m+1)e+4|B1]d +3|B2l6 — 3’

\V)

Hence, we have
2 5
< 14+-=-.
r < + 373

So, wF is 5/3-approximation. Otherwise, i.e., if (4|B1| + 3|B2[)d > 3(m + 2)d + 3(m + 1)e, then, for

cycle m¢, using T'(7*) > ppmaz, we have

Pmaz + (M +2)0 + (m + 3)e (m +2)8 + (m + 3)e
: T () =i T(7*) ’
(m+2)0 + (m + 3)e
(m+2)0+2(m+1)e+ %|Bl’(5 + |B2|0 + ZjeB3pj7
(m+2)5+(m+3)  _5
[(m+2)0+2(m+ 1) ~ 3

< 1+

< 145
2

Case 2-(b): (|B1] < W) and ([3]B1]0 + |Bald + Z pj] > (m+ 2)0). For cycle m., we have

JEB3
T(m) < Pmas + (m+2)5+ (m+ 3)e _ Pmaax +46+4e  (m—2)d+ (m—1)e
T(m*) — T(7*) DPmaz + 40 + 4e T(7*) ’
- (m—2)0 4+ (m — 1)e

+ )
(m+2)6 +2(m +1)e+[B1]d + [Ba|d + >, Pj
< 14 (m—2)5+(m—1)61 ’
2(m +2)6 +2(m + 1)e — 3| B1]0

(m—2)0+ (m—1)e 8 23
< 1+ 1 <l4+—=—. [ ]
2(m+2)0 +2(m + 1)e — g(m +2)6 15 15

Theorem 5: For REY|(free, A, cyclic-1)|Cy, Algorithm LCYCLE is a 5/3-approximation and this bound
is asymptotically tight.
Proof:

e From Lemma 2, cycle 7, is optimal when |Bs| = m.
e From Lemma 3, cycle 7, provides a 3/2-approximation when |B;| = 0.

e When 26 < prae < (m +2)6 + 2(m + 1)e, the better of 7% and 7. provides a 3/2-approximation
(Lemma 6).
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When ppae > 3md + 2(m — 1)e, cycle mg is optimal (Lemma 1).

When 3mé +2(m — 1)e > ppaz > 2(m+1)0 + 2me, cycle 4 provides 3/2-approximation (Lemma
4).

When 2(m + 1)8 4+ 2me > paz > 5[(m + 2)5 + 2(m + 1)€], cycle m. provides a

5/3-approximation (Lemma 5).

When 3[(m + 2)8 + 2(m + 1)€] > pmaz > (m +2)8 + 2(m + 1)e, the better of 7¥ and m. provides

a 5/3-approximation (Lemma 7).

Thus, Algorithm LCYCLE is a 5/3-approximation for RE},|(free, A, cyclic-1)|C.

To demonstrate the tightness of this bound, consider a cell with m > 2, ¢ = 0, and processing times

defined as follows:

o prio=40,i=1,2. . 12

o D31 = Pmar = 2520, i =1,2,... (2
o pyi=46,i=1,2,..., 72

o pi=0,i=>3mt2) g 3mE2) oy

: : I agl gl ! ! ! ! l
Consider the 1-unit cycle 7* = (M, M3, M5, ..., Ms; o, Ms,, M3, ,,..., ]\/.I'SUHQL27 M0
8 8

Ml3<m+2)71,Mé%H)H,Mg(,?Q)H,...,an,an +1)- The cycle time of 7* is T(7*) = pmaz + 46 =

8
Mé, which is the lower bound on the cycle time of any 1-unit cycle (Theorem 2). Thus, 7* is

an optimal 1-unit cycle. Since pmee = 3(m + 2)8 = 3[(m + 2)d + 2(m + 1)€], the solution from Algo-

rithm LCYCLE is m.. The cycle time for 7. is T(7.) = Pmaz + (M + 2)0 = Mé. Hence, the ratio
T(r.) _ (5m+10)8 5
T(n*) — (Bmtid)e 3 38 M — 0. .

Corollary 2: For RE; |(free, A, cyclic-1)|Cy, Algorithm MODIFIED-LCYCLE is a 5/3-approximation,
and this bound is asymptotically tight.
Proof: The proof of the 5/3 approximation guarantee for Algorithm MODIFIED-LCYCLE is immediate
from Theorem 5.

To show the tightness of the 5/3 approximation guarantee of Algorithm MODIFIED-LCYCLE, consider

the example in the proof of Theorem 5. We compute the cycle times of four cycles: 7, 7., T4, and 7.
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S

3(m+2 3(m+2
Note that E = {0, ("; )—i-l, (ms )+2,...,m,m+1}and7rE = (M§<m;2>+1’Mé(“;““Mé@y?Ll"”’

MY, MY, M, M M| M!

3(ms+2)+27 3(7r;+2) 4g m—1

Mrlm Mrln—i-l)'

Thus,

o T(m) = (m+2)5+ 307 py = 2(m +2)5 + 2025,

o T () = Pmaz + (M +2)d = 5(”1;2)5,
o T'(my) = (3m +4)0, and

o T(nF) = (m+2)8 + (At = 5mi2 s

Since T'(.) < min{T(m,), T(7q), T(7E)}, the solution from Algorithm MODIFIED-LCYCLE is T'(7.) =

T(me) 5
) Ty 3 88 M — 0. u

WJ . As shown above

Pmaz + (m + 2)6 =
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