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Proof of Lemma 1

The proof is consolidated from Stein (1972), Stein (1981) and Liu (1994).

The first result is the univariate version of Stein’s Identity (cf. Stein (1972) and Stein (1981)).

Let c̃ follow a standard normal distribution, N (0,1), and ϕ (c) denote the standard normal

density with the derivative satisfying ϕ′ (c) = −cϕ (c). For any differentiable function h : R → R

such that E[|h′(c̃)|]<∞,

E [h′ (c̃)] =

∫ ∞

−∞
h′(c)ϕ (c)dc

=

∫ ∞

0

h′(c)

[∫ ∞

c

zϕ (z)dz

]
dc+

∫ 0

−∞
h′(c)

[∫ c

−∞
−zϕ (z)dz

]
dc

=

∫ ∞

0

zϕ (z)

[∫ z

0

h′(c)dc

]
dz−

∫ 0

−∞
zϕ (z)

[∫ 0

z

h′(c)dc

]
dz

=

(∫ ∞

0

+

∫ 0

−∞

)
[zϕ (z) [h(z)−h(0)]]dz

=

∫ ∞

−∞
zϕ (z)h(z)dz

= E [c̃h (c̃)] ,

where the third equality is justified by Fubini’s Theorem. Note that since E[c̃] = 0 and V ar(c̃) = 1,

the equality proved above is essentially

Cov (c̃, h (c̃)) = V ar(c̃)E [h′ (c̃)] . (EC.1)

Next, we present the generalization of the result to the multivariate case (cf. Stein (1981) and Liu

(1994)).

Let z̃ = (z̃1, . . . , z̃n)
T
, where z̃j’s are independent and identically distributed standard normal

random variables. From Equation (EC.1) it follows that for any function ĥ :Rn →R satisfying the

same conditions as h in the Theorem,

E
[
z̃jĥ (z̃)

∣∣∣ (z̃1, . . . , z̃j−1, z̃j+1, . . . , z̃n)
]
=E

[
∂ĥ (z̃)

∂zj

∣∣∣∣∣ (z̃2, . . . , z̃j−1, z̃j+1, . . . , z̃n)

]
, ∀j = 1, . . . , n.

Taking the expectation of both sides, we get

E
[
z̃1ĥ (z̃)

]
=E

[
∂ĥ (z̃)

∂z1

]
.
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Using a similar argument for the remaining random variables, we can show that

Cov
(
z̃, ĥ (z̃)

)
=E

[
∇ĥ (z̃)

]
.

Note that the random vector c̃ can be written as c̃= Σ1/2z̃ +µ. Consider ĥ (z̃) = h
(
Σ1/2z̃+µ

)
,

then ∇ĥ (z̃) =Σ1/2∇h (c̃). Hence,

Cov (c̃, h (c̃)) =Cov
(
Σ1/2z̃, ĥ (z̃)

)
=Σ1/2E

[
∇ĥ (z̃)

]
=ΣE [∇h (c̃)] .
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