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Supplementary Material
This e-companion contains material that has been omitted from the main paper for the sake of

readability and/or brevity. The e-companion is structured as follows. The first section shows that

the optimal solutions of the three optimization problems in (2) can differ in general. Section EC.2

provides a synopsis of the various RVRP formulations, and Section EC.3 relates the robust CVRP

to a distributionally robust variant of the chance-constrained CVRP. Section EC.4 provides further

computational results that illustrate the performance of Formulation (2VF). We close with the

proofs of all propositions and corollaries from the main text.

EC.1. An Example where CVRP 6=RVRP 6=RVRP
Consider a robust CVRP instance with m= 3 vehicles of capacity Q= 10 and n= 4 customers with

demand support Q =
{
q ∈R4

+ : q1, q2 ∈ [0,10] , q1 + q2 ≤ 10, q3, q4 ∈ [0,1]
}
. The graph G = (V,A)

and the symmetric transportation costs cij are defined in Figure EC.1. Figure EC.2 illustrates

optimal solutions to CVRP, RVRP and RVRP. Note that the optimal solution to CVRP depends

on the demand realization q ∈ Q: for q1 ≤ 9, an optimal solution is illustrated in Figure EC.2,

whereas for q1 > 9, an optimal solution is given by R = (R1,R2,R3) with R1 = (1), R2 = (2,3)

and R3 = (4). The optimal objective values are 61, 65 and 80 for CVRP, RVRP and RVRP,

respectively.

Figure EC.1 Example CVRP instance. The weight of edge {i, j} denotes the symmetric transportation costs

cij = cji.
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Figure EC.2 Optimal solutions to the CVRP instance from Figure EC.1. From left to right, the graphs illustrate

optimal solutions to CVRP (for q1 ≤ 9), RVRP and RVRP, respectively.
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EC.2. Synopsis of the Robust CVRP Formulations

Table EC.1 summarizes the numbers of variables and constraints required by each of the pro-

posedRVRP formulations. Note that the transportation costs are often symmetric, that is, cij = cji

for all (i, j) ∈A. In this case, one can use the technique presented in Remark 5 of the main text

to reduce the number of binary variables xij in Formulations (2VF) and (VA1). This observation

is already reflected in the table, and it is these variants of (2VF) and (VA1) that we used in our

computational results. Also note that (2VF) and (VA1) contain an exponential number of robust

RCI constraints (7). This renders their direct solution computationally prohibitive for all but the

smallest instances. In practice, mixed-integer linear problems with exponentially many constraints

are solved using branch-and-cut algorithms that iteratively add only those constraints that are

violated. Section 5 of the main text elaborates upon this point.

Table EC.1 Synopsis of the robust CVRP formulations.

Formulation # Variables # Constraints†

Binary Continuous

(2VF) (1/2)n2 +O(n) — 2n +O(n)
(MTZ) n2 +O(n) n2r+O(n2 +nr) n3 +O(n2)
(PRE) n2 +O(n) n2 +nr 2n3 +O(n)
(1CF) n2 +O(n) n3 +2n2r+O(n2 +nr) 2n3 +O(n2)
(2CF) (1/2)n2 +O(n) n3 +n2r+O(n2 +nr) (3/2)n3 +O(n2)
(VA1) (1/2)n2 +O(n) mn+mr 2n +O(mn2)
(VA2) n2 +O(n) mn+mr+O(n) (3/2)mn2 +O(n)

†Excluding variable bounds.

EC.3. The Chance-Constrained CVRP

In the paper, we modeled the customer demands q ∈ Rn+ as a random vector that is supported

on a set Q, and we determined the minimum cost solution that remains feasible for all demand

realizations q ∈Q. While such a solution provides maximum insurance against demand uncertainty,

it can become conservative. In practice, a decision maker may tolerate a controlled degree of

infeasibility if the objective function (i.e., the total transportation cost) decreases significantly.

Formally, the decision maker may be interested in the minimum cost vehicle routes R that satisfy

P

(∑
i∈Rk

qi ≤Q
)
≥ 1− ε ∀k ∈K, (EC.1)

that is, the probability to exceed the capacity of vehicle k ∈K is bounded from above by a pre-

specified value ε ∈ (0,1]. Here, P denotes the probability distribution of the customer demands

q. Constraint (EC.1) is called a chance constraint since it restricts the chance that the customer

demands q violate the capacity of vehicle k. Clearly, we recover RVRP if we set ε= 0.
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Optimization problems with chance constraints pose several challenges. From a theoretical view-

point, problems with chance constraints are typically difficult to solve. Except for a few special

cases, chance constraints result in non-convex and disconnected feasible regions (Prékopa 1995).

Moreover, the evaluation of the left-hand side of constraint (EC.1) involves multi-dimensional inte-

gration and becomes computationally intractable for more than four random variables. From a

practical perspective, chance constraints put a heavy burden on the decision maker as they require

knowledge of the entire probability distribution P.

Robust optimization theory simultaneously alleviates both drawbacks of chance constraints by

providing conservative approximations to constraint (EC.1) that are tractable and that require

modest information about the probability distribution P. In the following, we first derive a variant

of the robust CVRP that can be used to solve a distributionally robust version of the chance-

constrained CVRP. Afterwards, we provide a brief computational study of this formulation.

EC.3.1. Relationship of the Robust CVRP to the Chance-Constrained CVRP

The following result applies a popular approximation to RVRP.

Proposition EC.1. Assume that the probability distribution P has mean µ ∈ Rn+ and a positive

definite covariance matrix Σ ∈ Rn×n, and that the set defined in (C3) contains the support of q,

that is, that P (Wq≤ h) = 1. Then, every feasible solution to any of the RVRP formulations from

Section 4 induces a set of routes R that satisfies the chance constraint (EC.1) if we replace the set

Q in the RVRP formulation with

Q(ε) =

{
q ∈Rn+ : max

{
1√
n

∥∥Σ−1/2(q−µ)
∥∥

1
,
∥∥Σ−1/2(q−µ)

∥∥
∞

}
≤

√
1− ε
ε

, Wq≤ h
}
.

The set Q(ε) from Proposition EC.1 does not satisfy the requirements of (C3) since it involves

nonlinear constraints. Nevertheless, the following result shows that Q(ε) can be readily used in any

of the RVRP formulations from Section 4.

Corollary EC.1. For decision variables ζ ∈ Z and functions f : Z 7→ Rn, b : Z 7→ R, the con-

straint

q>f(ζ)≤ b(ζ) ∀ q ∈Q(ε) (EC.2)

is satisfied if and only if there exist ψ+,ψ−, ω+, ω− ∈Rn+, ϑ∈R+ and τ ∈Rr+ such that

(
Σ−1/2µ

)> (
ψ+−ψ−+ω+−ω−)

+

√
1− ε
ε

(
e>ψ+ +e>ψ−+

√
nϑ

)
+h>τ ≤ b(ζ)

Σ−1/2
(
ψ+−ψ−+ω+−ω−)

+W>τ ≥ f(ζ)
ϑ e≥ ω+ +ω−.

(EC.3)
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In the context of Formulation (VA), for example, we replace the constraints involving the vari-

ables ψks with m constraints of type (EC.2) in which ζ = (z1k, . . . , znk)>, f(ζ) = ζ and b(ζ) =Q,

for all k ∈K.

The chance constraint (EC.1) ensures that for each vehicle k ∈K, the probability to exceed the

vehicle capacity is bounded from above by ε. Since there is one such constraint for each vehicle k ∈
K, constraint (EC.1) is called an individual chance constraint. In the context of our vehicle routing

problem, individual chance constraints guarantee that for each customer i ∈ VC , the probability

of successful delivery is at least 1− ε. Alternatively, a decision maker may be interested in the

probability that all customer demands are met successfully. This probability can be controlled by

the joint chance constraint

P

(∑
i∈Rk

qi ≤Q ∀k ∈K
)
≥ 1− ε′ (EC.4)

that bounds the probability to exceed the capacity of any of the vehicles k ∈K. Following the dis-

cussion in Nemirovski and Shapiro (2006), we can reformulate constraint (EC.4) using Bonferroni’s

inequality to obtain

P

(∑
i∈Rk

qi ≤Q ∀k ∈K
)

= 1−P
(∑
i∈Rk

qi >Q for some k ∈K
)
≥ 1−

∑
k∈K

P

(∑
i∈Rk

qi >Q

)

= 1−
∑
k∈K

[
1−P

(∑
i∈Rk

qi ≤Q
)]

= (1−m)+
∑
k∈K

P

(∑
i∈Rk

qi ≤Q
)
.

We thus conclude that for any ε′ ∈ (0,1], the joint chance constraint (EC.4) is satisfied whenever

the individual chance constraint (EC.1) is satisfied for ε = ε′/m. More elaborate approaches to

solve problems with joint chance constraints are discussed in Chen et al. (2010), and Nemirovski

and Shapiro (2006).

EC.3.2. Computational Study of the Chance-Constrained CVRP

We assume that the uncertain customer demands are supported on the hyper-rectangle

[(1−α)q0, (1+α)q0], where q0 denotes the nominal demands from the benchmark instances and

α= 0.2. We further assume that the demands are independent with expected values µi = q0
i and

standard deviations σi = (1/25)q0
i . We remark that independency of demands is only assumed here

for ease of exposition and that the results in Section EC.3.1 equally apply to the generic case where

the customer demands are dependent.

In principle, we can solve the chance-constrained CVRP with any of the RVRP formulations

presented in Section 4. However, since the set Q(ε) associated with the chance-constrained CVRP

cannot be expressed as a budget support or a factor model support, the separation of robust RCI

cuts requires the repeated solution of linear programs and becomes computationally expensive.
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Table EC.2 Transportation costs for the chance-constrained CVRP. Different values of ε and ε′

correspond to different tolerances for the individual and joint chance constraints, respectively.

Problem Robust solution ε ε′

1% 5% 10% 20% 1% 5% 10% 20%

E-n22-k4 375 375 373 373 373 375 375 375 373
E-n23-k3 569 569 564 564 544 569 569 569 564
P-n16-k8 450 450 450 439 439 450 450 450 450
P-n19-k2 212 212 195 195 195 212 195 195 195
P-n20-k2 216 216 209 208 208 216 209 209 208
P-n21-k2 211 211 211 208 208 211 211 211 208
P-n22-k2 216 216 215 213 213 216 216 215 213

Savings† 0.0% 0.0% 1.6% 3.6% 5.2% 0.0% 0.4% 0.4% 1.1%
†Average cost savings relative to the robust solutions across the 20 benchmark instances from Table 1.

Hence, we did not use formulations (2VF) and (VA1), which require the separation of robust RCI

cuts to guarantee robust feasibility, and instead chose Formulation (VA2), which performed best

among the remaining formulations in Table 1.

Table EC.2 reports the results for individual and joint chance constraints over a set of bench-

mark problems. As expected, the transportation costs decrease with growing tolerance levels. In

the extreme case where the tolerance level approaches zero, the chance-constrained CVRP reduces

to the robust CVRP with support [(1−α)q0, (1+α)q0]. The table shows that for the same tol-

erance level, joint chance constraints result in higher transportation costs than individual chance

constraints. This is due to the fact that individual chance constraints only provide a probabilistic

guarantee that any individual route k ∈K is feasible, whereas joint chance constraints provide a

probabilistic guarantee that all routes are feasible simultaneously.

EC.4. Detailed Performance of Formulation (2VF)

Table EC.3 presents detailed results that illustrate the performance of Formulation (2VF) over the

full suite of 90 benchmark instances considered in the paper.
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EC.5. Propositions and Corollaries with Proofs

Proposition 1. For any support Q, we have

CVRP ¹ RVRP ¹ RVRP, (2)

where ‘¹’ refers to the ordering of optimal objective values between the problems. Moreover, the

optimal objective values of the three problems coincide if Q is rectangular.

Proof. The first inequality in (2) follows from the fact that

max
q∈Q

min
R∈R(q)

c (R) ≤ max
q∈Q

min
R∈R(Q)

c (R) = min
R∈R(Q)

c (R) ,

where the first and last optimization problems are CVRP and RVRP, respectively. The inequal-

ity holds because R(Q) ⊆ R(q) for any q ∈ Q, and the equality follows from the fact that

minR∈R(Q) c (R) does not depend on q.

In view of the second inequality in (2), we note that

min
R∈R(Q)

c (R) ≤ min
R∈R(Q)

c (R) = min
R∈R(q)

c (R) ,

where Q is the rectangular projection of Q and q is defined through qi = max{qi : q ∈Q}, i ∈ VC .

Here, the inequality holds because R(Q)⊆R(Q), and the equality follows from the monotonicity

of R. Note that the last optimization problem corresponds to RVRP.

Assume now that the support Q is rectangular. In this case, q ∈ Q and hence, the optimal

objective value of CVRP must be at least as large as the optimal objective value of RVRP. From

our previous analysis we then conclude that the optimal objective values of CVRP, RVRP and

RVRP coincide. ¤

Proposition 2. For supports of the form Q=
{
q ∈ [0, q] :

∑
i∈VC

qi ≤B
}
, RVRP reduces to the

solution of a single instance of CVRP.

Proof. Since the assertion is trivially satisfied if q 6≤Qe, we assume that q≤Qe.

We distinguish the two cases B ≤Q and B >Q. If B ≤Q, then all customers together can be

served by a single vehicle. Since all customer demands are non-negative, we conclude that in fact

any subset of customers can be served by a single vehicle. We thus obtain an optimal solution

to RVRP by solving CVRP for the demand vector q= 0.

If B >Q, we claim that each robust feasible set of routes for the support Q is also robust feasible

for the rectangular support Q. Assume to the contrary that for some robust feasible set of routes

R∈R(Q) there is a demand vector q ∈Q\Q such that
∑

i∈Rk
qi >Q for some vehicle k ∈K. Since
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q ∈Q\Q, we have q ∈ [0, q] and
∑

i∈VC
qi >B. We consider the demand vector q′ defined through

q′i = (Q+B) qi/
(
2
∑

i∈VC
qi

)
if i∈Rk and q′i = 0 otherwise. By construction, we have q′ ∈ [0, q] and

∑
i∈VC

q′i ≤
Q+B

2
∑

i∈VC
qi

∑
i∈VC

qi ≤ B,

that is, q′ is an element of the support Q, but at the same time

∑
i∈Rk

q′i =
Q+B

2
∑

i∈VC
qi

∑
i∈Rk

qi =
Q+B

2
∑

i∈VC
qi

∑
i∈VC

qi =
Q+B

2
> Q,

that is, q′ violates the capacity constraint of vehicle k. This contradicts the robust feasibility of R,

and we conclude that each robust feasible set of routes for the support Q is also robust feasible for

the rectangular support Q. Hence, Q can be replaced with Q, and the resulting instance of RVRP
is equivalent to the CVRP instance with demand vector q= q by virtue of Proposition 1. ¤

Proposition 3. For any support Q and binary variables xij, (i, j)∈A, we have that

(i) the robust RCI constraints (7) are necessary to induce a robust feasible set of routes R(x);

(ii) in conjunction with the degree constraints (4), the robust RCI constraints (7) are sufficient

to induce a robust feasible set of routes R(x).

Proof. As for the first assertion, note that a robust feasible set of routes R(x) satisfies

⌈
max
q∈Q

1
Q

∑
i∈S

qi

⌉
≤




1
Q

∑
k∈K

max
q∈Q

∑

i∈S∩Rk(x)

qi




≤
⌈

1
Q

∑
k∈K:

S∩Rk(x) 6=∅

Q

⌉

= |{k ∈K : S ∩Rk(x) 6= ∅}| ≤
∑

i∈V \S

∑
j∈S

xij.

Here, the first inequality follows from the subadditivity property of the maximum operator, the

fact that any set of routes forms a partition of VC , and the assumption that S ⊆ VC . The second

inequality follows from the non-negativity of the customer demands and the definition of robust

feasibility. The equality holds by construction, and the last inequality follows from (3) and the fact

that each route Rk(x) can enter the customer set S multiple times.

To prove the second assertion, we show that if x satisfies the degree constraints (4) and the robust

RCI constraints (7), then R(x) is a robust feasible set of routes (i.e., it is feasible in RVRP). To

this end, we note that for any customer subset S ⊆ VC , the right-hand side of (7) is strictly positive

due to (C1) and (C2). Hence, the robust RCI constraints exclude subtours, and Observation 1

implies that x induces a set of routes R(x). We therefore only need to verify that
∑

i∈Rk(x) qi ≤Q
for all k ∈K and q ∈Q. Assume that this is not the case for some vehicle k and consider the robust

RCI constraint (7) for S =Rk(x). The left-hand side of this constraint evaluates to 1, whereas the
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right-hand side exceeds 1. This contradicts the assumption that the solution satisfies the robust

RCI constraints, and we thus conclude that the degree constraints and the robust RCI constraints

are sufficient to guarantee robust feasibility of R(x). ¤

Proposition 4. For any support Q and binary variables xij, (i, j) ∈ A, that satisfy the degree

constraints (4), the robust MTZ constraints (9) are satisfiable by functional decision variables

u :Q 7→Rn+ if and only if the constraints

∑
l∈VC

(vjl− vil) ql +Q(1−xij)≥ qj ∀ i, j ∈ VC , i 6= j

qi ≤
∑
l∈VC

vilql ≤Q ∀ i∈ VC




∀ q ∈Q (10)

are satisfiable by decision variables v ∈Rn×n.

Proof. If the constraints (10) are satisfied by variables v ∈ Rn×n, then the robust MTZ con-

straints (9) are satisfied by the functions u :Q 7→Rn+ defined through ui(q) =
∑

l∈VC
vilql, i∈ VC .

Assume now that the robust MTZ constraints (9) are satisfied by the functional decision variables

u :Q 7→Rn+. By virtue of Observation 2, this implies that R(x) constitutes a robust feasible set of

routes. Consider the functional decision variables u′ :Q 7→Rn+ defined through

u′j(q) =
l∑
i=1

qRk,i(x) for j =Rk,l(x), k ∈K, 1≤ l≤ nk.

Here, u′j(q) can be interpreted as the cumulative customer demands served by the vehicle that

visits customer j ∈ VC , immediately after it has left customer j, under the demand realization

q ∈ Q. By construction, u′ exhibits a linear dependence on q and also satisfies the robust MTZ

constraints (9). If we identify vjp with the partial derivative of u′j with respect to qp, that is,

vjp =

{
1 if there is k ∈K and 1≤ l≤ nk such that p∈ {Rk,1(x), . . . ,Rk,l(x) = j} ,
0 otherwise,

(EC.5)

then v satisfies the constraints (10). ¤

Proposition 5. For any support Q and binary variables xij, (i, j) ∈ A, that satisfy the degree

constraints (4), the constraints (10) are satisfiable by v ∈Rn×n if and only if the constraints

xij ≤ pij ≤min{1−xji,1−x0j} ∀ i, j ∈ VC , i 6= j
1−xij ≥max{pli− plj, plj − pli} ∀ i, j ∈ VC , i 6= j, ∀ l ∈ VC \ {i, j}∑
j∈VC

pjiqj ≤Q ∀ i∈ VC , q ∈Q
(11)

are satisfiable by p∈ {0,1}n×n, where pii = 1 for i∈ VC.
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Proof. Assume that the constraints (10) are satisfiable. Then, Proposition 4 ensures that vjp

defined in (EC.5) satisfies (10), and one can verify that pij = vji satisfies the constraints (11).

Assume now that p ∈ {0,1}n×n, pii = 1 for i ∈ VC , satisfies the constraint set (11). One readily

verifies that vil = pli satisfies the second constraint in (10). We now show that the first constraint

in (10) is also satisfied. To this end, assume that xij = 1 for some (i, j)∈A. Then the first constraint

in (10) becomes ∑
l∈VC

vjlql ≥
∑
l∈VC

vilql + qj ∀ q ∈Q.

This constraint is satisfied because (i) vjj = pjj = 1 while vij = pji = 0 since xij = 1, (ii) vji = pij = 1

since xij = 1 and vii = pii = 1, and (iii) vjl = plj coincides with vil = pli for all l ∈ VC \ {i, j} due to

the second constraint in (11). Assume now that xij = 0. Then the first constraint in (10) becomes

∑
l∈VC

vjlql−
∑
l∈VC

vilql ≥− (Q− qj) ∀ q ∈Q. (EC.6)

The non-negativity of p and the last constraint in (11) guarantee that the two summations on

the left-hand side of this constraint are non-negative and bounded from above by Q for all q ∈Q.

Since vjj = pjj = 1, the first summation is furthermore bounded from below by qj, which implies

satisfaction of constraint (EC.6). ¤

Proposition 6. For any support Q and any solution (x,p), xij ∈ {0,1}, (i, j) ∈A, p ∈ {0,1}n×n,
pii = 1 for i∈ VC, that satisfies the degree constraints (4) and the constraints (11), we have pij = 1

if and only if customers i and j are served by the same vehicle and customer i is served first.

Proof. Fix two customers i, j ∈ VC , i 6= j. We determine the value of pij in two cases.

Customer i precedes customer j on the same route. In that case, there is k ∈ K, 1 ≤ l ≤ nk

and t ∈N \ {1} such that i=Rk,l(x) and j =Rk,l+t−1(x). Let {is}ts=1 denote the customers served

between i and j, that is, i1 = i, i2 =Rk,l+1, . . ., it = j. Since xi1i2 = 1, the first constraint in (11)

guarantees that pi1i2 = 1. Likewise, if t≥ 3, then xisis+1
= 1 for all s= 2, . . . , t− 1 guarantees that

pi1is+1
= 1 due to the second constraint in (11). We thus conclude that pij = pi1it = 1.

Customer i does not precede customer j on the same route. In that case, there is k ∈K, 1≤ l≤ nk,
t ∈ N and {is}ts=1 such that i1 = Rk,1(x), . . ., it = Rk,t(x) = j and i /∈ {i1, . . . , it}. Since x0i1 = 1,

the first constraint in (11) guarantees that pii1 = 0. Likewise, if t ≥ 2, then xisis+1
= 1 for all

s= 1, . . . , t− 1 guarantees that piis+1
= 0 due to the second constraint in (11). We thus conclude

that pij = piit = 0. ¤

Corollary 1. For any support Q and binary variables xij ∈ {0,1}, (i, j) ∈ A, that satisfy the

degree constraints (4), the constraints (11) are satisfiable by binary variables p∈ {0,1}n×n, pii = 1

for i∈ VC, if and only if they are satisfiable by continuous variables p∈ [0,1]n×n, pii = 1 for i∈ VC.
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Proof. This follows from the fact that the proof of Proposition 6 does not use the assumption

that the variable vector p is binary. ¤

Proposition 7. For any support Q and binary variables xij, (i, j) ∈ A, that satisfy the degree

constraints (4), the robust 1CF constraints (13) are satisfiable by functional decision variables

fij :Q 7→R+, (i, j)∈A, if and only if the constraints
∑
i∈V :
i 6=j

(gjil− gijl) = I[l=j] ∀ j, l ∈ VC

qixij ≤
∑
l∈VC

gijlql ≤ (Q− qj)xij ∀ (i, j)∈A, ∀ q ∈Q
(14)

are satisfiable by decision variables gijl ∈R, (i, j)∈A and l ∈ VC.

Proof. Assume that the constraints (14) are satisfied by decision variables gijl ∈ R, (i, j) ∈ A
and l ∈ VC , and define the functional decision variables fij :Q 7→R+ through fij(q) =

∑
l∈VC

gijlql,

(i, j)∈A. For any j ∈ VC , we obtain

∑
i∈V :
i 6=j

[fji(q)− fij(q)] =
∑
i∈V :
i 6=j

∑
l∈VC

[gjil− gijl] ql = qj,

where the second equality follows from the first constraint in (14). Hence, fij satisfies the first

robust 1CF constraint in (13). In the same way, one verifies that fij also satisfies the second

constraint in (13). We thus conclude that the constraints (13) are satisfiable by functional decision

variables fij whenever the constraints (14) are satisfiable by decision variables gijl.

Assume now that the robust 1CF constraints (13) are satisfied by the functional decision variables

fij :Q 7→ R+, (i, j) ∈ A. By virtue of Observation 3, this implies that R(x) constitutes a robust

feasible set of routes. Consider the functional decision variables f ′ij : Q 7→ R+, (i, j) ∈ A, defined

through

f ′ij(q) = xij

l∑
s=1

qRk,s(x) for i=Rk,l(x), k ∈K, 1≤ l≤ nk.

Here, f ′ij(q) can be interpreted as the cumulative customer demands served by the vehicle that

traverses the arc (i, j)∈A, immediately after it has left the (customer or depot) node i∈ V , under

the demand realization q ∈ Q. By construction, f ′ij exhibits a linear dependence on q and also

satisfies the robust 1CF constraints (13). If we identify gijp with the partial derivative of f ′ij with

respect to qp, that is,

gijp =

{
1 if xij = 1 and there is k ∈K and 1≤ l≤ nk such that p∈ {Rk,1(x),Rk,2(x), . . . ,Rk,l(x) = i} ,
0 otherwise,

then g satisfies the constraints (14). ¤
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Proposition 8. For any binary variables xij, (i, j)∈A, that satisfy the degree constraints (4) and

the subtour constraints (5), z ∈ {0,1}n×m satisfies the Vehicle Assignment (VA) constraints

1−xij −xji ≥ zik− zjk ∀ i, j ∈ VC , i 6= j, ∀k ∈K
zik +

∑

l∈{1,...,k}
zjl ≤ 3−x0i−x0j ∀ i, j ∈ VC , i < j, ∀k ∈K

∑
k∈K

zik = 1 ∀ i∈ VC
(15)

if and only if zik = I[i∈Rk(x)], where R(x) satisfies R1,1(x)<R2,1(x)< . . . <Rm,1(x).

Proof. If the routing decision x satisfies the degree constraints (4) and the subtour con-

straints (5), then x induces a set of routes R(x) by virtue of Observation 1. One readily verifies

that if R(x) satisfies R1,1(x)<R2,1(x)< . . . <Rm,1(x), then the binary vector z ∈ {0,1}n×m defined

through zik = I[i∈Rk(x)] satisfies the constraints (15).

It remains to be shown that any binary vector z ∈ {0,1}n×m which satisfies the constraints (15)

also satisfies zik = I[i∈Rk(x)] for the unique set of routes R(x) that satisfies R1,1(x)<R2,1(x)< . . . <

Rm,1(x). We prove this assertion in two steps. First, we show that if two customers i, j ∈ VC are

served by the same vehicle in R(x), that is, if there is k ∈K such that i, j ∈Rk(x), then there is a

vehicle k′ ∈K such that zil = zjl = I[l=k′] for all l ∈K. Subsequently, we prove that if two customers

i, j ∈ VC , i < j, are the first to be served on their respective routes in R(x), that is, if x0i = x0j = 1,

then there are two vehicles k, k′ ∈K such that zil = I[l=k], zjl = I[l=k′] and k < k′. The combination

of both statements then proves the proposition.

In view of the first assertion, assume that the two customers i, j ∈ VC are served by the same

vehicle in R(x), that is, that i, j ∈ Rk(x) for some vehicle k ∈ K. By virtue of Observation 1,

this implies that there is a sequence of customers {i1, . . . , it} ⊆ VC such that (i1, it) = (i, j) or

(i1, it) = (j, i), as well as xisis+1
= 1 for all s= 1, . . . , t−1. The first constraint in (15) then requires

that zisl = zis+1l for all s= 1, . . . , t− 1 and l ∈K, that is, in particular zil = zjl for all l ∈K. The

last constraint in (15) implies that for any customer i ∈ VC there is a vehicle k′ ∈ K such that

zil = I[l=k′] for all l ∈K. Taken together, our previous observations ensure that there is a vehicle

k′ ∈K such that zil = zjl = I[l=k′] for all l ∈K.

As for the second assertion, assume that the two customers i, j ∈ VC , i < j, are the first to be

served on their respective routes in R(x), that is, that x0i = x0j = 1. Due to the third constraint

in (15), there are two vehicles k, k′ ∈K such that zil = I[l=k] and zjl = I[l=k′]. Assume now that

k′ ≤ k and consider the second constraint in (15) associated with i, j and k. The left-hand side

of this constraint is greater or equal to zik + zjk′ = 2, whereas its right-hand side evaluates to

3− x0i − x0j = 1. This is a contradiction, and we conclude that k < k′, which proves our second

assertion. ¤
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Proposition 9. Assume that the binary variables xij, (i, j)∈A, satisfy the degree constraints (4)

and the subtour constraints (5). Then the VA constraints (15) are satisfiable by a variable vector

z ∈ {0,1}n×m if and only if they are satisfiable by a variable vector z ∈ [0,1]n×m.

Proof. Since {0,1}n×m ⊆ [0,1]n×m, the constraints (15) are satisfiable by a variable vector z ∈
[0,1]n×m whenever they are satisfiable by a variable vector z ∈ {0,1}n×m.

Let us now assume that the constraints (15) are satisfied by the variable vector z ∈ [0,1]n×m. We

want to show that z ∈ {0,1}n×m, that is, that z is indeed binary. To this end, we will first show

that if two customers i, j ∈ VC are served by the same vehicle in R(x), that is, if there is k ∈K such

that i, j ∈Rk(x), then zil = zjl for all l ∈K. In particular, this implies that all components of z are

binary if and only if the components zil corresponding to the first customers i ∈ {Rk,1(x)}k∈K on

each route k ∈K are binary for all l ∈K. Next, we show that if i=Rk,1(x) for some vehicle k ∈K,

then zil = 0 for all l > k. Finally, we show that if i=Rk,1(x) for some vehicle k ∈K, then zil = 0

also for all l < k. Together with the last constraint in (15), the previous two assertions ensure that

for any route k ∈K, the first customer i= Rk,1(x) satisfies zil = 1 if l = k and zil = 0 otherwise.

In other words, the components zil corresponding to the first customers i ∈ {Rk,1(x)}k∈K on each

route k ∈K are indeed binary for all l ∈K, which concludes the proof.

In view of the first assertion, we use a similar argument as in the proof of Proposition 8. Assume

that the two customers i, j ∈ VC are served by the same vehicle in R(x), that is, that i, j ∈Rk(x) for

some vehicle k ∈K. By virtue of Observation 1, this implies that there is a sequence of customers

{i1, . . . , it} ⊆ VC such that (i1, it) = (i, j) or (i1, it) = (j, i), as well as xisis+1
= 1 for all s= 1, . . . , t−1.

The first constraint in (15) then requires that zisl = zis+1l for all s= 1, . . . , t− 1 and l ∈K, that is,

in particular zil = zjl for all l ∈K.

Consider now the second assertion. Since the assertion is trivially satisfied for m= 1, we assume

that m> 1. For any vehicle k ∈K, we define Ik = {R1,1(x), . . . ,Rk,1(x)} as the set of all customers

that are served first by one of the vehicles 1, . . . , k. We want to show that zik = 0 for all k= 2, . . . ,m

and i∈ Ik−1. We achieve this by induction over k. For k=m, consider the second constraint in (15)

associated with k, i∈ Im−1 and j =Rm,1(x). Summing over all these constraints gives
∑

i∈Im−1

zim +(m− 1)
∑
l∈K

zjl ≤ m− 1.

The second term on the left-hand side of this inequality evaluates to m − 1 due to the third

constraint in (15). From the non-negativity of z we thus conclude that zim = 0 for all i ∈ Im−1.

Assume now that for some vehicle k ∈ {2, . . . ,m− 1}, we have zil = 0 for all l ∈ {k+1, . . . ,m} and

i∈ Il−1. We want to show that zik = 0 for all i∈ Ik−1. To this end, consider the second constraint

in (15) associated with k, i∈ Ik−1 and j =Rk,1(x). Summing over all these constraints gives
∑

i∈Ik−1

zik +(k− 1)
∑

l∈{1,...,k}
zjl ≤ k− 1.
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The second term on the left-hand side of this inequality evaluates to k−1. To see this, we note that

j ∈ Ik, and hence we have zjl = 0 for all l= k+1, . . . ,m due to the induction hypothesis. Thus, the

second term on the left-hand side is equivalent to (k−1)
∑

l∈K zjl, and this term evaluates to k−1

due to the third constraint in (15). From the non-negativity of z we thus conclude that zik = 0 for

all i∈ Ik−1.

Consider now the third assertion. Again, this assertion is trivially satisfied for m = 1, and we

can assume that m> 1. For any vehicle k ∈K, we define Jk = {Rk,1(x), . . . ,Rm,1(x)} as the set of

all customers that are served first by one of the vehicles k, . . . ,m. We want to show that zjk = 0

for all k= 1, . . . ,m−1 and j ∈Jk+1. We again achieve this by induction over k. For k= 1, consider

the second constraint in (15) associated with k, i = R1,1(x) and j ∈ J2. Summing over all these

constraints gives

(m− 1)zi1 +
∑
j∈J2

zj1 ≤ m− 1.

The first term on the left-hand side of this inequality evaluates to m− 1. To see this, we note that

zil = 0 for all l ∈ {2, . . . ,m} due to the second assertion in this proof, and hence the third constraint

in (15) implies that zi1 = 1. From the non-negativity of z we thus conclude that zj1 = 0 for all j ∈J2.

Assume now that for some vehicle k ∈ {2, . . . ,m− 1}, we have zjl = 0 for all l ∈ {1, . . . , k− 1} and

j ∈Jl+1. We want to show that zjk = 0 for all j ∈Jk+1. To this end, consider the second constraint

in (15) associated with k, i=Rk,1(x) and j ∈Jk+1. Summing over all these constraints gives

(m− k)zik +
∑

j∈Jk+1,

l∈{1,...,k}

zjl ≤ m− k.

The first term on the left-hand side of this inequality evaluates to m− k. To see this, we note

that zil = 0 for all l ∈ {k+1, . . . ,m} due to the second assertion in this proof and zil = 0 for all

l ∈ {1, . . . , k− 1} due to the induction hypothesis. Hence, the third constraint in (15) implies that

zik = 1. From the non-negativity of z we conclude that zjl = 0 for all j ∈ Jk+1 and l ∈ {1, . . . , k},
that is, in particular zjk = 0 for all j ∈Jk+1. ¤

Proposition 10. Assume that the sets {Bl}Ll=1 in (17) are disjoint, that is, Bl∩Bl′ = ∅ for l 6= l′.

Then, for any customer subset S ⊆ VC, the maximum of
∑

i∈S qi over Q from (17) is given by

∑
i∈S

qi +
L∑
l=1

min

{
bl−

∑
i∈Bl

qi,
∑

i∈S∩Bl

(
qi− qi

)
}

+
∑

i∈S\SL
l=1Bl

(
qi− qi

)
.

Proof. If we introduce variables vi for the excess demand of customer i ∈ VC beyond qi, then

the maximization of
∑

i∈S qi over the polytope defined in (17) can be reformulated as

max
v∈Rn

+

{∑
i∈S

(
qi + vi

)
: v≤ q− q,

∑
i∈Bl

(
qi + vi

)≤ bl for l= 1, . . . ,L

}
.
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Strong linear programming duality implies that this problem is equivalent to

min
η∈Rn

+,

θ∈RL
+

{∑
i∈S

qi +
∑
i∈VC

(
qi− qi

)
ηi +

L∑
l=1

(
bl−

∑
i∈Bl

qi

)
θl : ηi +

L∑
l=1

I[i∈Bl]θl ≥ 1 ∀ i∈ S
}
. (EC.7)

By condition (C1), the support Q is nonempty, which implies that the objective coefficients

in (EC.7) are non-negative, that is, the objective value of (EC.7) is non-decreasing in η and θ. An

inspection of the constraints reveals that there is always an optimal solution to (EC.7) that satisfies

all constraints as equalities. In particular, from the objective coefficients of η and θ we conclude

that we obtain an optimal solution (η∗, θ∗) if for each l= 1, . . . ,L, we set θ∗l = 1 if bl−
∑

i∈Bl
qi <

∑
i∈S∩Bl

(qi−qi) and θ∗l = 0 otherwise, as well as η∗i =
[
I[i∈S]−

∑L

l=1 I[i∈Bl]θ
∗
l

]+

. This solution attains

the objective value stated in the assertion. ¤

Proposition 11. For a customer subset S ⊆ VC, assume that f1, . . . , fF represents an ordering of

the factors ξf in (18b) according to non-increasing marginal demands

∑
i∈S

Φif1 ≥
∑
i∈S

Φif2 ≥ . . . ≥
∑
i∈S

ΦifF
.

Then, the maximum of
∑

i∈S qi over the polytope defined in (18) is given by

∑
i∈S

q0
i +min

{
F∑
f=1

∣∣∣∣∣
∑
i∈S

Φif −λ
∣∣∣∣∣+βF |λ| : λ∈

{
0,

∑
i∈S

Φif
`+
,
∑
i∈S

Φif
`−

}}
, (19)

where `+ = d(1+β)F/2e and `− = max{d(1−β)F/2e,1}.

Proof. The maximum of
∑

i∈S qi over the polytope defined in (18) is given by

max
ξ∈RF

{∑
i∈S

[
q0
i +

F∑
f=1

Φifξf

]
: −e≤ ξ ≤+e, −βF ≤ e>ξ ≤+βF

}
.

Strong linear programming duality implies that this problem is equivalent to

min
η+,η−∈RF

+,

θ+,θ−∈R+

{∑
i∈S

q0
i +

F∑
f=1

(η+
f + η−f )+βF (θ+ + θ−) : (η+

f − η−f )+ (θ+− θ−) =
∑
i∈S

Φif for f = 1, . . . ,F

}
.

Since the objective coefficients of all decision variables are non-negative, there is always an optimal

solution that satisfies the complementarity conditions η+
f ·η−f = 0, f = 1, . . . , F , and θ+ · θ− = 0. We

can therefore replace the non-negative variables η+
f , η−f , θ+ and θ− with unrestricted variables ηf

and θ to obtain the equivalent optimization problem

min
η∈RF ,
θ∈R

{∑
i∈S

q0
i +

F∑
f=1

|ηf |+βF |θ| : ηf + θ=
∑
i∈S

Φif for f = 1, . . . , F

}
.



e-companion to Gounaris, Wiesemann, and Floudas: The Robust CVRP Under Demand Uncertainty ec17

Any feasible solution (η, θ) to this problem satisfies ηf =
∑

i∈S Φif − θ, so that the problem is

equivalent to the following one-dimensional nonlinear program.

min
θ∈R

φ(θ) =
∑
i∈S

q0
i +

F∑
f=1

∣∣∣∣∣
∑
i∈S

Φif − θ
∣∣∣∣∣+βF |θ| .

This problem has a convex, piecewise linear objective function φ that is minimized over the real line.

Since φ(θ)−→+∞ for θ−→±∞, φ is minimized at one of its breakpoints θ ∈ {0}∪{∑
i∈S Φif

}F
f=1

.

Note that the expression (19) evaluates to the minimum of φ(θ) over the three breakpoints θ ∈{
0,

∑
i∈S Φif

`+
,
∑

i∈S Φif
`−

}
. Thus, (19) constitutes an upper bound on the minimum of φ. In the

following, we argue that (19) also constitutes a lower bound on the minimum of φ. This is trivially

the case if φ is minimized at the breakpoint θ∗ = 0. Assume now that φ is minimized at the

breakpoint θ∗ =
∑

i∈S Φif`
, `∈ {1, . . . , F}, where we use the ordering f1, . . . , fF of factors described

in the assertion, and that this breakpoint satisfies θ∗ > 0. Then, φ has the following directional

derivatives at θ∗:

lim
h↑0

φ (θ∗+h)−φ (θ∗)
h

=

∣∣∣∣∣

{
f ∈ {1, . . . ,F} :

∑
i∈S

Φif < θ
∗
}∣∣∣∣∣−

∣∣∣∣∣

{
f ∈ {1, . . . , F} :

∑
i∈S

Φif ≥ θ∗
}∣∣∣∣∣+βF

≤ (1+β)F − 2`

lim
h↓0

φ (θ∗+h)−φ (θ∗)
h

=

∣∣∣∣∣

{
f ∈ {1, . . . ,F} :

∑
i∈S

Φif ≤ θ∗
}∣∣∣∣∣−

∣∣∣∣∣

{
f ∈ {1, . . . ,F} :

∑
i∈S

Φif > θ
∗
}∣∣∣∣∣+βF

≥ (1+β)F − 2`+2.

Since the first-order optimality conditions are necessary and sufficient for φ, we can assume that

φ(θ∗) has a non-positive left derivative and a positive right derivative. This is the case if and only

if θ∗ =
∑

i∈S Φif
`+

, and in that case the value of φ(θ∗) is given by (19) evaluated at λ=
∑

i∈S Φif
`+

.

Similarly, one can show that the minimum of φ is given by (19) evaluated at λ=
∑

i∈S Φif
`− and

λ= 0 if the optimal breakpoint θ∗ =
∑

i∈S Φif`
of φ satisfies θ∗ < 0 and θ∗ = 0, respectively. ¤

Proposition EC.1. Assume that the probability distribution P has mean µ ∈ Rn+ and a positive

definite covariance matrix Σ ∈ Rn×n, and that the set defined in (C3) contains the support of q,

that is, that P (Wq≤ h) = 1. Then, every feasible solution to any of the RVRP formulations from

Section 4 induces a set of routes R that satisfies the chance constraint (EC.1) if we replace the set

Q in the RVRP formulation with

Q(ε) =

{
q ∈Rn+ : max

{
1√
n

∥∥Σ−1/2(q−µ)
∥∥

1
,
∥∥Σ−1/2(q−µ)

∥∥
∞

}
≤

√
1− ε
ε

, Wq≤ h
}
.

Proof. Consider first Formulation (VA), the robust Vehicle Assignment formulation presented

in Section 4.4. The uncertain customer demands enter this formulation only through the constraints
∑
i∈VC

qizik ≤Q ∀k ∈K, ∀ q ∈Q,
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where zik = 1 if i ∈ Rk(x) and zik = 0 otherwise. It follows from Theorem 1 in El Ghaoui et al.

(2003) that every feasible solution in (VA) induces a set of routes R that satisfies the chance

constraint (EC.1) if we replace the set Q with

Q′(ε) =

{
q ∈Rn+ :

∥∥Σ−1/2(q−µ)
∥∥

2
≤

√
1− ε
ε

}
.

Likewise, since P (Wq≤ h) = 1, every feasible solution in (VA) induces a set of routes R that satisfies

the chance constraint (EC.1) if we use the set Q defined in (C3). We can now apply Corollary 2.8

and Theorem 2.9 in Chen et al. (2010) to conclude that every feasible solution in (VA) induces a

set of routes R that satisfies the chance constraint (EC.1) if we replace the set Q with

Q′′(ε) =

{
q ∈Rn+ :

∥∥Σ−1/2(q−µ)
∥∥

2
≤

√
1− ε
ε

, Wq≤ h
}
.

Note that Q′′(ε)⊆Q(ε) for all ε∈ (0,1], which implies that every feasible solution in (VA) induces

a set of routes R that satisfies the chance constraint (EC.1) if we replace the set Q with Q(ε).

The result now follows from the fact that for a given set Q, all of the RVRP formulations from

Section 4 are equivalent. ¤

Corollary EC.1. For decision variables ζ ∈ Z and functions f : Z 7→ Rn, b : Z 7→ R, the con-

straint

q>f(ζ)≤ b(ζ) ∀ q ∈Q(ε) (EC.2)

is satisfied if and only if there exist ψ+,ψ−, ω+, ω− ∈Rn+, ϑ∈R+ and τ ∈Rr+ such that

(
Σ−1/2µ

)> (
ψ+−ψ−+ω+−ω−)

+

√
1− ε
ε

(
e>ψ+ +e>ψ−+

√
nϑ

)
+h>τ ≤ b(ζ)

Σ−1/2
(
ψ+−ψ−+ω+−ω−)

+W>τ ≥ f(ζ)
ϑ e≥ ω+ +ω−.

(EC.3)

Proof. For ∆ ∈ R+, x ∈ Rn satisfies ‖x‖1 ≤ ∆ if and only if there is a vector y ∈ Rn+ such

that −y ≤ x ≤ +y and e>y ≤∆. Likewise, for ∆ ∈ R+, x ∈ Rn satisfies ‖x‖∞ ≤∆ if and only if

−∆e ≤ x ≤+∆e. Hence, the support Q(ε) from Proposition EC.1 is the projection of the lifted

support

Q′(ε) =

{
(q,u)∈Rn+×Rn+ : −u≤Σ−1/2(q−µ)≤+u, e>u≤

√
1− ε
ε

n,

−
√

1− ε
ε

e≤Σ−1/2(q−µ)≤+

√
1− ε
ε

e, Wq≤ h
}

onto its first component, and the constraint (EC.2) is equivalent to

q>f(z)≤ b(z) ∀ (q,u)∈Q′(ε).
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Standard robust optimization results (see Section 4.2.1) now imply that this constraint is satisfied

if and only if the constraint set (EC.3) is satisfiable by some ψ+,ψ−, ω+, ω− ∈ Rn+, ϑ ∈ R+ and

τ ∈Rr+. ¤
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Prékopa, A. 1995. Stochastic Programming . Kluwer Academic Publishers, Dordrecht, The Netherlands.

Nemirovski, A., A. Shapiro. 2006. Convex approximations of chance constrained programs. SIAM Journal

on Optimization 17(4) 969–996.




