Appendix

Proof of Proposition[I} For any given initial reference ry, if we adopt the 7' season optimal policies for the

first T seasons and the optimal single season optimal policy for the last season for the T+ 1 season problem,

we can show that V1 (r)) = V[ (ry) > BT0< inf< {VTlel (rr41)} > 0. Furthermore, V,” (r;) is bounded
SITH1ISP

above as long as E(&) < coand B < 1. Thus, there exists a V(r;) such that Tlim VI(r)=V(n).
—>00

Suppose that u(r) is a bounded solution that satisfies the optimality equation. Then by (I},

u(r) 2 E [pmin{q*(rz)7d1 (r)&} —cq™(r) + 5" (&lre) -min {da(s™ (& [r) )&, lq" (1) — i (r) &)}

+Bu(6s (&r) + (1— 9)1’,)} .

Thus,
V(r) —u(r) < BE[V(0s™(&lri) + (1= 0)re) —u(0s™ (&lri) + (1= 0)r)]| < Bsup{[V (1) —u(ria)l}-
Ti+1
Similarly, u(r;) =V (r;) < Bsup{|V(ri+1) — u(ri+1)|}. Therefore, sup |V (r) —u(r)| < Bsup{|V(r) —u(r)|},
Ti+1 r r
which implies sup |V (r) —u(r)| = 0 and V(r) is unique.
r
Let rf(&), t = 2,3,---, be the subsequent references under the optimal decisions when the initial

reference is rj. If we adopt the same policy at a higher initial reference r{, the subsequent references

ri(&) >ri(&),t =2,3,---, and the total profit will be no less than V (r;). Thus, V(r) increases in r. O

Before proving Proposition 2] we need the following lemma. For d(p,r) <z <d(s(r),r), letI1(z,r) =
pdi(r) +$(z,r)d2(8(z,r)|r) be the unconstrained single season revenue function when the markdown price

is set to sell all the inventory, i.e., §(z,r) is such that d(§(z,r),r) = z.

Lemma 1. Under Assumption|l} I1(z,r) is locally concave when $(z,r) > s(r).
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Proof. Ttis sufficient to show that the Hessian < 92?12(% , aZar(ifjn ) is negative semi-definite when §(z,r) > s(r).
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After some straightforward but tedious algebra, we can simplify the determinant of the Hessian as
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The first inequality follows as W o <0and 82{‘:9"123(:“)} > d22(s| ) a{’dz( )} by part 1 of Assump-
s=38(z,r

tion [I] and the second inequality holds by part 2 of Assumption [I] Furthermore, it is easy to see that the
diagonal elements in the Hessian are non-positive. Therefore, the Hessian is negative semi-definite and

I1(z,r) is locally concave when §(z,r) > s(r). O
Proof of Proposition[2] Let

(PtT(Styét,%art) = sy -min {dZ(st‘rt)étv (g1 —d1(71)§1]+} +B‘/t£1(est +(1=0)r),

étT(éhtht) (r)n X {(bt Sluétaqlart } ¢t (S; (ét,%ﬂ’t) éta%;”t)

be the total profit from stage 2 of season 7 onwards for a given (s;, &, g;, r;) and under the optimal markdown
price for a given (&, q;,r;), respectively. Note that V7, |(-) = 0 is concave. Now assume that V.7 (-) is
concave and we prove that the proposition holds at z. As T — oo, V' (-) converges to V() by Proposition

and V (+) is also concave. Thus, the proposition holds as 7 — co.

Part 3: The structure of the markdown price s! (&, ¢;,r,) for any given g,.

For any given g;, the stage 2 profit s, - min{d>(s,|r;)&,, [q; — d1(r;)&] T} is concave in s, since s,dy(s;|ry) is



concave in s, and hence ¢),T (st,&,qq, 1) is also concave in s,. When & > %, all the inventory is sold at

stage 1 and no discount needs to be offered at stage 2, i.e., s’ (&,q,,7;) = p. When % <& < %,

dy (s¢|re)& > qr — dy(ry)&; for any s, and the retailer will sell all its inventory regardless of the markdown
price. Thus, the retailer will maximize the future profit by not marking down, i.e., s’ (&,q;,7;) = p. When
&< %, the sales at stage 2 is bounded by the available inventory and it is never optimal for the retailer
to set the markdown price such that da(s;|r;)& > g, — dy(r;)&. Thus, the stage 2 problem is equivalent to

solving the following maximization problem,

max sida (s, )& + BV, 1 (851 + (1 — 0)ry) “)
£(rt)§31§17
s.t. do(s:r)& < [qr —di (r)& ] ®)

If there are multiple solutions, we choose the largest one. Since

O {sida (5|11 )& + BV, (85 +(1—0)r)}  I{sida(se|r)} <0
a&ﬂ?st N (951 -7

the objective function (@) is submodular in (&,s,) and hence the markdown price that maximizes the ob-
jective function decreases in &. As & increases, the right hand side of (5) decreases and the left hand side
increases. Thus, there exists £ (¢;,7;) such that sT (&, q,,r,) decreases for & < T (g;,r;), and increases for
& > &(qr,r). The constraint is binding at s/ (§7 (g;,7:),qy,7;). Thus, the optimal markdown decision as a

function of & can be summarized as follows.

0pVE (6p+(1-6)ry)
e When & < =550
st st=p

tonically increasing in s;. Thus, the retailer has no incentive to mark down and s,T (&,q:,r:) = p. There

, the total market size is so small that the objective function (4] is mono-

is unsold inventory at the end of the season.

T/ _
e When GBV%LS{:‘;()I} o) < & < & (qi,m1), sT(&,qs, 1) is the solution to
- dst si=p
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independent of ¢;, and there is unsold inventory at the end of the season.

e When &f (g,,1) <& < d(gi’r,)’ st (&,q;,r;) is the solution to dy (s |r,)& = g, — d; (r;)& and there is no

T
unsold inventory. In this region, w <0.

5t si=s? (&qu,11)

e When & > ﬁ, there is no need to mark down, i.e., s (&,q,,r,) = p.

t
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Part 2: The concavity of v/ (g;,7;) and the optimal structure of g*(r;).

Note that s? (&,q;,r;) depends on g, only when &7 (g;,1) <& < %, in which case all the inventory is
sold, i.e., g — dy(r))& = da(sT (&, qy,1,)|r)& and M < 0. Taking the derivative of
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The second line of is non-positive since
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We now show that the first line of is negative by proving that the term in {} is negative at s, =

sT(&,qs,r;) forany &, ET (g, r) < & < d ) We first note that, for T (y,r,) < & < d )
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92ds (s,|r)

where the last inequality follows from the concavity of ¢ (s;,&, gy, r;) in s;. Thus, if 52 >

St:StT(gn‘th)
0, then the term in {} is negative at s7 (&,q;,7;). Otherwise,
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which is negative at s, = s7 (&,q;,r;). Thus, the term in {} is also negative at s’ (&,q;,7;) and hence,

2, T T
av’a%q"{’r’) <0,i.e., v (g, r)is strictly concave in ¢, and ¢! *(r,) is the unique solution to av%g;“’)
t
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> 0 and hence pF (‘ﬂ—%) —¢<0. Thus, q,( “( 3 > F-! <%)

St:SrT(étvqm"t)
for any r,, which will be used in the proof of Proposition 5]

Part 1: The concavity of V.7 (r;).

Suppose that 7* < 7. Atr, = r’+rh , let the retailer orders ¢, (r;) = % and set the markdown price

al]

p

P, ifd(p,r)& > q(re),
s (&) st (& lr L&) st (&
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By Assumption W decreases in r;, which guarantees the supermodularity of sd(s|r) and leads to

d_l <qtgt),n> > (€t|rz)‘gs (ét”’h) ZSIT*(étV{’) Zé(’"zh) Zg(rt).

Due to the monotonicity and concavity of V; H( ), the future profit at r; is at least

T AL t 2 [* f |t rh . .
V(07 G+ (=00 ); (O &l +(1-0)r7) for any given &. Let m(s,&,q,r) denote the single season
revenue for given (s,&,q,r) and #(&;,r) be the season 7 revenue under the optimal ordering and markdown

prices from season ¢ to T for given (&, r). Now consider the season ¢ revenue (s, (& |r;), &, q:(r1), ).

'We define the inverse demand function as d~! (z,7) = s if d(s,r) = z for d(p,r) <z < d(s(r),r).



T d(p, )& > i), Tlsi(E ) Enqe(r) ) = pai(r) = P 4 PETUE) > L 4(E oty 4 LR (&, ).
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due to the joint concavity of the unconstrained single season revenue function in (s, r).

A6 d(p,r)& < (), d (LIS 1) & > g () and T (Erf) < 8T (&), then
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4 W d(pr)& < qi(r) < d (PG 1) & and o7 (&) > 7 (&), then
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By Lemma L pdy (r)E +d~! (% |r)[q —di(r)&]™ is concave on the line segment between the points
(min {d(sT* (& r1)sr)Eoal ()}t ) and (min {d (5T (& 1), )& gl (1)} 72 ). Thus,
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Proof of Proposition[3] Under the optimal policy s; = s*(&|r;), {r; : # = 1,2,-- } has the Markov property
and hence is a Markov process on a compact state space. Furthermore, & is a continuous random variable
on (0,00) and s*(&|r;) is continuous. According to Exercise 11.4 in Stokey et al. (1989), the transition
function r,1 = 0s5*(&|r,) + (1 — 0)r; satisfies condition D and hence Theorem 11.10 can be applied. As a
result, there exists a unique invariant measure A(r) (we call it steady-state distribution) and the process is

ergodic. O

Proof of Proposition[d] By part 2 of Assumption [2]

9d(s™(Gi|ri).ri) _ | 9da(silr) L 45" (Glr) 9da(siri)

0< =di(r, ,
- 8rt 1( t) 8r, S‘r:S*(étVt) dl"l 8st Sr:S*(gzM)
and hence
ddy (s¢|r:
ds*(&lrr) - di(l’t)‘i’izért‘ ) <1
drt — _3dza(s,|r,) —

=5*(&1n)
where the last inequality follows from part 1 of Assumption 2]

Thus, E [%ﬁz{ln)} < 1and E[s*(&|r;) — r;|r;] decreases in r;, which implies that E [r", ; [r;] as a function
of r; crosses the 45 degree line at most once and from above the line as E [r,* " lr = g} > 5. Therefore, there

exists I" such that E[r}, |[r;] > r; for r, <T and E[r;,,|r;] < r; for r; > T, and r; is mean-reverting. O

7



Proof of Proposition[5] We only need to consider the case where the reference is p in season 1. If a retailer
never marks down, then r, = p for all ¢ and the retailer will order § = d(p, p)F~! (%), a newsvendor
solution.

Consider the marginal gain at stage 2 of season 1 as a function of the order quantity ¢; and demand

realization &, if the retailer marks down

| _glfmlﬁgis(lsw)} o if§1<dq7")7
d{simin{ds(s1,p)&1,q1 —di(p)&i }} _ o
- P51 T\ B0 i <& < gt
s1=
0, it & = 7

I{s1dx(s1,p)}

Thus, the retailer will never mark down if > 0 as markdown will only lower future profit,

dsq s1=p
which is equivalent to s(p) = p. Now suppose that W < 0, in which case the maximum
S1=p
marginal gain from a markdown is less than — d(gp) a{sldgff"p I} . The retailer will never mark down if
’ s1=p

the minimum marginal loss of the future revenue is larger than the maximum marginal gain at stage 2 in
season 1.

Since the reference in seasont, t = 2,3, ---, is given by
rr=0s_1+0(1—0)s,2+---+6(1— 9)t72s1 +(1- e)t—lp’ 7

a markdown in season 1 reduces the references for all subsequent seasons. Let S;(s1,&) be the set of the
optimal decisions from season 2 to ¢, given the markdown price in season 1 is s; and a sample path of the
demand up to season ¢. Consider the marginal profit loss in season ¢ from a markdown in season 1, 51 < p,
as a function of &. When & < & (¢*(r),r;), there is unsold inventory in season ¢ and the marginal loss

d{pdi(r)& —cq"(r1) +5* (&|re)da(s™(&re), 1) &e }
851

> d{pdi(r)& +Std2(st’rt)ét} ar
o ar, asl

S1=p

5 1.7> (4is5i )€5t ¥1[5)

8d2(st]rt) @]

E.S[ 51.8)
<t

I‘r_p] (qlli)leét Yl[ 5

The first inequality follows as the marginal profit loss is at least that if the optimal decisions S; (s, &) are

=60(1-0)2 [pdi(r,)ét +5—"

> (1) [pd’( )& +si& LZ(S‘“‘)

adopted even when the retailer does not mark down in season 1, while the second and third inequalities

follow from (7) and the concavity of d; (r) and d(s, r).



When & (q*(r;),rr) < & < d g )) all the remaining inventory ¢*(r;) — d; (r;)&; is sold in stage 2. Fol-

lowing a similar argument, we have that the marginal loss in season ¢

d{pdi(r)& —cq"(r1) +5* (&lre)[q" (i) — di ()& ]}
8s1

. (8{pdl<n>@+sr[qf—czl(n)&,}} on
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87 )ESt (515
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= 9(1 - 6)t72 [(p - St)di (rt)ét] (q7.51)€St (s1,8) > 0.

=1, t

81} asl

When & > q r’)) all g/ (r;) will be sold in stage 1 and the marginal loss in season 7 becomes

d(p.r
_ (21ra) Y
si=p ar, 5= (q75 L)€5t ¥1[5)

Lets= Omln {s(r)}. Then, it is never optimal for the retailer to offer a discount price lower than s and
<r<p

hence, the reference will never be lower than s. Note that

or;
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&
V

where the last inequality follows from the fact that q( n )) >F~ ( %) The total marginal loss of a mark-

down in season 1 at s; is at least

iﬁtqe(l_e)sz 8d2(s,|r,)

t=2

> iﬁtfle(l _ 9)12E{
=2

(g l)esl 51.8)
i=1,t

erfeer 23]

) 1{& < ‘Stm(%art)}]

(Pd/ (p )iz +5:&

n=p

i i [+ 50

s<s<p | or

0 ddy(s|r) F ) b
> ~ \pd i / dF
= B—]_(l_e) [p l(p)+gglglélp{ or ) ) X ( )
The retailer should never mark down if this minimum marginal future loss is greater than the maximum
marginal gain in season #, — d(gp) a{‘v‘dazs(f] :p)} , which yields (2). O
’ S1=p

Proof of Proposition[6] Let G(r;) and &(q,r;) be the optimal single season profit of the myopic retail-

8v(q,,r,) a7( q, re) + BE |:8V 057 (& ,q1,r1)+(1—0)r;) '

er for given (g;,r;). Consider Ja 90 Since s7°(&,q1,71) de-

aﬁ(q,,r,) aV(‘]tJt)
da 2 " oq

2 and hence g(r;) > q*(r;). Given &, the myopic

creases in g; and V (r) increases in r,



retailer’s problem is to maximize s; - min{d,(s;|r;)&;, [q: — d1(r;)&] T}, while the retailer’s optimal deci-
sions are obtained by maximizing s; - min{da(s¢|r;)&,[q: — di(r1)&]T} + BV (0s, + (1 — 0)r,). It is obvi-
ous that 5(&,r,) < s;°(&,q(r;),r:) since V(r;) is increasing in r,. Therefore, 5(&,r;) < s7°(&,G(r:),re) <
57 (&q" (1), 11) = 57(&|ry) for any &. O

Proof of Proposition[7] With deterministic demand, the retailer will order exactly the amount to be sold,
i.e., ¢*(r;) = d(s*(r;),r,) and there is only one decision variable in each season. Thus, the single season
profit function becomes (p — ¢)d;(r;) + (s; — ¢)da(s¢|r;), which is concave in s;. Next, we show that the
single season profit function is jointly concave in (s;,r;) when a{(s%gw <0. By Assumption(2), the

single season revenue function is jointly concave, i.e.,

azdz(st|r,)] |:St (92d2(s,‘r,) +2ad2(st|r[):| _ |:s azdz(st‘l’,) + de(st‘rt)}z >0.

1
[Pdl (r,)+s; 8r,2 8st2 as; ds;0r; ar;

2
Multiplying both sides by (““;‘) , we have

St

0< <st c)2 |:pd/1/(r;)+St aZdz(s,\r,)] {Sr 9%ds (s¢|ry) +28d2(st|rt)} B <s, c)2 [s; 9%dy (s¢|ry) N 8d2(s,rl)r

St or? ds? ds; St ds;0r ors
_ P\ B 92d> (si|re) ] [ (s —)9%da(si|ry) | st —c ddo(si|ry) _ B %dy(se|ry) st —c dda(se|ry) 2
B {(p s;c) di(n)+ (s =c) or? 0s? +2 5 ds; (st =€) ds;0r; + S or
92dy(si|re) | [ (s: —)*da(si|re) | . dda(si|rs) 9%dy(si|r1) | dda(si|ry) ?
. 1 A _ .
= [(p_C)dl )+ (=) a”tz } [ 353 2 ds; } {(St ) ds;0ry ar }

which is exactly the determinant of the Hessian of the single season profit function. The last inequal-
~ 9dy(st]rr)
ity follows as d{(r;) <0, adzg: 1) <0, adza(‘;; 1) < 0, and % decreases in r;, which implies that

(silre)
d%ds (s/|r;) ddy (s;|ry) dda(s¢|r1)

aan - da(silr) = =55 55 and hence
ooy blsln) s e dd(sin) Pl | (sl L S 0l —odblsln)
v 3S¢3rt St ar, = e aStart ar, _d2(St|rt) 8St =7

and by Assumption [T} Thus, the Hessian is negative semi-definite and the single season profit function

{(st—c)da (strr)
ds;

is also jointly concave in (s;,r;) for ;i < 0. Following a similar argument as in the proof of

Propostion [2| we can show the concavity of V(r;).
We now prove the monotonicity of the convergence of the reference price. Since r,; = 0s,+ (1 —0)r,,

rewrite V(r;) as

\% = v
) 65(’f)+(1*9)’rr22f1§9P+(179)rt {u(riyria) + BV (1) 3,

and

rt+1 - (1 - 9)1’,

u(ry,ri1) = (p—c)di(r) + _C} b (im—(el—G)rz
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Since

u(ry,ren) _ 1 [9{(si—c)da(silr)} — (1-86) 9*{(si —c)da(si|ri)} >0
artngl 0 3stal’, 0 astz Sr:’t+l’(91*9)’t -7
as the unconstrained single season profit function (p — ¢)d; (r;) + (s; — ¢)da(s¢|r;) is concave and
92 {(s,—c)dr(s/|r1)} > %ﬁ;\ﬁ) IH{(s—c)dr(s¢|r1) } >0bv A ti 1 1 dul By Th
Sor > iy % 75 > 0 by Assumption |1} u(r;,r;+1) is supermodular. By Theo-

rem 2.8.2 in Topkis (1998), 77, | (r;) = 0s(r;) + (1 — 0)r; increases in r, and the reference price converges

monotonically for a given initial reference. O

Proof of Proposition|8] Let

e(r) . l 8M(r[,r[+]) +ﬁ8u(r,,rt+1)]
t=T1+1=1

B Iris ar

dd(s|r)
The proof follows because a boundary point 0 or p is a steady state if ¢(0) < 0 or e(p) > 0, respectively, and

— (p— i)+ (r—c) 220 ralrh).

S=r

an interior point r is a steady state if it satisfies the Euler equation of problem (3)) e(r) = 0. Since d{(0) > 0

and —c w . +d»(0|0) > 0, the lower bound 0 cannot be a steady state. O
§=
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