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We develop a new approach for solving the optimal retirement problem for an individual with an unhedgeable
income risk. The income risk stems from a forced unemployment event, which occurs as an exponentially-
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tion and investment behaviors and optimal retirement time simultaneously. We introduce a new convex-
duality approach for reformulating the original retirement problem and provide an iterative numerical method
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1. The Existence of a Solution

Recall that our main problem is formulated by the following: for A > A,
o G'(\) I
- 1{G(\) > —} =
5(}'()\)—]71—1-172 e 7"}
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We assume that the subjective discount rate 8 equals to the risk-free interest rate r. This assump-
tion is only used when verifying the existence of a solution to (1). Actually, if one wants to relax
it, it is necessary to take a restriction on the free boundary A to verify the existence. By taking the
assumption of § =r, we can show the existence of a solution to (1) for any A > 0. Most importantly,
without the verification for the existence of a solution we could find a numerical solution satisfying
(1) in a wide range of parameters. Specifically, we can always write a general solution G satisfying

(17) as follows:

GO\ = A(61+5) FANA + AT (VA

subject to

A'(A)A™% 4 (A*(N)) A% =0,
where a5 >0 and o < 0 are the two roots of the characteristic equation
1
F(a;9) E—592a(a—1)+a(ﬁ+5—r)+r:0,

We suggest a Theorem concerning the existence for the solution.

THEOREM 1. We assume that 8 =r. Then for any > 0, there exists a solution to the problem

formulated by equations in (1), which has the boundedness such that
/ MG (N)PdA < Cx
A

and
[ e mraser,
b
where n is a natural number, C’ and C}* are constants.

Proof. Let us assume that we have a solution to the problem formulated by equations in (1). Then

G cannot have a maximum at A* > \. If such a point A\* exists, then

G\ = = ; (2)

G'(\*)=0, and G"(\*)<0.

However this is contradict to the inequality (2) because

rG(\*) > =,

P
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which is obtained from the assumption that S =r and the relationship that I; > I,. The function

G cannot have a negative minimum at A\** > . If such a point \** exists, or equivalently,
G(A\*™) <0, (3)

G'(A**)=0, and G"(\*)>0,
then the first equation in (1) shows that

1
)\**

rG(A™) > — >0,

which is contradict to the inequality (3). Therefore, G satisfies

1 L1
0<G\) < — ++——=2
BA

r

for any A > \. Because we know that

_HeW =8y v

0 <—, 5
TGN -+ DL ®

G -GN

we can easily verify the boundeness of G. When we multiply the first equation in (1) by D

for a natural number n and use integration by parts, we obtain

%92 /:o G’()\)%{ (@) -G A=

X G -GN T L0 G >
+A G()\)T[ A0+ B+36 T)+BG()\)7%+% d
:/;o (i\—rG(A))GO\;;S(A)d)\.

By some calculations, we get

Ly / (G (\)2A"d
2 Jx

> —G() G\ >4
o IR (e i)« SN

_ A (3 -row) G(A)A;f(ﬂ) ax.

Using the inequalities (4), (5), and Cauchy-Schwartz inequality to deal with the second term of
the left hand side we can show that

/OO MG (N)PdN < C, (6)
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where C, n=1,2,3, ..., are constants. By multiplying the first equation in (1) by )\*HTn, we also

get

]. 3—n 1—n 14+n 5 l{G()\) > 1*1} 1+4+n 34+n
——’°NT G"(N) =Xz G'(\)(H? o— M2 +-GN)——"FTA"2 =27,

FINT G AT GO +5+5-1)+GON T 4 50 g
Therefore, utilizing the inequality (6) we can show that

[ ¥ @ wrascr, ™
A

where C*, n=1,2,3, ..., are constants.

Let us now move on the existence of a solution to the problem specified by equations in (1). We
begin by proving the existence of a solution of a locally smoothed region of the problem given by
(1). Then we consider the following problem:

5 (GC(A) - %) '

—;mvggm—AGgmw?+5+5—m+mG4w+Bag» _

<GE()\) - ﬂf - max{GE()\) - %0}

r

To prove the existence of a solution to the problem formulated by (8), we rely on a fixed point
argument. Specifically, we use the Leray-Schauder fixed point theorem. We consider the Hilbert

space H,, of measurable function v defined on (A, 00) such that

Ho={v] :o ﬁg)dk o},

We also consider the set W,, in H,, as

o<y b Dok
BA

r

an{qpeﬂn

/;O(W(A))z””@ <Cu /OO X (@ ()PaA < O

A
where C and C}* are the constants defined in Theorem 1. Then the set W, is a convex and
compact subset of H,. This is because if 1 € W,,, then 1) is C! and 1’ is bounded. Therefore, if
Y € W, then 1, 1! remain bounded. We know that for a constant C,
oo 2 A
0,

)\1+n )\ S C

by
and that
/ (1, (\)PAS A < O
Y
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Then we can consider a subsequence v, such that
Y — ¥ in H, weakly,
M= M in H, weakly,
where ,, converges pointwise to 1. Because ,, is bounded,
Y, — ¥ in H, strongly.

Therefore, W, is obviously non-empty and convex.

For any ¢ € H,,, we consider a mapping I'(¢)) : W,, — W, such that

(wm - 171)+ 1

1 1)
— =X N) = A NP+ B+ —7)+rx(N) + =X (V) =,
2o TR - ) ey - )
. 1 I, -1,
X()‘) = ,3;\ + r X(OO) =0, (9)
where
x=T(¢).
Because

S TS
T -+ E) (s - 2ae) L

it is easy to show that the inequalities (4), (6), (7) are valid for x regardless of . As a result,

x € W, and I' maps W, into W,,. The map I' is continuous for the H, norm. If ¢, = ¢ in H,,
then we can consider a subsequence that converges pointwise. Moreover, x,, = I'(¢,,) is in W,

accordingly we can extract a subsequence such that
Xm — X Ppointwise,
X., — X' pointwise,
AT S AT in H, weakely.
Considering the problem given by (9) with ,,, Xm, it is easy to check that y =I'()) by taking the
limit. By utilizing the Leray-Schauder fixed point theorem, we can conclude that the map I" has a
fixed point, as a result, the point becomes a solution to the problem specified by (8).

The solution to the problem formulated by (8) is in W,,. Therefore, as ¢ — 0, we can consider a

subsequence such that
G.(\) = G(\) pointwise,

G.L(A\) = G'(\) pointwise, (10)
ATGY(A) = AT G (M) in H, weakly.
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We define N
(V) =GN (G- -%) .
(G- 2+2) (G- L +e)
Then
TAEVESEACYS

Therefore, we obtain that
/ lLe N PATM AN < O
A

and subsequently,
| rpar< b,
A

where D is a constant. By considering a new subsequence we can argue that
Le(A) = o(\) in L2\, 00) weakly.

We rewrite ¢, as

ey >4y ? ¢
te(N) =GN —73 (G€<A>_I;+ff_GE<A>—’:+e)

- ’fl—e[fdd/\ln{@ﬁ(/\)—2)++I;}—eci\ln{(ae(,\)_ilyj%}].

If we take a function ¢ € CgO(ﬁ\, 00), then we can obtain

— €

L (Ve(NdA T aom{(cn-1) 1 2
| eear=—z— [ g { (e -1) + 2}
€ o ’ Il +
n [ rom{(.m-1) +ejar
Because G()) is bounded and converges pointwise to G(\), we can get
) oo ) Il + IQ
- 1 B . :
A L (A)p(\)dA /A P (G- 2) +2hax as e=0

The right hand side in the above is equivalent to

[ e m g e

Hence, we can conclude that ,
HGWN) > 7}
tA) =GN ———F"+.
As a result, we can lead to the limit in (8) and obtain that G(\) satisfies (1).
It remains to check that whether or not G satisfies the condition G(o0) =0. We first note that

—a ()= /A Y
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Next we have that

(@) = @ MG + 28 GLNGY)

d\
(2= n)AT(GLN))2 20 TGN TG (N).

Utilizing the inequalities (6), (7), we get
(GL(N)*A*™" < Dy,

where D, n=1,2,3,..., are constants. Therefore, we obtain

*

!/ Dn
GLI < 5

From the problem (8), we deduce that

_ %HQAQGQ’(A) CAG N0+ B+6—1) +rG.(N)] <
Consider the solution to the following problem:

- %HQAQH;’(A) CAHL ()62 B+6— 1)+ rHu (V) =

1
A=

N 1 I, — I
Hn()\):m\—l— {r 2 H,(c0)=0.

Following the maximum principle we can argue that
—H,(\) <G\ <H,(N).

Hence, we conclude that

CH,(\) <G\ < Hy(\)

and that G(o00) =0. Q.E.D.

2. The Derivation of Equations

In this section, we provide the details of the derivation of important equations. The first equation

to be derived is

@(z) = max B [ / ' e LU, (e(t) +8U (X (1)) bt + e U (X (1) (11)
eyt 0
where ,
Us(2) :;{ln{ﬁ(z+f)}+;<r+92—B(l—an))}, for z>0.
For the next, we will derive the following:
G0 = 3grg) BN 4 g, g (o= 1A O[ e (G )+ Jan 12)
Hag — 1A / pei = { (G~ 1) 4 2],
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for A > )\ and

1 Jr.71712
IBS\ i 13
— 1 )X —es 26 * \—ak - aft—2 It I ( )
=S FEON T g gt 07 [ w60 - )+ 2 o)
for
“ N 25
B\ =AW\ + Mo 1n =
M= A0+ s
Here,
It I
(6w -) =max{G(n) -0}
Finally, we would like to derive the following relationship:
0? 1)
————(1—as)+InK
255([34-5)( 5) ., - ) L "
_9 N2 Qs ey — ez al-2 4 {2
—Blnﬁ)\-i'/\(h Iz)<1—|- 2T) 5 A /)\ i ln{(G(,u) 7’) +r}d,u.

2.1. The Derivation of Equation (11)

Recall that our value function ®(z) follows

e AT (Ke(t))dt|. (1)

(e,m,T)

TATY
®(z) = max E [/ e U, (c(t))dt + e P /
0 T

ATy

If we use the conditional expectation of 77, we can show that value function ®(z) in (15) is

equivalent to ®(x) in (11). Define

()

U (X (1 A1) EmaxE[/ e~ Alt=TrToY, (Kc(t))dt].
TATY
If we let s =7 A7y, then

Us(X(s)) = max B| /:o e AU (Kelt)) dt]

(e,m)

Utilizing the dynamic programming approach in Merton (1969) or the martingale approach in

Karatzas and Shreve (1998), we get

Uz (X (s)) :;[IH{B(X(S)—FI;)}—F;(T—FQ;—B(l—an))]

By the principle of dynamic programming, the value function ®(z) in (15) becomes

®(z) = max E[/OTATU e UL (c(t))dt + e PN UL (X (7 /\TU))].

(e,m,7)
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The conditional expectation of 7 makes us to obtain the following result:
TATY
E[/ e U, (c(t))dt + e PO, (X(T/\TU»}
0_ TATY
= [/ e U (ce(t ))dt+e_é(TATU)UQ(X(T/\TU)))TUH
e % / e U, (c(t))dtds + / Se~ e PTMIUL (W (T A s))ds]

/ 5

/ et / e B, (c(t)) dids + / e / e P, (e(t)) dids
+/ Se e P, (X (s ))ds+/ se Se*ﬂTUQ(X(T))ds}
I,
|

T

=F —5’5U1 /56 5Sdsdt+/ _mUl / de %% dsdt
0 0

+ [ e BT, (X (s ))ds+e_(ﬂ+§)TU2(X(T))]

0

/0 _(ﬁ+§)t{ 1(c(t) +0U5 (X )}dt+e‘(ﬁ+“U( (7 ))}'

B[ [ P uen) [ e dsde [0 (X (9)ds ()]
=5

2.2. The Derivation of Equation (12)
Recall that the general solution G follows

1

“N=36+9

+ AN 4 AT(A)AT, (16)

which is subject to

A'(M)A™ 4 (A*(N)) A~ =0.

The first and second derivatives of G are given by

/ 1 1 —a5— * A * —afr—
GO =335~ AN —ajA A
and 5 1
GC'N=353 G146 as(as + DA™ 2AN) + aj(ag + 1A 2 A% ()

—as T A (N) — af AT (AN,
respectively. By using the general solution G and its first and second derivatives, we get the
following relationship:

192A2G”(A) —AG N (@*+B+5—1)+rG(N)

% 92(045—045))\1 “A'(N).
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The first relationship in (1) shows that

92
E(aa —a )N WA () =—

L
> 7}

and
02
2

G’

R e e IO

Then we obtain that

B N a5 1G/( ) Il
AN) =A(N) — 92(%_% ﬁ/ e 171+1721{G(/\)>7}du
and
A*(\) = — s IG/ W _1raoy > 1y
()_ a5_a§,8/ G Il+12 { ()>7"}M

As a result, the general solution G given by (16) is rewritten by

1 ) s 1G’ I
- - oy _ " |y -1
O =gy AN ST EHEW > T
N oc(;—lG/ )
+A” 5/ GGy L% {G(u)>7l}du]-

Using the fact that

%m(u) > - Lup{ (o - 1)+ 2},

r

we restate the general solution G as the following:

1 ) )\ s
GO =551 +ANA

2 [— A8 (o ln;\ — AT /;\/\(a(; —1)pe-2 lnﬁ{ (G(u) — £)+ + é}alu

- 02(a —o;)p r r

e [T (660 - )+ 2 fa).

r r
where
It I
(G(u) - 7) = maX{G(u) - 7,0}
If we define
B =AM 4+ —— 20 Jesipp L)

then we obtain the general solution G given by (12).
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2.3. The Derivation of Equation (14)

We will show equation (14) can be obtained from the value-matching condition at A = 5\, or equiv-

alently, at = . Recall that our free boundary problem can be specified by the following:

(B+0)p(x) — (ra+I1)¢' (x) + 622(5)/“(2) +1+In¢'(x)=0Us(x), — % <x <z,

¢(x) =Us(x), ==1,

6(8) = Ua(2), "
\ ¢/($) = E«%‘F 172

First, rearranging equation (17) we get an equality concerning ¢(x):

(B+0)op(x) = (re+ 1)\ (z) — 022)\2(:r)G’(/\(x)) — (1+InX(z)) + 0Us(). (18)
If we let
HO)= (raA- P 2y — (141N
(6+6) 2 , (19)
+g(1n{(G(A)—€}) +f}+;(r+92—5(1—1n1()))>,
then
o(x) = H()\(m)) (20)

Due to equations (1) and (19), we obtain
H'(A) =AG"(V),

o/ (a) = H' (AN (@) = Gy ) =Ao)

Therefore, we can say that ¢(x) is a solution of equation (17) subject to a boundary condition of

Using the condition of

H(X):;[ln;+;(r+f—B(l—an)>]- (21)
We can get
(5+5); [m; + ;(H 922 - B(1-mK))]| :M(;X + 4 ;IQ) - 0225\261’(5\) )
— (1+ln5\)+g{ln/}\+;(r+6;—ﬁ(l_an))}
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if we rearrange the relationship of (19) and rewrite it at the boundary A = X. Then, (12) and (13)

allow us to obtain

02 ) ) 2 o 04592
Oy —1) 5 _qrpr [ aris IN+ I
- A A P 1n{<G(M)—7) +r}dy.

3. Theorems and Proofs

20
THEOREM 2. (Uniqueness) If 5233 < 1, the solution of (12) is unique.

Proof. Let G; and G, be the two solutions of (12), then we get

Gi(N) ~ Go(N) = e(aff%)ﬁ [ / Au‘““”(lnﬁ{((}l(/ﬁ) =

T r

However, we know that

ng{ (i -2 + 2 —mp{ (G0 - 2) "+ Y| <16u) - Gat,

r

and this implies

GV — Ga(V)] < 922; Sup |G (1) ~ Ga)].

The proof is complete. Q.E.D.

The following theorem permits us to take a monotonically-decreasing G(\) under suitable param-

eter conditions.

THEOREM 3. (Monotonicity) Suppose that

1 2 I

> =
_[2_7’, 5+5+92(a670{§)1n(ﬁ7‘)>0,
and
25@6 1 IQ 1
026 (1HB+1DH1&X{BS\,T}><M. (23)

Then, any solution of (1) satisfies G'(\) <O0.
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Proof. Any solution of (1) satisfies the integral equation (12). From (13) and the assumption of

Theorem 3 we deduce

) 1 11
_ [ T 1 2
B(B+5) X\ r

e im0 [ (60 =) e )

B(A)A

N 5(; [515 " 92(%2 ) ln(ﬁ%)} + 4 ;5 > 0.
Since B(A) >0
G'(\) = —AQ(;M) —asB)A
et o
+a§(a§_l)xa§ 1/ s 21115{( ) +%}du} (24)
+ g a{(em -1+
S‘Alz[@.lﬂs—%iog(l /B—i-lnmax{ﬁl)\ )] —asBns .

From the assumption of Theorem (3), we find the fact of G'(A\) <0. Q.E.D.

THEOREM 4. (Um'queness of free boundary 5\) Suppose

U (I—as)+InK— ln—
_[1> 2 B(ﬂ+6) a592 f2 +IZ7
a (LT757) 2 2 2
5 25 28 as0 5 0% I, 0 5
S 20— 2 C % _(1—as)+WK, and
? 02602(/61 2)( + )+B n(max{Qg r}>< 5 5(54-5)( as)+InK, an
_ 028 (6%
7 2as (T8 ([, —
Bl nf- aa(ﬂ—l—é)_'_e ' 12)(1 2r )

(Iy
5 Lot Ly 02
+Bln(max{ﬂe @ h—}) 2ﬁ(6+5)(1—a5)+an.

Then there exists a unique solution A of (14) satisfying 0 < A< — BI
2

Proof. Recall the relationships of

%(5\):glnﬁj\+5\(ll—12)(1+a§f2)
D [ - )
L(;—a;ﬁ(ﬁ(:_(s)(l—ats)—i-an,
8,00 = A+ AL~ L)1+ %0,
¢5(5\):gl B3+ X(11—12)(1+O‘;f2) glnmax{;}\,f}.
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It is obvious that

Ps(X) = ¢ (N). (25)
Since (G(u) - %)+ + % < max{;j\, %}, under the assumption of I, >r,
o 0 P as0?. 4 1 Ly = %
0s(A) < ﬂlnﬁ)\—i—)\(hIg)(l—l—%)-i—ﬂln(max{m,r}) = 55(3). (26)

Since both ¢;(\) and [ 6(5\) are monotonically-increasing and continuous functions with

$5(0) 295(0) = —00, and
s (27)
¢5(+00) = Qé(—i-oo) = +00,

A% and A} are lower and upper bounds for X. From (25), (26) and (27) and the continuity of the

function ¥5(\) we conclude that there exists at least one solution of
s5(A) = Ls. (28)

Notice that the following two assumptions of
20
—— <1
62823

and
2(50&5

e (lnB—{—lnmaX{Bi\g,f}><Bié (30)

guarantee the fact that a solution of (28) satisfies (23), and imply the assumption in Theorem 2.

Also notice that (29), (30) are equivalent to

A 20 ¥ _mﬁw 31
5 > 0257 ) >e ) ( )
respectively. Using the definition of A} and the two inequalities in (31) we can show that
5. (2 3, (o Tt
¢5 (@) < L(;, gf)é (6 5 > < Ls. (32)

The first inequality in (32) can be rewritten as

5ln25+25(I1—12)<1+0‘592> +6ln<max{02 Iz})

2 2 957 .
<——(1-— ,
N TR A
and the second one also can be restated as
0 025 ___0’8 os0? 0 1 8 ],
71 - - 20a5(B+9) I _I 1 _v 71 __p26as5(B+s) 2
5 Baaa ey T¢ T (145, )*6“2(“‘“{56 o) ”
i d (1 —CY(;) +In K.

RENICET)
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Therefore, we can say that, if (33) and (34) hold (these conditions require a sufficiently small §),

r
there exists a unique solution of (28). Moreover, the inequality \j < 31, is a sufficient condition of
2

. . N r .
the inequality of A < 3L It can be rewritten as
2

r
% (35,) > s
and it is equivalent to
5. r r os0? 0? ) 5. r
-In—+—(L L)1+ — ——(1- InK——1In—.
R ARTAC 2)( o >> I A L &

Therefore, we get the first assumption of the theorem

029 (1—a5)+1nK—%lnl

I, > 2 B(B+9) Iz
()
BIQ 2r

+ L.

Q.E.D.

For the unique solution A of (28), the corresponding G()) is also the unique solution of (1).

4. Verification for Optimal Stopping Problem

Recall that our optimal stopping problem is given by
O (z) =max J,.(z), (35)

where

J.(z)= max { /OT e*“’”)t{U1 (c(t)) + 60U (X (1)) }dt + e~ B, (X(T))] ;

for a fixed stopping time 7. We also recall that the variational inequality associated with the
optimal stopping problem follows
0% ¢'(x)

(B+0)6(a) = (ra-+ 1)/ () + 5 7

+1+1n¢'(x) > dUs(x),
¢(x) > Us(x),  (36)

0% ¢'(x)* () 5U2(x)} <¢(w) _ Ug(g;)) =0,

for any x > —I;/r. The verification for our optimal stopping problem (35) is executed in the

following two steps: we first verify that the solution ¢(z) to the variational inequality (36) is the
solution to the optimal stopping problem (35). Next, we verify that the solution to the free boundary
problem (17) satisfies the variational inequality (36). We reuse some notations and definitions in

Oksendal (2007).
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First, we fix a domain G in R* and let
dY, =b(Y,)dt +0(Y1)dB, Yo =y,
be an Itd diffusion in R*. Define
7o =7¢(y,w) =inf{t > 0;Y;(w) ¢ G}.
Let f:R" - R and ¢: R" — R be continuous functions satisfying

TG
(a) Ey[/ ff(Yt)dt} < oo forall ye€RF, and
0
(b) the family {g~(Y,);7 stopping time, 7 <7} is uniformly integrable with respect to
the probability law of Y; for all y € R".

Let 7 denote the set of all stopping times 7 < 7¢. Consider the following problem: Find ®(y)
and 7 € T such that

¢(y)=§1€1§JT(y)=JT*(y),

where
Jf(y)_Ey[/ FYdt+g(v,)| for TeT.

Note that since J°(y) = g(y) we have
O(y)>g(y) forall yed.

We can now formulate the variational inequalities. As usual we let

: 0 1 i
L=Ly=> biy)5—+5 > (067)iy) 5=
Y — bl(y) 6y1 + 2 ijZI(UO- )ZJ (y) ayzay]

be the partial differential operator.

Now, we can state Theorem 10.4.1 in Oksendal (2007).

THEOREM 5. (Variational inequalities for optimal stopping)
a) Suppose we can find a function ¢ : G — R such that
(i) $€ CHG)NC(G)
(i) 6> g on G lim,_, $(Y)) = (V) X{raoey 05
Define

D ={z€G;¢(x) >g(x)}.

Suppose Y, spends 0 time on 0D a.s., i.e.
), Ey[ . XaD(Yt)dt} =0 forallye G
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and suppose that
(iv) OD is a Lipschitz surface, i.e. 0D is locally the graph of a function h: R" ' — R such that
there exists K < oo with

\h(z) — h(y)| < K|z —y| forall x,y.

Moreover, suppose the following:

(v) ¢ € C*(G\ID) and the second order derivatives of ¢ are locally bounded near D
(vi) Lo+ f <0 on G\D.

Then

o(y) > P(y) forall yed.

b) Suppose, in addition to the above, that

(vii) Lo+ f=0 on D

(viii) Tp =inf{t > 0;Y; ¢ D} < o0 a.s. the probability law of Y; for ally € G

and

(iz) the family {o(Y,);T <71p,7 € T} is uniformly integrable with respect to the probability law
of Y, for allyeG.

Then

cb(y):<I>(y)ZflelgEy[/on(K)ng(K) ; yeaG

and

T"=17p

is an optimal stopping time for this problem.

Recall the optimal stopping problem. For a fixed stopping time 7,
®(x) =max J,(x),

where

Jr(z) =max B { /OT efm(s)t{Ul (c(t)) + 06U (X (1)) }dt 4 e BT, (X(T)):| ‘

We let ¢*(t) and 7*(t) denote optimal consumption and optimal risky portfolio, respectively. The

partial differential operator

\ 0
T (t)20'2%

) ) ) o 1

In our model, the domain G is given by

G={(z,t) eRxR;z>—-1,/r,t >0}.
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Also, the domain D follows
D ={(z,t) € G;§(x,t) > e~ WUy (2)}

for a function ¢: G — R. Then

Lo+ e—w+5>t{U1 (c*(1)) + 6U2(x)} n (m —t W)+ L+ 7r*(t)00) gf

_9%
a
_.I_

T (t )202(;:2 +e_(ﬁ+5)t{U ( *(t)) —|—5U2(1’)}.

Now, we derive variational inequalities for our optimal stopping problem. We suppose that the

function ¢ satisfies the following variational inequalities:
Lé+e U (e (1) +8Ua(a) } =0 on D,
Lo+ e_(6+5)t{U1 (c"(t) + 5U2(:L‘)} <0 on G\D.
Accordingly, the above variational inequalities are equivalent to the following:
Lo+ e_(’8+5)t{U1 (c*(t) + (5U2(:L‘)} <0,
p(z,t) > e” P, (2), (37)
t) -

[L(b—i—e (B+3)t {Ul(c*(t))+(5U2(x)H( (z,1) — e+, (1 )):o.

We conjecture the form of QE as
O, t) = e TV ().

Then substituting the conjectured qg into the inequality (37) we can show that

[ (B+0)0@)+ (re = (6) + T+ 7 (1)00) ¢/ (2)
+ %w*(t)%%”(x) + U, (c*(t)) + 5U2(x)} <0,
P(x) > Us(z),
[ (B+0)0@) + (re = (6) + L+ 7 ()00) ¢/ (2)

+ %w*(t)za%”(m) LU (1) +00n(2)] (9(a) ~ V() =0.

Optimality conditions for optimal consumption and risky portfolio are given by

| o 69
@ M TO=Cmay

Therefore, we obtain the variational inequality (36). If we apply Theorem 5, then the solution ¢(z)

c(t)=

to the variational inequality (36) is the solution ®(z) of our optimal stopping problem (35).
Now we provide a theorem verifying that the solution ¢(x) to the free boundary problem (17)

satisfies the variational inequality (36).
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THEOREM 6. If

1 T(Il — 12) 06502 92 6(1 — 065)

- 1 ——————~ +InkK

3 1.2 (1+ 27“)<25(5+5)+n and
1 L< (159 5_[2

—e? I —L)(1+ — <InK

5 (1 2)(1+ oy >+ﬂ <In

are true, the solution ¢(x) to the free boundary problem (17) satisfies the variational inequality
(36).

Proof. Since

for

we know ¢ (z) = 0. If we show that ¢’(x) <0 for —I,/r <z <z, the second inequality of (36) will

follow. It is enough to show that

1 L -1
A\) < —

G<)<ﬁ)\+ o (38)

for A > X. Define
1 L -1
raN)=G\) — = —
( ) ( ) B)\ r ?
3 L —1, .
then, I'(A) =0 and I'(o0) = — < 0. From the first equality of (1) we can get
1 (A
—592)\2F”(/\)—)\(92+5+(5—T)F/()\)+7'F( )+ 5F( )( )L
U B { (39)
SR H S Y
« )

Since A > A > A}, the right hand side of (39) have an upper bound of “a (1 — 51;\2) < 0 under
the condition of

A > —— 40

5 o (40)

Applying the comparison principle (Friedman, 1982) to (39), we obtain I'(\) < 0, which is equivalent

o (38).
Now, we will verify the first inequality in (36). For x > Z, the following equality holds:
0% ¢'(z)” :
(B+0)d(z) = (rz+ L)¢'(x) + 5 @) 14+1In¢'(x) — 6Us(x)
— 172 K,
B (l’ +72)

Blx+Iz/r)
I — 1,
Bz +72)

since ¢(x) = Uz(x). The function — +1n K is monotonically increasing, so it is sufficient
to show

+InK >0,
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or equivalently,
In K —\(I, — I,) > 0.

Using (14), we get

In K — \(I —1)>_972L(1— )—i—éln(ﬁ;\)—i—;\(I —1)0‘592
N (R ) RN LT,
02 ) ) 04592

>_Z 7 _(1-— Z 0 07, —

> 25(5_1_5)(1 ag)—i-ﬂln(ﬂ/\(;)%—)\é(h L) o >0
where

2 (11—«
JURNETE &= (42)

B

We can rewrite the restrictions (40) and (42) as the following inequalities by using the function
¢5s(+) defined in (26):
6s(o7) <Lss <1 §i<<1556‘5>)> <L (43)
- , —e .
\pL/) T AR '

Therefore, the two inequalities in (43) become our assumptions:

1r(l — L) ash?*. 6% 5(1—ay)

— 1 ————~ +InK d
i L (+2r)<2ﬁ(ﬁ+5)+n , an
1 62 (-ap) as0?. o1,

Ze2 B (I, — L)1 — <InK.

56 (I 2)(1+ o )+ﬁr<n

Q.E.D.

5. Convergence of the lterative Procedure

We show that the approximation function G(-) obtained from the iterative procedure converges to
the to the implicit equation (12) by using the Banach fixed-point theorem.

Consider a set X = [\, 00) which is the domain of A(-). Since the set R of real numbers is
complete, the set B(X,R) of all bounded functions f: X — R is a complete metric space with the

supremum norm
d(f,9) = sup{|f(x) —g(2)|: z € X}.
Note that the set C,(X,R) consisting of all continuous bounded functions f: X — R is a closed

subspace of B(X,R), so that, C;,(X,R) is also a complete metric space. Hence, the continuous and

decreasing function G(\), which is a solution to the differential equation (1) satisfying
0<GO) <G,

should be in Cy(X,R).
Define for any G(\) € C,(X,R)

() = gy + BN+ g gl v e smad (a0 - 1)+ s
Hag = 1A /:o u"g‘zlnﬂ{ (G(u) - %Y + %}du],
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then T is continuous and T'(G(})) is in Cy(X,R) by the relationship of

26
T(GN))| < —sup |G(N)].
7 ( ())’_925,\ 1p|G(A)]
Moreover, if we take an assumption of
26
~ <1,
025\

then the map T : Cy(X,R) — Cy(X,R) is a contraction mapping. This is because, for any
Gi1(A), Ga(N\) € Cyo(X,R), T satisfies the following:
26
sup [T(G1(N)) =T (G2(N))| = —sup |G1(\) — Ga(N)].
1p| (Gi(N) =T (G2(V)] 53 1p|G1(A) = Ga(A)]

Let GP()\) be a function and B*(A), A’ be the two constants obtained from the i-th iteration. By

the Banach fixed-point theorem, we have that G*(\) converges uniformly to G(A) on the region of
[A,00). Obviously, we know that B(A\') — B()) and X — X as i — co.

We display an example of the numerical experiments in the next subsection.

5.1. An example

Let G*(\) be the numerical solution derived by the i-th iteration. Then the corresponding value

function ®*(x), i =0,1,2,..., can be calculated by the first relationship in (17): for any —1I,/r <

<z,
;[TGO(A*(:E))A*@) - 922(G° ()\*(x))>/()\*(x))2 11— m*(x)}, if =0,
®(x) = 5 i - [rGi(A*(m))A*(;p) - %(Gi ()\*(ac))>/()\*(x))2 1IN (a)

+ 68U, (G"(/\*(x)) - 11/7«)], if i=1,2,..,

where G(-), B'(\"), A’ are obtained from the iterative procedure. Note that ®°(z) represents the
value function without forced unemployment risks (i.e., d =0). Then ®‘(z) (i = 1,2, ...) must satisfy

the following inequality: for any —I; /r <z < &,
Us(z) < ®'(x) < ®°(). (44)

The left inequality comes from the variational inequality of (36) and the right one must hold due
to the fact that the value function without forced unemployment risks is clearly larger than that

with the forced unemployment risks.

ProroSITION 5.1. If I, > r,

where A) and A} are found by

65(A3) =Ls and ¢,(\;) = Ls.
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L)

Value Function

0 20 40 60 80
Wealth X

Figure 1 Numerical solutions as a function of initial wealth: § = 0.01, 8 = 0.0371, r = 0.0371, £ =0.1123, 0 =
0.1954, K =3, I1 =1, and I2 = 0.10 are used for parameter values.

Figure 1 shows the convergence of the numerical solution for a reasonable parameter set. The
upper bound (lower bound) in the Figure 1 represents ®°(x) (Us(x), respectively). The figure shows
that ®‘(x) converges as the number of iteration increases and the numerical solutions satisfy the
relationships in (44).

Table 1 shows the numerical solutions of ®‘(z) (i =0,1,...,5) for various initial wealth levels.
It shows that the numerical results apparently seem to be convergent and are bounded by Us(z)
and ®°(z). On the other hand, if we let A’ (i =1,2,...) be the free boundary obtained from the
i-th iteration, then we can observe in Table 2 that the numerical results for the free boundary
seem to be convergent and stay between the lower bound of ) and the upper bound of A} (see the

inequality (45) in Proposition 5.1) for various unemployment intensity ¢’s.

lower bound numerical solution upper bound
x Us(x) ol(z)  P*x) D¥(z) DYx) DPO(x) DY (x)

10f| 63.1217 | 77.8138 76.4976 76.7837 76.7839 76.7825| 77.8959
20|| 78.7800 | 85.5165 84.6669 84.9565 84.9435 84.9428 85.732

30| 88.6202 ]91.9625 91.3259 91.6085 91.5910 91.5908 | 92.1351
40| 95.8131 | 97.4722 96.9468 97.2192 97.1998 97.2004 | 97.5626
50{| 101.4850 [102.2700 101.8220 102.0880 102.0660 102.0660| 102.2820
60| 106.1690 [106.5140 106.0870 106.3540 106.3310 106.3320| 106.4620

Table 1 Numerical solutions for various initial wealth levels: § =0.01, 8 =0.0371, » =0.0371, 1 =0.1123,
0=0.1954, K =3, I =1, and I> = 0.10 are used for parameter values.
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lower bound numerical result upper bound
5 X0 U VI VS VR Al

0.01|| 0.252839 [0.380467 0.342191 0.345989 0.345784 0.345790| 0.548594

0.02|| 0.183758 [0.498807 0.335688 0.363804 0.361220 0.361278| 0.707226

0.03|| 0.119902 ]0.641149 0.304488 0.387526 0.376163 0.376625| 0.831393

Table 2 Numerical results of the free boundary X for various unemployment intensity 6’s: 8 =0.0371, »r =0.0371,
pn=0.1123, 0 =0.1954, K =3, I; =1, and > =0.10 are used for parameter values.



