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e-companion
EC.1. Proof of Theorem 1

Proof. Assume that we are interested in the gradient estimator for %}2’02). To indicate that
the probability measure Py depends on the parameter 6, we rewrite it as Py (6,) and write the
Radon-Nikodym derivative dﬂg dPY (Y 0,) in the following part of the proof.

For simplicity, denote

o(02) = Bo[L((6s — )Y +a, Z:62)1{Y > 1} Q(Yog)

M(Y,Z;65) = L((0: —a)Y +a,Z;0,)1{Y > 1}.

Assume ¢ is sufficiently small, such that 6, + 6 € B(e, ;). We have

dPy dPy

p(02+0) —p(02) _ 1. [1<M(YZ 0, +6) Ly . (Y, 0, +6) — M(Y, Z;60,) —— 0

S Q

: (v,602)) .

By Al, A2, and the mean value theorem, there exist 7, € [fy — 0,6, + 6] and 1y € [0y — 0,6, + 4],

such that

dPy

M (Y, Z;05 + ) ——= Py
dQ

(Y, 05+ 8) — M(Y, 2 0,) - o v, 02))]
dPy

dPy
o (Y, 0 + 5))

M(Y, Z;0, + 6)— 0 (Y, 05+ 6) — M(Y, Z;0,) —~

dPy

M(Ya 27 92) dPY
dQ

(Y,0,+6) — M(Y, Z;0,) =Y 5 v, 92))}

By g ) 4 MY Z:6) -
bo=1(Y,2) dQ 90, dQ
~ dPy
—E-|—=M(Y,Z:0,)| = (Y,0,+6
( 2)92n1YZ d@( 2 +9)

00, dQ

0 T y.4,)

92:772(Y=Z)]

(Y, 62)

(EC.1)

ézznz(yxz)}
Therefore, by A3 and (EC.1), we have

dPy

lim E; [ (M(Y 730, +6) Py
Qs dQ

(¥:0+0) = My, 2:0:) = (v.0,) )|

6—0
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dP
< lim Ej { sup ‘ 0 M(YZ 05)— (Y, 05+ ) ]
00 b2€B(c,02) dQ 2= (Y,2)
0 ., dP dp
+lim E@[ sup (M(Y, Z:05) 2 n X (v,6,) EX (v,6,)| } <.
6—0 o€ B(e,02) 892 dQ dQ b2=n2(Y,2)
By the dominated convergence theorem, we have
0 dPy 0 0 . dPy dPy
—Fs|M(Y,Z;0 Y, 0,)| =F, MY, Z:;0 MY, Z:;0 In Y, 0 Y, 0,)].
g, B[ MY 23075 (V20| =g | (5 MYV, 2:02) + MY, 2:02) o ln = (V.600)) 0 (V,62)

Hence, the estimator (11) is unbiased. The theorem can be proved analogously when 6 = 6,; for
i=1,---,d. O
EC.2. Proof of Theorem 2

Proof. This theorem follows from an analogous argument as in the proof of Theorem 1. [.

EC.3. Gradient Estimators for American Option

The SLRIPA estimators for E[Jr] with respect to parameters K, Sy, o, r, and D written in
terms of original random variables are given as follows. To simplify the notation, we define M =

(m (S, —D)~InSy— (r— 02/2)71).

1:0=K.

ef”ll{St; > S}I{St; >K}— e*TTl{St; <s}{Sr> K}.

2: 0 = So.
1 1
—ritq _ + —rT _ +
TS, > ) (S — K)o Mk e TS, <) (Sr K)o M.
3:0=0
_ -1 1 ~ 2 o*(m)?
rt _ +|{_ = _ o o _
IS, > 5}(S,- — K) [O_ o ((m(st; D)—InSy—rr) ; )]

+ e_TTl{St; < sH{Sr > K}Sr(—0T + /T2 Zs)

e IS, <5} K[+ (ta(S, — D)~y — ) - T

o o7
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4: 0=r

e‘”ll{St; > sHT — tl)(St; - K)"+ e_”ll{St; > s}(St; — K)+%

o2

e TS, < shr(Sp— K) +e TS, < shSr—K) .

o2

5:0=D
—rty iy o :
TS >SS, > KY( - 1) e TS >N S, — K)o
S
o i T —rT < -K)f———.
+e 1S, _S}I{ST>K}—S+D+6 WSy < s}(Sr —K) o?1i(s— D)

EC.4. Derivative Estimate for Barrier Option

Here we give a detailed derivation of the derivative estimate for the barrier option considered in

Section 4.2. The discounted payoff function is given by

T5(Sm) = €T (S — K)1{S,, > K} ﬁ 1S, < HY,

i=1
where S; denotes the discretely monitored price S;, fori=1,--- ,mand {0 =t, <t; <---<t,, =T}
Assume S, follows a geometric Brownian motion, i.e., S; = Soe(T_"Q/ 2t+oBi where r is the riskless
rate, o is the volatility parameter, and B; is a standard Brownian motion. Suppose we are interested
in estimating w, where 6 could be Sy,r,0, and H.

2 19N (b1t Vo ST
Now we derive SLRIPA derivative estimators. Note that S;;; = S;elr o A it t ot —tiZicy

where {Z, 1} are independent and identically distributed standard normal random variables. Define
Y =5,/H, Xi1 = e(r—g2/2)(ti+1—ti)+a, /ti+1—tiZi+1’ Vi=1,---,m—1.

It is easy to see that S; =Y H and S, =5, HZZQ X, for i >1; S; < H is equivalent to Y <1 for

i=1, and Y]_[Z:2 X, <1 for ¢ > 1. Let fy denote the probability density function of Y, and let

fi denote the probability density function of X; for i =2,---,m. We have fy(y) = - 1t1yn(d) and

2 n(xr;)— T—(7'2 ;. — Ui —
fi(z;) = —A——n(d;), where d = RUHEWSO-C=0/2t = 5pq g, = (o) (r—o JAUitiz1)  Hepce we

T4 /ti—ti_1 oV/t1 (T\/ti—ti,1

have

E[J5(S,)] = E|e™7(S,, — K)1{S,, > K} ﬁ 18, < H}]

=1
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—E[e—TT(HYﬁXk —K)l{HYﬁXk >K}{Y < 1}{ﬁ1{YﬁXk < 1}}]

_ /ETT(Hyﬁl’k_ 1{HyHg;k>K}1{y<1}{H1{yHl’k<1}}

X fy(y) ka(xk)dydxg e dTy,. (EC.2)

k=2
The first equality above is obtained by a change of variables. Note that in (EC.2), the integrand is
continuous at Hy [[,-, 2y = K, and hence we can apply IPA to e ™" (Hy[],—, zx — K) and LR to

Iy (W) T[T, fr(z%) as in Section 2.2 to obtain the following SLRIPA estimator

D, :ae—rT(HY](;[;_sz _K)I{HYHXk > K}{y < 1}{H1{YHXk < 1}}

b T (Y [[ X - K I{HYHXk > KUY < 1}H1{YHX’f <1175+ +3 ")

k=2 =2 i=1

For parameter 6 = .5;, the SLRIPA estimator for delta is given by

Dy, = e‘TT(HYﬁXk —K)l{HYﬁXk > KJ1{Y < 1}ﬁ1{yli[xk < 1}(‘9;19”)
k=2 k=2 i=2 k=2 0

- e*’“T(HYﬁXk —K)l{HYﬁXk > K}{Y < 1}ﬁ1{yﬁxk <1}
ln(H;)z—lnSo —(r— 2/2)151 - k:2
( Soo?ty >

Through a reverse change of variables, the SLRIPA derivative estimator for delta can be written

in terms of the original random variables Si,---,.5,, as

s =e (S, — K)1{S,, zK}ﬁl{Si <H}

i=1

Ds

<ln51 —InSy— (r— 02/2)251)
5002t1 ’

Similarly, the SLRIPA derivative estimator for W is given by

—rT S

Dy =e T2 1{S,, >K}H1{S <H}+e " T(S,, —K)1{S,, > K}

1=1

= InS; —InSy— (r—oc2/2)t
XHl{SiSH}<_ — ]302551 /)1>
i1
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EC.5. Proof of Theorem 3

Proof. The proof consists in finding a bound required by the dominated convergence theorem

to justify the interchange of integration and differentiation. Note that s > K and we have

E[S, ] = E[Syer="/m+ovi%1 | D] < o,

1

E[S7] = E[goew—a?/z)nwﬁzle(rfcr?/z)<Tft1>+o\/Tftlzz] < 0.

Therefore
Elesup{1{5,- > s}1{S —K>0}St1_D} < plemi P
S G Y s—D J|="|° K-D |7
Similarly, we also have
1 (St*_D)
—rt _ +_ - RS S T 2
E[e 1Sgp{1{5t;>s}(5t; K) Ule(S_D)(m( < ) (r o/z)ﬁ)}]
1 Sy
—rt _ + 1) = — g2
SE[e 1(St1, K) UQTl(K—D)(ln(S'()) (r 0/2)7’1)}<oo,

and

E [e‘rT sup {1{&; < s} STD }] <FE [e_TTK&} < 0.

S —

We also have

e (165 <0810 o (1 (i) - ) )

0

SE{erT(ST —K)er(ln <i~il> - (r—02/2)7'1>} < 0.

0

Therefore condition A3(b) in Section 3 holds. Conditions Al and A2 hold by the property of the

payoff function Jr. The proof is completed by Theorem 1. [

EC.6. The American Call Option with a Different Stock Price Model

Every m days, the continuous part of the stock price is given as: S, = Spe™ X, where X ~ U (1-
oVt, 1+ ov/t) and oVt < 1. Let h;y(Z;S,t,r,0) = Se™(1 + o+/tZ;), where {Z;} are iid random

variables distributed as U(—1,1). Define h; as

hi(S;t,r,0) = Se" Hi[(l +0\/EZJ-)] (14+ovt—imZ; )

j=1
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for t € [im, (i + 1)m]. For simplicity, we will assume 7y =m, 75 <m, T =7, + 7. Then

hl_l(%So,Tl,T,a): 1 < Yy _1);

/i \Gpern
a —7rT].
SO :SO — De 1,

S, =ho(So;m,1m,0) = Soe ™ (L + 0T Z1);
S,- =8, + D=5 (14 0/T1Z1) + D;
Sr=(S,- = D)™ (1+0/T =11 Zy).
Let 6, = (r,0,5,D,K) and 0, = s. Note that St; € la,b], where a = 5'06”1(1 —oy/T1)+ D and

b= See™(1+ 0\/T1) + D, hence we can apply the SLRIPA estimator in Section 2.2.2. Define a new

random variable

(St; - a)(b — S)
Y:F(St;’el,ez): (b—St;)(S—a)’ (BC.3)
then
S =00 = S
Hence

(St; —a)(b—s)
G-5)6—a)
=P (Zl <h YT Y(y;64,0,) — D; So, 71,7, U))

P(Y <y) ZP( §y> =P<St; SF‘l(y;91,92)>

RN (T (y301,02)—D;8,m1,m,0)
= f1(2’1)d217

-1
where f1(z1) =1/2 for z; € (—1,1), so the probability density function of Y is

_aP(ng) _ 1ah1_1(1171(y§01,02) _D§SO,T177"7U)
Jy(y) = By D) dy
_ 1 (b—a)(b—s)(s—a)
20T Soerm (Y(s —a) +(b—s))*

The payoff function for E[J}] is L(St;;91,92) = (St; — K)*, and by the analysis in Section 2.2,

OBE[JX]
20

the SLRIPA estimator (9) for is given by:

(Fil(Y7 017 02) - K) eT(T_Tl)

H{Y > 1}31{T1(Y;0,,60,) > K}8 50




e-companion to Wang, Fu, and Marcus: SLRIPA ec’

+ahlfy(Y) ‘

+1{Y > 1}e"T(T"1(Y;6,,60,) — K) 59

Consider estimating the derivative of E[J2] with respect to #. Note that St; < s is equivalent

to ¥(Y)=-Y 412> 0, and the payoff function is L(St;,ZQ; 01,05) = [h(Zy; b D,1y,1,0)— K]*.

. . oE[J2] . .
By the analysis in Section 2.2, then the SLRIPA estimator (9) for —7% is given by

(hQ(ZQ;F_l(Y;Gl,GQ) — D,TQ,T,O-) — K)+
00

+ 1{Y S 1}(h2(ZQ7F71(Y,01,02) - D,TQ,T,O') - K)

1y <12

+ 8 In fy(Y)
06

So the full SLRIPA estimator for E[J7] with respect to € is given by

“1(y. _
MUY > DT L (Y301, 00) > K1 (Y’g;’ 62) — K)
b eTLY > THI (Y36, 0,) — K)+7‘91“£§(Y)

a(hz(Zz;Ffl(Y;‘gl’ez) —D,1,1,0) = K)*
oo

+e MY <1}

+ e "THY <1}(ho(Zy; T (Y501,05) — D, 73,7,0) — K)Jral%’e’(y)
— [T Y > 1 TTH(Y;61,6,) — K)
+ E_TTl{Y < 1}(h2(Z27F_1(Y’91’92) _ D,TQ,T, O') _ K)+] a(arg) ) (EC4)

EC.7. The American Call Option with Multiple Ex-Dividend Dates

We now extend the results in Section 4.3 to the cases where there are multiple ex-dividend dates.
To simplify the problem, we denote d; = :’g) D, exp (— r ZZ:].H Tk>, ji=1,...,n(7).

Since the support of the distribution of the random variables St;, i=1,---,n(T) depends on
the parameters of interest and the indicator function also contains parameters, we do the following
change of random variables to move the parameters out of the indicator functions and make the

support independent of the parameters of interests.

oS
Y = — = ——"—:
1 gl( tl) s _dl ’
- —d
t n(T)
(T) .
Yoy = g"(T)(StE(T)) T zT) —dyry
n U]
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Yoy r)+1 = 9n(r)+1(St) = St

Therefore we have

7 n(T) -1
8Ea[(;TT] :%E[Z <H1{St; < Sj}l{Sti— > Si}(St; _K)-l—eT(T—ti))

i=1 j=1

n(T)
+ H 1S, < 5;}(Sr—K)"]

W(T) oo i—1

89 Z / H 1{yj < 1}1{% > 1}(.%'(81- — di) +di)+eT(T_ti)

X fl(yl)fz-l(ZJQ; yl) T fm>1(yz'§ yH)dyl o 'dyi)
oo77 (T)

/ H 1{.% < 1} Yn(Ty+1 — )+f1 (yl)f2;1(y2§yl) : "fn(T)+1;77(T) (yn(T)+1§yn(T))
X dy - "dyn(T)-l-l}a

where f; is the probability density function of the random variable Y}, and f;,;_; is the probability

density function of the random variable Y; given Y;_;, which can be easily obtained. Assuming

oE[jr] _ OELJ] +aE[f%1
a0 - a0 00

interchangeability of integral and derivative, we have , where

n(T)

8EJ1 Z/Oohl{yj<1}1{yz>1} (yz(z—d)a;d) H(T—t;)

X fi(y1)--- fi;ifl(yi;yifl)dyl s dyi)
n(T) oo t—1

+ Z / U 1{yj < 1}1{% > 1}(%(51 — dl) + di)Jrer(Tfti)

X (Z Oln fiiz1 (i yiil))fl(yl)fé;l(y%yl) o S (YY) dyn dyi>7

00
k=1
8E[j2] oo M(T) (yn K)+

X f1 (y1)f2 1(?42, yl) e fn(T)+1 in(T) (yn(T)+1§ yn(T))dyl ce dyn(T)+1
oo77 T) (T)+1

/ H Hy; <1} (Wyeryi — K)F ( ; mnf“ééyi?yil))

X fl(yl)fQ;l(y%yl)"'fn(T)+1 (T )(yn(T)+17yn )dyl dyn(T)+1-

The SLRIPA estimator for aEa[gT] is given by

n(T) i—1 +
Z( —rt; HI{Y <1{Y, > 1} O(Yi(s i_aZini) )

=1
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n(T) i—1 . o
+Z ( o HI{Y < 1Y > 1H(Y(si — dy) +di) T <k§_:181nfi;i—$((9y;ay;—l)>
- H 1y, <1y 20 n<T>+1 K)*
n(T)+1 v
o' H HY; <1HYo1)+1 —K)+< ; 81nfi;i_(;(0yi7yl_1)>
(T) II e o(rT)
<Zefrt Hl{Y < 1Y, > 1H(Yi(sq )—K o= H Y, < 1)(Y, . —K)*) -
i (EC.5)

REMARK EC.1. Although the estimator (EC.5) is written in terms of {Y;}, it can be rewritten in

terms of {S,-} by applying Y; = ¢,(S,-).





