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Proof : [of Lemma 3] First we prove (41). By Proposition 3.1 in Yamazaki et al. (1992),
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By the definition of Y λ(qλ) given by (19) and
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E
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Thus, the function Ĝ(·) is uniformly integrable relative to the sequence of distribution functions

given by (zλ(iλ, qλ)−Y λ(qλ)). Hence, (41) directly follows from Theorem 2 on p.276 in Chow

and Teicher (2003) and Lemma 2 (as Condition 1 holds and limλ→∞ z
λ(iλ, qλ) exists).

Now we prove (42). This approximation result is mentioned by Zheng (1992) (see p.89, Zheng

1992). It may be hidden in some textbooks. For the completeness, here we give a proof. It

suffices to show that for any ε > 0, there exists an Λ such that for λ>Λ,
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Using (35) and the convexity of C(·), for i = rλ + 1, · · · , rλ + qλ and x ∈ [i − 1, i], if z∗ /∈
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and if z∗ ∈ (zλ(i, qλ), zλ(i+ 1, qλ)), then∣∣∣C (zλ(i, qλ)
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By Conditions 1–2, there exists an Λ0 such that for λ>Λ0,∣∣∣zλ(i, qλ)
∣∣∣≤M + 1, i= rλ + 1, · · · , rλ + qλ. (A-5)

Thus, for i= rλ + 1, · · · , rλ + qλ,∫ i
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)
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From the definition of σλ(qλ) given by (17) and (A-6), for any ε > 0, there exists an Λ1 such

that for λ>Λ1,
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Combining (A-3) and (A-7) yields that for i with z∗ /∈ (zλ(i, qλ), zλ(i+ 1, qλ)),∫ i
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With the help of (35), for i with z∗ ∈ (zλ(i, qλ), zλ(i+ 1, qλ)), similarly, we can show that there

exists an Λ2 such that for λ>Λ2,
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Combining (A-4) and (A-9) yields that for i with z∗ ∈ (zλ(i, qλ), zλ(i+ 1, qλ)),∫ i
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Therefore, (A-1) holds for λ>max{Λ0,Λ1,Λ2} directly from (A-2), (A-8) and (A-10). Thus the

validity of the approximation given by (42) is proved. �
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Proof : [of Lemma 4] In view of (14) and (38), it suffices to show that
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It follows from Lemma 3 that this is equivalent to show that
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To prove (A-11), in view of (A-39), we only need to show that
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To that end, we first consider each summand. Similar to (A-40), we have that
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By the first part of Theorem 1 and Theorem 1.A.3 on p.6, Shaked and Shanthikumar (2007),
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Similar to the proof of (41) in Lemma 3, we can, by Conditions 1–2, show that
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Combining (A-13)-(A-16) yields that
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which implies that (A-12) holds. Therefore, the lemma is proved. �
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Proof : [of Lemma 6] If K > 0, from (58), we know that τ 6= 0. Thus for positive τ and η, by

the strict convexity of C(·), we know that there exists a unique α ∈ (0,1) (write as g(τ)) such

that

C (z∗− g(τ)τη) =C (z∗+ (1− g(τ))τη) .

Furthermore, this, by the strict convexity of C(·), implies that

d (g(τ)τ)

dτ
=

C ′(z∗+ (1− g(τ))τη)

C ′(z∗+ (1− g(τ))τη)−C ′(z∗− g(τ)τη)
6= 0.

Plugging g(τ) into (58), we have

−ηK + τ ×C (z∗− g(τ)τη)− 1

η

∫ z∗+(1−g(τ))τη

z∗−g(τ)τη
C(y)dy= 0.

Taking derivative on the left-hand side with respect to τ , we have

−τC ′ (z∗− g(τ)τη) · d (g(τ)τ)

dτ
6= 0.

The existence of τ directly follows from the implicit function theorem (see Theorem 9.28 on

p.224 of Rudin 1976).

Finally we show that τ ∈ (0,∞). τ 6= 0 directly follows from K > 0, η > 0, and (58). Suppose

contrariwise that τ < 0. From (58), we have

η2K = τη×C (z∗−ατη)−
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C(y)dy.

This is equivalent to
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)
dy. (A-17)

By (59) and the convexity of C(·), and noticing that z∗+(1−α)ητ < z∗−αητ if τ < 0, we have

that

C (z∗−αητ)−C(y)≥ 0 for y ∈ [z∗+ (1−α)ητ, z∗−αητ ].

This implies that ∫ z∗+(1−α)ητ

z∗−αητ

(
C (z∗−αητ)−C(y)

)
dy≤ 0.

Thus we get a contradiction from (A-17) as η2K > 0. Hence, τ ∈ (0,∞). Thus, the proof of the

lemma is completed. �
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Proof : [of Lemma 7] By the definitions of σλ(qλ) and βλ(qλ) given by (17)-(18), in view of

(46), it is sufficient to consider the differentiability of κ(qλ). By the strictly convexity of C(·)

(see (36)), we know the continuity of κ(·). Using (45), for any δ > 0,
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δ
.

Letting δ go to zero, by the continuity of βλ(·) and κ(·), we know the right-hand side of (A-18)

does converge to
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)
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dqλ
.

Similarly, the second factor of the left-hand side of (A-18) does converge to
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)
−C ′

(
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)
.

By (46), the strictly convexity of C(·) and the definition of z∗ given by (36), we have that for

qλ > 0,

C ′
(
z∗+βλ(qλ)−κ(qλ)

)
> 0 and C ′

(
z∗−κ(qλ)

)
< 0.

Thus we know that the limit of the second factor of the left-hand side of (A-18) is positive.

Hence we know the limit of the first factor of the left-hand side of (A-18) does exist, which

gives the differentiability of κ(·). �

Proof : [of Lemma 8] According to the definitions of κ(q̃λ∗ ) and κ(q̃λ∗ ) given by (46), it suffices

to show the first part of the lemma, namely,

lim
λ→∞

q̃λ∗ =∞ and lim
λ→∞

q̃λ∗
λ

= 0. (A-19)

If the first equation does not hold, then, by (46), the right-hand side of (65) will go to zero while

the left-hand side is fixed at K > 0. And if the second equation does not hold, the right-hand
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side of (65) will go to infinite while the left-hand side is fixed at K. And thus q̃λ∗ cannot be

a solution of (65) when (A-19) does not hold. Thus we have (A-19). This in turn implies the

lemma. �

Proof : [of Proposition 1] First, assume K > 0. By Lemma 8 and the Taylor expansion, and

recalling (36)-(37), we have∫ z∗+κ(q̃λ∗ )
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=
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)4)
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C∗
3!
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)3 (
1− 3α(q̃λ∗ ) + 3α2(q̃λ∗ )

)
+O

((
βλ(q̃λ∗ )

)4)
. (A-20)

By again the Taylor expansion,

C(z∗−κ(q̃λ∗ )) = C∗−C ′(z∗)κ(q̃λ∗ ) +
1

2!
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(
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)2
+O
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= C∗+

1
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(
κ(q̃λ∗ )
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Note that

νq+ 2θ2E[L(2)]√
νq+ θ2E[L(2)]

=
√
νq+ θ2E[L(2)] +

θ2E[L(2)]√
νq+ θ2E[L(2)]

. (A-22)

It follows from Lemma 8 and (65)-(A-22) that

q̃λ∗ =

(
2K

C∗
√
ν

)2/3

·λ1/3 + o
(
λ1/3

)
, (A-23)

which is (A.i) for K > 0.

Now we examine r̃λ∗ . By the Taylor expansion of both sides of (45) (expanding to the second

moment), we have

C∗−C ′(z∗)κ(q̃λ∗ ) +
1

2
C ′′(z∗)

(
κ(q̃λ∗ )

)2
=C∗+C ′(z∗)κ(q̃λ∗ ) +

1

2
C ′′(z∗)

(
κ(q̃λ∗ )

)2
+O

((
βλ(q̃λ∗ )

)3)
.
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Applying (36)-(37) yields (1/2) (1− 2α(q̃λ∗ )) ·C∗ =O (βλ(q̃λ∗ )). Because C∗ is a positive constant,

we know that

α(q̃λ∗ ) =
1

2
+O

(
βλ(q̃λ∗ )

)
. (A-24)

Thus, by (19), (44) and (46),

r̃λ∗ = ρλ + z∗ ·
(

2Kν

C∗

)1/3

·λ2/3 + o
(
λ2/3

)
. (A-25)

This is (A.ii) for K > 0.

For the optimal cost of System-S̃λ, following (47), (A-20), and (A-23)-(A-25),

ÃC(r̃λ∗ , q̃
λ
∗ ) =

λK

q̃λ∗
+
(
σλ(q̃λ∗ )

)2
λ

∫ z∗+κ(q̃λ∗ )

z∗−κ(q̃λ∗ )

C(y)dy

= λK
/[( 2K

C∗
√
ν

)2/3

·λ1/3 + o
(
λ1/3

)]
+
(
σλ(q̃λ∗ )

)2
λ

[
C∗β

λ(q̃λ∗ ) +
C∗
4!

(
βλ(q̃λ∗ )

)3
+O

((
βλ(q̃λ∗ )

)4)]
= 3

(KνC2
∗

4

)1/3

λ2/3 + o
(
λ2/3

)
. (A-26)

This is (A.iii) for K > 0.

When K = 0, q̃λ∗ = 1 is our assumption; (A.ii) and (A.iii) are given by (38). �

Proof : [of Proposition 2] First by (47),

min
rλ
ÃC(rλ, q̃λ) =

λK

q̃λ
+
(
σλ(q̃λ)

)2
λ

∫ z∗+κ(q̃λ)

z∗−κ(q̃λ)
C(x)dx. (A-27)

If limλ→∞ q̃
λ/λ> 0, then, by (46), we have

lim
λ→∞

∫ z∗+κ(q̃λ)

z∗−κ(q̃λ)
C(x)dx> 0.

This together with (A-27) gives that

lim
λ→∞

1

λ

{
min
rλ
ÃC(rλ, q̃λ)

}
> 0.

This, by Proposition 1, implies that

lim
λ→∞

minrλ ÃC(rλ, q̃λ)

ÃC(r̃λ∗ , q̃
λ
∗ )

=∞.
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Hence, to prove the proposition, it suffices to consider limλ→∞ q̃
λ/λ= 0. Under this condition,

by the Taylor expansion given by (A-20),∫ z∗+κ(q̃λ)

z∗−κ(q̃λ)
C(x)dx=C∗β

λ(q̃λ) +
C∗
3!

(
βλ(q̃λ)

)3 (
1− 3α(q̃λ) + 3α2(q̃λ)

)
+O

((
βλ(q̃λ)

)4)
.

Hence,

λK

q̃λ
+
(
σλ(q̃λ)

)2
λ

∫ z∗+κ(q̃λ)

z∗−κ(q̃λ)
C(x)dx

=
λK

∆(λ)q̃λ∗
+
(
σλ(q̃λ)

)2
λ

[
C∗β

λ(q̃λ) +
C∗
3!

(
βλ(q̃λ)

)3 (
1− 3α(q̃λ) + 3α2(q̃λ)

)
+O

((
βλ(q̃λ)

)4)]
=
[(KνC2

∗

4

)1/3

· 1

∆(λ)
+
(

2KνC2
∗

)1/3√
∆(λ)

]
·λ2/3 + o

(
λ2/3

)
. (A-28)

Let

U(x) =

[(KνC2
∗

4

)1/3

· 1
x

+
(

2KνC2
∗

)1/3√
x

]
It is direct to verify that −U(x) is unimodal, and arg minxU(x) = 1. Therefore, (A-28) implies

part (i) of the proposition.

Next, consider part (ii). Note, by (38), that

ÃC(r̃λ, q̃λ) =
λK

q̃λ
+
(
σλ(q̃λ)

)2
λ

∫ zλ(r̃λ,q̃λ)+βλ(q̃λ)

zλ(r̃λ,q̃λ)

C(y)dy. (A-29)

If limλ→∞ z
λ(r̃λ, q̃λ) 6= z∗ or limλ→∞ z

λ(r̃λ, q̃λ) 6= z∗, then there exists a subsequence, again writ-

ing as λ, such that

lim
λ→∞

zλ(r̃λ, q̃λ) = b 6= z∗. (A-30)

Now making the Taylor expansion (expanding to the second moment) for the last term in

(A-29), we obtain

(
σλ(q̃λ)

)2
λ

∫ zλ(r̃λ,q̃λ)+βλ(q̃λ)

zλ(r̃λ,q̃λ)

C(y)dy= σλ(q̃λ) ·C(zλ(r̃λ, q̃λ))
√
λq̃λ + o

(
λ2/3

)
. (A-31)

By the definition of z∗ and (A-30), we know that limλ→∞C(zλ(r̃λ, q̃λ)) = C(b) > C(z∗). This

together with (A-29) and (A-31) yields part (ii). �
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Proof : [of Proposition 3] Suppose contrariwise that the proposition is not true. Then there

exists a subsequence {λk : k≥ 1} such that

lim
k→∞

qλk∗ <∞ or lim
k→∞

q
λk
∗

λk
> 0. (A-32)

To simplify notation, we write the sequence as λ (In the remainder of the paper, for the same

reason, the subsequences will be always written as λ). By Lemma 1, we know that given qλ,

qλ‖ (Jλ + qλ ·Nλ) is uniformly distributed on Q. Here, again, “‖” is the modulo operator. Now

let

∆λ
1 =

{
0, · · · , bq

λ
∗

4
c− 1

}
, ∆λ

2 =
{
bq

λ
∗

4
c, · · · ,2bq

λ
∗

4
c− 1

}
,

∆λ
3 =

{
2bq

λ
∗

4
c, · · · ,3bq

λ
∗

4
c− 1

}
, ∆λ

4 =
{

3bq
λ
∗

4
c, · · · , qλ∗ − 1

}
.

When (qλ∗‖rλ∗ )∈∆λ
1 , we have∣∣∣rλ∗ + qλ∗ −Jλ− qλ∗ ·Nλ

∣∣∣× I{Jλ ∈∆λ
3} ≥ b

qλ∗
4
c− 1.

Hence, if (qλ∗‖rλ∗ )∈∆λ
1 and the second inequality in (A-32) holds, then

lim
λ→∞

AC(rλ∗ , q
λ
∗ )

λ
≥ lim

λ→∞

1

λ
E
[
Ĝ
(
rλ∗ + qλ∗ −Jλ− qλ∗ ·Nλ

)]
(by (14))

≥ lim
λ→∞

1

λ
E
[
Ĝ
(
rλ∗ + qλ∗ −Jλ− qλ∗ ·Nλ

)
× I{Jλ ∈∆λ

3}
]

≥ lim
λ→∞

1

λ
E
[

min{p,h}×
(
bq

λ
∗

4
c− 1

)
× I{Jλ ∈∆λ

3}
]

≥ lim
λ→∞

min{p,h}
λ

× 1

4
×
(
bq

λ
∗

4
c− 1

)
> 0. (A-33)

Similarly, we can show that for (qλ∗‖rλ∗ )∈∆λ
i (i= 2,3,4), (A-33) still holds if the second inequal-

ity in (A-32) holds.

If the first inequality in (A-32) holds, then by E[Ĝ(IN)]≥ 0 and (14),

lim
λ→∞

AC(rλ∗ , q
λ
∗ )

λ
≥ lim

λ→∞

K

qλ∗
> 0. (A-34)

By the definition of zλ(i, qλ) (see (19)), for i= bρλc+1, · · · , bρλc+b
√
λc, limλ→∞ z

λ(i, b
√
λc) = 0.

So when policy (rλ, qλ) = (bρλc, b
√
λc) is implemented, by (14) and (39)-(41), we have

lim
λ→∞

AC(bρλc, b
√
λc)

λ
= lim

λ→∞

1

λ

 λK

b
√
λc

+
σλ(b
√
λc)
√
λb
√
λc

b
√
λc

bρλc+b
√
λc∑

i=bρλc+1

C
(
zλ(i, b

√
λc)
)

≤ lim
λ→∞

σλ(b
√
λc)b
√
λc√

λb
√
λc

· max
bρλc+1≤i≤bρλc+b

√
λc
C
(
zλ(i, b

√
λc)
)

= 0.
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So in view of (A-33)-(A-34), when (A-32) holds,

lim
λ→∞

AC(rλ∗ , q
λ
∗ )

AC(bρλc, b
√
λc)

=∞,

which implies that (rλ∗ , q
λ
∗ ) cannot be optimal, a contradiction. Thus, the proposition holds. �

Proof : [of Proposition 4] According to the definition of Condition 2, it is sufficient to show

∣∣∣ lim
λ→∞

zλ(rλ∗ , q
λ
∗ )
∣∣∣<∞. (A-35)

To that end, we first show that

∣∣∣ lim
λ→∞

zλ(rλ∗ , q
λ
∗ )
∣∣∣<∞. (A-36)

Suppose contrariwise that this does not hold. Then we have two possible cases:

Case A: lim
λ→∞

zλ(rλ∗ , q
λ
∗ ) =−∞; Case B: lim

λ→∞
zλ(rλ∗ , q

λ
∗ ) = +∞. (A-37)

First, consider Case A. In view of Proposition 3, we have that if K > 0,

lim
λ→∞

zλ(i, qλ∗ ) =−∞ for i= rλ∗ + 1, · · · , rλ∗ + qλ∗ . (A-38)

If K = 0, by qλ∗ = 1, (A-38) also holds under Case A. Then there exists a subsequence {λk : k≥ 1}

such that limk→∞ z
λk(i, qλ∗ ) =−∞. We still write this subsequence as λ. By (39)-(40), for any

policy (rλ, qλ),

E
[
Ĝ
(
INλ

)]
=

rλ+qλ∑
i=rλ+1

E
[
I
{
Jλ = rλ + qλ− i

}
× γλ(qλ)× Ĝ

(
zλ(i, qλ)−Y λ(qλ)

)]

= γλ(qλ)

rλ+qλ∑
i=rλ+1

E
[
I
{
Jλ = rλ + qλ− i

}
Ĝ
(
zλ(i, qλ)−Y λ(qλ)

)]
. (A-39)

We first consider each summand. Note that

E
[
I
{
Jλ = rλ + qλ− i

}
× Ĝ

(
zλ(i, qλ)−Y λ(qλ)

)]
=

∫ ∞
−∞

Ĝ
(
zλ(i, qλ)− y

)
dPr
(
Y λ(qλ)≤ y,Jλ = rλ + qλ− i

)
. (A-40)
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By the first part of Theorem 1 and Theorem 1.A.3 (a) in Shaked and Shanthikumar (2007),

we know that ∫ ∞
−∞

p ·
(
zλ(i, qλ)− y

)−
dPr
(
Y λ(qλ)≤ y,Jλ = rλ + qλ− i

)
≥ 1

qλ

∫ ∞
−∞

p ·
(
zλ(i, qλ)− y

)−
dPr
(
Y λ(qλ)−βλ(qλ)≤ y

)
, (A-41)∫ ∞

−∞
h ·
(
zλ(i, qλ)− y

)+
dPr
(
Y λ(qλ)≤ y,Jλ = rλ + qλ− i

)
≥ 1

qλ

∫ ∞
−∞

h ·
(
zλ(i, qλ)− y

)+
dPr
(
Y λ(qλ) +βλ(qλ)≤ y

)
. (A-42)

Combining (A-41)-(A-42) yields∫ ∞
−∞

Ĝ
(
zλ(i, qλ)− y

)
dPr
(
Y λ(qλ)≤ y,Jλ = rλ + qλ− i

)
(A-43)

≥ 1

qλ
E
[
h ·
(
zλ(i, qλ)−βλ(qλ)−Y λ(qλ)

)+

+ p ·
(
Y λ(qλ)−βλ(qλ)− zλ(i, qλ)

)+]
.

Considering policy (rλ∗ , q
λ
∗ ), we have, by Proposition 3, that for i= rλ∗ + 1, · · · , rλ∗ + qλ∗ ,

lim
λ→∞

E
[
h ·
(
zλ(i, qλ∗ )−βλ(qλ∗ )−Y λ(qλ∗ )

)+

+ p ·
(
Y λ(qλ∗ )−βλ(qλ∗ )− zλ(i, qλ∗ )

)+]
≥ lim

λ→∞
E
[
p ·
(
Y λ(qλ∗ )−βλ(qλ∗ )− zλ(i, qλ∗ )

)+]
≥ lim

λ→∞
E
[
p ·
(
−βλ(qλ∗ )− zλ(i, qλ∗ )

)+

× I
{
Y λ(qλ∗ )≤ 0

}]
=
p

2
× lim
λ→∞

(
−βλ(qλ∗ )− zλ(i, qλ∗ )

)+

(by Lemma 2)

=∞. (by (A-38))

It follows from (A-43) that for policy (rλ∗ , q
λ
∗ ),

rλ∗+qλ∗∑
i=rλ∗+1

E
[
I
{
Jλ = rλ+ + qλ∗ − i

}
Ĝ
(
zλ(i, qλ∗ )−Y λ(qλ∗ )

)]
→∞ as λ→∞. (A-44)

On the other hand, consider another policy (rλ0 , q
λ
∗ ) with rλ0 =

⌊
ρλ + γλ(qλ∗ )

⌋
. It is direct to

verify that the sequence of (rλ0 , q
λ
∗ )-policies satisfies Condition 2. Furthermore, by Proposition

3, the sequence of ordering quantities {qλ∗} satisfies Condition 1. Similar to the proof of (41) in

Lemma 3, we can, by Conditions 1–2, show that for i= rλ0 + 1, · · · , rλ0 + qλ∗ ,

lim
λ→∞

E
[
h ·
(
zλ(i, qλ∗ ) +βλ(qλ∗ )−Y λ(qλ∗ )

)+

+ p ·
(
Y λ(qλ∗ ) +βλ(qλ∗ )− zλ(i, qλ∗ )

)+]
= lim

λ→∞
E
[
h ·
(
zλ(i, qλ∗ )−βλ(qλ∗ )−Y λ(qλ∗ )

)+

+ p ·
(
Y λ(qλ∗ )−βλ(qλ∗ )− zλ(i, qλ∗ )

)+]
= lim

λ→∞
C
(
zλ(i, qλ∗ )

)
. (A-45)
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Combining (A-40)-(A-45) yields that for i= rλ0 + 1, · · · , rλ0 + qλ∗ ,

lim
λ→∞

qλ∗ ·E
[
I
{
Jλ = rλ + qλ∗ − i

}
× Ĝ

(
zλ(i, qλ∗ )−Y λ(qλ∗ )

)]
= lim

λ→∞
C
(
zλ(i, qλ∗ )

)
<∞. (A-46)

Thus, from (A-44) and (A-46),∑rλ∗+qλ∗
i=rλ∗+1

E
[
I
{
Jλ = rλ∗ + qλ∗ − i

}
Ĝ (zλ(i, qλ∗ )−Y λ(qλ∗ ))

]
∑rλ0+qλ∗

i=rλ0+1
E
[
I
{
Jλ = rλ0 + qλ∗ − i

}
Ĝ (zλ(i, qλ∗ )−Y λ(qλ∗ ))

] →∞ as λ→∞.

which, by (14) and (39), contradicts the optimality of (rλ∗ , q
λ
∗ ). Therefore, Case A does not hold.

Similarly, we can show Case B does not hold also. Hence (A-36) is proved.

To prove (A-35), with the help of (A-36), it is sufficient to show that for any convergent

subsequence of zλ(rλ∗ , q
λ
∗ ) (for the sake of notation simplicity, we still write it as zλ(rλ∗ , q

λ
∗ )), its

limit is always z∗. That is, we only need to prove

lim
λ→∞

zλ(rλ∗ , q
λ
∗ ) = z∗. (A-47)

The convergence of the subsequence of zλ(rλ∗ , q
λ
∗ ) implies that its corresponding subsequence of

(rλ∗ , q
λ
∗ ) satisfies Condition 2. In view of Proposition 3, we know that (rλ∗ , q

λ
∗ ) satisfies Conditions

1–2 in Lemma 4. Thus, by Lemma 4,

lim
λ→∞

AC(rλ∗ , q
λ
∗ )

ÃC(rλ∗ , q
λ
∗ )

= 1. (A-48)

Using Proposition 1, we know that the sequence of (r̃λ∗ , q̃
λ
∗ )-policies satisfies Conditions 1–2

with limλ→∞ q̃
λ
∗ =∞. It follows from Lemma 4 that

lim
λ→∞

AC(r̃λ∗ , q̃
λ
∗ )

ÃC(r̃λ∗ , q̃
λ
∗ )

= 1. (A-49)

On the other hand, by the optimality of (rλ∗ , q
λ
∗ ) for System-Sλ and the optimality (r̃λ∗ , q̃

λ
∗ ) for

System-S̃λ, we have AC(rλ∗ , q
λ
∗ )≤AC(r̃λ∗ , q̃

λ
∗ ) and ÃC(rλ∗ , q

λ
∗ )≥ ÃC(r̃λ∗ , q̃

λ
∗ ). Hence from (A-48)

and (A-49),

lim
λ→∞

ÃC(rλ∗ , q
λ
∗ )

ÃC(r̃λ∗ , q̃
λ
∗ )

= 1. (A-50)

With the help of Proposition 2, we, by (A-50), know that limλ→∞ z
λ(rλ∗ , q

λ
∗ ) = z∗, which proves

(A-47). This implies (A-35). The second part of the proposition ((62) and (63)) directly follows

from (A-48) and (A-50). �
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Proof : [of Proposition 5] First we consider K > 0 case. Similar to the proof of Proposition

1, we need to establish the result similar to Lemma 8. Namely,

lim
λ→∞

q̃λ∗c =∞ and
q̃λ∗c√
λ

is bounded. (A-51)

If the first equation is not true, then there exists a subsequence {λk : k≥ 1} such that

lim
k→∞

λk =∞ and lim
k→∞

q̃λk∗c = a<∞. (A-52)

We still label the subsequence of (A-52) by λ. Under (A-52), by the definition of γλc given by

(48), we have

κc(q̃
λ
∗c)→ 0 and κc(q̃

λ
∗c)→ 0, (A-53)

which implies

lim
λ→∞

C(z∗−κc(q̃λ∗c)) =C∗. (A-54)

This plus the mean-value theorem for integration yields

γλc
q̃λ∗c

∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)
C(x)dx→C∗. (A-55)

Combining (A-54)–(A-55) yields that the right-hand-side of (57) converges to zero. However,

(A-52) implies that λK

γλc q̃
λ
∗c
→∞. This produces a contradiction to (57). Therefore, we have the

first equation of (A-51).

Next we show the second equation of (A-51). Suppose contrariwise that there exists a

sequence of {λk, k≥ 1} such that

lim
k→∞

q̃
λk
∗c√
λk

=∞. (A-56)

Again, for simpler notation, we label the sequence by λ. From (55) and the strict convexity of

C(·), in view of (A-56), we know that

lim
λ→∞

αc(q̃
λ
∗c) · q̃λ∗c√
λ

=∞, lim
λ→∞

[1−αc(q̃λ∗c)] · q̃λ∗c√
λ

=∞. (A-57)

It follows from (A-57) and the strict convexity of C(·) that

C(z∗−κc(q̃λ∗c))−
γλc
q̃λ∗c

∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)
C(x)dx

= lim
λ→∞

γλc
q̃λ∗c

∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)

(
C(z∗−κc(q̃λ∗c))−C(x)

)
dx

> 0.
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But, from (A-56), limλ→∞ λK/(γ
λ
c q̃

λ
∗c) = 0. Thus, we reach a contradiction to (57). In other

words, (A-56) cannot hold, and we must have the second equation of (A-51).

As {αc(q̃λ∗c) : λ > 0} is also bounded, in view of (A-51), we pick up any two convergence

sequences, say { q̃
λk
∗c√
λk

: k≥ 1} and {αc(q̃λk∗c ) : k≥ 1}, from { q̃
λ
∗c√
λ

: λ> 0} and {αc(q̃λ∗c) : λ> 0}

(again, write them as λ sequences). Let

lim
k→∞

q̃λ∗c√
λ

= τ and lim
k→∞

αc(q̃
λ
∗c) = α. (A-58)

These imply

lim
λ→∞

(
κc(q̃

λ
∗c)−ατη

)
= lim

λ→∞

(
κc(q̃

λ
∗c)− (1−α)τη

)
= 0.

We have, by (55), that

lim
λ→∞

γλc
q̃λ∗c

∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)
C(x)dx =

1

τη

∫ z∗+(1−α)τη

z∗−ατη
C(y)dy, (A-59)

lim
λ→∞

λK

γλc q̃
λ
∗c

=
Kη

τ
, (A-60)

C (z∗−ατη) = C (z∗+ (1−α)τη) . (A-61)

It follows from (57), (A-59)-(A-60) that

Kη

τ
=C (z∗−ατη)− 1

τη

∫ z∗+(1−α)τη

z∗−ατη
C(y)dy. (A-62)

Thus the limits of any convergence sequences of { q̃
λ
∗c√
λ
} and {α(q̃λ∗c)} satisfy (A-61)-(A-62). By

Lemma 6, we proved (B.i) and (B.ii) for (r̃λ∗c, q̃
λ
∗c) of system-S̃λc .

Now consider (B.iii) for ÃCc(r̃
λ
∗c, q̃

λ
∗c). Similar to (A-20), using the Taylor expansion, we get∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)
C(y)dy =

∫ 0

z∗−κc(q̃λ∗c)
C(y)dy+

∫ z∗+κc(q̃λ∗c)

0

C(y)dy

=

∫ 0

z∗−ατη
C(y)dy+C (z∗−ατη)×

(
κc(q̃

λ
∗c)−ατη

)
+

∫ z∗+(1−α)τη

0

C(y)dy

+C (z∗+ (1−α)τη)×
(
κc(q̃

λ
∗c)− (1−α)τη

)
+ o(1). (A-63)

This, by the first part of the proposition and (A-63), implies that

ÃCc(r̃
λ
∗c, q̃

λ
∗c) =

λK

q̃λ∗c
+ γλc ·

γλc
q̃λ∗c

∫ z∗+κc(q̃λ∗c)

z∗−κc(q̃λ∗c)
C(y)dy

=

(
K

τ
+

1

τη2

∫ z∗+(1−α)τη

z∗−ατη
C(y)dy

)
√
λ+ o(

√
λ). (A-64)



e-companion to Ang et al.: Closed-Form Approximations for Optimal (r, q) and (S,T ) Policies ec15

Therefore, (B.iii) for ÃCc(r̃
λ
∗c, q̃

λ
∗c) is proved.

Now consider K = 0. q̃λ∗c = 1 directly follows from (51) and convexity of C(·). (B.ii) and (B.iii)

are given by (48) and (51). �

Proof : [of Proposition 6] We first prove (i). Suppose that

lim
λ→∞

∆c(λ) =∞. (A-65)

Then, by (51),

lim
λ→∞

minrλ ÃCc(r
λ, q̃λ)√

λ
= lim

λ→∞

γλc
q̃λ
√
λ

∫ r̃λ∗c(q̃
λ)+q̃λ

r̃λ∗c(q̃λ)
C
(
zλc (y)

)
dy

=
(γλc )2√
λq̃λ

∫ zλc (r̃
λ
∗c(q̃

λ))+βλc (q̃
λ)

zλc (r̃
λ
∗c(q̃λ))

C(y) dy. (A-66)

Applying L’Hôpital’s rule, we have

lim
λ→∞

∫ zλc (r̃
λ
∗c(q̃

λ))+βλc (q̃
λ)

zλc (r̃
λ
∗c(q̃λ))

C(y) dy

/
q̃λ√
λ

=∞. (A-67)

Hence, by (A-66)-(A-67) and Proposition 5, we have that

lim
λ→∞

minrλ ÃCc(r
λ, q̃λ)

ÃCc(r̃λ∗c, q̃
λ
∗c)

=∞,

which implies (i). Now suppose that limλ→∞∆c(λ) <∞ but limλ→∞∆c(λ) 6= limλ→∞∆c(λ).

Then there exist two convergence sequences, say { q̃
λk√
λk

: k ≥ 1} and {αc(q̃λk) : k ≥ 1}, from

{ q̃
λ
√
λ

: λ> 0} and {αc(q̃λ) : λ> 0} (again, write them as λ sequences) such that

lim
k→∞

q̃λ√
λ

= τ̃ 6= τ and lim
k→∞

αc(q̃
λ) = α̃ 6= α. (A-68)

Exactly going along the line (A-63)-(A-64), we have

ÃCc(r̃
λ
∗c(q̃

λ), q̃λ) =

(
K

τ̃
+

1

τ̃ η2

∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy

)
√
λ+ o(

√
λ), (A-69)

where α̃, using (55), satisfies

C (z∗− α̃τ̃η) =C (z∗+ (1− α̃)τ̃ η) . (A-70)

Consider function

gc(τ̃) =
K

τ̃
+

1

τ̃ η2

∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy.
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If −gc(τ̃) is strictly unimodal and its maximizer is given by τ , then we have (i). Thus to

complete the proof of (i), it is sufficient to show that the strict unimodality of −gc(τ̃) and its

maximizer is τ . Note, by (A-70), that

dgc(τ̃)

dτ̃
=−K

τ̃ 2
− 1

τ̃ 2η2

∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy+

1

τ̃ η
C(z∗− α̃τ̃η).

Letting dgc(τ̃)/dτ̃ = 0, we have

η2K = τ̃ η×C (z∗− α̃τ̃η)−
∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy. (A-71)

Making a comparison with (58), we know τ is minimizer of g(τ̃). Considering

τ̃ η×C (z∗− α̃τ̃η)−
∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy

as a function of τ̃ η, by (A-70) and Lemma 6 in Zheng (1992), it is strict increasing. Hence, we

know that

−K
τ̃ 2
− 1

τ̃ 2η2

∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy+

1

τ̃ η
C(z∗− α̃τ̃η)< 0 for τ̃ < τ ;

−K
τ̃ 2
− 1

τ̃ 2η2

∫ z∗+(1−α̃)τ̃η

z∗−α̃τ̃η
C(y)dy+

1

τ̃ η
C(z∗− α̃τ̃η)> 0 for τ̃ > τ .

Thus the unimodality of −gc(τ̃) is proven.

Finally we prove (ii). Suppose that limλ→∞ |$λ| < ∞ and one of limλ→∞$
λ 6= 1 and

limλ→∞$
λ 6= 1 holds. Then there exists a convergence sequences, say {$λk : k ≥ 1} from

{$λ : λ> 0} (again, write them as λ sequences) such that

lim
λ→∞

$λ = b 6= 1. (A-72)

Similar to (A-64),

lim
λ→∞

ÃCc(r̃
λ, q̃λ∗c)√
λ

=
K

τ
+

1

τη2

∫ b(z∗−ατη)+τη

b(z∗−ατη)
C(y)dy.

It is direct to verify the above function has a unique minimizer at b= 1. Hence we have (ii). �

Proof : [of Proposition 7] By (10)-(11) and (49), going along the line of the proof of Propo-

sitions 3 and 4, we can show the proposition holds. Here the details are omitted. �
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Proof : [of Equation (79)] Suppose contrariwise that

lim
λ→∞

√
λT̂ λ∗ =∞.

Then there exists a subsequence {λk : k≥ 1} (label it as λ sequence) such that

lim
k→∞

√
λT̂ λ∗ =∞. (A-73)

By (75) and (78),

lim
λ→∞

[
C

z∗θ√ρλ +Mλ(T̂ λ∗ )−λT̂ λ∗
θ

√
λT̂ λ∗ + ρλ

√T̂ λ∗ +
1

µ

− 1

T̂ λ∗

∫ T̂λ∗

0

C

(
z∗θ
√
ρλ +Mλ(T̂ λ∗ )−λt
θ
√
λt+ ρλ

)√
t+

1

µ
dt

]
= 0. (A-74)

The remainder of the proof is divided into three cases.

Case A lim
λ→∞

T̂ λ∗ = 0; Case B lim
λ→∞

T̂ λ∗ = a∈ (0,∞); Case C lim
λ→∞

T̂ λ∗ =∞.

For each case, we will get a contradiction with (A-74) if (A-73) holds. First we look at Case A.

This case will be further divided into subcases by (75) and (A-73):

Subcase A.1 limλ→∞ T̂
λ
∗ = 0 and limλ→∞

Mλ(T̂λ∗ )−λT̂λ∗
θ
√
λT̂λ∗ +ρλ

=−∞.

Under Subcase A.1, we have

lim
λ→∞

z∗θ
√
ρλ +Mλ(T̂ λ∗ )−λT̂ λ∗
θ

√
λT̂ λ∗ + ρλ

=−∞ and lim
λ→∞

z∗θ
√
ρλ +Mλ(T̂ λ∗ )

θ
√
ρλ

≥ z∗.

Then it follows from the strict convexity of C(·) that

lim
λ→∞

∣∣∣∣∣∣C
z∗θ√ρλ +Mλ(T̂ λ∗ )−λT̂ λ∗

θ

√
λT̂ λ∗ + ρλ

− 1

T̂ λ∗

∫ T̂λ∗

0

C

(
z∗θ
√
ρλ +Mλ(T̂ λ∗ )−λt
θ
√
λt+ ρλ

)
dt

∣∣∣∣∣∣=∞,
this, in view of limλ→∞ T̂

λ
∗ = 0, contradicts with (A-74).

Subcase A.2 limλ→∞ T̂
λ
∗ = 0 and limλ→∞

Mλ(T̂λ∗ )−λT̂λ∗
θ
√
λT̂λ∗ +ρλ

= b with |b|<∞.

For this subcase, by (A-73), we have

lim
λ→∞

z∗θ
√
ρλ +Mλ(T̂ λ∗ )−λT̂ λ∗
θ

√
λT̂ λ∗ + ρλ

= z∗+ b and lim
λ→∞

z∗θ
√
ρλ +Mλ(T̂ λ∗ )

θ
√
ρλ

=∞.

Similar to Subcase A.1, by the strict convexity of C(·), we get a contradiction with (A-74).

Cases B and C can be analyzed along the same line. �
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