This Appendix provides the proofs of theorems, lemmas and propositions in the main body of

the paper, and gives additional supporting results needed for these proofs.

Appendix

Proof of Lemma 1. We first prove the sufficient condition. Let x € A. For notational conve-

nience, we omit the dependence of v(A) on A. For j=1,...,n—1,

[xD]Vj+1 - [xD]Vj = Z‘T(i) (d;},jJrl - di’])
i=1
(d;;]—s-l n Z“T(l m—&-l )
Zx(nfl) Z (de-&-l +Z$ u+1 )

i=n—1

> 2n 3 (- +Zﬂf Bisn =)

i=n—2

>$(1>Z P —di;) >0

where each inequality above follows from the inequality > "  d¥, <> " d: P for k=1,.

This shows that D is similarly ordered to « and D is order preserving with respect to A.

Next, we prove the necessary condition. Let m =min;eqy, . ,1{z}. For k=1,...,n, choose z € A
such that xp,) =21 = =zw =m and Tg_1) = T2y = =xq) =0 if k> 1, and z(,) =
T(n—1) = =T =m if k= 1. Because D is similarly ordered to x, it holds that for j =1,...,n—

L,

0< [a:D],,H_l - [asD],,j = Zx(i)d?,ﬁrl - ZI( (Z d j 11— Zdb) m
; ; i—k

Since m > 0, the above inequality implies that Y . df i1 -y ,di ;>0 holds for j=1,. -
1Lk=1,....,n

0

Proof of Lemma 2. First, we prove the sufficient condition in the first statement. Let x,y €

A, x <, y. For notational convenience, we omit the dependence of v(A) on A. For k=1,...n

n n

S0l -3 z(zx@ zyudu)

—Z T (i) = Y) ZdlﬂLZ xm) —yw) Y (d5; —di;) (6)
=k

=k
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where the first equality follows from the fact that D is order preserving w.r.t. A. The last inequality
follows from x <,, y along with the assumption that " dy_, ;<> d; for i=2,...,n. Hence,
using the definition of weak submajorization, D <., yD.

We then prove the necessary condition in the first statement. Choose z,y € A such that 0 <z <
Yeys Yty — Ty = T—1) — Ye—1) for some t € {2,...,n} and z,) =y) for u=1,...,n,ué¢ {t —1,t}.

Clearly,

Zx(i) < Zy(i), Zx(i) = Zy(i) foru=1,...,n,u#t, (7)
1=t 1=t 1=u 1=u

and z <,, y. Because D is order and weak submajorization preserving w.r.t. A, the inequality in (6)
must hold. Using (7) the inequality in (6) may be simplified to

n n

> (wa —vw) Y (d—diy ;) <0,

i=t j=k
for k=1,...,n. Because > ;_, (x4 —yu) <0, we obtain that PR W (e —dy_y ;) >0 for k=
1,...,n. This concludes the proof of the first statement.

The proof for the second statement follows using similar arguments as above. To prove the
sufficiency, we need to show that Z?Zl[xD],,j - Z [yD],, >0 for k=1,...,n,2,y € A. This can
be done by expanding vector-matrix products and combining terms in a similar way as done for the
inequality (6). Next, we show the necessity of the condition. Choose z,y € A such that =) > y) >0,
Ty — Yt) = Yut1) — L4 for some t € {1,...,n—1} and x(,) =y for u=1,...,n,u ¢ {t,t +1}.

Then we obtain ,

k
Z T@) ~ Ye) Z iy ;) >0,

=1
for k=1,...,n. We conclude the proof followmg similar arguments as in the proof of the first
statement.
O
Proof of Lemma 3. For notational convenience, we set II:= (1 +)IT and é:= (1+~)c—~L.
As pointed out in Eisenberg and Noe (2001), the clearing payment vector p* is obtained as the

solution to the following optimization problem:
max f(z), st. z(I-II)<é 0<z</,

where the objective function f is any real valued increasing function of the vector x. Multiplying
both sides of the first constraint by (1 —«), with a € [0,1), will lead to an equivalent optimization
problem. But this leads to

z[I—(1—a)II—ol] < (1—a)é
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That is, if we replace IT by the matrix II, ., :=(1- o)II+ ol and & by Cany = (1— )¢, the clearing
payment vector stays the same.
]

LEMMA Al. Let (II*,4,c,7) and (II°,4,c,7) be two financial systems. If there exists o so that
IT;, | < IT1° _ and IL; IT® _, then it must hold that I1g Hgﬁ for all B€[0,1),5 # a.

a,y a,y?

Proof. Assume the existence of A =TI, ,B:=1II!_ ,C:=1I} ,D:=1I}_, § # a, so that

A < B and A ¥ B, but C = D. Denote by X* the k-th row of the matrix X. Because A < B and
A ¥ B, there must exist g and ¢ such that

ZAm > ZBo) (8)

Moreover, since C > D, from the definition of majorization the following inequality must hold:

k
ZC(J)<ZD2J) for any k=1,...,n. 9)

j=1
Next, we show that Eq. (8) and Eq. (9) cannot hold simultaneously. Let h,m,w,z be such

that A{,) =B{,, =a and C{,, =D{,, = 8. We first discuss the implications of Eq. (8) using a

(h)
case-by-case analysis based on g.

e g >max{h,m}. Using the definition of relaxed equivalent version, we obtain

Z A(])+a_ZAZ >ZBZJ)_ Z B, +a

Jj= 1J75h Jj=1j#m

;»21— (1+)TL) >Z1— (14 7). (10)
J=1
e h>g>m. We obtain
ZAJ)+ a >ZA<J>>ZBG>: > Bjta
>AZ Jj=1 Jj=1,7#m

(9)

leading to the inequality (10).
e h<g<m.Eq. (8) implies that

zm:Al(' Z Al +oa+ Z A >ZBZJ)+ Z B +a_ZB(])
=1

Jj=1,j#h Jj=g+1 Jj=g+1
gv Al Z(Wrg) <(m—g)o
= (1—a)(1+y)I > Z a)(1+)IL5. (11)

Jj=1
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e g <min{h,m}. Eq. (8) directly leads to

g+1 g+1
> (1—a)1+yIE > Z J(L+NIL, g <min{h,m}. (12)
j=1

Next, we discuss the implications of Eq. (9) and show that it leads to

k

SO-AUe S a0, kle (3

j=1
This is done via a case-by-case analysis based on k.

e k> max{w,z}. We obtain

Z Ciy+8= ZC(J)<ZD(J)_ Z D, +8

j=1lj#w j=1,j#z
hence implying the inequality (13).
e k<min{w, z}. Eq. (9) directly leads to inequality (13).
e w>k>z Eq. (9) implies the following inequality

-1

k
Z J>+ZC<J>+6<ZDJ>+ﬁ+ > D

j=1 j=z+1
\W_/ ———
<(k—z)B >(k—2)p

which further leads to the inequality (13).
o w<k<z We obtain

Z C(J)+B ZC’]) <ZD <ZD HT ﬂ
o >D3k>
which again leads to the inequality (13).
Setting k= ¢ in Eq. (13) shows that Eq. (10) and Eq. (13) cannot hold simultaneously. Setting
k =m, we obtain that Eq. (11) and Eq. (13) cannot hold simultaneously. Setting k =g + 1, we
obtain that Eq. (12) and Eq. (13) cannot hold simultaneously. This ends the proof.
U
Proof of Lemma 4. We prove the first statement by showing that fII+ ¢ > £. The asset value

of the node with the smallest liability is given by

n
Zﬁmﬂﬁfl ey > ey > Loy <oy [y +7 (cay = €my) ] + Loy 200, €0y

=1
> ﬂc(1)<é(1) [6(1) — max {6(1) — [(1 +’Y)C — ’yﬁ](l) ,0}] + 10(1)25(1)6(1)

>]l°‘<1><f<1>Z +]1°‘(1>>4<1>£ 2Ly,
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where 1,4 denotes the indicator function of the event A. Because (II,/,c,v) is unbalancing, by

definition it satisfies the inequalities (5). Combining those with the above inequality leads to

D Loy =y =2 Y LTl o) — Loy 2 ) Ly ey = Loy 20,
=1

i=1 i=1
which proves the first statement.

Given €, we can choose the entries of IT to be small enough so that 7" (£ + €,,)7m ) +c) <
Loy +euy and ¢y — ey 2 L) — Ly Fmaxe—y {Zl":lﬁ(l)wl’fc} for j=1,...,n—1 (recall here
that p has been defined above Definition 8). Such a system (II, ¢, ¢,~) satisfies the inequalities (5),
but (£+ €)II+ ¢ 2 £+ €. Hence, this system is unbalancing but p*(IL,{+¢€,c,v) 2 L +e.

U

For any vector x € R, define
Az = (0, T2) —T1), LB3) —L(2)y -+ L(n) — x(n,l)) s

i.e., the vector whose components are the increments from one component to the next rank ordered

component in the original vector x.

LEMMA A2. Let x,y € RL, such that x and y are similarly ordered. If Ax < Ay, then A(x Ay) <
Ay. Vice versa, if Ax > Ay, then Az Ay) > Ay.

Proof. We first prove that Az <Ay = A(zAy)<Ay. Fori=1,...,n—1,

A(@AY)is1 = (@ AY) ) — (T AY) @)
= min {z(ir1), Y1) b —min {20,y |
T(i+1) = 2@ 1 Ty Syary and ze) < ye)
Z(iv1) — Ye) if Ty < Yaey and z6) >y
Yii+n) — Y i 1) 2 Yy and 26 > ye)
< Yet+1) — Yi) = DAYy,

where we have used the assumption that x is similarly ordered to y. Notice that the case x(; 1) >
Yei+1) and z;) <y, is not listed because it violates the assumption that Az < Ay. Hence, A(z A
y) < Ay.

We next show that Ax > Ay = A(x Ay) > Ay. This holds because

A@ANY)igr = (@ ANY) v — (@ AY) @)

= min {z (1), Y1) f — min {2, yo) }
Tit1) — L) i Ty <Yy and zg) <y
= Y+ — ey if 1) 2> Yy and 26 <y
Y+ — Y i Ty 2 Yy and 26 >y
2 Y1) —Yu) = Ayit,
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where the second equality follows from the assumption that x is similarly ordered to y. The third

equality does not include the case x(11) < Y41y and x¢;) > y(;) because such a case violates the
assumption that Az > Ay.

O

The next lemma shows that if a payment vector has smaller (larger) variation than the liability

vector, such a relation is preserved if both vectors are multiplied by an order preserving relaxed

equivalent version of the relative liability matrix.

LEMMA A3. If T, = (Taq.i5)i j=1 5 order preserving w.r.t. P, for any p € P it must hold that
(I) Ap <Al implies that A (pIl, ) <A (/I1, ).
(II) Ap> Al implies that A (pIL, ) > A ([0 — (L) —pa)) | oy -

Proof. For j=1,....,.n—1,peP,

S

[A(Eﬂa,v)]wrl - [A(pﬂaw)]wrl = (g(i) _p(i)) (Wg,'y,i,j+1 - Trg,fy,i,j)

=1
= (bay =p)) (T 11 — Thn 73) + [(£ay + Als) = (pay + Apa) | (Th 2 i1 = Toy2g) + oo

(5(1) +ZA51@> - < D) +ZAP1¢> T it 1 Wg,'y,n,j)
k=2
6(1 p(l (Z 7T a,y,i,j+1 WZ,'y,i,j) + (AgQ - ApQ) (Z WZ,'y,i,jJrl - TrZ,'y,i,j) +...
=2
+ (AL, _Ap")( a,y,n,j+1 ﬂgmn,j)'
Applying Lemma 1 with A =P we deduce that " «wh . —ah .. >0for k=1,...,n. If

Ap < AL, then [A(MII, ,)]iv1 — [A(pIL, )]is1 > 0 because £ >p and >
k=1,...,n. This proves (I). Vice versa, if Ap > A/ then

"
i=k aﬁmﬂ ﬂ-avuz()for

[A(MIL, )] 51 — [APIL, )]0 — (Yay — pay) (Z T +1 — WZ,WJ) <0

i=1

because Y —nh . .>0for k=1,...,n. This proves (II).

i=k a,"rm+1 a,y,t,7
O
The next lemma shows that if the financial system is balancing (unbalancing), the vector of asset
values before clearing under the base (reduced) liability configuration has smaller (larger) variation
than the liability vector. Moreover, if the payment vector has smaller (larger) variation than the

liability vector, then the assets after payments are settled also have smaller (larger) variation than

the liabilities.

LEMMA A4. Let (IL ¢, c,v) be a financial system and I1, ., be an a-relazed equivalent version which

1s order preserving w.r.t. P.
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(1) If (IL,¢,c,~y) is balancing, then
o A(MIL,, +c,.) <AL
o Ap <Al implies that A(pIL, ., + co) <AL for peP.
(I1) If (IL,¢,c,7y) is unbalancing, then
o A1, +cqn) > AL
o Ap> Al implies that A(pIL, .+ cq ) > AL for p e P such that p > [(1+7v)c— L A L.

Proof. (1)
[A(IT, 4 cay)]; = [A (@l + (1= ) [((1 + )T+ (14 7)e —L])];
= ally) =€)
+(1—a) | lw @ +7) (7 =7l ) + 1 +7) (eg) — eg—ny) = (o) — Lg-n)
i=1
<allyy —L;-1) + (1 =a) [(T+7)ly) — L) —7Ey —LG-1)] =[Ad;,
for j =2,...,n. The second equality holds because II, , is order preserving w.r.t. P and (1+~)c—~¢

is similarly ordered to ¢. The inequality follows from the fact that the system is balancing.

Next, by Lemma A3 (I), Ap < A¢ implies that
A(pIL, ., + caqy) S AL, ., +Coy) < AL,

where the first inequality holds because II, . is order preserving w.r.t. P, and c,., and p are

similarly ordered to ¢.
(IT)
[AT,  +cay)]; = [A (el + (1= a) [((1+7) T+ (14 7)c =]
= a(ly) =€)
+(1=a) | Y Ly(1+7) (7l =l 1) + (1+7) (e — cg-n) =7 (L) — L))
i=1
>a (Cg) —Li-n) + Q=) [(1+7) (&y) — L) =7 (Lo —LG-n)]
=a (b = lg-n) + (1 =) [(1+7) () = Li-n) =7 (L) = Lg-n)] = (A4},
for 5 =2,...,n. The second equality follows from the fact that II,, is order preserving w.r.t. P,
the fact that both (14 ~)c—~¥¢ and £ are similarly ordered to ¢, and the equality A¢ = Al. The

inequality comes from the fact that the system is unbalancing.

Next, by Lemma A3 (II), Ap > Af implies

A(pHa7’Y + Cow) > A ((6 - (g(l) _p(l)))naﬁ + ca,"/)) > A@Haﬁ + Cow) > AE,
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where the first inequality follows because II, , is order preserving w.r.t. P, and ¢, ., p, and £ —

(¢(1y —p(1y) are similarly ordered to . The second inequality follows from the inequality

tay —pay <y = [[A+7y)e = Al ;) = max {fu) —[(T+y)e=f, ,0} ;

the inequality A((¢ — (¢ — pa)))Ia,,) > A/, ) which is implied by Lemma 1 (choosing D =
I1, ., and A =P therein), and using the assumption that p > [(1+7)c— ] A L.

O

The following lemma gives some useful properties of the vector sequence converging to the

clearing payment vector.

LEMMA A5. Let (IL,4,c,v) be a financial system. Suppose there exists o € [0,1) such that
I1, . is order preserving w.r.t. to P. Define the vector valued function F(p;IL, ., 0,con~) =€ N
(pIL, ~ + Co ), and a sequence of vectors { f,}°°, given by f,:=F (fu—1) and fo:= L. The following

statements hold:

(I) f. is similarly ordered to ¢ and {f,}>°, decreasingly converges to p*(IL,¢,c,7).
(IT) If (I1,¢,c,) is balancing, then Af, <Al and A(f, XL, + ca) < AL
(III) If (I1,4,c,~) is unbalancing, then Af, > Al and A(f, I, + o) > AL

Proof. (I) It has been proven in Eisenberg and Noe (2001), Lemma 5, that f, decreasingly
converges to p*(IL, ¢, ¢,y). The statement that f, is similarly ordered to ¢ follows from the fact that
II, , is order preserving and from the assumption that c, . is similarly ordered to /.

(IT) We prove that Af, <Al and A(f,IL, -+ ca) < Al by induction. For u =0, we know that
fo = L. Clearly, Afy < Al. From the assumptions that (II,¢,¢c,~) is balancing and II, . is order
preserving w.r.t. P, it follows that A(/IL, ., + c4,) < A from Lemma A4 (I). Hence, A(foIl, - +
Ca) < Al. Next, we prove the statement for w41 assuming that it holds for w. Since II, , is
order preserving w.r.t. P, f, € P, and ¢, , is similarly ordered to /, it follows that f,II, ., +cq, - is
similarly ordered to ¢. Hence f,+1 =€ A (fu 1L+ cCa ) is similarly ordered to ¢. Using the induction
hypothesis that A(f, I, + ca,,) < Al and Lemma A2, we obtain

Afust = AN (F I, +car)] < AL

Since (IT,/,c,7v) is balancing, II, . is order preserving w.r.t. P, and f,41 € P, we can apply
Lemma A4 (I) and deduce that A(f, 111, + cq) < AL. This concludes the induction.

(IIT) Using the fact that { f, } is a decreasing sequence converging to p* and p* > [(1 4+ v)c — y{| AZ,
we deduce that f, > [(1+7)c— €] AL. Then, applying Lemma A4 (II), we can use similar arguments
as in (II) to conclude the proof.

O
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Proof of Proposition 1. Letting u — oo in Lemma A5 (I) leads to p* being similarly ordered
to £, hence yielding (I). Moreover, we obtain Ap* < A/ for balancing financial systems and Ap* > A/

for unbalancing financial systems from (II) and (III) in Lemma A5. It then follows that
iy — Py > L) — Py — ([Aln—iv1 — [AP" —it1) = Lpiga] — Pl i1=1,...,n—1
for balancing financial systems, and
Cay =Py =Ly — Pl + ([Aliy — [AP"]iv1) = Lty = Pliyry, i=1,...,m—1

for unbalancing financial systems.

The following lemma provides sufficient conditions under which the minimum operation preserves
the weak majorization relation. This is needed in the following proofs, given that the clearing

payment is given by the minimum between two vectors.

LEMMA A6. Let x,y,z € RY, such that x and y are similarly ordered to z.
(1) If 2z < apy) implies zp) < agy for k>1i,a € {x,y}, then x <,y implies (x N z) <, (YA 2).
(II) If 2 < agy implies 2y < agy for k>i,a € {x,y}, then x <"y implies (x Nz) <" (YA z).

Proof. (1) Because = and y are similarly ordered to z, clearly, (z A z) and (y A z) are similarly

ordered to z. Hence, proving (z A z) <, (y A z) is equivalent to show that

k k
Zmin {ZL‘[Z-],Z[Z-]} < Zmin {y[i],z[i]} for k=1,...,n. (14)
i=1 i=1

Let m, =min{i =1,...,n|z <z} and my, =min{i =1,...,n|z; <y} It must hold that for
kE=1,...,m,—1,

k k k k
> min {2} <@ <Yy = min{y, 2}, (15)
i=1 =1 =1 i=1

where the second inequality follows from z <,, y. Moreover, for £k =m,,...,n,
k
> min {zg, 2}
i=1
my—1 k my—1
— ]lmx<'"Ly Z min {x[l]az[z]} + Z 21i] + ]lmxzmy Z T + Z min {xm,z[z]}
=1 i=m =m
my—1 ! Y
= Z Y+ Z 10 —me {2} (16)
1= my

where 1,4 denotes the indicator function of the event A. The above inequality follows from = <, ¥.

Using inequalities (15) and (16), we obtain the inequality in (14).
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(IT) Because x and y are similarly ordered to z, clearly, (x A z) and (y A z) are similarly ordered

to z. Hence, proving (z A z) <" (y A z) is equivalent to show
k k
Zmin {x(i),z(i)} > Zmin {y(i), z(i)} for k=1,...,n. (17)
i=1 i=1
Let m, =min{i =1,...,n|zu <z} and my =min{i =1,..., 0|24 <yu}. For k=1,...,m, — 1,

we must have

k k k k
> min{za), 20} =D zo =Y ye > min{ye, zm ), (18)
=1 =1 =1 =1

where the first inequality follows from x <* y. Moreover, for k =mg,...,n,
mg—1
me{xwzm} Z Z@) + Z 2(i)
my—1 o mge—1 k
i=mg i=1 i=mg

min {y(), 2 } » (19)

I
-
I

where the inequality follows from z <* y. Using inequalities (18) and (19), we obtain the inequality
(17).

O

Proof of Theorem 1. Recall from Lemma A5 that a sequence of vectors {f,(Il,,)}2%,,

where

F(p7 Ha,’y; f’ cozp/) =LA (p]-_-[a,'y + Ca,'y) y fu(]-_-[a,'y) =F (fu—l(l_-[a,'y)p Ha,'y) P and fO(Ha,'y) = 67

converges to the clearing payment vector p*. Hence, proving that p*(IIg _, ¢, ca ) <w P “(IT%, .4, Can)

is equivalent to showing that f,(ITf, ) <. fu (Hgﬁ) foru=1,2,.... For brevity, we denote hereafter
fu(IT ) by fi and p*(II7 ¢, ca ) by p*

Next, we prove that f® <, f° by induction. Without loss of generality, we take II7 . to be
weak submajorization preserving w.r.t. P. (If it were the case that IT? ~ is weak submajorization
preserving w.r.t. P, we would obtain the same result and the proof would proceed in a symmetric

fashion by interchanging the roles of a and b.) For u = 0, we have f& =/ <,, £ = fi. Assume f2 <,, f°.

Then we want to prove the statement for v+ 1. First, notice that we have
(£ o) = (AT + o) = (FITTG + Cas)

The first inequality follows from the assumption that IT¢ _ is order and weak submajorization

a,y

preserving, the fact that f¢, f° are similarly ordered to ¢ by Lemma A5, and Assumption 2
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that ¢, , is similarly ordered to ¢. The second inequality follows from the majorization inequality

b
I, <1I

a,y?

z € {a,b}, since A(f7II7 | +ca,) <AL (by Lemma A5 (II)), £y < (fZI17 ., + cay )i We must have

along with the fact that IT1°  and IT® _ are both order preserving w.r.t. P. For

o,y o,y

that £y < (fiII7 ., + Cay)p for k> . Moreover, fZIIZ  + ca, is similarly ordered to ¢. Using

u u

Lemma A6 (I), we deduce
5+1 = [6/\ (fs]:[gz,'y + Ca,'y)] =w [E A (ffﬂl&,y + Ca,'y)] = Z+1

by taking x = foII% _ + cayy y = fOIIL, | + Cay, and z ={. This concludes the proof that f¢ <. fJ

foru=1,2,....

By definition of weak submajorization, this means that

k k

b a —
qu,[i} _qu,[i] >0fork=1,...,n.
i=1 i=1

Letting u — co, the above inequality leads to
k k
Zpl[’;]‘ — Zp‘[’ﬁ >0 for k=1,...,n, hence, p™ <, p".
=1 =1

Together with the above inequalities, Proposition 1 (II) implies that

k k k
1

k
Z[ﬁ —p"ly = Zﬁm —pl > Zg[i] —Plf;f = Z[ﬁ —Pb*][i]
=1

i=1 i=1 ; i=
for k=1,...,n, or equivalently s(II* ¢, c,v) =, s(II®, ¢, c, 7).
O

Proof of Theorem 2. Similarly to the proof for Theorem 1, proving that p*(Hgﬁ,E,caﬂ) <
p*(IT}, ., 4, Ca ) is equivalent to showing that f,(TT% ) < f, (I}, ) for u=1,2,.... For brevity, we
denote hereafter f,(II7 ) by fZ and p*(II7_,,/, ca ) by p**.

Next, we prove f® <" f° by induction. Without loss of generality, we take II7 ., to be weak
supermajorization preserving w.r.t. P. (If 1'If’M were to be weak supermajorization preserving
w.r.t. P, we would obtain the same result and the proof would proceed in a symmetric fashion by
interchanging the roles of a and b.) For u =0, by definition, f¢ =/¢ <" = f}. Assume f* <" fP.
Then we want to prove the statement for u + 1. First, we notice that the following majorization

inequalities hold:

(ffﬂz,w + Caﬂ) <" (fZZHZ,W + Ca»’Y) < (fubngﬁ + Ca,,\,) ’

where the first inequality follows from the assumption that IIf,  is order and weak supermajoriza-

tion preserving w.r.t. P and the fact that f and f! are similarly ordered to ¢ by Lemma A5 and ¢, .,
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b
a,y?

and IIZ,  and IT}, | are order preserving w.r.t. P. For z € {a,b}, because A(f7II; | +ca,y) > Al (by
Lemma A5 (III)), €y < (fZIZ ., + Cay) () must imply that £y < (f2II7 . +ca) ) for k> i. More-

u

is similarly ordered to £ in light of Assumption 2; the second inequality is due to that II7,  <TI

over, fIIZ | + ¢, is similarly ordered to £. Applying Lemma A6 (IT) with z = fiTIZ  +ca,,y =

FI, 4 cay, and z= /£, we deduce
i = [(ARIL |+ ca )] <" [OA(RTTG  + can)] = fiuin:

This concludes the proof that f@ <* f? for u=1,2,....

By definition of weak supermajorization,

k k

b a _
qu,(i) - E Jop <0fork=1,....,n.
i=1 i=1

Letting u — oo, the above inequality leads to

k k
Sooly =Y pi<0fork=1,...,n, hence, p™ <" p.
i=1 i=1

Together with the above inequalities, Proposition 1 (III) leads to
k k k k
S U=p"Ng =D Loy =0 <D Loy —plh =D 10—y
i=1 i=1 i=1 i=1
for k=1,...,n, or equivalently s(I1%, ¢, c,7) <., s(II*, £, ¢, 7).
O
Proof of Proposition 2. Because (II,/,c,7) is unbalancing, it must hold that for j =
1,...,n—1,

n n
[Zf(i)ﬁﬁjﬂ + C(j+1)] - [Zz(i)ﬁj +¢)
— [Z f(i)ﬂ'ﬁj + C)

i=1

— max {5(1) —[(T+7v)e— 75](1) 70} (Z Wﬁfjﬂ - Z Wéfj) > L1 — L)
=1 =1

n
- [Z Lyl + e

=1

= [Z Lyl i+ cirn)

i=1

> L1y — LGy,

n
= [Z LTl e

i=1
where the last inequality follows from the assumption that Y . i1 — S ;. ; is nonnegative.

Moreover, since (II,4,¢c,) is also balancing, we deduce

[Z Lyl + C(j+1)] - [Z Lyl + e

i=1 i=1

= {41 — L) (20)
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for j=1,...,n—1. By the assumption of the lemma, at least one node repays its liabilities in full,

hence it must hold that

Zﬁ(i)ﬂzk +cwy > szlﬂfk + ¢y > Ly for some k€ {1,...,n},

=1 i=1
where we recall that pj is the clearing payment made by node j if {(;y = £;. Together with Eq. (20),

the above inequality implies

[Z Loyl +cg)

=1

—f(j)ZOforjzl,...,n,.

But this means that p* =¢=/¢ A (/IL+ ¢). Hence, it must hold that s(IL,¢,c,v)=0.
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