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Proof :  [of Lemma 3] First we prove (41). By Proposition 3.1 in Yamazaki et al. (1992),

AL 2 A
S R A L
E(N q}\) < q}\ —I—Qq)\ \/qf)\EL(g).
By the definition of Y*(¢*) given by (19) and |limy_,., 2*(i*, ¢*)

M such that

< 00, there exists a constant

E (Z)\(Z-qu/\) . Y,\(qA))Q < M.
Thus, the function G(-) is uniformly integrable relative to the sequence of distribution functions
given by (2*(i*,¢*) — Y*(q*)). Hence, (41) directly follows from Theorem 2 on p.276 in Chow
and Teicher (2003) and Lemma 2 (as Condition 1 holds and lim,_,, 2*(i*, ¢*) exists).
Now we prove (42). This approximation result is mentioned by Zheng (1992) (see p.89, Zheng
1992). It may be hidden in some textbooks. For the completeness, here we give a proof. It
suffices to show that for any ¢ > 0, there exists an A such that for A > A,

7‘>‘+q)\ TA—&-q)‘ r>‘+q>‘

’i_;lc(z (i-q ))—/TA C (Mg ))d:r]§ax/M C(a,q"))de. (A1)
Note that
-ri C (2*(i,q")) _/T:AJF(;AC(ZA(%QA)) du
i=r +17A+qA i
- Y [eae) - [ cEea) el
1,;\:_;-)\1 i
-y / (€ (2 6.0)) € (2.0) e (A-2)
i=rAy1” i1

Using (35) and the convexity of C(), for i=7*+1,---,7r* +¢* and x € i — 1, ], if 2, ¢
(22(i,¢%), 2*(i+1,¢%)), then
€ (,0") = C (M@.aM) | < [0 (P i+1,6Y) - C(2i.6Y) |
= hx|@! (=22 i+ 1,¢") = @ (=22(0, ")) |
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+p X ‘@1 (ZA(’L + 1,q’\)) — P! (zA(i,qA)) ‘
P h

< + , A-3
oMV AP? M)V A (49)
and if z, € (2*(i,¢*), 2*(i+1,¢")), then
€ (,0") = C (X(@,0) |
< max{c (Mi+1,¢Y)) = C(2.),C (2*(i,¢%)) — O(z*)}- (A-4)
By Conditions 1-2, there exists an Ay such that for A > Ag,
A, )| <M A1, i=r 41, 7+ g (A-5)
Thus, for i=r*+1,--- ,7* +¢*,
/ C(2Mz,¢"))dz>h x @' (M +1)+px &' (M+1). (A-6)
1—1

From the definition of 0*(¢*) given by (17) and (A-6), for any £ > 0, there exists an A; such
that for A > A4,

P + h = <eX / C (Mz,qY)) dz. (A-7)
i—1

Combining (A-3) and (A-7) yields that for i with z, & (2*(i,¢"), 2*(i +1,¢%)),

7
/i_l

With the help of (35), for i with z, € (2*(i,¢*), 2*(i+1,¢")), similarly, we can show that there

C(2Mi,q%)) = C (2 (2, q")) ‘dx <ex /_21 C (2Mz,qY)) dz. (A-8)

exists an A, such that for A > A,,
max {C (224 1,4") = 0(2).0 (2(0.4) ~C(z) } <2 x / C (e, ) de. (A-9)
1—1
Combining (A-4) and (A-9) yields that for i with z, € (2*(i,¢"), 2*(i+1,¢")),

%
/Z-l

Therefore, (A-1) holds for A > max{Aq, A;, Ay} directly from (A-2), (A-8) and (A-10). Thus the

C (22, q")) = C (2 (2, ¢")) ‘dx <ex /11 C (zMz,qY)) dz. (A-10)

validity of the approximation given by (42) is proved. B
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Proof :  [of Lemma 4] In view of (14) and (38), it suffices to show that

i (¢ €6 (0))) (i [ e natyen) -1

It follows from Lemma 3 that this is equivalent to show that

im (¢ E[6(10)]) /(P S 06 ) =1. (A1)

A—00
i=rA41

To prove (A-11), in view of (A-39), we only need to show that

i (2 S e[ sr -G an-r@)]) /(3 o)
. i=rA41 i=rA+1 A1

To that end, we first consider each summand. Similar to (A-40), we have that
E[1{P=r+q —i} x G (0,a) - Y 0"))]
= [ e - (V) <p s = i), (A-13)

By the first part of Theorem 1 and Theorem 1.A.3 on p.6, Shaked and Shanthikumar (2007),

we know that

/Z G (z’\(i,q’\) - y) dPr(Y*(q’\) <y, Jr=r 4+ - z) (A-14)
< ;E [h- (ZA(Z', ") +8Ng) - YA(CF))+ +p- (Yk(qk) +8%(q*) = 27, qA))+] ;
/Oo G (2Mi,q¢*) —y) dPr(YA(q’\) <y, Jr=r 4+ - z) (A-15)

> qle e (00 = B0 - Y*(qA))+ +p- (Y@ - 8@ -G, q“ﬂ '

Similar to the proof of (41) in Lemma 3, we can, by Conditions 1-2, show that

lim E [h- (z*(z’, )+ BN - YA(qA)>+ +p- (Y*(qk) +B8q%) - 22, q*))+]

= i E[h- (26.0) - @) - V@) 4o (V) -5 - ia) ]
= lim O (2(i,¢")) . (A-16)

Combining (A-13)-(A-16) yields that

/}LrgoqA -E [I{JA =+ —i} x G (22, q) —Y’\(q)‘))} = lim C (2(i,¢")),

A—00

which implies that (A-12) holds. Therefore, the lemma is proved. B
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Proof :  [of Lemma 6] If K >0, from (58), we know that 7 # 0. Thus for positive 7 and 7, by
the strict convexity of C(-), we know that there exists a unique o € (0,1) (write as g(7)) such

that
C(z—g(r)mn) =C (2 + (1 —g(7))Tn) -
Furthermore, this, by the strict convexity of C(-), implies that

d(g(r)7) _ C'(z+ (1 —g(7))™n) 40
dr C'(z+ (1 =g(1))™n) = C"(2. — g(T)T1)) ©

Plugging ¢(7) into (58), we have

1 fretA=g(m)mn
—nK +7xC (2. —g()mn) — / C(y)dy =0.

N Jz—g(r)mn

Taking derivative on the left-hand side with respect to 7, we have

(2.~ glryrn)- SO g

The existence of 7 directly follows from the implicit function theorem (see Theorem 9.28 on
p.224 of Rudin 1976).
Finally we show that 7 € (0,00). 7 # 0 directly follows from K >0, n > 0, and (58). Suppose

contrariwise that 7 < 0. From (58), we have

zx+(1—a)Tn
K =7nx C(z, —arn) —/ C(y)dy.
Zx—QTN
This is equivalent to
ze+(1—a)Tn
K = (C’ (z. —aTtn) — C(y))dy. (A-17)
Zx —QTN)

By (59) and the convexity of C(+), and noticing that z, + (1 — a)n7 < z, — ant if 7 <0, we have
that
C(ze—ant)—C(y) >0 for y € [z. + (1 — a)nT, z. — anT].

This implies that
ze+(1—a)nt
/ (C (2. —anT) — C(y))dy <0.

—anT
Thus we get a contradiction from (A-17) as n* K > 0. Hence, 7 € (0,00). Thus, the proof of the

lemma is completed. W



e-companion to Ang et al.: Closed-Form Approzimations for Optimal (r,q) and (S,T) Policies ech

Proof : [of Lemma 7] By the definitions of 0*(¢*) and 8*(¢*) given by (17)-(18), in view of
(46), it is sufficient to consider the differentiability of x(¢*). By the strictly convexity of C()
(see (36)), we know the continuity of x(-). Using (45), for any ¢ > 0,

C (z* — k(g +5)) —-C (Z* - /‘i(ql\))
=C (2 + BN@* +0) = 5(g" +0)) = C (2 + B(g") — 5(a")) -

This implies that

Rl +0) —r(d") [C (2. + B8 (¢* +9) = k(¢* +9)) — C (2. + B ¢) — k("))
J (BA(qA +06) — r(g* + 5)) - (ﬁh(qA) - H(qA)>
C (2« — K(q* +9)) = C (2. — K(¢"))

- R (@)~ K@ 1) ] (A-18)

C (2 + Bq* +0) — r(g* +9)) — C(z*+ﬁk( N —r@Y) ﬂ*(qA+5)—ﬂ*(qA)‘
(6A(qA+5)—f€(q +5) <6 qA)) 0
(-

Letting § go to zero, by the continuity of 5*(-) and x(-), we know the right-hand side of (A-18)

does converge to
/ AfA A dB*(¢*)
C' (2 +BNgY) — K(g")) x i

Similarly, the second factor of the left-hand side of (A-18) does converge to

C" (24 BMa") = K(g") = C" (2. = K(q)) -

By (46), the strictly convexity of C(-) and the definition of z, given by (36), we have that for
>0,
C’ (2. + B¢ — K(¢")) > 0 and C’ (2. — k(g")) <O.

Thus we know that the limit of the second factor of the left-hand side of (A-18) is positive.
Hence we know the limit of the first factor of the left-hand side of (A-18) does exist, which
gives the differentiability of x(-). B

Proof : [of Lemma 8] According to the definitions of x(¢;) and ®(q}) given by (46), it suffices
to show the first part of the lemma, namely,

A
lim ¢ =oco and lim & _, (A-19)

A—00 A—00

If the first equation does not hold, then, by (46), the right-hand side of (65) will go to zero while
the left-hand side is fixed at K > 0. And if the second equation does not hold, the right-hand
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side of (65) will go to infinite while the left-hand side is fixed at K. And thus ¢} cannot be
a solution of (65) when (A-19) does not hold. Thus we have (A-19). This in turn implies the

lemma. W

Proof : [of Proposition 1] First, assume K > 0. By Lemma 8 and the Taylor expansion, and
recalling (36)-(37), we have

2a+7(G2)
/ C(y)dy

w— k()

0 2uA7(G2)
= / C(y)dy +/ C(y)dy
z 0

«—h(G2)
= [ Cwarant@) - 0 (s(@) + e (@) <o (P@)')
" / Oy OR@) + 50 ) (R@) + 50 m@) +o((7@))
= 0@+ S (B1@) (1-3a(@) +30@) +O( (@) ). (A-20)

By again the Taylor expansion,

C(z, = (@) = C. c’<z*><> 20"z ( ) +0 ((ﬁA »))

~\ A 3
Note that
20%E[L /— E[L
/I (2 vq + 92E L(g) ) ] (A—22)
\/vq+6%E[L w/]/q—‘_HQEL(Q
It follows from Lemma 8 and (65)—(A—22) that
2K\ (
A 173 1/3 )
Q= <C*ﬁ> AP 40 (AV?), (A-23)

which is (A.i) for K > 0.
Now we examine 7. By the Taylor expansion of both sides of (45) (expanding to the second

moment), we have

C.— C'(z)R(@) + c”(zo(n(di)f

= Cot O ()R + 50" (K@) +0 (3@)°)
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Applying (36)-(37) yields (1/2) (1 —2a(q))-C. = O (8*(q}))- Because C., is a positive constant,

we know that

of@) =5 +0 (@), (a-21)
Thus, by (19), (44) and (46),
1/3
P =p 2 <2é(v> Ao (W) (A-25)

This is (A.ii) for K > 0.
For the optimal cost of System-S*, following (47), (A-20), and (A-23)-(A-25),
25 R(32)

A = @) [ ca

; Zx—r(G2)
[ o)
HA@) A e @)+ G @) o (@)

2\ 1/
_ 3(KVTC*)1 N o (N2, (A-26)

This is (A.iii) for K > 0.
When K =0, ¢} =1 is our assumption; (A.ii) and (A.iii) are given by (38). B

Proof :  [of Proposition 2] First by (47),
A A A AK (A2 o)
minAC(r ,q ):?4— (aM@M))" A C(z)dx. (A-27)
T z*fn(tjk)
If imy_,00 ¢* /A >0, then, by (46), we have
_petR@
lim C(z)dz > 0.

A—00 z*fm(lj’\)

This together with (A-27) gives that

A—oo )\

| .
lim — {miAnAC(rA,(jk)} > 0.
This, by Proposition 1, implies that

_ min,x AC(r*, )
lim ——— =00
Amoo AC(72,G2)
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Hence, to prove the proposition, it suffices to consider limy_,., ¢*/A = 0. Under this condition,

by the Taylor expansion given by (A-20),

2R () C, .
[ Clae=c @)+ G (@) (1-3a(@) +30(@) + 0 ((8@)").

—r()
Hence,
2 +R(T)
)\f\( + (UA(QA))Q A C(z)dx
q e r(@)
= Az\;){;\ + (UA(q )) [C BNG) + % (5,\@)\))3 (1 ~3a(3) —|—3a2((f)‘))
o((8*@)")]
= {(KZC*)UE%. AZ)\) 4 (QKI/Cf)l/?’ A()\)} ')\2/3—1—0(/\2/3). (A-28)
Let

Kuv(C?\1/3 1 1/3

Ulz) = [( ”C*) St (2}@03) \/5]
4 x

It is direct to verify that —U(z) is unimodal, and argmin, U(x) = 1. Therefore, (A-28) implies

part (i) of the proposition.

Next, consider part (ii). Note, by (38), that

o 2K 2NN+ @)
ACG ) = T+ (7)) A / Cl(y)dy. (A-29)

If limy 00 27 (7Y, @) # 2, or lim, , 2 (7, ¢

ing as A, such that

) # z., then there exists a subsequence, again writ-

lim 2* (7, §*) = b # 2,. (A-30)

A—00

Now making the Taylor expansion (expanding to the second moment) for the last term in

(A-29), we obtain
) AN+ @)
(@) A / C(y)dy =o™@) - C(AF, @))VAP +o (XN/?). (A-31)
A (F,)

By the definition of z, and (A-30), we know that lim,_,., C'(2*(7*,¢*)) = C(b) > C(z.). This
together with (A-29) and (A-31) yields part (ii). B
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Proof : [of Proposition 3] Suppose contrariwise that the proposition is not true. Then there
exists a subsequence {\ : k > 1} such that
g.*
lim ¢}* <oo or lim —— > 0. (A-32)
k—o0

k—o0 k
To simplify notation, we write the sequence as A (In the remainder of the paper, for the same
reason, the subsequences will be always written as ). By Lemma 1, we know that given ¢*,
| (J*+¢* - N*) is uniformly distributed on Q. Here, again, “||” is the modulo operator. Now
let

A
N Y T TE C A Lg% A
A3_{2L4J7 73L4J 1}7 A4 {3\_4J? y G 1}
When (¢}||7}) € A}, we have

A
ri+qf—JA—qj-NA’xI{JAEAQ}ZL%*J—l.

Hence, if (¢}||7}) € A} and the second inequality in (A-32) holds, then
Tim AC(Ti\? qs:)

T 20 > B JE[G (-2 - V)] (b (14)
> A@O%E [G(ri+qi—ﬁ—qj-]\ﬁ) x I{J* EAQ}}
> /\@%E[min{p,h} X (ﬁfj —1) xI{J*eAQ}]
> i R (150-1)
> 0. (A-33)

Similarly, we can show that for (¢}||r}) € A} (i =2,3,4), (A-33) still holds if the second inequal-
ity in (A-32) holds.
If the first inequality in (A-32) holds, then by E[G(IN)] >0 and (14),
A2
i A ) S 5 B (A-34)

A— 00 T A= q;

By the definition of 2*(i,¢") (see (19)), fori = [p*|+1,---, [p* | + |V ], limy_ae 22 (i, [VA]) = 0.
So when policy (7, ¢*) = (|p*], |[V/A]) is implemented, by (14) and (39)-(41), we have

A P+ IVA
lim Lk o (VA YALVA] L
A—o00 A A—oco \ {\/XJ I_\AJ
A VADIVA] o(#(01vA)

. max
A—roo )‘L\/XJ LA +1<i<[pA [+ VA

¢ (=2, VA

i=[pA]+1
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So in view of (A-33)-(A-34), when (A-32) holds,

o _ACELR)
A5 AC( ] VA

)

which implies that (r),¢}) cannot be optimal, a contradiction. Thus, the proposition holds. B

Proof :  [of Proposition 4] According to the definition of Condition 2, it is sufficient to show

lim 2*(r), q})| < oo. (A-35)
A—00

To that end, we first show that
T (2. q)| < oo (A-36)

Suppose contrariwise that this does not hold. Then we have two possible cases:

Case A: lim 2*(r},q)) = —o0; Case B: /\him Mr),q)) = +oc. (A-37)
A—00 —+oo

First, consider Case A. In view of Proposition 3, we have that if K > 0,

@zA(i,qi):—wfori:ri—i—l,---,r;\—i—q;\. (A_38)

A—00
If K =0, by ¢* =1, (A-38) also holds under Case A. Then there exists a subsequence {\; : k > 1}
such that limy,_, ., 2*(i,¢)) = —oo. We still write this subsequence as A. By (39)-(40), for any

policy (r*,¢*),

E [G (INA)} = Ti E [I{J’\ =r*4 ¢ —i} x Mgt x G (22, qY) —YA(q)‘))]
i=rA41
— ) f E [I{JA - —i}é’ (X, ¢") —YA(qA))} . (A-39)
i=rA 41

We first consider each summand. Note that

E [I{JA =+ —z‘} x G (i, q") - YA(qA))}

= /00 G (i, ¢*) —y) dPr(Y’\(q’\) <y, J*=r*+q" - Z) (A-40)

— 00
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By the first part of Theorem 1 and Theorem 1.A.3 (a) in Shaked and Shanthikumar (2007),

we know that

/_OOP- (ZA(Z‘@/\)_y)*dPr(YA(q,\)Sy)J/\:T/\_i_q/\_i)
)

> ;A /_Zp' (Mia*) —y) dPr(YA(qA) ~BMNaM <), (A-41)
/ B ((0.0") —y) " dPr(YA@Y) <y, P =+ ¢ — i)
> ; /Z B (2(0.6%) —y) " dPr(Y (@) + B¢ ). (A-42)
Combining (A-41)-(A-42) yields
/00 G (z’\(i,qA) — y) dPr(Y’\(q’\) <y, Jr=r*+¢ - 1) (A-43)

> SE[1 (P00 =) -V @) e (V)-8 ) -2 600)) ]

Considering policy (r2,¢}), we have, by Proposition 3, that for i =r}+1,--- ,r} 4+ ¢,

tim E[n- (2.0) ~ @) V@) +p- (V@) - @) 2 0a)) |

A—o00

> lim E [p- (Y*(qi) - BMq) — Zk(i’q*x)ﬂ

T Ao
> lim E[p (= 8@ - 0.a)) x 1{¥(@}) <0}
zg x lim (— M) — Z'A(i,qi))+ (by Lemma 2)

= 0. (by (A-38))

It follows from (A-43) that for policy (r2,q2),
e tad
Z E [I{JA =ri+q — z}é (2Mi,q)) — Y’\(q;\))} — 00 as A — 0. (A-44)
i=r)+1
On the other hand, consider another policy (ry,q)) with ry = LpA + ’y’\(qj)J. It is direct to
verify that the sequence of (ry,q})-policies satisfies Condition 2. Furthermore, by Proposition
3, the sequence of ordering quantities {¢}} satisfies Condition 1. Similar to the proof of (41) in
Lemma 3, we can, by Conditions 1-2, show that for i =7 +1,---,r} +¢q2,

tim E[n- (2.0) +8°@) V@) +p- (V@) + @) -0 |

A—o0

= lim E[h- (2(,0)) — 8)(a) - Yk(qi))+ +p- (YA@) - 8M@) - G, qi))w

A—o0

= ,\ILH;oC (z2(i,q2)) - (A-45)
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Combining (A-40)-(A-45) yields that for i =7 +1,--- , 70 + ¢,

lim ¢} -E [I{J’\ =r* g —i} x G (224, q)) —Y’\(q:))} = lim C (2"(i,¢})) < oc. (A-46)

A—00 A—00

Thus, from (A-44) and (A-46),
'r)‘ 2 . A .
S e[ = =i} (6,0 - YN@)]
ro+az A—gpd Loh s LA (A (i o> A g
SO E[{ =t e -G 6,a) - @)
0

which, by (14) and (39), contradicts the optimality of (r},¢}). Therefore, Case A does not hold.

— 00 as A — oo.

Similarly, we can show Case B does not hold also. Hence (A-36) is proved.

To prove (A-35), with the help of (A-36), it is sufficient to show that for any convergent
subsequence of 2*(r,q}) (for the sake of notation simplicity, we still write it as 2*(r2,¢2)), its
limit is always z,. That is, we only need to prove

lim 2*(r),q)) = 2.. (A-47)

A—00

The convergence of the subsequence of z*(r2, ¢}) implies that its corresponding subsequence of
(r2, q) satisfies Condition 2. In view of Proposition 3, we know that (7, ¢}) satisfies Conditions

1-2 in Lemma 4. Thus, by Lemma 4,
lim ———~ =1. (A-48)

Using Proposition 1, we know that the sequence of (7, ¢})-policies satisfies Conditions 1-2

with limy_,. ¢} = co. It follows from Lemma 4 that
lim ACTLE) _ (A-49)
AT AC(72, G2)
On the other hand, by the optimality of (r,¢q}) for System-S* and the optimality (72,q.) for
System-S*, we have AC(r?,¢") < AC(7,§) and AC(r*,¢*) > AC(7, ). Hence from (A-48)
and (A-49),
lim AC026) (A-50)
Az AC(72, G2)
With the help of Proposition 2, we, by (A-50), know that limy_, 2*(r2,q)) = 2., which proves
(A-47). This implies (A-35). The second part of the proposition ((62) and (63)) directly follows

from (A-48) and (A-50). B
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Proof :  [of Proposition 5] First we consider K > 0 case. Similar to the proof of Proposition

1, we need to establish the result similar to Lemma 8. Namely,

q)\
lim ¢}, =co and —=<

A—00 \/X

If the first equation is not true, then there exists a subsequence {\; : k> 1} such that

is bounded. (A-51)

lim A\, =00 and lim ¢} =a < oo. (A-52)
k—o0 k—o0

We still label the subsequence of (A-52) by A. Under (A-52), by the definition of v given by
(48), we have

ke(@) =0 and %.(q.) =0, (A-53)
which implies
/\lim C(z, — ke(@))) = C,. (A-54)

This plus the mean-value theorem for integration yields

,}/A z*+EC(q>ﬁ)<\c)
c / C(z)dz — C.. (A-55)

pN
Qic Jze—rc(@e)

Combining (A-54)—(A-55) yields that the right-hand-side of (57) converges to zero. However,

(A-52) implies that 7?2& — 00. This produces a contradiction to (57). Therefore, we have the
first equation of (A-51).
Next we show the second equation of (A-51). Suppose contrariwise that there exists a

sequence of {\, k> 1} such that

Ak

. Qxc
lim = 00. A-56
k—o0 \/Xk ( )

Again, for simpler notation, we label the sequence by A. From (55) and the strict convexity of

C(+), in view of (A-56), we know that

AL SA 1— AL A
hm aC(q*c) Q*c :OO, hm [ aC(Q*c)] (:I*c = 00. (A-57)

A—00 \/X A—00 \/X

It follows from (A-57) and the strict convexity of C(-) that

,.Y)\ Z*"I‘Ec(‘ii\c)
(e — ro(@)) - 22 / C(a)de

q’éc *_Kc(qéc)
,y)\ Z*"!‘Ec(qz\c)
~ Jim ¢ / (Cle— hl@) ~Ca) ) da
0 (e zx—re(de)



ecl4 e-companion to Ang et al.: Closed-Form Approzimations for Optimal (r,q) and (S,T) Policies

But, from (A-56), limy_. AK/(v2q2.) = 0. Thus, we reach a contradiction to (57). In other
words, (A-56) cannot hold, and we must have the second equation of (A-51).

As {a.(¢}.) : X >0} is also bounded, in view of (A-51), we pick up any two convergence
sequences, say {% . k>1} and {a.(@F) : k>1}, from {% : A>0} and {a.(q}) : A>0}
(again, write them as A sequences). Let

lim 0.

k—o0 \/X

=7 and lim a.(q),) =1 (A-58)
k—o0

These imply
lim (’ic(@ic) - OéT’I’}) - )\hm (Ec((jjc) - (1 - a)7'77) =0.

A—o00

We have, by (55), that

’7>‘ ZetFe(d0e) 1 zet+(1—a)7n
lim f/ C(z)dr = — C(y)dy, (A-59)
A—roo (L. zx—ke(Ge) i Zx—QTN)
. MK K7
T T (4-60)
C(z.—arn) =C(z.+ (1 —a)Tn). (A-61)
It follows from (57), (A-59)-(A-60) that
K 1 zx+(1—a)Tn
e amp - o | Cly)dy. (A-62)
T TT] Zx—QTT)

Thus the limits of any convergence sequences of ‘%} and {(q).)} satisfy (A-61)-(A-62). By

A
*C)

Lemma 6, we proved (B.i) and (B.ii) for (7,,§).) of system-S>.

Now consider (B.iii) for AC.(7,, ). Similar to (A-20), using the Taylor expansion, we get

2atTe (@) 0 et (@)
/ C(y)dy —/ C(y)dy+/ C(y)dy
Zx—ke(Ge) ze— ke () 0

0 zx+(1—a)mn
= / C(y)dy +C (2. — arn) x (ke(q2) — an) + / C(y)dy
z 0

*— QTN

1O (2o (1= a)r) x (Rel@) — (1~ a)rn) +o(1). (A-63)

This, by the first part of the proposition and (A-63), implies that

2K A Z*-‘rﬁc(ﬁi\c)
e / C(y)dy

AC (7N AN A
ACC(T*mq*c) - ?i\c +r}/c qi\c (@)

2
T ™ *—QTn

_ <K+ ! / Z*Hl_a)mC(y)dy> A+ o(V). (A-64)
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Therefore, (B.iii) for AC, (7., ,) is proved.
Now consider K = 0. ¢}, = 1 directly follows from (51) and convexity of C(-). (B.ii) and (B.iii)
are given by (48) and (51). W

Proof : [of Proposition 6] We first prove (i). Suppose that

lim A (N) = o0. (A-65)
A— o0
Then, by (51),
— ~/\ ~\ ~A
in. C. A AA e (@) +4
lim mingy AC(r?,¢7) _ = lim e C(zj(y)) dy
A— o0 \/X A— o0 q/\f T*C(q
A=A
(’Y ) /z 2 (@) +82 (@)
< C(y) dy. (A-66)
VAR ey
Applying L’Hépital’s rule, we have
22 (P2 (@) +82 (@) 7
lim C(y) d —— =o0. A-67
A=oe a2, @) ) dy VA (4-67)

Hence, by (A-66)-(A-67) and Proposition 5, we have that

— min,» AC.(r, )
lim
Ao AC ( *c?q*c)

Y

which implies (i). Now suppose that limy . A.(A) < 0o but limy o Ac(A) # lim, ,  AL(N).
Then there exist two convergence sequences, say {%\i i k>1} and {a.(¢*) : k>1}, from
A
{& : A>0} and {a.(¢) : X>0} (again, write them as A sequences) such that
klgroloT—T%T and hm ap( M =a#a. (A-68)
Exactly going along the line (A-63)-(A-64), we have
— K 1 zx+(1—a&)Tn
A = (4o | Clody | VA+o(VX),  (A-69)

T Tn?

—aTn

where &, using (55), satisfies

C(ze—atn)=C(z.+(1—a)Tn). (A-70)
Consider function
~ K 1 zx+(1 a)TnC y
wF=%tam [ Cl
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If —g.(7) is strictly unimodal and its maximizer is given by 7, then we have (i). Thus to
complete the proof of (i), it is sufficient to show that the strict unimodality of —g.(7) and its
maximizer is 7. Note, by (A-70), that

dge(7) _ K 1 /Z**“f‘)*"

1 .
d- 72 5 C(y)dy + %770(2’* —aTn).

*— QTN
Letting dg.(7)/d7 =0, we have
zx+(1—&)7n
K =7 x C(z, —arn) — / C(y)dy. (A-71)
Zx—QTn
Making a comparison with (58), we know 7 is minimizer of g(7). Considering
zx+(1—&)7n
7 X C (2. —atn) —/ C(y)dy

Zx—QTn

as a function of 77, by (A-70) and Lemma 6 in Zheng (1992), it is strict increasing. Hence, we

know that
K 1 zx+(1—a&)7n 1
—_ = C(y)d —C(z, —atn) <0 for 7 <
2 /Z*_&%n (y)dy + n (z. —aTn) or T < T
K 1 zx+(1—a&)7n 1
- — C(y)d —C(z,—atn) >0 for 7> .
P /z*&'f'n (y)dy + n (z. —a7n) or T >T

Thus the unimodality of —g.(7) is proven.

Finally we prove (ii). Suppose that limy_,. || < oo and one of limy_ . @ # 1 and
lim, , . @" # 1 holds. Then there exists a convergence sequences, say {@w** : k> 1} from
{w* : A\>0} (again, write them as X sequences) such that

lim w* =b# 1. (A-72)

A—00

Similar to (A-64),

C(y)dy.

lim ———= =

A—o0 \/X

It is direct to verify the above function has a unique minimizer at b= 1. Hence we have (ii). B

AP K L[
T b

7'772 (zx—aTm)

Proof :  [of Proposition 7] By (10)-(11) and (49), going along the line of the proof of Propo-

sitions 3 and 4, we can show the proposition holds. Here the details are omitted. B
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Proof :  [of Equation (79)] Suppose contrariwise that

fim VAT = oo,

A—o0

Then there exists a subsequence {\; : k> 1} (label it as A sequence) such that

lim \F)\T*’\ = 00.

k—oc0

By (75) and (78),

lim
A—o0

L0/ p* + MAMNT) — T 1

O/ NT> + p* H
1 T:\ . A M)\ T)\ _ 1
- / o[ Z=0V P+ MATY) — A 1/t+dt}:0.
> Jo 0/ At + p* o

The remainder of the proof is divided into three cases.

Case A lim 7*=0; Case B lim 7 =a e (0,00); Case C lim 7" = cc.
A—0c0 A— 00 A—o0

(A-73)

(A-74)

For each case, we will get a contradiction with (A-74) if (A-73) holds. First we look at Case A.

This case will be further divided into subcases by (75) and (A-73):
Subcase A.1 lim,_,. 7> =0 and lim,_, MDD
O/ AT +p>

Under Subcase A.1, we have

A~

.0 [or 4+ M T/\ _ A
/\limz p+A(*) )\*:—oo and/\ K
e O\ NT> + p> o 0v/p

Then it follows from the strict convexity of C(-) that

L0/ 0> + MM (T>
limz Pt (*)Z

| 20 MNTN NN LT (20 M) - M
lim |C — = C
0 0 )\t-l-p’\

Ao 01/ NI + A T3

this, in view of limy_; T*’\ =0, contradicts with (A-74).
Subcase A.2 li 7> =0 and li MM AL with (b <
ubcase A.2 limy_, ., 7> =0 and lim,_, T wi 00.

For this subcase, by (A-73), we have

L0/ P+ MMNTX) = NTA L0/ + MTA
limz Pt (7.) * =2z,+0b and limZ Pt (77)

A—00 9 /AT;\—F/)/\ A—o0 0 /pA

)dt = 00,

Similar to Subcase A.1, by the strict convexity of C(-), we get a contradiction with (A-74).

Cases B and C can be analyzed along the same line. B
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