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Online Appendix

EC.1. Proof of Theorem 5.1

It suffices to show that for each server pool j, we have

T | o -,
Jim Timinf ZE [/O Gitti; U (t)dt} = zi:)‘ijgi = zi:giﬂij¢ija (EC.1)

where 5, = \ij /1, D205 = B;-
From this point on we will consider a single fixed pool j and drop index j from the notation;

so that we write A;, p;, Y;", Ul and so on, instead of A;;, w;, Y

f i Wi, We denote by Aj(t) the
number of class i arrivals by time ¢, and by A7(t) = A7(¢)/r its fluid-scaled version. Just to improve
exposition, let us make further simplifying assumptions: we consider the version of SHADOW-RM
that drops tagged customers on arrival, and assume that A\; >0 (recall, this means \;; > 0) for all

flows i € Z. (The proof without these simplifications is an obvious generalization.) Assume w.l.o.g.

that flows with lower indices ¢ have higher priority. Recall that,

I
> =4, (EC.2)
i=1

where 9] = % By Theorem 4.3 we have, w.p.1, for each i:

Ar(t) — M\t, w.o.c., (EC.3)

as 7 — oo. Finally, since (1/T) fOT T (t)dt is obviously uniformly bounded by 3, it will suffice to

show that, for each i,
1"
7| - (EC.4)

in probability, as r — oo.

Let



e-companion to Stolyar and Tezcan: Shadow-routing based control of flexible multi-server pools ecd

We proceed with the proof of (EC.4). By Lemma A.1 and Proposition E.1 in Dai and Tezcan
(2010) , for every subsequence of {7}, there exists further subsequence, denoted by {r} for notational

simplicity (depending on the sample path), such that w.p.1

X"(t) — X(t), wo.c., (EC.5)

as r — oo, for X(t) = (¥(t),Y (t)), where Y (t) = (Yi(t),...,Y;(t)) and ¥(t) = (Vy(¢),...,V(1)),

that satisfies the following fluid model equations

Ai(t)=Al(t) + A} (t) = \it, Vi€T, (EC.6)
F(1) = V:(0) + A%(t) — B(t)— 0, | Vi(s)ds, VieT, (EC.7)
(0= 0.00) + A7) + B0 - [ Gi(s)ds, VieT, (BC.8)

Tty=pt—3 /0 5, (s)ds, (EC.9)
/ Yi(s)dI(s) =0, VieT, (EC.10)

Y (¢) ﬂ—Z\E(t)) =0, VieT, (EC.11)

/tflf’(s)d ﬁ-Z@,@) =0, VieT, (EC.12)

A;, Al AT, B; are nondecreasing, Vi€ Z, (EC.13)
Yi(t) > 0,0;(t) >0, U,(t) < B, VieT, (EC.14)
and
7 . I 7
S OB(t)=> wli(t), if > Yi(t)>0, Viel, (EC.15)
=1 i=1 =1

for t > 0. By Lemma A.1 in Dai and Tezcan (2010) , X, A?, AY B, and I are Lipschitz continuous,
hence differentiable a.e. (Thus (EC.15) should be understood in a.e. sense.) For the rest of the
proof we only consider time points ¢ where all these processes are differentiable, when we write
expressions involving derivatives.

We next give a brief explanation of the fluid model equations (EC.6)-(EC.15), we refer to Dai

and Tezcan (2010) for more details. The processes A¢(t) and A?(t) can be interpreted as the number
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of (or actually the amount of fluid for) class i customers who are routed to queue and service upon
arrival by time ¢, respectively. The processes Y;(t) and W,(t) are the number of class i customers
who are waiting in queue and being served at time t, respectively. We use B;(t) to denote the
number of class ¢ customers whose service started by time ¢ and who had to wait in queue and
I(t) to denote the total time servers have idled by time t. Equations (EC.6)—(EC.14) hold for any
policy, (EC.15) on the other hand holds under the static priority policy. In words, it implies that
if there are high priority customers in queue, they will be admitted to service before customers in
other classes.

We note that similar to Lemma 4.1 in Atar et al. (2010) , we have
Yi(t) < M, (EC.16)

for all t >0 and i € Z, for some M < oo, depending only on the values of Y;(0) and system
parameters.

We prove below that for any e > 0, there exists T, > 0 such that

Vit)=0,i<I—1, Yi(t)<e, Wi(t)e (¥ —e U +e), Vi, (EC.17)

for t > T.. Hence, for T' > T, large enough, (EC.17) will imply (EC.4).

We next prove (EC.17) to complete the proof. The idea of the proof is as follows. We first focus
on the highest priority class, class 1, customers. Note that for class 1, if W, () <, then W,(t)
must be increasing. This follows from the fact that if there are class 1 customers waiting in the
queue they will proceed to service before all the other customers in other classes by (EC.15). Using
this fact we prove that W, (t) > — ¢, for all t large enough. Then, this is used to prove that
Y (t) =0, for t large enough. We finally prove using these results that W, (t) ~ % for ¢ large enough.
Hence, for large enough ¢ we can focus on the remaining customer classes, 2 and above, while
“assuming” that server pool size available to them is 5 —}. Going in this fashion, using similar

arguments to those for class 1 customers, we prove for ¢ large enough that Y;(t) =0 and ¥, (t) =~ 7,

for i=1,...,1 — 1. Now, for class I, for t large enough, the remaining capacity is approximately
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5, by (EC.2), enough to serve all arrivals to class I. From here we obtain that, for ¢ large enough,
Y;(t) =0 and W, (t) ~ ;.
Next, we provide the details of the proof of (EC.17). First, we prove that, for any € > 0, there

exists T such that for ¢t > T}
U, (t) > hF —e. (EC.18)
If Yi(t) =0, 171(t) =0, since it attains a minimum at time ¢. Otherwise, if Y;(t) >0, by (EC.15),
Bi(t) = miilt): (EC.19)
Hence, by (EC.8), if U, (t) < ¥ —e,

‘i’1(t) = <)\1 N ZM‘E(U) — Wy (t) > ce,

for some ¢ > 0 independent of €. Since ¥, (¢)(> 0) is bounded from below, this proves (EC.18). Next

we prove that there exists 77" > T} such that for ¢t > T}
Yi(t) =0. (EC.20)
Assume that Y;(t) > 0 for t > T}. Then by (EC.19)
' I
Vi(t) <= pil(t) < —ce,
i=1

for some (reselected) ¢ > 0. Combining this with (EC.16), we have (EC.20). To complete the proof

of (EC.17) for i =1, we need to prove that there exists T} > T}" such that for ¢t > T}

This follows from (EC.6)—(EC.8) and the fact that Y;(¢) =0 for ¢t > TV
Since € is arbitrary, using similar arguments, we can prove (EC.17) for i =2,3,...,1 — 1 for

t>Tr_q, for some T7_; > 0 large enough, in a similar fashion.
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Next we handle the lowest priority class I. Fix € > 0 and assume that }7}(1‘) > 0 for some t > T}_;.

By (EC.6)-(EC.12),

Yi(t) =0 and W;(t) = A — 11,0, (¢),

(EC.21)

for alli <IT—1andt>T;_ ;. Also, since Y;(t) > 0, by (EC.11), and the fact that Y;(¢) is continuous

This gives by (EC.17) (for i <I—1) and (EC.21) that
U, (t) > —ce,
for some (reselected) ¢ > 0 independent of €. Also by (EC.11) and (EC.17)
U, (t) > 5 — Ie.
Note that, by (EC.6)-(EC.8),
Uy (t) + Yi(t) = Ar — Uy () — 0V (8).

Combining this with (EC.23) and (EC.24), we have

Yi(t) < ce—6,Y1(1),

(EC.22)

(EC.23)

(EC.24)

(EC.25)

for some (reselected) ¢ > 0 independent of e. This implies with (EC.16) that there exits T, > T;_4

such that

Yi(t) <e

(EC.26)

for all t > T.. The result for ¥; follows immediately from this and the fact that (EC.17) holds for

1 < I —1. The proof is complete.
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EC.2. Fluid approximation for the performance of ¢y /60 policy in X-models

Although it is evident from the simulation results in Section 5 that the cu/6 policy is far from
optimal in X-model systems, it is also possible to approximate the performance of X-model systems
under this policy using a fluid model (see Perry and Whitt (2009, 2010) for a similar approach) to
gain further insight why it does not work. Specifically, we provide approximations for the steady
state behavior of the cu/60 policy in X-model systems. These approximations are based on the fluid
limits of these systems and can be proven rigorously by taking the formal limits of the properly
scaled stochastic processes associated with the queueing system. However, we will not attempt to
prove any results, as it is beyond the scope of this paper. Yet, we note that, it has been demonstrated
in the literature that fluid approximations are especially accurate for overloaded systems (Whitt
(2004, 2006)).

Although it is possible to build fluid approximations for a more general parameter setting, we

only focus on the case when both servers give priority to class 2 customers (recall that we use

ci = gib:):
CQ,UQg/eQ > C1M13/91 and C2M24/92 > C1,U/14/91; (EC27)

and the system has enough capacity to serve all class 2 customers:

Az < 93B3 + 12454 (EC.28)

Let Y;"(c0) denote the number of class i customers in queue and W7, (co) denote the number of
class i customers receiving service from a server in pool j in steady state in the rth system. Let y;

and 1;; be the unique solution of the following equations;

2
D i1 Mij¥is

D2j = , for j=3,4 (EC.29)
SED DHIND ST
2
Zl/h‘j =0, for j=3,4 (EC.30)
=1

P2jA2 = pi2jta;, for j=3,4. (EC.31)
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<)\1 - Zj‘:g M1j¢1j)
Y= 7 , and 1, = 0. (EC.32)
1

Under (EC.27) and (EC.28), the (random) quantities Y;"(co) and Wj;(co) can be approximated
by ry; and rz;;. It is possible to extract five linearly independent equations from (EC.29)-(EC.31)
involving po; and v, i,j = 1,2, hence (EC.29)-(EC.32) has a unique solution.

The reasoning behind these approximations is the following; first, since the second customer
class has priority over the first class and we assume that (EC.28) holds, very few customers are
expected in the second queue, hence we propose the approximation y, = 0. In addition, since the
system is overloaded, for r large, the probability that an incoming customer will find idle servers
is close to zero. Therefore, almost all the customers will have to wait, including class 2 customers,
before receiving service. Since class 2 customers have priority, a class 2 customer in queue will be
routed to the first server pool that finishes service. In addition, because service times are assumed

to be exponential, the probability that a server in pool j will complete service before the other

pool is given by

2 T
Zi:1 Nz‘j‘ljij(oo)
Z?:1 2;3 Mij‘I’sz(OO)

Assuming W7, (00)/r are close to being deterministic when r is large, we obtain (EC.29). Again,

for j =3 and 4,

because the system is in steady state and all the class 2 customers are served, we have (EC.31)
from the conservation of the flow of class 2 customers in and out of pool j. Equation (EC.32) again
follows from conservation of the flow for class 1 customers and (EC.30) obviously must hold.

To test the quality of the proposed approximations, we compare them with estimates from sim-
ulation experiments. Using the parameters in Section 7, we obtain the following approximations
by solving (EC.29)-(EC.32): ¥7,(00) ~ 12.86, Ui,(00) ~ 87.13, U7, (00) ~ 37.13, U7, (c0) ~ 62.86,
Y/ (00) & 161.39, and Y (00) ~ 0. The rate customers abandon the system clearly can be approxi-
mated by 60,Y;(c0), hence we deduce that about 64.56% of class 1 customers abandon the system
in steady state. Compared to simulation results (see Table 1) this is very accurate with 1.8% error.

In addition the estimates for the other quantities, obtained from simulations, are W7, = 13.56,
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U7, =86.44, W7, =37.71, W5, = 62.28, Y7 =158.91, and Y; = 5.98, which demonstrates the accu-
racy of our approximations.

An interesting observation in this parameter setting is that under the cu/0 rule, if uy4 is arbi-
trarily small, almost all the class 1 customers abandon the system. For example if we set p14 =0.01
(while keeping all the other parameters fixed), 99.5% of class 1 customers abandon the system,
implying almost 15% less in revenue per unit time compared to the optimal solution of the SPP and
13.3% less than the revenue under the SHADOW-RM algorithm. When we simulate this system

for 5 million arrivals, the proportion of class 1 customers abandoned from class 1 is 99.18%.
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