Proofs
This e-companion contains the mathematical proofs of the results in the paper. Section EC.1
contains the proof of Theorems 1, 2, 3 and 4. The proofs frequently refer to a number of auxiliary

lemmas, which are formulated and proven in Section EC.2.

EC.1. Proofs of Main Theorems
Proof of Theorem 1

Let 8 € B. Consider the k-th selling season, and write ¢(1) = c14(k-1)s, ¢(2) = Cop—1)s, - - -» €(S) =
¢ks. The proof consists of two steps. In Step 1, we show that there is a v;(3) > 0 such that if
prices F;(O)(C(S),S) are used in state (c(s),s), for all s=1,...,5, then there are 1 <s,s’ <.S with
|T5(c(s),8) —m5(c(s'),s")| > vi(B) and c(s)c(s’) > 0. Since 7} is continuous in 3 (Lemma EC.2(vi)),
there is an open neighborhood Uy C B around 8 such that, if price 7 (c(s),s) is used in state
(c(s),s), for all s=1,...,S and some sequence (3(1),...,08(S)) €UsN B, then there are 1 <s,5' < S
such that |77 (c(s),8) — 75 (c(s), )| > v1(8)/2, c(s) >0 and c(s') > 0. In Step 2 we show that
v1(B) can be bounded from below by a constant vy > 0 independent of 3. This proves (10). Equation
(11) follows by application of Lemma EC.3.

Step 1: Occurence of price change. Define
4={(¢,s)|S+1-C<s<S5S+1-s<c<C} (EC.1)

See Figure EC.1 for an illustration of < in the state space X. Notice that since (C,1) ¢ < (by the
assumption C < 5), the path (¢(s), s)1<s<s may or may not hit <. We show that, in both cases, at
least two different selling prices occur on the path (c(s),s)1<s<s- Let p; 5 be as in Lemma EC.1
and shorthand write f; 5 = fa.5(ph 5)-

Case 1. The path (¢(s),s)1<s<s hits <. Then there is an s such that (¢(s),s) € <and (¢(s),s—1) €

(L<), where we define
(La)={(1,5-1),(2,5-2),...,(C-1,85-C+1),(C,S—-C)}

as the set of points immediately left to < in Figure EC.1. The following two properties imply that
a price change occurs when the path (c(s), $)1<s<s hits <.

(P.1) If (c,s) € @ then 75(c,s) = pg 43, AVs(c,s+1) =0, and Vj(c,s) = (S —s+1) - f; 5.

(P.2) If (c,s) € (L<), then AVp(c,s+1) > h(Bo + Bipn) ' fi 3 and

* * *
WB(C, 3) > ph(ﬂ0+51ph)c—1f&5,6 > Po,g-

ecl
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Figure EC.1 Schematic picture of «

Proof of (P.1): Backward induction on s. If s =5 and (¢, s) € <, then the assertions follow
immediately. Let s < S. Then AVj(c,s+1)=Vs(c,s+1) = Vz(c—1,5+1)=0, m5(c,s) =p; 5 and
Va(e,s) = maxpepp, p, PR(Bo + B1p) + Vs(c,s +1) = (S — s+ 1) - V5(1,5), by (3) and the induction
hypothesis. This proves (P.1).

Proof of (P.2). Induction on c. If c=1 and (c,s) € (L<), then (c,s) = (1,5 —1), AVs(1,5) = f; 5
and 73(1,5 —1) :p*AVg(LS) :p;&B > pp g, since by Lemma EC.1(ii) pj 4 is strictly increasing in a.
If ¢>1 and (¢, s) € (L<) then (¢,s) = (¢, S — ¢), and the induction hypothesis, together with the
optimality of 75(c,S —c+ 1), implies

AVi(e,S—c+1)=Vs(c,S—c+1)=Vz(c—1,5S—c+1)
=(m5(c, S —c+1) = AVs(c, S —c+2))h(Bo + Pimz(c, S —c+1)) + Vs(c,S —c+2)
—(mhe—1,8—c+1) = AVs(c—1,5 —c+2))h(Bo + fimj(c— 1,5 —c+1))
—Vs(c—1,85—c+2)
>AVs(c—1,8 —c+2)h(Bo+ fimj(c— 1,8 —c+1))
Zh(ﬁ0+ﬁlph)c_lf0*ﬂ7
and 73(¢, S = ¢) = Pav, (e, 5—ct1),8 2 DAVs(e.5—ct1),8 > Po,g> USING again Lemma EC.1(ii). This proves
(P.2), and concludes Case 1.

Case 2. The path (c(s), s)1<s<s does not hit <. Then there is an 1 < s <S5 —2 such that ¢(s) =2
and ¢(s+ 1) =1. We show by backward induction that

AVs(2,5) = AV(L, s +1) < (Vs(1,1) = pn) - h(Bo + Bipn), (EC.2)
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for all 2<s<S—1, and that V3(1,1) < p,. This implies AVp(2,5+1) < AVj(1,s+2). By Lemma
EC.1(ii) this implies

m5(2,5) = PAvs(2.541).8 <PAV5(1s12).8 = m5(1,8+1), (EC.3)
and thus a price change occurs.
Let 2< s < S — 1. The optimality of 7(1,s) and 73(1,s + 1) implies
AV3(2,5) — AVs(1,s+1)
<(m5(2,8) — AVp(2,s +1))h(Bo + Bim5(2,5)) + V(2,5 +1)
—(m5(1,8) = AV(1,s+1))h(Bo + Bims(1,8)) — Vs(1,s +1)
—(m5(2,8) = AV3(1,5+2))h(Bo + B175(2,5)) — Va(l,s +2)
AV3(2,5+1) = AVa(L,5+2)| |1 = h(Bo + B (m5(2,5))
5(1,8) = AVp(1, s+ 1))h(Bo + Pimj(1, )
= (pr = Vs(1, 5+ 1))h(Bo + Bipn)
(pn = V5(1,1))h(Bo + Brpn)-

(7

IN N

Here [AVg(2, s+ 1) — AVs(1,5s 4 2)| <0 follows from the induction hypothesis if s < S — 1, and
follows from Vj(2,S5) — V5(1,5) =0 if s =5 — 1. The last inequality follows from Lemma EC.1(ii).
This proves (EC.2), and concludes Case 2.

We have shown that, on any path (c(s),s)i<.<s in A starting at (C, 1), the policy 7} induces a
price-change. It follows that there exists a v;(8) > 0 such that for all paths (c(s),$)1<s<s,

[m3(c(s),8) =mp(c(s'), 8) = va(B).

Step 2: Lower bound on magnitude of price change. Property (P.2) in the proof of

Theorem 1 shows that a price change of magnitude

75 (cl5), ) = w55+ 1,5+ D12 Bigsy 15z s~ P

occurs in Case 1, and equation (EC.2) shows that a price change of magnitude

’ﬂ_Z(C(S)v 8) - W;(C(S + 1)7 s+ 1)’ Z ‘p*AVﬁ(Q,erl),B _p*AVB(l,s+2),ﬁ‘

occurs, with |[AV3(2,s4+1) — AVs(1,s+2)| < (V3(1,1) — pp) (B + Bipn) < 0 (since V3(1,1) —py =
MaXpep,,p] PR(Bo + B1p) — Pr < MaXpeip, ) (P —Pr) = 0). The proof of Lemma EC.1(ii) implies that,
for all 0 <ag,a; <pp and all € B,

. * : —5171(/304—@]): )
‘pa()’ﬂ_pahﬂ‘z‘ao_al"() inf 5 0,

<a<pp |fa,ﬁ(p2ﬁ)|



ecd e-companion to den Boer and Zwart: Dynamic Pricing and Learning with Finite Inventories

by application of the Mean Value Theorem. If we define

—Bih *
C—inf inf B (50-1-511%75)

i >0
BeB0<a<pp ’fa,ﬂ(p:,ﬂ)’

then the magnitude of the price change v, (/) on the path (¢(s), s)i1<s<s, is bounded from below by
v1(B) = vg :=C - min { gggh(ﬁo + Blph)c‘lf&g, ﬁnelzfa |(Vs(1,1) — pn)h(B + Bipn)|}-

Proof of Theorem 2

Consider the k-th selling season, for some arbitrary fixed integer k& > 2. The prices generated by
®(e) are based on the estimates B3,, which are determined by the historical prices and demand
realizations. Now, different demand realizations can lead to the same state (c,s) of the MDP. For
example, a sale in the first period of a selling season and no sale in the second period leads to
state (C'—2,3), but this state is also reached if there is no sale in the first period and a sale in the
second period of the selling season. These two “routes” may lead to different estimates Bt, and to
different pricing decisions in state (C' —2,3). Thus, with ®(e), the prices in the k-th selling season
are not determined by a stationary policy for the Markov decision problem described in Section
2.3.

To be able to compare the optimal revenue in a selling season with that obtained by ®(¢), we
define a new Markov decision problem, in which the states are sequences of demand realizations
in the selling season. Conditionally on all prices and demand realizations from before the start
of the selling season, ®(e) is then a stationary deterministic policy for this new MDP: each state
is associated with a unique price prescribed by ®(e€). This enables us to calculate bounds on the
regret obtained in a single selling season.

We define this new MDP for any 8 € B. The state space X consists of all sequences of possible

demand realizations in the selling season:

X={(21,...,2) €{0,1}"|0< s < 8,> x,<C},

i=1
where we denote the empty sequence by (0)). The action space is [p;, ps]. Using action p in state
(z1,...,24), with 0 < s < .S induces a state transition from (zy,...z,) to (z1,...,z,,1) with proba-
bility h(8o + B1p)1535_, 2,<c (corresponding to a sale, and inducing immediate reward p), and from
(71,...75) to (x1,...,7,,0) with probability 1 —h(8 + f1p)1xs_, 2,<c (corresponding to no sale,
and inducing zero reward). In the terminal state (x1,...,2g), no transitions occur, no reward is

received, and no actions are taken. Note that the actions in states with zero inventory do not

impact the reward or transitions.



e-companion to den Boer and Zwart: Dynamic Pricing and Learning with Finite Inventories ech

It is easily seen that the MDP described in Section 2.3 corresponds to the one described here,
except that there states are aggregated: all states (xi,...,z,) and (z},...,2.,) with s = and

S = Z:/:l ) are there taken together in the state (C' =Y _ x;,s+1).

Let # = {7(x) |z = (z1,...,2,) € X,0 < s < S} be a stationary deterministic policy for this MDP
with augmented state space (defining an action for all except the terminal states (zy,...,x5)), and
let f/gr (z) be the corresponding value function, for 5 € B. For non-terminal states © = (z1,...,x,) €
X we write (2;1) = (x1,...,2,,1) and (2;0) = (z1,...,2,,0). Then, for all non-terminal states

r=(x1,...,2,)€X, s<S, and all B € B, Vg(fn) satisfies the backward recursion

Vi(z) = (7(2)lss wcc + V5 (2 1)A(Bo + Bi7t (2)) 155 wi<c

+ Nﬁﬁ(ﬂﬁ 0)(1 - h(ﬁo + 51ﬁ($))12511 xi<c)7

and f/gr(:v) =0 for all terminal states x.

Let 75 be the optimal policy corresponding to 3 € B, and write ‘75 ()= V;ﬂ (z). Then

Vi) = max |p— (Va:0) = V(a: 1)) | Ao + bup) + Vi (a;0) (EC.4)
3 ) =angmase [p = (Va(a:0) = V(i 1)) | (B + Grp), (EC.5)

for all states (z1,...,2,) with >.7_, 2; < C and s < S, and Vs(z) =0 for all states (zy,...,x,) with
>oi_,x;=C or s=S. Analogous to Lemma EC.2, it is not difficult to show that 7j(x) is uniquely
defined and lies in (p;,py), for all B € B and all states (z1,...,z,) with Y,  z; <C and s < S. In
the notation of Lemma EC.1, this implies (Vg(ac; 0)— Vg(w; 1),8) EUasp..

Let U and v, be as in Theorem 1, p; as in Proposition 1, and choose p € (0, p;) such that 5 €U
whenever || —3©|| < p. For all [ e N, if (I—1)S > T, then 8, €U for all t=1+ (1 —1)8,...,S(I -
1)S, and Theorem 1 implies Awin(Pis) — Amin(Pu—1)s) > s05(1+p7) ' > 3€2(1+p;) ", using vy /2 >
e. If (I —1)S <T,, then I) of the pricing strategy ®(e) guarantees that there are 1 <s,s5' < S
such that [psyu—1)s — Ps+a-1)s| > €, and Lemma EC.3 then implies Apin(Prs) — Amin(Pu-1)s) >
2(1+p7)~*. Tt follows that Ay (Pis) >1-3€*(1+p;)~! for all [ € N, and thus for all t > S,

1 1
)\min<Pt) Z )\min(P(SSt—l)S) Z (SSt - 1) : 562(1 +p}21)71 2 t- Eez(l +p}27‘)717

using SS; — 1> t% > 5. (Recall the definition SS;, =1+ |(t —1)/S5]). By application of
Proposition 1 with ¢, =S and L(t) =t- 5€*(1+p;)~", we have

T, < 0 a.s., B[T},] < 0o, and E[||3; — B||*Liar,] = O (log(t) /1). (EC.6)
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In addition, vy/2 > € implies that I) of the pricing strategy ®(e) does not occur for all ¢ with
(8S; —1)S >T,. In particular, if (k—1)S >T,, then

Pits+(k-1)s = 7?;;5 (d14(k-1)85 A2 (h=1)S» - - -+ At (k—1)5 )+ (EC.7)

+(k—1)S

forall1<s<S§-—1, and

D14 (k—1)8 :ﬁg(k_l)s(ﬁ). (EC.8)

Let H = (p1,...,P(k-1)s,d1,---,dx—1)s) denote the history of prices and demand up to and in-
cluding time period (k —1)S. Conditionally on H, and given that (k —1)S > T),, the parameter
estimates Bs+(k—1) s in (EC.7) and (EC.8) are completely determined by the state
(di4(k-1)8: Aot (k-1)S» - - - dsy (k—1)5). Thus, for each state (xy,...,x,) with Y7 2, <C and s < S,
there is a uniquely associated price prescribed by ®(e). Consequently, there is a stationary deter-

ministic policy, denoted by 7, such that piix_1)s = 77 (0) and

P1ts+(k-1)s = wH (r)

when x = (d1+(k,1)s, d2+(k,1)s, . )ds+(k71)5'>7 1<s< S, and ijl d¢+(k,1)s <C.

This enables us to bound the regret in the k-th selling season:

Vi (C,1) = Y Elpdi]

i=1+(k—1)S
- kS -
=F 5(0) (0) - pid; 1-1)s<7,
i i= 1+(k: 18 ]
- kS 3
+E 5(0) @) - pidi | Lx-1)s>T,
L = 1+(k 1)S ]

gf/ﬁ@(@ P((k—1)S<T),)

)P(
~ kS
+E | E | [ Vio @)= > pidi | Lgenysor, | H
)

i i=1+(k—1)8
) E[T
<Vﬁ(o)(@ = f)]S (EC.9)
+E [E [(ffﬁ(m(@) - ng(@)) 11)5ot, yHH (EC.10)

The term (EC.9) is finite because E[T,] < co. To obtain an upper bound on the term (EC.10),

we need two sensitivity results:
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(S.1) Write d, = (ditk—1)85-- > dst—1ys) for 1 <s< S —1, and set dy = (0). There is a Ky >0

such that, for all stationary deterministic policies 7 and all 0 <s< 5 —1,

(Vs (d,) - ‘7,3%) (Czs))lzgzl diy(o1ys<CLk—1)5>1,
< Ky Z(ﬁ;(m (dy) — 7?(6{;))2125;1 dit(h1)s<C " Lk—1)5>1, @.S.
(S.2) There is a K3 > 0 such that
|75(2) = o ()] < Kall8 = B, (EC.11)

for all B € B with || — || < p, and all states (z1,...,2,) with >, 2, <C and s < S.
The proof of these two sensitivity properties is given below.

Application of (S.1), (S.2), and (EC.6) now gives

E B (Vo0 (0) = Vio () Laysor, | H||

B S—1
<FE |E |K, Z(ﬁ;m) (dy) — ﬁH(da))zlzgzl di(h1ys<C " Lk-1)5>T, ’ H”
L o=0
B S—1
=F | K, Z(ﬁ;(O) (do) - 7~r20+<k71)s(d0))2123=1 dig(k-1)s<C’ 1(k—1)S>Tp]
L o=0

5-1 A )
<F |K\K; Z ‘ )B(O) — Bng(kfl)SH 1(k1)S>Tp]
o=0

— log(o+ (k—1)5)
<K.) o+(k—1)S

o=0

for some K, independent of k£ and S.

We thus have
kS
Vi (C,1) — Z E[p; min{d;, ¢;}]
i=14(k—1)S
S—1

1 log(o + (k—1)S)
s T 5 DS

SVB(O) (Q)E[Tp
o=0
kS

log(t)
<K:s Y, — (BC.12)
t=1+(k—1)S
for some K5 > 0, independent of k and S.

The proof of the theorem is complete by observing
T kS
Regret(®(e),T) = Z [Vﬁm) (C,1)— Z E[pidi]]
k=1 i=1+4(k—1)S
kS TS

T
log(t log(t
<Vio (C)+Y K5 ) gt( ) <V (C1)+ K5 Y i( )
k=2  t=14+(k—1)S t=1+5

— O(log(T").
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Proof of (S.1)
Backward induction on s. Let s =5 —1. If Zfz_ll di+(k—1)s < C then Lemma EC.1(iii) implies

—

Vyo (ds—1) = Vi (ds-1) = max ph(8” +B"p) = #(ds_1)h(BY" + A" 7 (ds-1))

PE[pr,Ph]
5

SKO(ﬁ';;(o) (js—l) —7(ds-1))? as.,

and thus

(f/ﬁ(o) (J)Sfl) - V;(o)(d’sfﬂ) Lys

o
=1 di+<,€,1)s<c (k 1)S>TP

< Ko(7 5(0)(ds 1) — (dsf1))2 : lzis:—11 di(oo1ys<C lk-—1s>1, a.s.

Now let 0<s<S—1.1If ijl di-‘,—(k—l)S =C then Vﬁ(o)(d;) V 5(0) (j) 0. If Z?:l di+(l~c—1)S < C,

then, again using Lemma EC.1(iii),

Vﬁ(O) (d_;) - ‘7;(0) (J;)

Zszl)?ifh] [p— (Vs (d,;0) — ‘7;;«)) (de; )] R(BS” + Bp) + V (d,; 0)
—[7(d.) = (Vyo (ds3 0) = Vo (ds D) (85" + 51”7 (dL))
+[7(d) = (Va0 (ds; 0) = Vo (da; 1)) (B + BV 7 (dL))
—[#(d.) = (Vi (d4;0) - /f( (do; 1) 1(B5” + BV 7 (d)) — V7 (da; 0)

<Ko(T 0 (d 1) —#(dy))?

+ (Voo (43 0) = Vi) (d5;0)) - (1= h(BY’ +5(0) (d.)))

+ (Voo (dii 1) = Vi (di; 1)) - (h(Bs” + B 7(d2))

<K0( 5(0)( ) (JS))Q‘F[ ,(-}(O)(ds+1) VB(O)(d5+1)] a.s.,

>-]:

and the induction hypothesis implies

Proof of (S.2)
Let © = (x1,...,2,) € X with > x; <C and s <S. We have

g (z) - ﬁ-B(O) () :pvﬁ(x;o)—vﬁ(x;l)7ﬁ n p‘-/ﬁ(o) (x;O)—VBw) (2;1),8(0)
:p:;,ﬁ _pZ(O),ﬁ(0)7 (ECl?))
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in the notation of Lemma EC.1, with a = V(2;0) — Vi(z;1) and a©® = ‘76(0) (x;0) — ‘N/ﬁ(m (x;1).
Also we have that both (a,8) € Uap and (aV, ) € Uy p, since p, < ﬁ;(:p),fr;(o) () < pn (as noted
above, in the remarks below equation (EC.5)). The set

{Va(2:;0) = Vi(z;1) |

Ol <preX}x(peBl]|p-57||<p}

is compact and contained in Usp. Since p; 5 is continuously differentiable in a and 8 on Uap, it

follows by a first order Taylor expansion that

P55 — P so| < Ko(la—a®] +[18— 8OY)), (EC.14)

for a K> 0 independent of a, a®. It is not difficult to show by backward induction that for all
x € X there is a K, > 0 such that, for all § with ||3 — 3| < p,

Vﬂ(ﬂﬁ)—ng)(I)’ <K, ||B-8Y]. (EC.15)
Combining (EC.13), (EC.14), and (EC.15), we obtain

|75 (
<K(la —a®|+]8 -5
<Ko(|Vs(2;0) — Vo (50)] + V(23 1) = Voo (23 1) + |8 — B2
<K6(1+2maxK)\|5 BO).

) — 70 ()|

This proves (S.2).

Proof of Theorem 3

First note that h, B and [p;, ps] satisfy the assumptions of Section 2.2.

The proof consists of three steps. In Step 1 we consider pricing strategies that select optimal
prices whenever inventory is strictly below C'. For these strategies we show that the regret in a
single selling season is bounded from below by a term proportional to the mean squared estimation
error at the end of the selling season, viz. equation (EC.19). In Step 2 we prove a lower bound on
the expected value of this term, according to a probability density on 3(°). The proof is analogous to
the proof of the van Trees inequality in Gill and Levit (1995, Section 2). We cannot directly apply
their result, however, because we are in a slightly different setting (discrete instead of continuous
random variables, and non-deterministic number of observations upon which the estimate of 3, is
based); we therefore include a complete proof, resulting in equation (EC.24). In Step 3 we combine

the results of Step 1 and Step 2 to show that the regret in the k-th single selling season is bounded
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from below by a term proportional to 1/k; this implies that the total regret after T selling seasons
is bounded from below by a term proportional to logT'.

Throughout the proof, let ¢ be an arbitrary price strategy.

Step 1. Let = (Bo, 1) € B be arbitrary and fixed, and let k € N, k > 2. For shorthand notation,

write

hs(p) = h(Bo + Bip)-

Define
e=inf inf min{hg(p),1—hs(p)},

BEB p€[p;,pp]
and note that £ > 0. Let ¢’ be the pricing strategy that for all ¢ € N coincides with v if ¢; = C,
and that equals the optimal price 75(cy,s) if ¢, < C. Let p; be the prices generated by ¢’. For
1<j < S write ci; = (di4(k-1)85 - - -, dj-1s) € {0,1}7 for the vector of demand realizations in the

first j stages of season k, and set dy = 0. For all je{l1,...,5—1}, we have the following inequality:

kS
V(CJ)_E[ Z pidi|d_’j71:0i|
i=j+(k—1)S
=hg(m5(C,J)) - (m5(C,J) +V(C = 1,5 +1)) + (1 = hg(m5(C,5))) - V(C,j+1)

kS
—E[ Z pid; | dj—1 =0,d;4(—1)s = 1} P (dj+(k—1)S =1] Cl—;‘—l = 0)

i=j+(k—1)S+1
kS

—E[ Z pidi | Jj—l = Oadj+(k—1)s = 0} P <d1+(k—1)s =0 | d_‘jfl = 0)

i=j+(k—1)S+1
*E[ijr(k*l)S hﬁ(PjJr(k—l)S) | dj—l = 0]
= hp(ms(C.5)) - (m5(CL5) + V(C = 1,5+ 1)) + (1 = hs(m3(C,5))) - V(C, i+ 1)

—Ehs(pjr-s) - 0sre-ns + V(O =L j+ 1)+ (1= hs(js0-1s)) - VI(C,j+1) | ;s = 0]
_ kS

+E | hg(pjr-1s) [ dj—1 = 0} : (V(C -1,j+1)) - E[ Z pid; | dj—1 =0,d;1(h-1)s = 1])
) i=j4+(k—1)S+1
kS

+E (1= hs(pjsge-ys) | djor = 0} : (V(CJ +1)) - E[ Z pidi | dj—y = 0,d;4 (o—1)s = OD

i=j+(k—1)S+1

kS

zs.<V(C,j+1)—E[ 3 pidi\d}:OD. (EC.16)

i=j+(k—1)S+1

kS

In the first equality we use the recursive definition of V(C,j), condition E[} ;7.\, 1 sPidi |

d;_, = 0] on the event {djs+-1)s =1 d;_, =0} and its complement, and use Epjtk-1)s dj+x-1)s |
di_y =0] = Epjtk-1)s hs(Pjrk-1)s) | d;_, = 0]. In the second inequality we add and substract
E[hs(pjse-1ys) - V(C =1, j+1) + (1= ha(psu-1)s)) - V(C,j +1) | dj-1 = 0], and use P(dj 15 =
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1| J;_l =0) = Elhs(pj+k-1)s) | cfj_l = 0]. The inequality follows from the fact that 73(C,j), by

definition, maximizes

hs(p)- (p+V(C—=1,7+1))+ (1 =hs(p) - V(C,j+1), pEp,pnl;

and from
kS

V(C—1,j+1)) —E[ Y pidi| i =0,dj 1 -1ys = 1} =0,

i=j+(k—1)S+1
which follows from the fact that, by definition of ¢’, optimal prices are chosen whenever inventory
is strictly lower than C.
Repeated application of (EC.16) gives

kS

V(C,1)— E[ > pidi] >S5 (x/(c, S)—E [pksdks |dg_q = o] ) (EC.17)

i=14(k—1)S

Write by for pps multiplied by —28;, given that cfs_l =0:

ka = _2/81 'w;cS(pla"'7pk571>d17"'7d(k71)S>070a"'a0)'
———

S — 1 zeros

Note that bys (as well as all prices p—1ys+1,---,Prs—1) only depends on prices py,...,pu-1)s and
demand realizations d, ...,d_1)s up to selling season k —1; in particular, b,5 does not depend on

the event {ds_; = 0}. Together with 75(C, S) = Bo/(—2p1) this implies

V(C,S)—E [pkgdks |ds = o] = 15(C, S)hs(3(C, S)) — E [pks hs(prs) | ds_r = o]
= BE[(x3(C,S) ~ pus)? | dsr =0] = 4_611E (80— bus)?]. (EC.18)

Combining (EC.17) and (EC.18) with infscp 75- = 1/3 yields

kS

V(C,1)— E[ 3 pidi] > %gS*E[(ﬁo - ka)Q] (EC.19)

i=14+(k—1)S

Step 2. In this step we view § as a random variable 3 = (8o, 3;), drawn from B according to

the probability density function A, defined by

ABo, 1) = zﬁ cos? (87 — 117/2), (B, B1) € B.

We prove a lower bound on the term F [(Bo — by, 5)2] in (EC.19), where the subscript A emphasizes
that we take expectation not only with respect to the distribution of the demand, but also with
respect to A. To this end, we need to introduce some notation. Let D = (Dy,..., D_1ys), with D,

equal to the (random) demand in period ¢, 1 <i < (k—1)S. Note that, conditional on 8=, D, is
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Bernoulli with mean hg(p;) if ¢; > 0, and D; =0 with probability one if ¢; = 0. For d € {0,1}*~D5
let ¢;(d) =C — Zj<i,SSj=SSi d; be the inventory available at the beginning of period i given the
vector of demand realizations d, and write ¢(d) = (¢1(d), ..., cx-1)s(d)). Note that D takes values
in D={de {0,1}*Y9|d < ¢(d)}. The probability mass function f(d |3) of D, conditional on
B =0, is given by

(k—1)S
f(d|B)= H hie(pi(d))*" (1 = ha(pi(d))' =",
cz(d)>0
where p;(d) is the price in period i, given demand realizations dy,...,d;_ 1, under strategy 1/'. For

d €D, write

b(d | /B) == —2511/’125(]71(61)71)2(@7 R 7pk:S—l)d17 oo 7d(k>—l)5)0707 .. 70)

S — 1 zeros
for —2f3; times the price in period kS given that demand is zero in periods (k—1)S+1,...,kS—1
and demand in preceding selling seasons is given by d; all of this conditional on 3 = f.

We now prove a lower bound on
6/8 —9/16
BOD18) -6 = [ [ S 1l BN )0 0 ) - o) B
5/8 J-3/4 iop
By the mean-value theorem, there is a /3, € [-3/4, —9/16] such that
BAOD 1)~ = 5 [ 10180 BN )0 o) 0
5/8 aep

For notational convenience we stop writing the dependence of f, A, b on B Applying Cauchy-

Schwarz on the integral-sum and integrating by parts, we obtain

/ S (0(d | Bo) — Bo) (] Bo)M(6o) dﬁo/

- 0B BN (G0))) 1| B)AGe) di

5/8 qep 5/8 dED
=16 //8 > _(b(d|8y) — ( a5, log(f(dlﬁo)A(ﬁo)))f(d\BO)A(ﬁo)dgo
Zb d| Bo) ( (d]6/8)A (6/8)—f(d]5/8))\(5/8))
_%Zﬁo<f(d|6/8))\(6/8)—f(d\5/8 (5/8)) + =& //8 S Hd ) dfa =1, (EC.20)
6/8 6/8

since A(5/8) = A(6/8) =0 and f
We have

60 d/BO 5/8 >\(/8076~1) dﬁO = 16/3

%0 2 40967
|, (5 oss0n) Aoy = =5 (BC.21)
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and
{aﬁlogf(D\ﬂo] d;;aﬂf d|By)=0 for all Ay, (EC.22)
and
0 | %mw»
s <w%k%f“”5”>]"E ?; D0 T DT
¢;(D)>0
e 1 (k—1)S
_ : EC.23
RS PR ) (e e ) (529
c; (D)>0

which follows from
B[ D laO) D hain(D)
hoo (D)) (L — g (5s(D)) Ty (3 (D)L — sy (3 (D))

for all i # j with ¢;(D) >0, ¢;(D) >0, and
(XL )2: 1

ho (pi(D))(1 = hi, (pi(D))) ho (pi(D)) (1 = hg, (pi(D)))
for all ¢ with ¢;(D) > 0.

Plugging (EC.21), (EC.22) and (EC.23) into (EC.20), we obtain the following lower bound:

=0

E

6/8 9 -1
EX[(b(D]8) = Bo)*] = %6 </5/s ; <%10g( (d| 50))\@0))) f(d|Bo)A(Bo) dﬁo)
> 1 ) (EC.24)

( _ 1)5/82 409677

Step 3. Combining (EC.19) and (EC.24), we obtain

sup Regret(¢,T) > E,[Regret(y,T)]

B0 eB
T kS
ZZE/\ [V<C71)_E[ Z pidi”
k=2 i=1+(k—1)S
"1
>N —SE\(W(Dy, ..., Dy —Bo)?
_;36 )\[(( 1s y U (k 1)s|5) ﬁo”
T
1 1
Z 76571
;3 ( _1)5/52 4096#2
2K010g<T)7
where we define
1 1 1
K0:*5‘371

3 max{S/e?, 74095”2} 2log(2)’
This completes the proof.
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Proof of Theorem 4

The proof of Theorem 2 shows, for the base case of non-overlapping selling seasons with non-varying

capacity and season length, that the regret of the k-th selling season (k > 2) satisfies

kS kS log(t)
Vio(C1) = D7 Elpmin{die] <Ky Y — (EC.25)

i=1+4(k—1)S t=1+(k—1)8

for some K5 >0 independent of k; viz. Equation (EC.12).

For any season j, estimation of 3(*) to determine the prices during season j is based only on (i)
sales data preceding ¢; and (ii) sales data generated during season j (thus, all sales data generated
in other seasons overlapping with season j is neglected). Because of this assumption, we can use
the same MDP as the one constructed in the proof of Theorem 2 to show, analogous to (EC.25),
that the regret of the j-th selling season (¢; > 1) satisfies

5 % log(t; —1+s)
Vs s,(C5,1) — > Elpjadis] < Ks) ot —1+s
s=1 s=1 J
< K;5S;log(t;)/t;

for some constant K5 = K5(C;,S;). The constant K,;(C;,S;) may depend on C; and S;. How-
ever, Ky := sup;cy S;K5(Cj, S;) does not depend on (Cj,S;), and K5 < 00 because it is simply a

supremum over a finite set (note that C; and S; are bounded). It follows that

Sj
Regret(®'(c),T) = > {vﬁ(o),sj €)=Y E[pj,sdj,s]}
Jit;—1+5;<T s=1
<Y Vi, (G 1) + > K;log(t))/1;
j:tjzl j:tj>1,tj71+Sj<T

T
SV5<0),sj(cj71)'StlelgHjEN:tj:tH+Z > Kslog(t;)/t;

=2 j:tj:i,tj71+Sj<T
T ~

< Vs ,5,(C5,1) +Sup {ieN:t;=t}+ ZKsilele {7 €N:t; =t} log(i)/i
=2

= O(log*(T)).

EC.2. Auxiliary Lemmas

LemMA EC.1. For alla € R and B € B, define the function f. s [pi,pn] = R, f(p) = (p—a)h(Bo+
Bip). Write f'a,g(p) and fa,g(p) for the first and second derivative of f, s(p) with respect to p, and
let p} 5 = argmax,c(,, .1 fa.5(p)- In addition, let

Up = {(50,51) € xR x (—00,0) ‘O <h(z) <1 and h(z) >0, for all z= By + P1p, » € [p1, Pn) }
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and
Uap = {(6%»30751) ERxUp ’PZ,B € (plaph)} .
Then:
(i) For each (a,3) € R x Up, p; 5 is uniquely defined, and for each (a,B) € Uag, f(pzﬁ) =0 and
JE(pZ,B) <0.

(i) OnUap, p; s is continuously differentiable in a and 3, strictly increasing in a, and nondecreas-
ing in By and B1. On R xUp, p}, 5 is nondecreasing in a, By and By. In addition, on Uap, fas(Ph s)
s continuously differentiable in a and 3, strictly decreasing in a, and strictly increasing in By and
B

(iii) There is a Ko >0 such that f, 5(p} 5) — fa,s(p) < Ko(p— 1} g)° for all p € [pi,pn] and (a,B) €
Uagp.

LEMMA EC.2. Let 8 € B be arbitrary.
(i) AVs(c,s) >0 forall1<ce<C and 1<s<S.
(it) pp>Vs(1,5) >Vs(1,s+1)>p; for all1<s<S.
(117) AVs(c,s) > AV(c+1,s) forall1<c<C and1<s<§5.
(iv) Vi (1,8) <Vs(1,s), for all1 <s<S and all 5’ = (B, B]) € B with 5, < By and 51 < b.
(v) m5(C,S) <mi(c,s) <mp(1,1), for all1<c<C and 1 <5< S.

(vi) W;(c,s) is continuous in B3, for all1<c¢<C and 1<s<S8S.

LEMMA EC.3. Let ke N and 6 > 0. If there are s,s" € {1,...,S} such that |pss(k—1)s —Ds'+(-1)s| >
6 and c(s+ (k—1)S)c(s' + (k—1)S) >0, then Apin(Prs) > Amin(P—1)s) + 302 (1+pi) .

Proof of Lemma EC.1

(i) Let (a,B) € R xUp. We have

f(P) = h(Bo + Bip) + (p — a) B1h(Bo + Bip)

and

F(0) =26:0(Bo + B1p) + (p — @) Bih(Bo + Bip),

for all p € [pi, pr]. Log-concavity of h implies
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for all z =By + f1ip, p € [p1,pr]. It follows that all p € [p;, ps] with f(p) =0 satisfy

3 —h(Bo + pip)

—28,h : 2h L
f(p) =2B1h(Bo + Brp) + Bh(Bo+ o) BLh(Bo + B1p)
; h(Bo + /Blp)B(BO + fip)
= B1h(Bo + — - 0.
i+ 5ip) [2 h(Bo + B1p)? } =

This implies that either f, s(p) is strictly monotone on [p;, p] (in which case the unique maximum

of fus(p) is on the boundary of [p;,pn], or f.s(p) has a unique maximum p} ; on [p;,ps] with

f(ps.) <0.
(ii) Note that U,p is an open set, and that, for each (a,) € Uap, the equation fa,g(p) =0 has

a unique solution p} 5 € (p;,pr) with f'awg(pz’ﬁ) < 0. By the Implicit Function Theorem (see e.g.

Duistermaat and Kolk 2004), p;; 5 is continuously differentiable in @ and 3 on Uap, with derivatives

given by
8]):;75 - _ -1 . 8fa,,3(p)
a |, 5  fas(pis) — Oa o s
and
op* — f
pa7ﬁ - 1 . 8fa,ﬁ(p) , (Z — 1’ 2)
0Bi lop  fap(bip) OB | .
a8
For all (a,3) € Uap we have fa,g(pz,ﬁ) <0,
df. ,
For @) g+ B ) >0, (BC.20)
pZ’B
T&fﬂﬁ(p) = h(ﬁo + 51%,5) + (pa,ﬁ - a)ﬁlh(ﬁo + 511%,;3) (EC'27)
Py 5
= h(Bo+ B p) [ 1- Bo + 5i1i.s) (ﬁf flpa’ﬁ) >0,
h(Bo + ﬁlpaﬁ)
and
o . . . .
T&fuﬂ(p) =, sh(Bo + 510}, 5) + (5.5 — a)(Bo + By 5) +0a 5 (s 5 — @) Brh(Bo + B1p} 5)
p;,ﬁ
(EC.28)
. 0 . 1 %
:pa,ﬁ 7f(p) + h(/BO—I_/Blpa,ﬁ)ZO?
o5’ V|, =B

using (p; 5 — a)B1 = —h(Bo + 51pzﬁ)/h(50 + B1p}, 3) and log-concavity of h. It follows that pj ; is

strictly increasing in a and nondecreasing in 5y and 3.
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If (a,8) € R x Up and pj 5 = pi, then fas(p) <0. By (EC.26), %fa,g(pl) > 0, which implies
fars(p) <0 and pi, 5 =p, for all a’ <a. By (EC.27) and (EC.28),

ifa,ﬁ(pl) = h(ﬁo + Bip) + (o1 — G)Bﬁ(ﬁo + B1ip1)

5% |
> h(Bo + Bip1)
= h(Bo+ Bip)

B(ﬂo + Bip) h(Bo + Bipi) >

.(f’a’ﬁ(pl)—h(ﬁo%‘ﬁlpl))' h(/30+ﬁ1pz)2

and

(fa,ﬁ(pz) —h(Bo+ Bim)) >0
b1 -

9 . 9 .
Tﬁlfaﬁ(pz):plaiﬁofaﬁ(pz)‘f'

using fa,g (p1) — h(Bo+ Bipr) < 0 and log-concavity of h. This implies faﬁ/ (p) <0 and thus p; 5 =p
for all 8" € B with 8" < 3 (in both coordinates). By similar arguments we can show that p;, , = pj, if
Pi s =Dn, @ >aand ' > . These observations, combined with the fact that p; ; is nondecreasing
in a, By and B, if p; 45 € (p1,pn), show that p; ; is nondecreasing in a, 5y and 8, on R x Up.

The assertions on f, 5(p}; 5) follow by observing that

afa,B(pZ,ﬂ) o afa,ﬂ(p) 8p:,6 afa,ﬁ(p) o *
- da 3 ~ Op . da + da . 0= h(Bo+rpis) <0,
a, pa,B a,B pa,ﬁ
8fa,5(p::,ﬁ) _ 8fa,,3(p) . ap:;ﬁ 8fll;5(p)
850 a,B 8p pz P 850 a,B 850 p: P
§ , . —h(Bo + Bip;,
=0+ (pas —a)h(Bo+ Bipg 5) = o 2 Pos) 0,
and
8fa,,3(p275) _ afa,,@(p) ) ap:,[} + 8fa7,3(p)
651 a,B ap pz P 861 a,B 851 pz 8
) . oy —h(Bo+ Bl p)pi
=0+ (ps 5 — a)p; sh(Bo + Bips g) = G 511 2)Pis >0,

again using (p} 5 — a)By = —h(Bo + Bip 5) /(B0 + B1p} ).
(iil) Let Ko = SUP(, 5 p)ctins xlpronl —fus(p)/2. Since f,5(p) is defined and continuous on the
closure of Uap X [p1,pr] (which is compact) and since faﬁ(p:)ﬁ) <0 for all (a,B) € Uap, it follows

that 0 < Ky < co. A Taylor expansion then implies

Jas(D) = fas (P} 5) — Kolp — i 5)°,

using favﬁ(pzﬁ) =0 for all (a,8) €EUap.
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Proof of Lemma EC.2

Throughout the proof, fix § € B.

(i) If s =5 then AVj(c,S) =0 for ¢>1 or ¢=0, and V3(1,5) = max,cy, p,) PR(Bo + Bip) > 0. If
s < S then by backward induction on s,

AVg(e,s) =

(m5(c,8) — AVs(c, s +1))h(Bo + Bi7s(c, 8)) + Va(e, s +1)
(mi(c—1,8) = AVg(c— 1,5 +1))h(Bo + Bims(c—1,5)) = Va(c—1,5+1)
(m5(

mh(c—1,8) = AVs(c, s+ 1)h(Bo+ fims(c—1,5)) + Vs(e, s +1)

Y

—(mh(c—1,8) = AVg(c = L s+ 1))h(Bo + fims(c — 1,5)) = Va(c— 1,5 +1)
= AVs(c,s+1))(1 = h(Bo + fim(c—1,5)))
+AVg(c—1,5+1))h(Bo + Bims(c—1,5)) > 0.

(ii) By backward induction on s it follows that V'(1,s) € [p, ps] for all 1 <s <. This implies

Vs(1,s) =h(Bo+ Bim(1,5))m(1,8) + (1 — h(Bo + Bim(1,8)))V(1,s+ 1)
>h(Bo+51V(1,s+1)V(1,s+1)+(1—h(Bo+5V(l,s+1)))V(1l,s+1)
=V(l,s+1),

forall 1<s<S.

(iii) The proof is by backward induction on s, and mimics the proof of Proposition 5.2, page 238
of Talluri and van Ryzin (2004). For s =S the assertion follows immediately from AVj3(1,s) >0
and AVp(c,s) =0 for all 2<¢<C. Now assume the assertion is true for s+ 1, and consider stage

s, 1<s< 8. For 2<¢<C we have

AVg(c+1,s) — AVg(c,s)
= 772(6+ 178) - AVB(C+ 1,s+ 1)h(ﬁ0 —{—6171'2(6—{— 175)) + VB(C+ Ls+ 1)
(e 8) — AVs(e, s + D)h(Bo + Bims(c, s)) — Vs(e, s +1)

(
(m(
—(m(c,s) = AVs(c, s+ 1)h(Bo + Prims(c, s)) — Vi(c, s +1)
(m(
(

+h(Bo + fims(c—1,5)))(AVs(c,s +1) = AVz(c— 1,5+ 1))

<0

—
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using the optimality of 7}(c, s) and the induction hypothesis, and for ¢ =1 we have
AVg(Z, 8) — AVg(l, S)

<(m5(2,8) — AVp(2,s + 1)h(Bo + Bim5(2,8)) + V(2,5 + 1)

—(m5(1,8) = AVp(1, s + 1)h(Bo + Bims(1,8)) — Va(1,s+1)

<

<(I—h(Bo+ Bimp(2,5))) (AVE(2,5+1) — AVp(1,5+1)) <0,

using the induction hypothesis.
(iv) The proof is by backward induction on s.

First observe that for all fixed p € [p;,ps] and 0 <a <p,

;;0 {ph(Bo + B1p) +a(l —h(Bo+ Bip))} = (p — a)h(ﬁo + fip) >0 (EC.29)

and

0 .
B, {ph(Bo + Bip) +a(l — h(By + pip))} = p(p — a)h(Bo + Bip) > 0. (EC.30)
The optimality of 73(1,.5), together with (EC.29) and (EC.30) applied to p =7}(1,S) and a =0,
implics for any §' = (85, 3;) € B with 85 < B, and 8, < 1,
Vi(1,8) =m5(1,8)h(Bo + Bimp(1,8)) > 7 (1, S)h(Bo + Bumi (1,.5))
> (1,8)h(By + P17 (1,5)) = Vi (1,.9).
Let 1 <s< S, and assume the assertion is true for s+1,...,5. Since AV;(1,s+1)=V;3(1,s+1) €
(P, pr) by (ii), it follows that m5(1,s) > V(1,5 + 1). The optimality of 73(1,s) and the induction
hypothesis, together with equations (EC.29) and (EC.30) applied to p=7}3(1,s) and a = V(1,5 +
1), imply for any 8" = (8, 81) € B with 5 <5, and 3} < 81,
Vs(1,s) =mg(1,8)h(Bo + Bims(1,5)) + Va(1,5 4+ 1) - (1 = h(Bu + Bumi(1,5)))
>mr (1, 8)h(Bo + Brmy (1,8)) + Vi (Ls + 1) - (1 = h(Bo + Brmy (1, 5)))
2”5'( ) ) (50"‘51”5'( ) ))+VB’(173+1) ( (50"‘51775'( )))
:V5/(1,s).
(v) Forall 1 <s< S and 1 <¢<C, we have by (repeated) application of (i) and (ii),
0< AVs(e,54+1) < AVy(1,s+1) < AVi(1,2).

Let p;, 5 be as in Lemma EC.1. Since

7"2(0’ S) :pé,ﬂa 7";(07 s) :p*AVﬁ(c,s-s-l),ﬁa and 772(17 1) :p*Avﬂ(l,Q),,Bv
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it follows from Lemma EC.1(ii) that 75(C,S) < m5(c,s) <mj(1,1).
For s = S, note that 75(C,S) =7j(c,s) =m5(1,5) =p; 4 Sp*AVB(m) =75(1,1), forall 1 <e<C.
c,s) € [m3(C, S),m3(1,1)] C
€ Uyp. The continuity as-

(vi) Let 1<c<Cand 1 <s<S. Since 75(c, s) =DPAv(estn),s and 75

(
(pi,pn) (Lemma EC.2(v) and equation (4)), we have (AVz(c,s +1),0)

sertion then follows from Lemma EC.1(ii).

Proof of Lemma EC.3

For any 2 x 2 positive definite matrix A with eigenvalues 0 < A; < Ay, we have Ay < \; + Ay =tr(A),
det(A) = A1 A2, and consequentially A; = det(A)/Ay > det(A)/tr(A). For a,b < p;, we thus have

2 ath 2a% + 2 — (a+b)? _ (a—b)?
)\min 2 2 - Z .
a+ba*+b 2+ a2+ b2 2(1+pi)

Since Apin(Pr) > Amin(Pr) + Amin (Pr) for all r,7/,t € N with r + 7' =t (Bhatia 1997, Corollary
I11.2.2, page 63), we have

1
)\Inin(Pk:S) Z Amin(-P(k'—l)S) + )\Inin Z ( ) (17pi+(k—1)5')1Ci+(k,1)s>0

I<i<5g (5.5} Pit(k-1)s

1 1
>\min 17 s — 1c 17 s/ — ]-c ,
- <<ps+(k—1)5’> (Lp +(k 1)5) s+ (k—1)s>0 + <Ps’+(k—1)s> (L,p +(k 1)S) s +(k1)S>O>

(ps+(k—1)S _ps’+(k—1)5)2
2(1+p3)

2 )\min(P(k—l)S) +
52

> Amin Py, Y2

Z (P 1>S)+2(1+p,21)
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