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Electronic Companion to
“Optimal Policies for a Dual-Sourcing Inventory Problem
with Endogenous Stochastic Lead Times”

For any function g(z,y,z), define

Lg($,y, Z) :)\g(.I - 17y7 Z) + /‘LI[I{2>0}g(l‘ay + 1’ = 1) + I{Z:O}g(xaya Z)]

+pelysa9(@+1,y—1,2) + Ly—o9(@,y,2)].
Proof of Lemma 1. For the first inequality in (2), it suffices to show that
co+ Ay (hx™ +bx™ + hoy+ hiz+ T f(z,y,2)) > 0. (EC.1)
(EC.1) is true because

cr+ Oy (ha™ +ba™ 4+ hay+hiz+ T f(2,y,2))

—¢y+hy+ min {(h2+62)(u— (y+1))—|—(h1+cl)(v—z)+£f(1:,u,v)}

uSytlv>z
— min {(h2 +e)(u—y)+(hi+c)(lv—2)+ Ef(:c,u,v)}
u>Y,v>z
= min_{(ha+e)(u—y)+(h+e)v—2)+L (zu0) |
— min {(hg +e)(u—y)+(hi+c)(lv—2)+ ﬁf(a:,u,v)}
uSY,v>z

> 0.

This proves the first inequality in (2). The second inequality follows similarly.
Now we prove that it is not optimal to order from server 2 when y > 0, nor to order from server
1 when z > 0. In view of the optimality equation (1), it suffices to show that, for any nonnegative

integers m,n > 0,

LN x,y+m,z+n) <LH(x,y+m+1,z4+n+1)+c+co+h +hyif y>0and 2>0, (EC.2)
LN(x,y,z+n) <L (z,y,z+n+1)+c,+hy ify=0and 2> 0, (EC.3)

LNz, y+m,2) <L (x,y+m-+1,2)+cy+hy if y>0and z=0. (EC.4)
To verify (EC.2), we have when y >0 and z > 0,

LNz, y+m+1,z4+4n+1)+ci+cy+hy+hy— L (2, y+m, 2 +n)
=ci+cthi+h+ AN, fr—Ly+mz+n+1)+ A, f(x—1,y+m,z+n)]

+/L1[Ayf($,y+m+1,z+n)+Azf(:E,y+m+1,z+n—1)]
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+[ANyfle+lLy+m—1z+n+1)+ A f(x+1,y+m—1,z+n)]
=hi+he+ Ao+ D, fle—1Ly+m,z+n+1)|+ s+ D, f(x,y +m+1,2+n)]

tuslea+ Ay flx+1lLy+m—1Lz+n+1)]+(1—=X—pg — p2)es

A+ A f(e—Ly+m,z+n)] + e + AL f(x,y+m+1,z2+n—1)]

Fpeler+ A f(@+Ly+m—1z+n)+ (1 - A= —p2)cy
>hi+ho+ (1 —=X—p — p2)(cr +c2)

>0,

where the first inequality follows from (2), and the last from o+ A+ p; + pe = 1. Thus, (EC.2)
holds. Similarly, one can verify (EC.3)-(EC.4). O

Proof of Lemma 2. The argument for this lemma is similar to that of Lemma 1. [

Proof of Lemma 3. In view of (1), we have

f(z,y,0) = ha™ +bx™ + hyy

+u212)i1}120{clv+(h2+62)(u—y)+£f(.fl?,u,’0)}, (EC.5)
f(z,0,1) = hat +bx~ —i—m>igl {(h2 +co)u+ L (z,u, 1)} (EC.6)

Similarly, from (3), we have

f(2,9,0) = ha* +ba™ + hyy

+ ug}%O {(hz +eo)(u—y) + L (,u,0) + M1I{v>o}5l}, (EC.7)
f(x,0,1) = hat 4+ ba +min {(h2 +e)u+ L (z,u,1) +u161}. (EC.8)

To prove that System O and System M have the same optimal policy, it is sufficient to show that
(EC.5) and (EC.7) have the same solution, and (EC.6) and (EC.8) have the same solution. Notice
that the right-hand sides of equations (EC.5)-(EC.8) both involve minimum operations. Therefore,
for (EC.5) and (EC.7) to have the same solution, it is sufficient that, for any fixed integer x and

nonnegative integer vy,

c1 + L (2,y,1) > L (z,y,0) if and only if & + Ef(x, y,1) > Ef(x,y,O), (EC.9)
hy +cy+ L (z,y +1,0) > L' (z,y,0) if and only if

h2+02+£f(x,y+1,0)Zﬁf(:c,y,()), (EC.10)
c1+hy+eo+ LN (2, y+1,1) > L/ (z,y,0) if and only if

,u161+h2+02+£f(x,y+1,1)zﬁf(x,y,()). (EC.11)
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Also, for (EC.6) and (EC.8) to have the same solution, it is sufficient that, for any fixed nonnegative

integer x,

hy+cy+ L (x,1,1) > £ (2,0,1) if and only if

o+ co+ L (2,1,1) > £f(2,0,1). (EC.12)
But it directly follows from (5)-(6) that

1+ L (2,9, 1) = (a+ m)es + L (a,y,1),
L (2,y,0) = £ (,y,0),

ho+ o+ L (2,1,1) — £ (2,0,1) = hy + ¢ + £/ (2,1,1) — £/ (2,0, 1).

Consequently, (EC.9)-(EC.12) hold, and the lemma is proven. [
Proof of Lemma 4. It follows from (7) that

e+ N, f(x,y)
=hy+ez+ min {(ha+e2)(u—y—1)+Afl—Lw)
o min{ f(z, u+ 1)+ &, f(z,u)}
o [Tusoy f(@+1u—1) + Tmoy fz, U)]}

—m>in{(h2+62)(u—y)+)\f(az— 1,0) + g min{ f (e, u+ 1) + &, fz,u)}

uzy

Ho[Lusoy fl@+ Lu—1) + I{uzo}f(x,u)]}

zmin{(h2+cg)(u—y)+)\f(x—1,u)+,u1min{f(a:,u+ 1) +é, f(x,u)}

u>y

o [Lusoy f(@ + Lu—1) + Ijuoy f (2, U)]}

—min { (ha +2)(u =) + M@ = L)+ pmin{ Fla,u+ 1)+, fla,0)}

T2 [I{u>o}f($ +1Lu— 1) + I{u:()}.];(xv u)]}
=0.

Hence, we have (8). The second part of the lemma follows from an argument along the same lines
as that of the second part of Lemma 3 (i). O

Proof of Lemma 5. First the uniqueness of S(y) directly follows from its definition. It can
be —oco, 400, or any integer in between. Supermodularity of f(z,y) implies that f(z,y) + ¢ is
increasing in z. Thus we have that f(z,y) 4 ¢ <0 for # < S(y), and f(z,y)+ & >0 for & > S(y).
Property (P3) of f(x,y) implies that f(z,y)+ ¢, is increasing in y. Using these two results, we will
have S(y) < S(y— 1), which implies the monotonicity of S(-).
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We now, by contradiction, prove that if S(y) and S(y — 1) are finite, then S(y) < S(y — 1).
Suppose there exists yo such that

S(yo) = S(yo +1).

By the definition of S(-), we have

Ay f(S(40),y0) +E1>0

and

Ny f(S(yo) —Lyo+1)+¢ <0,

which together imply

2y f(SWo) o) > 2y F(S(yo) — Ly +1).

This contradicts Property (P3), 2, f(S(y0) — 1,50) > Auy f(S(36) — 1,10), which can be rewritten
as Ay F(S(Yo)y0) <Dy f(S(yo) = Lyo+1). O

Proof of Lemma 6. The uniqueness of R is directly given by its definition. By the supermod-
ularity and convexity of f(z,y) in z, the quantity hg + ¢y — pu1é; + AN, f(x — 1,0) + po N, f(,0) is
increasing in x, and —,ul(Ayf(x, 1) +é1)acsa)y — ul(Ayf(x,O) + ¢1)I{z>s(0)y is decreasing in x.
Thus

ho 4 co — 11é1 + AN, f(2 —1,0) + A, f(2,0)
< = (Dy f(, 1)+ &) Lgaesayy — (D F(2,0) +E)ss0) for = < R;
ha + C3 — a6+ AA F(2 — 1,0) + o, f (3, 0)
>~y (D (2, 1) + )T esay — i (Dy f(2,0) + )50y for z > R.
This implies that for state (x,0), if z < R, it is optimal to feed server 2; if z > R, it is optimal to

do nothing at server 2. [

Proof of Lemma 7. It suffices to show that, for any positive integer y,

<(ha+c) +M(x—1,y+1)
+pumin{y(z,y +2) + &, (z,y+ 1) pop(z + L y). (EC.13)
Consider two cases:
min{¢(z,y +2) + ¢, 9(z,y+ 1)} =¢(2,y +1),

and

mln{¢($7y+2) —1—61,1/1(:17,3;—}-1)} :¢($7y+2) +c1.
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For the first case,

(ha+c2) + Ap(z— 1,y + 1) 4+ py min{¢(z,y + 2) + &1, ¥ (z,y + 1)} + poo(z + 1,y)
— (Moo = 1) + pmin{u @,y + 1) + v, y)} + pev(a+ Ly —1))

=(hatc) +Mp(x—Ly+ 1)+ mb(z,y+ 1)+ petb(z 4+ 1,y)
— (MW = 1) + g min{u(@,y + 1) + (e, y)} + pe(a+ 1Ly —1))
>(hote)+M(x—1y+1)+m(z,y+ 1)+ pop(z+1,9)
—(Mb(fﬂ— Ly) +pmp(z,y) + pap(z+ 1,y — 1))
=(ho+ o) +F AL (x — 1, y) + i Ayp(x,y) + pedNyp(x+ 1,y — 1)
> ha + Meo AL (= 1,y)) + pa(co + Dyo(2,y)) + pa(co + Ayp(z + 1,y — 1))

> 0.

Hence, (EC.13) holds. By a similar argument, (EC.13) holds in the second case. [

Proof of Lemma 8. Define

g(q:,y):min{w(x,y),w(m,y+1)—|—61}. (EC.14)

In order to prove the lemma, by the definition of 7 and Lemma 7, we need only prove that g(x,y)
satisfies Properties (P1)-(P3) for y > 0, provided that ¢ (z,y) satisfies (P1)-(P3) for y > 0.

First we prove supermodularity of g(x,y):

gz +1y+1)+g(z,y) > gz +1,y) +g(z,y+1). (EC.15)

Define
G(z,y,w)=w- <w(x,y+ 1) —1-51) +(1—w)-¢(x,y).
Then, by the definition of ¢(-,-) in (EC.14),
g(x,y) :wg%ior}l} G(z,y,w). (EC.16)
By the supermodularity of ¢ (x,y),

NGz, y, 1) =00 (x,y+ 1) > Az, y) = AG(x,y,0).

Hence, G(x,y,w) is supermodular in (z,w). Similarly, one can show that G(z,y,w) is supermodular

in (y,w) for y > 0. Let

g(‘rvy) :G(J’"y’wl) and g($+1,y+1) :G(‘T—i_ 1’y+17w2)'
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If w, <ws,, then

gl +1,y)+g(z,y+1)
<G(z+1,y,w)+G(x,y+1,ws)
<G(z+1,y,ws) + G(z,y,w;) — G(x,y,ws) + G(x,y + 1,w,)
<G(z,y,w) + Gz +1,y+1,ws)

=g(z,y) +glz+1,y+1),

where the first inequality uses (EC.16), the supermodularity of G(z,y,w) in (z,w) implies the
second inequality, and the last inequality follows from the supermodularity of G(z,y,w) for fixed
w. Equation (EC.15) follows immediately.

If wy > w,, then w; =1 and w, = 0. Thus,

lg(x+1,y)+g(x,y+ 1] - [g(=z+1,y+1) +g(z,y)]
—min {$(@+1,y+ 1)+, (@ +1,y) } +min {$(@,y+2)+&, 6wy +1)}
ety D) -y +1) — &
<P+ Lyt D) +a+o@y+l) -+ Ly+l) —ylzy+1) -

9

which again yields (EC.15).

Second, we prove diagonal dominance in x, that is, A,,g(z,y) > A,y9(z,y), or
g +2,y)+g(z,y+1) > glz+1,y+1)+g(z+1,y). (EC.17)

Let
9(x+2,y) =Gz +2,y,ws) and g(z,y+1)=GCG(z,y+1w).

The proof of (EC.17) is divided into two cases.

Case (i): w; < wy. Here,

glx+Ly+1)+g(z+1,y)
<Gz+Ly+1lLw)+Gx+1,y,ws)
<Glz+Ly+1lw)+Gx+2,y,w) +Gx+1,y,w) — Gz +2,y,w;)
<G(z,y+ 1,w) + Gz +2,y,ws)

=g(x+2,y) +g(z,y+1).
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The first inequality follows from (EC.16), the second comes from the supermodularity of G(x,y,w)
in (z,w), and the third is due to the diagonal dominance of G(x,y,w) for fixed w. Hence, (EC.17)
holds.

Case (ii): wy > we, that is, w; =1 and wy = 0. First,

g(x—i—?,y) :"/}<x+27y) g(ac,y—i—l) :w(w7y+2)+617
Then,

gz+Lly+1)+g(x+1y)—g(z+2,y)—g(z,y+1)
:min{w(JH—1,y+1),¢(m+1,y+2)—i—él}
+min {w(x+1,y),w(:v+1,y+1) +61}
“Y(@+2,y) —Y(z,y+2)-&
<Yle+Ly+1)—v@+2,y) —(z,y+2)+b+1,y+1)
=¢(@z+Ly+1)—d+ly) +y(@+1ly) —¢(@+2,y)
—Y(z,y+2)+¥(z,y+1) —P(z,y+ 1) +y(z+1,y+1)
=8+ 1,y) = Dap(z + 1,y) = Ayp(a,y +1) + A,y +1)
= Lt (@,) = Dy h(@) = (Baath(@, ) = Dayib(a,y))

<0.

This implies (EC.17).
To prove that g(x,y) satisfies Property (P3), we just follow the same procedure as above for
property (P2). That is, replace A,, by A,,, and keep A, asis. O

Proof of Lemma 9. We need to prove the following three inequalities:

T(x+1,1) + To(x,0) > To(z+1,0) + T (z, 1), (EC.18)
T(x+2,0)+To(x,1) > To(z+1,1) + Tab(z +1,0), (EC.19)
T(z,2) +Tp(x+1,0) > To(z+1,1) + Tep(z,1). (EC.20)

Define H(z,y,w) by

%w(? —w)(3 —w) {(hz +e)+Mp(x—1y+ 1)+ wm(r,y+ 1)+ pop(x + 1»9)]

+ (= w)(2 = w)(3—w) (e + ) + Ap(a — Ly + 1) + ey +2)
+ e+ pep(z +1,y)
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+ poXpy—0y (2, y)
1 ~
toww-1)@3-w) [W(x —Ly)+m(@,y+1)+mé
+ polpso¥(z+ 1,y — 1) + polgy—oy (2, y) |-

Based on an argument similar to the discussion of G(x,y,w) in the proof of Lemma 8, H(z,y,w)

is submodular in (z,w), i.e.,

A H(x,y,0) > AN H(z,y,1) > A H(x,y,2) > A H(z,y,3).
For y >0, by (16), H(x,y,w) is submodular in (y,w), i.e.,

ANyH(z,y,0) > AyH (z,y,1) > AyH(2,y,2) > A H(x,y,3).

Finally, for fixed w, by (16), H(x,y,w) satisfies Properties (P1)-(P3). We can rewrite

TY(z,y)= min  H(x,y,w). (EC.21)

we{0,1,2,3}

First, we prove inequality (EC.18). To do this, let
TY(x+1,1)=H(x+1,1,wy) and Ti(z,0)=H(z,0,w).

The proof is divided into several cases.

Case a.i: w, > wy. For this case,

7-¢($‘+1,0)+7—¢(l’,1)§ :U+1,0,w1)+H(x,1,w2)

IN

H(
H(x+1,0,wy) + H(z,0,w,) — H(x,0,wy) + H(z,1,w,)
H(

IN

x+1,1,wy) + H(z,0,w)

Y(z+1,1)+ T(z,0),

where the second inequality follows from the submodularity of H(z,y,w) in (z,w), and the last
inequality comes from the supermodularity of H(z,y,w) given w. Thus, (EC.18) holds.

Case a.ii: w; < w,. Note that, by Properties (P1)-(P3) of (-, -), the minimizer of the right-hand
side of the following equation (EC.22) is 1:

Top(e+1,1) = igfl{(h2+c2)(u—1)+w(x,u) (EC.22)
o min{uh (e 4+ 1w+ 1) + 6,0+ L)} + pag(e+2,u—1)

Hence, according to the definition of wy and (EC.21), wy can only take the values 2 or 3. Thus,
we divide this case into five subcases, namely, (wy,ws) = (0,2), (wy,ws) = (0,3), (wy,wy) = (1,2),

(w1, w2) =(1,3), and (wq,wz) =(2,3).
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Subcase a.ii.l: (wy,ws) = (0,2). By (EC.21),

Tp(z+1,0) + Top(x, 1)
< hy 4o+ M(2, 1) 4+ b (x4 1,2) 4 w1 &) + ot (2 +2,0)
+A0(x —1,1) 4 pa (2, 2) + 1 &1 + potp(z + 1,0)
=M (2, 1) 4 g p (x4 1,2) 4 1 &1 + potp(z +2,0)
+hotco+ ANp(z—1,1) + up(z,2) + p1é1 + pop(z +1,0)
=T(z+1,1) + T(,0).

This yields (EC.18).
Subcase a.ii.2: (wy,wq) = (0,3). Again, by (EC.21),

Tib(x+1,0) + T(x, 1)
<hy+cy+Ap(z,1) + mp(x+1,1) + potp(z +2,0)
+ M\ (x—1,1) 4+ pyb(x,2) + g &1 + potp(z + 1,0)
= Mp(z, 1) + b (z 4+ 1,1) + poth(z + 2,0)
+ho+co+ ANp(x—1,1) 4+ (2, 2) + p1 &y + ptp(z 4+ 1,0)
To(z+1,1) + To(x,0).

Hence, (EC.18) holds.
Subcase a.ii.3: (wy,wz) = (1,2). By (EC.21), the following inequality directly proves (EC.18):

T(z+1,0) + To(z,1)
<hg+ e+ (2, 1)+ (x4 1,2) + p1é; + potp(z +2,0)
+A(x —1,1) 4 pyp(x, 1) + potp(z + 1,0)
=A(z, 1) + po(x +1,2) 4+ 161 + potb(x +2,0)
+he+co+Ap(x—1,1) + p(z, 1) + pop(x+1,0)
= Tp(z+1,1) + T(x,0).

Subcase a.ii.4: (wy,wy) = (1,3). Similar to the subcases above, (EC.18) follows from the following

inequality:
To(x+1,0)+ Top(z,1)
< h2 +c+ M/}(«Ta 1) + le(m + ]-7 1) + /1’21/](‘T + 2)0)
+ )\1/)(.% -1, 1) + ,Uql/)(.T, 1) + Mz@b(&? +1, 0)
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= )\lb(ﬂﬁ: 1) +M1¢([E+ L, 1) +M2§/J(.T +270)
+hy+co+Ap(z—1,1) + o (z, 1) + porb(z +1,0)

To(x+1,1)+T(x,0).

Subcase a.ii.5: (wy,w2) =(2,3). By (EC.21), we have

T(x+1,0) + To(x,1)
<AMp(2,0) + (e +1,1) + pyéy + potp(x+1,0)
(@ —1,1) + paeh(z, 1) + potp(z 4 1,0)
<M(2,1) + patp(z + 1, 1) + poth(z 42, 0)
+ M(x—1,0) + pytb(x, 1) + 1 &1 + patp(z,0)
=Tp(z+1,1) + To(x,0).

Here, in the second inequality, we compare the left-hand and right-hand sides term by term. The
term on the left with coefficient A\ is no greater than its counterpart on the right, because of
supermodularity of 1 (-,-). Likewise, the inequality holds for the terms with coefficient s, because
of the convexity of ¢(-,-) with respect to its first coordinate. Finally, the terms with coefficient i,
on the left and right are identical. Thus, the proof of (EC.18) is complete.

Next, we prove (EC.19). Again, let

Ti(x+2,0)=H(x+2,0,w,) and To(x,1)=H(z,1,w,). (EC.23)

Again, consider two cases:

Case b.i: w; > w,. By (EC.21),

To(z+1,1)+ T(z+1,0)
<H(z+1,1,w)+H(x+1,0,ws)
<H(x+1,1,ws) + H(x,1,w) — H(xz,1,ws) + H(x+1,0,w,)
< H(z+2,0,ws) + H(z,1,w)

Y(z+2,0)+ T(z, 1),

where the second inequality comes from the submodularity of H(z,y,w) in (z,w), and the last
inequality comes from the fact that H(x,y,w) satisfies Property (P2) for fixed w. (EC.19) directly

follows.
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Case b.ii: wy < w,. Similar to Case a.ii, we have (wy,ws) = (2,3). Then, by (EC.21),

TY(z+1,1)+ T(z+1,0)
<A (z, 1) + prp(z 4+ 1,1) + pot(z +2,0)

By Properties (P1)-(P3) for ¢(x,y), we have

Moy tb(@ = 1,0+ p |y (@,0) + oy h(a,0)|
<MD t(z —1,0) + un [Ayyw(g;, 0) + Auuth(a, 0)] .

This implies

A (2, 1) + (x4 1,1) + poty(z + 2, 0)
+AY(2,0) 4+ pap(z + 1,1) + p1 &y + potp(z +1,0)
<Mp(z = 1,1) + puib(z, 2) + ér + potb(z +1,0)
+AY(x4+1,0) + b (z +2,0) + potp(x +2,0). (EC.25)

From (EC.23),

T(x, 1)+ To(x+2,0) =Ap(z — 1,1) + pyp(x,2) + 111 + potp (2 +1,0)
+ (2 + 1,0) + 1 (x +2,0) + patb(z + 2, 0). (EC.26)

Hence, we obtain (EC.19) by (EC.24)-(EC.26).
Finally we prove inequality (EC.20). Let

T(x,2) = H(z,2,wy) and Te(z+1,0)= H(xz+1,0,w;).

Consider two cases:

Case c.i: w; > wq. By (EC.21),

Tz +1,1) + Tep(x,1) < H(z+1,1,w,) + H(z,1,w,)
< H($+1,1,w1)+H($,1,w1)+H(.’17,2,w2)—H(:E,Q,wl)
< H(:r+1,0,w1)—|—H(x,2,w2)
= TW(z+1,0)+ T(x,2).
Here, the second inequality comes from the submodularity of H(x,y,w) in (y,w), and the last

inequality is due to the fact that H(x,y,w) satisfies Property (P3) for fixed w. Hence, we have
(EC.20).
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Case c.ii: we > w;. Similar to Case a.ii, we consider five subcases, (wy,ws) = (0,3), (wy,w,) =
(1,3), (w1, w2) =(2,3), (w1,ws) = (0,2), and (w1, wz) = (1,2).
Subcase c.ii.1: (w1, ws) =(0,3). By (EC.21),

TY(z+1,1) 4+ To(x,1)
< Mp(2, 1)+ (x + 1,2) + 161 + poth(z + 2, 0)
+hy + e+ M0(z —1,2) 4 pa (2, 2) + potp(x 4 1,1)
= Mp(x —1,2) + pp(z,2) + potp(x +1,1)
+ho+ o+ AY(x, 1) + pp(z +1,2) + 161 + potp(z +2,0)
=T(x,2)+ T(z+1,0).
This implies (EC.20).
Subcase c.ii.2: (wy,ws) = (1,3). (EC.20) directly follows from the following inequality:
To(z+1,1)+ Ta(z, 1)
<M(x, 1) + pap(z +1,1) + potp(x 4 2,0)
+hy+co+Mp(z—1,2) + i (x,2) + pop(z +1,1)
= (2 —1,2) + pp(,2) + potp(x +1,1)
+hy+co+Ap(z,1) + p(x +1,1) + potp(z + 2,0)
=T(x,2) +T(x+1,0).

Subcase c.ii.3: (wy,wq) =(2,3). By (16),
)\Azyw(x - 17 0) + M2Ax¢($ + 170) < )‘Ayy¢(x - 170) +M2Ay¢(x + 17 0)
Hence,

+Ap(x = 1,1) + parp(2,2) + pa &1 + potp(z +1,0)

+A(x,0) + pp(z +1,1) + & + potp(z +1,0).
This implies

Tz +1,1)+ To(x,1)

<A (2,1) + m(z+1,1) + patp(z + 2,0)
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+ (2 —1,1) + pp(w,2) + paéy + pop(x +1,0)
<M —1,2) + (2, 2) + pap(z +1,1)
+ M)(x,0) + (. +1,1) + 1 &1 + potp(z + 1,0)
=T(x,2) + Te(z+1,0),
which yields (EC.20).
Subcase c.ii.4: (wy,ws) = (0,2). Similar to Subcase c.ii.2, (EC.20) directly follows from
Tz +1,1) + To(x,1)
<AY(2, 1) + patp(x + 1,2) + @1 + ot (4 2,0)
+hy+co+Mp(x—1,2) + pp(x, 3) + pa 6 + pop(z +1,1)
= \(x—1,2) 4+ (2, 3) + 161 + potp(z + 1, 1)
+ho+ o+ AN(x, 1) + ptp(x +1,2) + 161 + poth(z +2,0)
=TY(x,2) + T(z +1,0).
Subcase c.ii.5: (wi,ws) = (1,2). Similar to Subcase c.ii.2, (EC.20) directly follows from
To(z+1,1) + To(a, 1)
<M(x,1) + mp(z+1,1) + potp(x +2,0)
+ho+ o+ Mp(xr—1,2) + (2, 3) + pa 6y + po(x 4+ 1,1)
=M(z—1,2) + yp(@,3) + i + pop(x +1,1)
+he+ o+ A(x, 1) + pp(z +1,1) + potp(x +2,0)
=T¢(,2) + T(z +1,0).

The proof of the lemma is now complete. [

Proof of Lemma 10. It is sufficient to show that
To(z+1,y) <Ty(z,y+1). (EC.27)

Note that

Xz =Ly + 1)+ o ((e,y +2) +& ) + patp(a+ 1,y)
> N(,y) + (Ve + Ly +1) +6)
Fpelys0y (x4 2,y = 1) + Iy—oy (v + 1, y)]
> Tip(z+1,y), (EC.28)
Mp(z =1Ly +1) + (e, y+1)+ pp(z+1,y)
2 M, y) + mp(z+1,y) + pely-n (@ + 2,y — 1) + Iy—gv(z + 1,)]
>T(x+1,y), (EC.29)
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and by Lemma 7,

To@,y+1) = min{ b = Ly + 1)+ i (Ve y+2) + & ) + mi(@+1,y),
Xz = Ly +1) + b,y + 1) + gl +1,) |- (EC.30)
(EC.27) directly follows from (EC.28)-(EC.30). O
Proof of Lemma 11. Properties (P1)-(P3) follow from the convexity of ¢(z,y) = ha* + bz~ +

hoy with respect to x and y separately. Note that

h, ifxz>0,
Aye(x,y) =hy and Agc(x,y) = { b i<

Thus, hy > h >0 implies (14) and (16). O
Proof of Proposition 1. We use sample-path analysis and the coupling method to prove this

result. First, note that any policy for System M can be implemented by System A. Thus,

fla,y) < flz,y,2). (EC.31)

Next, we show that the optimal policy in System A can also be implemented to System M.
Comparing the two systems, the only scenario where a policy of System A might not be applicable
to System M is when System A turns off server 1 while it’s busy. However, for state (x,0), when
R < 8(1) < S(0), from Theorem 1, if server 1 is busy and some other event happens, System A will
keep server 1 busy. Similarly, for state (z,y) with y > 0, from Lemma 5, we know S(y) < S(y — 1),
and again System A will keep server 1 busy. Thus, the above scenario will never occur. Hence, the

optimal policy for System A can indeed be implemented in System M. Thus,

fx,y) > flx,y,2). (EC.32)

Combining (EC.31)-(EC.32) yields the result. O
Proof of Proposition 2. It is straightforward to verify that, if co(1—\) — 16, > pob/cv, then

h2 —+ (1 — )\)CQ — M161 + ,U,QAmC(!TJ/) 2 0.

Hence, to prove the proposition, it is sufficient to show that if g(x,y) satisfies (18) and Properties

(P1)-(P3), then
ho 4+ (1= N)eg — pu1&1 + e [hat + bz~ + hoy + Tg(z, )] > 0. (EC.33)
Define

S9(y) = min{z : Ayg(z,y)+é >0},
RY = min {x tho+ o — 161+ A0, g(x —1,0) 4+ pa N g(x,0)

> —p1(Ayg(x, 1) + ¢1)acso)y — p(Dyg(x,0)+ 61)1{1'259(0)}}'
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Based on the discussion above, we have
RI < S59(1) < 59(0).
To prove (EC.33), first consider y =0. If x +1 < R, then (EC.33) holds, because

ho + (1= N)ea — 11 4 praDg(hat 4+ bz~ + Tg(x,0))
=hy+ (1= A)ez — €1 + pa(hliz0p — bliucoy) + p2[ADg(x —1,1)
+mDeg(@,2) + pelpg(z +1,0)]
> [ha + (1 = N)ca — pr61)a — prab+ [ha + (1 — N)ca — 1 &1 (A + g + p2)
+ A g(x — 1,1) + 1 Apg(2,2) 4+ peDpg(x +1,0)]
> Ahgy + (1= N)co — 161 + po AN g(x — 1,1)]
+ g [ha + (1= N)eg — pnéy + poDpg(, 2)]
+ pio[ho + (1 = N)cg — 161 + paNpg(z 4+ 1,0)]
>0, (EC.34)

Here, the second inequality comes from the assumption hg 4+ (1 — ) — 161 > peb/cr, and the last
inequality holds because g(z,y) satisfies (18).
If x+1=RY, (EC.33) holds, provided that

hy 4+ (1= N ey — 1181 + prop(hat + bz~ + Tg(z,0))
=hy+ (1 — X)ca — 161 + pa(hlzs0y — bliz<oy)
12 (= ha = e+ Mgl = 1,0) + i Dag (1)
— [y <)\Ayg(x —1,0) + i Ayg(x, 1))
> 0. (EC.35)

But (EC.35) is equivalent to

hy + (1= A)ea — & + pa(Plaz0) — blz<0))
2 = ha = €2+ ABgg(z = 1,0) 4+ i Dag(w,1) )

> fis (/\Ayg(x —1,0) 4+ Ayg(, 1))

Adding p2A,g(x,0) 4 pa(hy + ¢2) to both sides of the inequality above, similar to (EC.34), the

left-hand side is nonnegative, and the right-hand side is negative, since x < x + 1 = RY implies

12 <h2 + e+ AN g(x —1,0) + po ANy g(,0) + pn Ay g(a, 1)) <0.
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If R9<x<x+1<590), then (EC.33) holds, because

hy + (1= A)ey — 1@ + pag (ha™ + bz~ + Tg(z,0))
=hy+ (1 = X)ca — €1 + po(hlz>0y — bliz<oy)
+ 2 (AAxg(-r —1,0)+ mdyg(z, 1) + padog(z, 0))
> 0. (EC.36)

If S9(0) =x + 1, then (EC.33) holds, because

o+ (1= N)ea — punéy 4 pra,(hat 4+ bz~ + Tg(x,0))
= hQ + (1 — )\)CQ — Mlél + /.LQ(hI{zZO} — bI{m<0})
+ iz (x\Axg(:E —1,0) + mAeg(x,0) + paNeg(z, 0)) — paptr[Dyg(x,0) + &

>0

)

where the last inequality holds, since A, g(z,0)+ ¢ <0, by x <z +1=59(0).
If x> .59(0), (EC.33) holds, because

ho4 (1= N)eo — 111 + pa Dy (hat + bz~ 4 Tg(z,0))
=ho+ (1 — Ao — &1 + po(hIps0r — bliucoy)
12 (ADag (@ = 1,0) 4 1 8,9(2,0) + 12809 3, 0)
> 0. (EC.37)

Finally, consider y > 0. If x + 1 < S9(y), then (EC.33) can be proven similar to (EC.36). If
x> 59(y), one can prove (EC.33) along the lines of the proof of (EC.37). If x+1 = 59(y), (EC.33)
holds, by

ha + (1= A)ea — 6 + po g (ha™ +ba™ + hoy + Tg(2,y))
=hy+ (1= N)ea — 16y + po(hI a0y — bliz<oy)
+ o (AAmg(w —Ly)+mleg(@,y) + paloglz+ 1,y — 1))
— M2 [Ayg(xa y) + 51]7
where Ayg(x,y)+¢ <0 by x <S9y). O

Proof of Lemma 12. It is direct to verify that T (x,y) satisfies (21). Here we omit this
verification. We now prove the supermodularity (Property (P1)) of TMe(x,y):

TOY@+1,y+ 1)+ TOP(z,y) > TV, y+1) + TO(z 4 1,y), (EC.38)
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As ¢(x,y) satisfies (21), we have that for any x and y > 1,
TW(z,y) = Mp(x —1,y) + patp(z+ 1,y — 1). (EC.39)
Consider (EC.38) for y > 1. In view of (EC.39), we have

TOP(@+1,y+1)+TVp(z,y)

=Mp(2,y + 1) + po(z +2,y) + Mp(z — 1, y) + pop(x + 1,y — 1), (EC.40)
T,y +1)+ TV +1,y)
=M(x— Ly + 1)+ pop(z+1,y) + Mp(2,y) + pob(x + 2,y — 1). (EC.41)

By Ay (z—1,y) >0 and A, ¢(z+ 1,y —1) >0, (EC.38) follows directly from (EC.40)-(EC.41).
Next, consider (EC.38) for y =0. Let

uy(z) = argrqflzigl {(02 + ho)u+ Ap(x — 1, u)
+ 1tz [I{u>0}¢(m +1,u—1)+Tp—0(z, u)} }
To prove (EC.38) for y =0, consider two cases:
Case a.i ui(z)>0; Case a.ii ui(x)=0.

In Case a.i, by the fact that ¢ (x,y) satisfies (21), we must have u; (z) = 1. Hence, again by (EC.39),

TOy(x +1,1) + TVe)(,0) (EC.42)
= )\w(xa 1) +M21/J(.’E + 27 O) + (CQ + h2) + A¢<$ - 17 1) + Mﬂﬂ(m =+ 170)7
TOY(x,1) + TV +1,0) (EC.43)

<X — 1, 1)+ b+ 1,0) + (e + o) + Mb(a, 1) + ot (e +2,0),

This implies (EC.38).
In Case a.ii, using (EC.39),

TWY(z+1,1) + TWep(x,0) (EC.44)
= Aw(l’a 1) + M2¢($ + 25 0) + )\1#(.% - 170) +:u2¢(x’ 0)7
TOY(x, 1) + Tz +1,0) (EC.45)

By Ay ¢(z—1,0) >0 and A, (z,0) 20, (EC.44)-(EC.45) imply (EC.38).
Finally, we prove that 7™M (z,y) satisfies Property (P2). We need to show that

TOY(@+2,y) +TYY(z,y+1) > T+ 1,y+ 1)+ THy(z+1,y). (EC.46)

Along the same lines as the proof of (EC.38), one can show (EC.46). We omit the details. O
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Proof of Theorem 4. First, we show that f(!)(-,.) satisfies (21). It follows from (20) that

o+ Ayf(l) (337 y)

=cy+hy+ @iﬂl{(c2+h2)(“—9_ D4+ AD(z—1,u)
uzy
+ paLusop f V(2 + 1, u—1) + I{u:o}f“>(x,0)]}

—min{(cg—i—hg)(u—y) FAFD (2 —1,u)

u>y

+ M2 [I{u>0}f(1)(x + ]‘7 U — 1) + I{u:O}f(l)(:L‘a 0)]}

= min {(02+h2)(u—y) FAfD (2 —1,u)

uzy+
+ :U’2[I{u>0}f(1)(x + 17 U — 1) + I{uzo}f(l)(xa 0)]}
—min { (ez + ha)(u = ) + Af O (@ = 1)
uzy
+ Lo [I{u>0}f(1) (LII +1,u— 1) + I{uzo}f(l) (JZ, 0)]}

>0.

Hence, we have (21).

Now we show that f()(-,-) satisfies Properties (P1)-(P2). Let 9 (z,y) = hat + bz~. Then we
know that 1 (-,-) satisfies Properties (P1)-(P2). Then by Lemma 12, similar to the arguments in
the proof of Theorem 2, we know that f()(-,-) satisfies Properties (P1)-(P2).

It follows from the definition of S given by (22) that S is unique. The optimality of not ordering
when y > 0 directly follows from (21). For y =0, we consider only two possible actions, placing an

order and not ordering. Then, the optimality equation (20) simplifies to

fY(x,0)=hzt +br~ + min {(cg +ho)u+AfO (2 —1,u)

ue{0,1)
12 [Ty SV (2 4 1w = 1) 4 Ty (2, 0)| }
= hat 4+ bz~ + min {02 +hy + AP (2 —1,1) 4 po f Y (2 +1,0),
MO (2 —1,0) + o f Oz, 0)}
=hat + o™ + AV (z—1,0) + po fY(2,0)
-+ min {02 +hy + AN f D (2 —1,0) + pa Ny fO(,0), O}.

The theorem now follows. O





