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EC1. Proof of Proposition 6.1

For each i > 1, let us define
(t=7i/ N)AW (15 /A=) Ap;
ri(t) = H{ps <W (/A=) {p; <t —1:/A\} —/ h(u)du,
0

for t >0, where we set h(u) =0 for u < 0. We now show the following two facts.
(a) For each i > 1, r; ={r;(t),t > 0} is a square-integrable F-martingale with quadratic variation
process

/(tTi/A)/\W(Ti//\)APi

({ri))e = h(u)du,

0
for ¢t > 0.
(b) For i# j, r; and r; are orthogonal.
These two facts together will imply the result since E[N4(At)] < oo.
We now prove (a). The square integrability of r; is clear since ||h||o < 00. Now let s < ¢, we next

show that E[r;(t)|Fs] =ri(s). First note that we have
Elri(t)|F]

(=7 /N)AW (73 /A=) Ap;
=F 1{pi<W(Ti/)\—)}1{pi<t—7}-/)\}—/ h(u)du ‘ F,
0

=7(8) + E|Hp; W (/A s -1 /JA<p; <t —7;/\}




(t=75 /AW (73 /A=) Ap;
- / Pu)du | F.|, (1)
(

s=7; [AN)AW (1; /A=) Ap;

where the final equality follows because by (24), r;(s) is Fs-measurable since

(s =7/ AW(1; /A=) Ap; =
+ (s =7/ AN (1= Hpi <W(ri/A=)}H{p; < s =i/ AHUW (1i/A—) > s —73/A}
+W(ri/A=) (1 = Hpi W (/A=) {pi < s =/ AN UHW (1i/A=) < s —7i/A}
+pil{pi W (7;/A=)}{p; <5 — 7/ A},

and both 1{W(7;/\=) <s—7,/A\} and W (1;/A\=)1{W (7;/ =) < s—7;/\} are F,-measurable by
(4). It is also clear that p;1{p; < W (r;/A\—)}1{p; <t —7;/\} is Fi-measurable by (24). If we now
define the o—algebra

Gl = o{N,(\u),u>0}Vo{Np(u),u>0}Vo{pe,k>1k#i}
Vo{{l{p; <W(r;/A=)}{p; <s—1;/A},0<s<t}}V o{W(r/A—)},

it then follows by the independence of p; from N4, Np,{p;,7 >1,j #i} and W(r;,—) that
(t=7i/ AW (73/XA=)Api ‘
E|1ps W (/A {s — /A <p; <t —73/A} — h(u)du ‘ G| =o.
(s=75 /A)AW (73 /A=) Ap;
Hence, since F; C Gi, we have by the tower property and (1) that E[r;(t)|Fs] =r(s) and so r; is
an F-martingale. The fact that the quadratic variation of r; is as in (1) is now also immediate.

We now show (b). In order to show that r; and r; are orthogonal for i # j, note first by the

Fs-measurability of 7;(s) and r;(s) and results in (a) that

Elri()r; Q)1 Fs] = El(ri(s) + (ri(t) —ri(s)))(r;(s) + (r;(8) — 75 (5))) | Fd] (2)

Defining now the o-algebra H}* = G/ V o{W (7;/A\=)}, it follows that (r;(t) —r;(s)) is measurable
with respect to H?"* and hence by the independence of p; from W (r,—) for j >, we obtain that
E[(ri(t) = ri(s))(r;(t) = r;(s)[HL'] = (rit) —ri(s)) E[(r;(t) —r;(s))[HL'] = 0.

By the fact that F, C H?*, the tower property and (2), we therefore have that r; and r; are

orthogonal to each other and hence the proof is complete. [



EC2. Proofs of the results in Section 7

Proof of Proposition 7.1. By Theorem 3.9 of (1) it suffices to show that each term converges to
zero on its own. We begin by noting that by (7) and the Functional Weak Law of Large Numbers
(7), N7 =0 as n — oo, and so by the Random Time Change Theorem (1), since n~!A"e — ue, we
have that N7 (n~'A"e) =0 as n — oo.

Next, note that for each ¢t >0, Q™ (t) < Q"(0) + N4(A\"t), and hence for each 7" > 0, we have that

sup
0<t<T

an <u /0 t(Q”(s)/\l)ds)’g sup

0<t<T

N <ﬂ/0t(Q”(0)+NZ(n1/\”s)+n1/\"s)ds>‘. (3)

However, since Q"(0) + N%(n~'A"e) + n~*A\"e = Q(0) + pue by the assumption of the proposition
and Q"(0) + N%(n~'A"e) + A"e is also an increasing function, it follows that
u/ (Q™(0) + N3(n~'A\"s) +n"'A\"s)ds = ,u/ (Q(0) + us)ds,
0 0

as n — 0o. Hence, since by the Functional Weak Law of Large Numbers (1), N = 0 as n — 0o,
it follows by the Random Time Change Theorem (1) that N5 (Q™(0) + N4 (n~'A"e) 4+ A"¢) = 0 as
n — 0o. Thus, by the Continuous Mapping Theorem (7),

sup |Np (Q"(0)+ Ni(n "A"e)+A")| = 0,

0<t<T

as n — 0o and so, as a result of (3) it follows that
N (u [ @en 1>ds> =0,
0
as n — 0.

It remains to show that R™ = 0 as n — oo. By Proposition (6.1) we have that R™ is a square-

integrable F-martingale with quadratic variation given by

_ 1 NAOTO (mry ATAWT (/A" =) AT
[ —— 0
¢ TN ()

< AlAlloe———
n n

Thus, for each T' > 0, we have that

sup ()< T [l S, ()
However, since by the Functional Strong Law of Large Numbers (1), the assumption of the propo-
sition and the Random Time Change Theorem we have that n ! No(A"T) =n"'Ns(n(n=*A\")T) =
uT as n— oo, it follows by (4) that ({(R")) = 0 as n — oo and hence by the Martingale Invariance

Principle, R* =0 as n —oo. [



Proof of Theorem 7.2. Let us first note that

1 NAQ™) (b7 AV AW((73/A) =) ApY
1 / K (s)ds
nos4 Jo

||hH NA(A™t) /(tTi/)\n)/\Wn((Ti//\n))/\p?

n

ds

IN

=1 0

N4 (A™t)

||h|\oo Z /1{0<8_T/AH<W"((71/>\") ) Ap;tds

tNA)‘ t)

|h|c><>/ Z Ho<s—7/A" <W"((1;/\")—) Apl'}ds

- \|h|oo/0< Q"(s) — 1)*ds.

Thus, by (23) and the triangle inequality, we have that

3 (1 [ (@) nvyas)

QM (6 — 1] < QM (0) — 1| + [N (n~" A" +
" —1ld hl| oo t " —1lds.
+u/0 1G" (s) — 1/ds + || /0|Q (s) — 1/ds

IR (t)] + |n I — plt

Moreover, for each T'>r >0,

sup |Q"(t) — 1

0<t<r

+ R ()| + |0t — |t

¥ (1 [ @) n1as)

< sup (|Q"(0) — 1|+ [Ni(n~'A"t)| +
0<t<r

et ) / sup Q" (t) — 1/ds.
0 0<t<s

It therefore follows by Gronwall’s inequality (5) that for each T'> 0

(5)

e~ WHIM)T qup Q™ (t) — 1
o<t<T

Q7(0) — 1] + [N (A7) + \Ng (u / (@ () 1>ds) \ R )] + A —mt‘ .

However since by the assumption of the proposition, Proposition 7.1 and the Continuous Mapping

Theorem (7) we have that

+ R ()| +|n A" — uyt‘ =0,

¥ (i [ @) n10s)

as n — 0o, it follows by (5) that Q" = 1 as n — oo, which completes the proof

sup [|Q"(0) — 1|+ |N3(A"t)| +
0<t<T

O



EC3. Proofs of the results in Section 8

Proof of Proposition 8.1. By the Functional Central Limit Theorem for renewal process (1)
and the assumed independence of Q"(0),N4 and Np, it follows that (Q"(0),N7%,Nj) =
(Q(0),04By,By) as n — co. By assumption, we have that n'A\" = u as n — co. Also, by the
assumption of the proposition and Theorem 7.2 we have that Q" = 1 as n — oo. Hence, by the

Bounded Convergence Theorem (4),

n [ (@ (6 A 1)ds = e

as n — oo. It therefore follows by the Random Time Change Theorem (1) that

(@830 31, 55 ([ (@) A1)ds ) ) = (@008 (). Balue),

as n — oo.
By Theorem 3.9 of (1), it now remains to show that R" = 0 as n — co. By Proposition 6.1 of
Section 6.2, R" is a martingale with quadratic variation

_ 1 NA()\nt)

(=T NTIANW (3 /A™) =) Apg'
/ h(u)du.

i=1 Y0
However, as was already demonstrated in the proof of Theorem 7.2,

1 NA()\nt)

(t=7 /A" )AW™ (73 /A" =) Ap;
S

B(s)ds < |[hl]w / (Q"(s)— 1)*ds

= 0,

i=1 0

where the final convergence follows from the assumptions of the proposition and Theorem 7.2.
It therefore follows from the Martingale Invariance Principle (3) that R" = 0 as n — oo, which
completes the proof. [

Proof of Proposition 8.2. In order to show that {Q", n > 1} is tight we will verify that conditions
(i) and (ii) of Theorem 13.2 of (1) are satisfied. We begin with condition (i). We must show that
for each T'> 0 and & > 0 there exists a K7 > 0 such that P{supy,.7 |Q"(t)| > KT} <e for n > 1.
First note that since, as in the proof of Theorem 7.2 we have that

NA(N\™t)

1

vn

it follows from (26) that

(b= AT A (73 /AT AP -
/ h(s)ds < HhHOO/ G+ (s)ds,
0

i=1 0



—R*(t)+n'?(n" A" — ,u)t‘
t t

tu / Q" (s)ds + 1Al / Q" (s)ds.
0 0

Taking supremums on both sides of (6), we obtain that for each t > 0,

sup Q" (s)]
0<s<t

t

< sup |Q"(0) + N4(n~'\"t) — Np <u/ (Q™(s) A 1)ds> — R™(t) +n'?(n~IA\" — p)t
0<s<t 0
t
b [ sup 1@ @lds+ Wl [ sup 1@ (w)ds,
0 0<u<s 0 0<u<s

thus implying that for each T'>0 and 0 <t < T,

sup |Q"(s)]
0<s<t
t
< s |00+ Watox0) = Np (e [ (Q"(6) A1) ) = RE) o

0<t<T 0

t
+(M+Hh|!oo)/ sup |Q"(u)|ds.

0 0<u<s

Hence, by Gronwall’s inequality (7),

e~ (utlPlloo)T sup ’Qn(m (7)
0<t<T

Q"(0) + Na(n™*A\"t) — Np (u /0 (Q™(s) A 1)d5> — R"(t) +n*?(n'A" — p)t| .

By Proposition 8.1 and the Continuous Mapping Theorem (7) we have that

Q"(0)+Na(n *\") — Np </L /OG(Q"(S) A 1)ds> —R™(e)+n"2(n A" — p)e
= Q(0) + Bi(ue) — Ba(ue) — Bue,

as n — o0o. Thus, by the only if portion of Theorem 13.2 of (1) we have condition (i) holds for
{Q"’(O) + Na(n~'A"e) — Np (,u/ (Q™(s) A 1)ds> —R*(e)+n'2(n"'\" — p)e,n > 1} ,
0
and so condition (i) holds for {Q™,n > 1} as well as a result of (7).
We now verify that condition (ii) is satisfied. The proof follows similarly to the proof of condition

(i) above. By (26) it follows that for each ¢ >0,
Q" (t+06)—Q"(t) (8)
= (Va7 X" (£ 0)) = Nan'A"D)) t
(% ([ @@ n0as) 8o ([ @@ A1) ) - (Feie 0 - o)



N R (e ,u/ Q™ (s)ds
| NaGn+d) '
|7 Z

=1

) p(EHS—Ti AAWT((3/A™) =) ApR
/ h(u)du
0

NA(Ant

1
v

(=7 /AT)AWT (3 /A™) =) Apg
/ h(u)du

Moreover, as in the proof of Theorem 7.2, it can be shown that

1 NAQTERO) 4y AW (73 /A ) A
— h(u)du
s @

1 NA()\nt)

o,
t+6~
< 1l / Q" (s)ds

(=7 /AT)AWT (73 /A") =) Aps
/ h(u)du

Next, for each T'> 0,

t+0 B 5
] / O™+ (s)ds < ||hll.o8 sup 10" (s)]
t 0<t<T

and

/ Gm(s)ds < 6 sup |G (s)].

0<t<T
It therefore follows combining the above with (8), we obtain that for each T > 0,

sup Q" (t+8) — Q" (t)]

0<t<t4+6<T

< sup  [Na(u(t+0)) — Nalut)]
+ sup

o) o)
+ sup  |RME+06)— RM()|+n 2 (n A )5+‘5(”h|’°°+“)Oi?£T‘Qn(S)"

0<t<t+6<T

Thus, condition (ii) of Theorem 13.2 of (1) is now seen to be satisfied by virtue of condition (i)
above and Proposition 8.1 in conjunction with the only if portion of Theorem 13.2 of (1). O

Proof of Proposition 8.3. First recall by (4) that the virtual waiting time at time ¢ > 0 is given
by

W (t)

= inf {u >0:n" 1?2 <ND <M/Ot+u(Q”(s) /\n)ds> —Np <u/0t(Q"(s) /\n)ds>)



NA(Ant)
a2 ST W S WA )R < (4 w) — /A7)
=1
NA()\nt)

= > Hpl sWH((n/A e <t TZ/A"}) > @”’*(t)} x 1{Q" () > 0}.

i=1

This may be rewritten as

W™ (t)

t+n—
= inf{uZO:nl/2 (ND (,u/
0

(@A n)ds> Ny (u / (@) A n)ds))
NA(™)

412 Z Hpr <W™ (1 /A=) {p? < (t+n"2u) —1,/A"}

i=1

1/2

N4 (A™t)

= > Hpl W ((n/A ) <t - Ti/A"}> > Q"’*(t)} x 1{Q" () > 0}

i=1

t+n—1/2y, t
= inf {UZO:,MH- <n1/2 (ND (M/o (Q"(s) /\n)ds) —Np <,u/0 (Q”(s)/\n)ds)) —uu)
Na(A™)
7 [0 1 S W) DR S (0 ) = 7 ) 0
Na(A™t)
- Z Hpi W™ (/A" =)} {pi <t Tz/)‘n}) > Q"’*(t)} x {Q"(t) 2 0}.

We now make the claim that for each U >0 and T > 0,

- (ND (M /0 Hn_l/zu(@n(s) /\n)ds) _ Ny (M /0 t(Q”(s)/\n)ds)) o

as n — oo. In order to see this, first note that for each ¢ >0 and u >0,

(nl/2 (ND <M /Ot+n_1/2u(Q”(s) /\n)ds) —Np <u/0t(Q"(s) /\n)ds>> —,uu)

tan—1/2y tan—1/2
= n /2 (ND (n,u/o (Q"(s) A 1)ds> —nu/o (Q"(s) A 1)ds>

Y <ND (W /0 t(@"(s)/\l)ds) o /0 (@) Al)ds)

1/2u

+ (nl/Q,u/t ' (Q"(s) Al)ds—uu) .

sup sup
0<u<U 0<t<T

= 0,

u

By the assumptions of the proposition and Theorem 7.2 it is clear that

sup sup = 0.

0<u<U 0<t<T

t+n71/2u
[ @A
t




Next, note that

—1/2

n=1/2 (ND (nM/OHn U(Q"(s) /\1)ds> —n,u/OHn

v <ND <nu /0 (G () Al)ds) o /O t(Q”(s)/\l)ds)

t+n—1/2
= Np <u /
0
It therefore follows that
t+n uo t+n71/2u B
sup sup |n /2 <ND <nu/ (Q"(s) A 1)ds> —n,u/ (Q"(s) A 1)ds>
0<u<U 0<t<T 0 0

12 (ND <n,u /0 (O (s) /\1)ds> o /O (G (3) A 1)ds>
= owp sup [N (u / T e Al)ds) -3y (1 [ @ () )

0<u<U 0<t<T
< sup sup ’NB (t+n_1/2u) —NB (t))

-1/2,

(Q™(s) A 1)ds>

u

(@"(s) A 1)ds) ~Np (u/ot(()"(s)/\l)ds> .

—1/2

u

0<u<U 0<t<puT
= 0,

as n — oo, where the final convergence follows since by the Functional Central Limit Theorem for
renewal processes (1), Ng = By as n — 00, where B, is a standard Brownian motion with P-a.s.
continuous sample paths. Thus, the claim is proven.

Next, we claim that

NA(N\™t)

sup sup |n"'/? Z H{pr <W™((1i /AN =)} {p? < (t+n"2u) —1,/A"}

0<u<U 0<t<T i—1
NA()\nt)
— D el W ((r/ A=)} ) <t —7/X")
i=1
=0,

as n — o0o. First note that

Na(A"™t)
n'/? Z Hpp <W™((re/ A =)3{p} < (t+n""u) — 1 /A"}
=1
NA()\nt)
= > W{pp W ((m/ A=) {pf <t —7i/A"
=1
Nao™ (t+n " 2u))
S D DR U GRS B R (R ORI
=1
NA(A\™t)
— > U{pp W ((m/ X)) {pp <t —7i/A"}

i=1
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a(A™ (t+n

= R"(t+n"Y?u) — R"(t) +n~*/? Z h(u)du

u / (t+n~ u*Ti/An)/\W((Ti/)‘n)f)/\p?
NA()\nt)

(t=7i/AT)AW ((73/A™) =) Ay
/ h(u)du

i=1 Y0
By the assumptions of the proposition and Proposition 8.1, R" = 0 as n — oo and hence

sup sup |R"(t+n"'?u)+ R"(t)| = 0,

0<u<U 0<t<T
as n — oo.

Next note that for each t >0,

NAW (™ 20) - ign = 2y ATAW ((73/A™) ) ApY
h(u)du
i=1 0
N4 (A™t)

(t=73 IN)AW ((7:/A™) =) Ap
/ h(u)du
i=1 Y0
Na (0~ 2u) =172,
_ 3 / 10 < 5 — 7 A" < W™ (77 JAM) =) A pl Ma(s — 7 /A" Vds
i=1 0
Nao(A™t)

Z /1{o<3_7/xn<wn((n/v) ) AP Yh(s — /A" ds

t4n—1/2y NA<A"<t+n 12y))
_ / S HO<s— /A SW((r/A) =) Apith(s — i /A")ds
t i=1
thn— /20 Na(W" (t4n 1 2u))

|| S 0 s—m/A S WO((r/AM) =) Apl s

i=1

IN

-1/2,,

= 1Al / © QM () —n) s,

Hence, by the assumptions of the proposition and Theorem 7.2

NaO (@40~ 20) =1 20y AP AW (i JA™) =) ApT

sup sup n /2 Z h(u)du
0<u<U 0<t<T — 0
N4 (A™t)

(t=73 /XN )AW (73 /X™) =) Apy
/ h(u)du

i=1 0

-1/2,

t+n
swp sup e [ (@ () m)ds
t

0<u<U 0<t<T

IN

n71/2u

t+
sup sup ||h||oo/ Q™" (s)ds

0<u<U 0<t<T

Ulhlle  sup  (Q"(u)—1)*

0<t<T+n—1/2U

IN
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= 0,

as n — oo. Thus, by the triangle inequality, the claim is proven.

Now note that by Proposition 8.2, {Q”,n > 1} is stochastically bounded. Thus, for each T > 0
and € > 0 there exists a K > 0 such that P{supy,< |Q"(t)] > KT} < & for n> 1. Thus, by the rep-
resentation (9) for W and the previous two results it is clear that for each 7' > 0, SUPg< <7 W™ (t)—

1 Q™ (t)| = 0 as n — oo and hence the claim of the proposition is proven. [J

EC4. Proofs of the results in Section 9
Proof of Proposition 9.1. We first show that £” = 0 as n — oo. By (3), for each t >0,
" (t)

NA()\nt)

Z (Wi < W™ (/") =)3Hpy <t =7/ A"} = Hp <W™((7:/A")=)})

- Z Lp? < W ((r/ ") =) LpE > £ — 72/ A"}

1 NA(A"t)
=~ Z Ht—=7/X" <p <W"((1:i/A")=)}

) Bl NA(A™)
=-—— > Wt —7/A" <pi <W"((1i/A")=)}

\/ﬁ i=N Nn(+_a n =+

i=NA (A" (t—suppg<s<¢ W"(s))T)

1 Na(A")
> —— 1<p" < sup W" . 10
> - > {pz < sup (8)} (10)

i=NA (A" (t—supg<s<¢ W™(s))1)
Note that the fourth equality above follows since if i < N4 (A" (t —supy<,, W"(s))", then t — 7, /A" >
SUPg< ey W' (8) > W"((7:/A")—) and so 1{t — 7;/A\" < pj <W"((1;/A\")—)} =0. Now let € > 0. By
Propositions 8.2 and 8.3, for each T'> 0 there exists a CI such that P{supy,, Wn(s)>CT}<e
for each n > 1. Hence, by (10), with probability at least 1 — e,

1 Na(A"t)
(1) < —= > 1{py <CT/v/n}
vn NA(A(t=CT /y/n)t)
1 N4 (A"t) 1 Na("(t—cT/vm)h)
g 1{pr<C?/\/nt} — — 1{pr <C7/\/n
Lo -1NA<A"t>> 1 n(n N (t-CT /) h))
n T n T
n(n "IN, (A1)
== Y (Val{pr<C’/Vn}—Elnl{p; <CI/vn})) (11)
=1
1 n(n AN (A" (t=CT //m)TY)
- > (vVnl{p} <CI/Vn} — ElVnl{p; <CI/V/n}])

i=1
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FL(NA(XN') = NaOV' (¢ — CT /i) ) BVl {pi < OF [/}

However, since
cr
Blyml {p <CT /vl = [ hwdu,
0

as n— oo and both n™*N4(A\"e) = pe and n™* N4 (A" (e — CT/\/n)") = pe as n — oo, it is imme-
diate that

1

—(Na(A"e) = Na(A"(e = O /v/n) ")) B[Vl {p} < CZ /v/n}] = 0,
as n — oo. In order show that £" = 0 as n — oo, it remains to show that the first two terms in (11)
converge to zero as n tends to oo

For each n > 1, consider the process

ne

> (vl {p; <CT/v/n} — ElVnl {p; <CI'/Vn})).

i=1

~ 1
c" = —
n
It is a martingale with quadratic variation
) | Leel
(C™) = — > _(Vnl{p! < CI/vn} = E[Vnl{p; <CI/vn}])’
i=1
Lne]

1
< > (U {pr <Cl/vn} = B {p; <CI/v/n}])%
i=1
Taking expectations, we obtain that for each T'> 0,

E[(C")r] < TE[1{p; <CI/vn} - E[L{p} <CI/vVn}])”
= TE[{p; <CI/vn}|(1 - E[L{p} <CT/vn}])

=0,

as n — oo, since E[1{pr <CT/\/n}] — 0 as n — co. However, since ((C™)) is a non-decreasing
process, this then implies that ((C™)) = 0 as n — oo. Hence, by the martingale invariance principle
(3), C" = 0 as n — oo. However, since n"!N4(\"e) = pe and n ' No(A\"(e — CT/\/n)*") = pe as

n — 00, this then implies by the random time change theorem (1), that

n(n "IN, ("))
Sy am{p Oy - BV {i < CT/vaY)
— (N ()

I
Qi

"(ne) =0,
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as n — oo, and, similarly,

1 n(n AN, (t—CT /) ty)

1 3 (Va1 {p; <CT/vn} = ElVn1{p; <CI'/Vn}]) =0,

n -
=1

as n — oo, which completes the proof that é* = 0 as n — oco.
We next show that M™ = 0 as n — oo. First note that as in (6), M" is a martingale with

quadratic variation

1 NA(Ant)
(M) = — > FrW((n/AM)-)).
=1
Next, for each 6, >0,
1 Na(A"T)
P — Z Fr"(W™((r;/JA")=)) =0 p < IP’{ sup |[W"(t)] >C€T}
n 0<t<T

i=1

+P {1NA()\"T)F"(n1/QCET) > 5}
n

<e+P {:LNA()\nT)F”(nl/QCET) > 5} .

However, since by the Functional Strong Law of Large Numbers (1), and (7) and the Random
Time Change Theorem (1) we have that n=! N(A"T) =n"'N(n(n~*\")T) = uT and also

F"(n_l/QCET) = 1—exp (/
0

1 e
=l—-exp|——+ h(u)du

1
< 1-exp (—lIC?)

nfl/zcg

h"(u)du)

— 0,
as n — 0o, it follows that
| NAO"T)
li P< — Fr(W™((r;/A")=))>6 p <e.
imsupP ¢ — Y P W((m/A)-) =6 <e

i=1

Thus, since § and ¢ were arbitrary and ((M™)) is an increasing process, it follows that ((M™)) =0
as n — 0o. The result now follows by the Martingale Invariance Principle (3). O
Proof of Proposition 9.2. First note that

Ny ()\"t)

~ t (1/m)Q™ T (s)
Fr(t) = —— Fr (W ((rs/A")—)) — /O ( /0 h(u)du) ds

B

i=1
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NA(A™t) 1 Na(A™t)

W™ ((ri/A™)-)
-5 X P -1 S / h(u)du

NA(/\ t) ((r3/A™) Wn(s
Z / u)du — ,u/ / u)duds
W™ (s) (1/w)Q™ (s)
+u / / h(u)duds—/ / h(u)duds | .
o Jo o Jo

We now claim that (12)-(14) each converges weakly to 0 as n — co.

We begin with (12). Note that

1 Na(A"t) 1NA(A"t) W™ ((r:/A™)—)
7 Z Fr (W™ ((ri/A")=)) = — > / h(u)du
= =1 0
1 NAOT W™ (ri/ "))
= > (v - - [ h(u)du
i=1 0
1 W™ (t)
< In,0m7) sup [ vaEr ) — / hu)du ) .
n 0<t<T 0

Now note that for each ¢ > 0,

l—e™™ = x—/ e 'z —t)dt,
0

and hence

W™ (t)
VRE" (W™ (t)) = v/n [ 1—exp —/O h”(u)du))

\F

a0 s L 37 ) du 1 o
= h(w)du — n/ e / h(u)du—t | dt,
/o () 0 v Jo (

and hence by (15), for each T' >0,

W™ (t)
=vn|l—exp|——F= h(u)du))

1 ]\{A(A t) NA()‘ t) /)\n) )
su Fr(W™((r;/\")=)) — — / du
sup | == Z / Z (u)
1 ffw ® h(u)du Wn(t
< ZNLO"T) su n et / w)du —t|dt
< SNJN'T) sup (Vi / .

1 \/15 Jo ®) h(u)du W (t
—NA(A"T) sup \/ﬁ/ e’ f/ w)du+t| dt

n 0<t<T 0

W (¢) 2
—NA()\”T) OE?ET\F<\/15/O h(u)du)

IN

\ A

(12)

(13)

(14)

(15)
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< A0 (Cvaovn)) (o 070,

0<t<T

However, since as in the proof of Proposition 9.1, n ' N4 (A"T) = uT as n — oo and since by
Proposition 8.2 we have that {supOStST(W"(t))Q,n > 1} is stochastically bounded, it follows by
Slutsky’s Theorem (3) that

2!\\%00 (iLNA(/\”T)> (OE%)T(W”(t))Q) =0, (16)

as n — oo and hence the first part is proven.

We next proceed to (13). Note that by Propositions 8.2 and 8.3 we have that {W",n > 1} is
tight and hence by Theorem 5.1 of (1) it is relatively compact. Let {n;} be a subsequence along
which {WW"} converges to some limit W. It then follows since as in the proof of Proposition 9.1 that
n~IN4(\"e) = pe as n — oo, we have by Theorem 3.9 of (1) that (W™, n, " N4 (A™e)) = (W, ue)
as n — oo. By the Skorohod Representation Theorem (1), there exists an alternate probability
space on which we may assume that (W7 n, 'N,(A™e)) — (W, pe) P-a.s. It then follows by
Lemma 8.3 of (2) and the fact that for each T'> 0 we have that {sup,<,.r Wk (t)],ni > 1} is P-a.s.
bounded that

NAA"RE) Wk (75 / Ak ) — W7k (s
sup Z / u)du — u// u)duds

0<t<T

Wk (s— ) wn k(e)
= sup / / dud< Na(A\"ks) > / / u)duds
0<t<T

— 0,

as k — oo. This, then implies that

(A"ke)

1 Na Wk (g /AT) ) Wk (s
— u)du — / / u)duds = 0,
ng Z /0 a

i=1
as k — oo. However, since the choice of {n;} was arbitrary, the result follows.

Finally, for (14) note that by Proposition 8.3 we have that for each T'> 0,

t W"(s) (Uu)Q"*(@)
sup |p / / u)duds — / / (u)duds
0<t<T 0 Jo
< pllhl|oT sup [W"(s) = (1/p)Q™* (s)
0<t<T
=0,

as n — oo and hence the proof is complete. [
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