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A Modeling Choice

In this section, we discuss two variations of our model that have appeared in the literature. We
show that the method developed in this paper applies to these variations and we also point out the

subtle differences in the analysis under different modeling choices.

A.1 Instantaneous Replenishment

Our model assumes a one-period delivery lead time, while most of the inventory studies assume
zero lead time. The sequence of events for the latter model is given in Figure 2. Because delivery
happens immediately after the order, it is natural to restrict at most one order in a period. This is
not essential for the case of deterministic and unlimited supply. With uncertain or limited supply,
however, the restriction of one order per period becomes important. Without this restriction, one
can potentially bring the stock to any desired level by placing multiple orders, one immediately

after another.
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Figure 2: The model with instantaneous delivery.
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The dynamic programming equation for the problem depicted in Figure 2 can be written as

Vile) = max Ji(z,poqr,---dn), (28)
q:;O,?G]\[
Twepan e a) = PEDE)] - Y eB[Ei(g)] — F [H (x ~ )+ &waﬂ
ieN ieN

+8 Viaa (- D)+ 3 50 )| (20)

Analytically, this model is not fundamentally different from our model and it can be shown that
all the formal results derived in this paper continue to hold.

In the special case when the supply functions become deterministic, the different assumptions
on delivery lead time can lead to subtle differences in the structure of the optimal policy. For the
model with instantaneous delivery defined in (28)—(29), a multi-level modified base stock list price
policy is optimal. (This can be easily established by following the proof of Theorem 2 in Feng and
Shi (2012). All one needs is to treat ug; < fig; as the capacity constraint.) Under this policy, there
is a base stock level and a list price, both independent of the inventory level, for each supplier. The
optimal order quantity to a supplier should bring the cumulative stock level up to that supplier’s
base stock level. If the final post-order inventory level equals a supplier’s base stock level, the
optimal product price equals the list price corresponding to that supplier. Such a policy, however,
is generally suboptimal for the model with one-period delivery lead time defined in (11)—(12) based

on our discussion on Corollary 1.

A.2 Responsive Pricing Decision

When procurement orders are delivered immediately, it is natural that one postpones the pricing
decision after observing the delivery quantities (Li et al. 2013). This model is presented in Figure 3.

The associated dynamic program can be written as

Vi(zy) = qizng)%NJf)(wt,qhm s qn), (30)
JtQ(qul)'" 7qn) = E[prgfgp‘]tp(:ptvpv gl(ql)v"' 7gn(Qn)):|7 (31)
Jtp(xbp) S1y 0 7sn) = pE[B(p)] - Z CiS; — E|:H<$t - D(p) + Z SZ>:|
ieN ieN
08 Vi (- D) + 1) | (32)
1EN

33



Review inventory x, Review inventory x;4q

Place supplier orders Place su Nppher orders
qi, i EN qi€
Set price p Set price p
l ------------------ Period t i J L
"\ ,"\ ] Time
p- =
T Demand D ») T Demand D(p")
materializes materializes
1pphers thers
iver S;(q;) iver 5;(q;)

Figure 3: The model with instantaneous delivery with postponed pricing decision.

With the same conditions on the demand and supply functions as those in Theorem 2, we can
prove that JtQ , JP and V; are concave. Also, Theorem 4 continues to hold. When the supply
functions are deterministic, it is easy to check that the model defined in (30)—(32) is equivalent to

that in (28)-(29).

B Proofs of Formal Results

Proof of Lemma 1. For ease of exposition, we proof the result by assuming that ¢ is differentiable.
Note that ¢ is concave and thus can have at most countable number of nondifferentiable points
(Rockafellar 1970, Theorem 25.3). In this case, we can approximate the concave function using a
sequence of differentiable functions and apply the argument below to obtain the result.

Let dé(y)/dy = ((y) + 5 such that ((y) > 0 and f is a constant. We consider the case where
de¢(y)/dy is bounded from the below by f > —oo. Usual limiting argument can be used to treat

the general case. With (6), the expression in (3) can be written as

/¢ JAF(y /F Jda(y) + 6(0 /c Yy + Bu+o0).  (33)

Therefore, maximizing v[F] boils down to maximizing the first term on the right-hand side. If y =
E[Z], then it is clear that F' = F; maximizes ¥ [F] under constraint (5). If, however, u < E[Z], this
solution violates constraint (6). In this case, we take F° that corresponds to the survival function
in the original problem, i.e, F°(y) = Pr{min{z, Z} > y} for some z such that E[min{z, Z}] = u.

Consider the Gateaux derivative of 1) at F©

zp[FO—H'h Y[FO] / ty

dp[F| pefpo = hf%
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along the feasible direction satisfying

/ By

The first condition suggests that along the feasible direction [ FO(u)du and [ (F°(u) + Th(u))du

< (>)0,y < (>)3°, for some " € (0, 00),

are ordered (see Theorem 3.A.44 in Shaked and Shanthikumar 2006), which takes care of constraint
(5). The second condition ensures that the perturbed survival function F°(-) 4+ 7h(-) satisfies (6).
Note that given that F° corresponds to the survival function of the original problem, h must satisfy

these two conditions. Because ((-) is decreasing and nonnegative, the above two conditions imply

WilFllrero = [ oMy + [ cwhmar< [T cwOmmay+ [
Y Y

=~ [ ettty + [ @ty = [ (6w~ Cmhly)dy <o.

40
In other words, the Gateaux derivative of [F] at F' = FY is negative along the feasible direction.
Therefore, the objective is maximized at F°. Note that the optimality of F is independent of the
choice of ¢(-), as long as ¢(-) is concave.

Next we show that W(u) is concave in p. Let (p) be the smallest = such that foj(“) Fz(u)du = p
for p € [0, E[Z]]. Take p1 < peo, i = 1,2, then we have from (33)

2‘I’<m J2ru2> = W) — ¥(p2)

p(Fr2) - (1) - #(p2) _
= /0 C(y) Fz(y)dy — /0 C(y) Fz(y)dy — /0 C(y) Pz (y)dy
p(Mtr2) - (u2) -
= [ R [ Py
#m) #1502
> C<i(ul ;u2)> (Ml ;rm —M1> B C<!ﬁ(ul ;u2)> <M2 M J2FM2>

= 0.

The inequality follows from the facts that ((-) is decreasing and foi(“ 3 7 (y)dy = p. We conclude

that W(-) is concave. O

Proof of Lemma 2. Pick 1 € X and x5 € X. Because {Y (z),x € X'} € SL(mp), there exist two

random variables Y (1) and Y () with the same distribution as Y (z1) and Y (z3), respectively,
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such that w <eo Y(8522). For any concave ¢(-), we have

E[¢(Y (21))] + E[p(Y ()] _ E[p(Y (21))] + E[$(Y (22))]
2

(T o (252)]

The first inequality follows from the concavity of ¢ and the second inequality follows from the rela-

[\

tion w <eo Y(B322). Since 21 and x5 are arbitrarily chosen, we conclude that E[¢(Y (z))]

is concave in x and thus {Y(z),z € X'} € SL. O

Proof of Lemma 3. Let ¢4(-) and ¢p(-) be two increasing functions such that ¢4(z) crosses
#p(z) from the above at most once over z € Z. Then, there exists a § such that {z € Z: ¢a(2) <
0} C (D){z € Z: ¢p(2) < 6} or equivalently Pr{pa(Z) < 0} < (>)Pr{¢p(Z) < 6} for 6 < (>)6.
Take ¢pa(z) = @((p1 + p2)/2,2) and ¢p(2) = (P(u1,2) + @(p2, 2))/2. Because ¢(z, z) is increasing
in (z,2), (i, 2) is increasing in (u, z) and thus ¢ 4(2) and ¢p(z) are increasing in z. Because of the
single-crossing property of ¢, we deduce that the distribution function of ¢((u1 + p2)/2, Z) crosses
that of (¢(u1,Z) + ¢(u2, Z))/2 from the below at most once. We conclude from Theorem 3.A.44
of Shaked and Shanthikumar (2006) that Y (&(u)) is stochastically linear in mid-point.

A sufficient condition for the single-crossing property to hold is that

(B(p2, 2) = G((1 + 12)/2,2)) = (D((p1 + p2)/2,2) — ¢(p1, 2))
is increasing in z, which leads to (9). O

Proof of Theorem 1. Following the proof of Lemma 3, take ¢4(z) = ¢(&,2) and ¢pp(z) =
(p(z1, 2)+ (29, 2))/2 with z1 < 2 and F satisfying (%) = (u(z1)+p(x2))/2. It is easy to see that
x1 < & < x9. Therefore, the distribution function of ¢(&, Z) crosses that of (p(z1, 2)+ ¢(x2,2))/2
from the above at most once. We deduce from Theorem 3.A.44 of Shaked and Shanthikumar (2006)
that Y (2(u)) is stochastically linear in mid-point.

A sufficient condition for the single-crossing property to hold is that

I'= (p(x2,2) = (&, 2)) = (p(Z,2) = p(21,2))

is increasing in z. Let & = (z1 + 22)/2. We have

I'= (p(a2,2) = (T, 2)) = (0(7,2) — p(1,2)) + 2(p(7, 2) — p(&; 2))-

3
The sum of the first two terms is increasing in z when aafg;’f ) > 0, and the last term is increasing

2
in z when % >0and z > &. When Z < &, the sum of the first two terms is negative because
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o(z,2) is concave in x and the last term is negative because ¢(x,z) is increasing in x. Hence,

o(z, z) satisfies the single-crossing property. O

Proof of Theorem 2. It follows immediately from Definition 1 that Jp is concave. Because
concavity is preserved under maximization and expectation, the concavity of V; and J; can be

easily established using induction. O

Proof of Theorem 3. Take n = 1, D(up) = pp, and H(xz) = hz™ + bz~ for some h > 0 and
b > 0, where 27 = max{0,z} and = = max{0, —z}. Let Fy(,) be the survival function of the

supply function Y (u),0 < g < . Then Jp is unimodal in ¢ if and only if

(1) = cp+ hE[S(1) — pp) ™ + bE[up — S(w)]"

is quasiconvex in y. We note that

W) = et b )+ (h+) [ By
H“D
= bup+ (h+b)(/ Fy () (y)dy — Z;Zu)-

1D

Note that (b—c¢)/(h +b) can be any positive number for ¢ > 0, b > —h and b > 0. Therefore, (1)
is quasiconvex for any h, b, and c if and only if [ doo Fy(ﬂ) (y)dy is convex in p for any up > 0, which

is equivalent to {Y (u),0 < p <@} € SL. O

Proof of Lemma 4. By definition, {Y(z),x € X'} € SI(disp) is equivalent to that F}",%Q)(oz) -
F}i,’zgl)(a) is increasing in a € (0,1) for any x1 < zo with x1,29 € X, where F{,’EZ)() is the
inverse of the distribution function of Y (z). The latter statement is, in turn, equivalent to that
F%)(@) - Fygg)(al) is increasing in @ € X for any a; < az with aj,a2 € (0,1). Let FJ™(-)
denote the inverse of the distribution of Z. By definition, F)",’Efc)(a) = p(z, FF" () and F2(:) is

increasing. Therefore,
Fyy(az) — By (an) = p(x, F5" (a2)) — (. F7" (an))

is increasing in z if and only if ¢(z, z) is supermodular. O

The proof of Theorem 4 needs Lemmas 6 and 7.

Lemma 6 If{Y(z),z € X = [z,7] C [0,00)} € SI(disp) and E[Y (z)] = z, then

i BIO(Y (@4 A))] — E[p(Y (2))] _ GE[(Y () + a)]
Al0 A - da al0

for any concave ¢(-).
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Proof of Lemma 6. Take x1,20 € X. Then, Y (x1) <gsp Y (22). By condition (3.B.14) on page
149 in Shaked and Shanthikumar (2006), we have Y (x2) =t Y (x1) + (Y (21)) for some increasing
function ¢. Let Y3 = Y (z1) with Y] independent of Y (x1). Let 1™ denote the inverse of .
Then,

Pr{y(Y (1)) < ¢0,Y (z1) < y1}
= Pr{Y(z1) <™ (), Y (21) <y}
= Fy(p(min{e™ (¢),y1})
= min{Fy () (" (¥0))s Fy (21)(41)}
> miH{Fy(m (" (100)), Fy (1) (1) } - max{Fy ;) (¥ (190)), Fy (2 (1)}
= Fy(a) @ (®0)) - Fy (o)) (¥1)
= Pr{Y(V1) < ¢} Pr{Y(21) < 1 }.

Therefore, (¢(Y7(21)), Y1(x1)) is stochastically larger than (¢(Y7),Y (21)) in the supermodular order
(see §89.A Shaked and Shanthikumar 2006). We have

Elp(Y(22))] = Elp((Y(21)) +Y (21))]
< E[p(v(V1) + Y (a1))]
< Elp(u(ez) — pler) + Y (21))]
(

Elp(ze — 21 + Y (21))].

The first inequality follows from the definition of supermodular order and the fact that ¢(a + b)
is submodular in (a,b) because ¢(-) is concave. The second inequality follows from the Jensen’s
inequality. We have also used the relation E[t)(Y1)] = E[Y (z2)] — E[Y (21)] = p(z2) — p(21). Then,

E[p(Y (z2))] ~ E[¢(Y(21))] _ E[p(wz — 21 + Y (21))] — E[¢(Y (21))]
To — X1 - To — X

Taking the limit as x9 — x1, we obtain the result. O

Lemma 7 For a differentiable ¢(-) and any e > 0, if Y (z),z € X = [z,T] C [0,00), with E[Y (x)] =
x and Y (0) = 0 satisfies

(’i) %E[Y(A)]I{y(A)>E}] —0as A J, O, and

(i) FE[(S(Y (D)) = ¢(0))L1y (a)>3] = 0 as A L0,
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then

L B (A)] = 6(0) _ do(a)

A0 A Coda (35)

Moreover, if d¢(y)/dy is bounded, then condition (i) implies condition (ii).

Proof of Lemma 7. We show the result for the case where d¢(y)/dy|y—o is finite. Usual limiting

argument can be used to treat the general case. We have

E[¢(Y(A))]A—E[¢(Y(0))] _ / 0By (a)(1) + / 0)dFy () (y)

- [ dey<A>< D)+ 3 E(O(Y () = SO y(8)-0)- (36)

Note that [; $dFya)(y) = w - %E[Y(A)]Iy(mx] goes to 1 as A | 0 in view of condition (i).
Therefore, taking the limit on both sides of (36) as A | 0 gives (35).
Finally, we note that when d¢(y)/dy is bounded, we must have S1y < ¢(y) — ¢(0) < Bay for

any a and some constants 31 and (2. Therefore,

1 1 1

AEBY (A)ya)>al = RE(0Y (A)) = 6(0))Liy a)>] < EBY (A)liy (a)>4)]
When condition (i) hold, the limit of the above as A | 0 gives rise to condition (ii). O
Proof of Theorem 4. Let (11§,(),- -+ , 1§, (-)) be a maximizer of (14). Because the mean demand

is finite and lim,_, . H(x) = oo, it is easy to see that ,ugj(x) = 0 for a large enough z. Define
oy, x) = pE [V;%l (y + Z Sk(ps: ) — D)]
keN\{5}
By Theorem 2, ¢(y,z) is concave in y and E[¢(z + 5;(15;(20)), Z0)]|zg=+ 18 concave in z. For given
wé;(x), i # j, if there can be multiple solutions of u*sj (x), we choose the smallest one. Suppose there
exist 21 < w2 < @3 such that pg;(z) = 0 for € [z1,25] and pg;(z3) > 0. Because pg;(z3) > 0 is

optimal, we must have
Elp(r3 + Sj(ps;(r3) + A), 23)] — ¢j(ugi(w3) + A) < Elp(ws + Sj(ps;(23)), 23)] — cjpugi(w3). (37)

Suppose

E[p(zs + A+ 5 (ps;(23)), w3)] — Elp(xs + S;(ug;(23)), v3)]
A

S Cj7 (38)

39



then by Lemma 6, we must have

E[¢(z3 + Sj(ug;(z3) + A), x3)] — E[p(xs + 5;(ns;(23)), 23)]

A
Elp(zs + A + Sj(pg;(w3)), 23)] — El(ws + 55(pg;(w3)), 23)]
S A S Cj7
which contradicts (37). Therefore, (38) cannot hold and we must have
Elp(z3 + A+ Sj(ug;(23)), v3)] — Eld(xs + Sj(us;(23)), 23)]
A > Cj. (39)

We also note that

Vie + A) ~ Vi(x) oz + A+ Sj(us;(w),z) — E[p(z + (g, (), )]
A = A ’

because the solution (ug,(x),---,us(x)) can be suboptimal when the inventory level is x + A.
Thus, (39) suggests that the slope or, more specifically, the right derivative of V;(z) is strictly above
¢; for x < x3, as V; is concave.

Now note that a concave function can have at most a countable number of nondifferentiable
points (Rockafellar 1970, Theorem 25.3). Then we can pick an & € [z1,z2] at which V; is differen-

tiable at . By the envelope theorem, we have

Wi@)|  OElb( + Sy(ugy()), 8)]
dz =T a O =
)| BB+ S (A),8)] - Bl + 8,(0),4)] _
dr  |,_, Alo A -

The last inequality follows from the fact that pg;(x) = 0 for any @ € [21, z2]. The above relation
contradicts the facts that V;(x) is concave and that the right derivative of V;(x) is strictly larger
than ¢; for x < z3. Hence, we cannot have ug;(z) = 0 for x € [v1,29] and pg;(z3) > 0 for
1 < x2 < x3. In other words, there exists a threshold Z; ; such that ,ugj (x) =0 for any = > T j,
and pg;(z) > 0 for < 7 j except for a countable set of points.

We further note that when Vi(-) is differentiable, ¢(-) is differentiable. The above analysis
suggests that dVi(z)/dz > ¢; when pg,(x) > 0 and dVi(z)/dz < ¢; when pg;(x) = 0. Therefore, a

threshold policy must be optimal, i.e., Z;; = ) and Z;; is higher when ¢; is lower. ]

Proof of Theorem 5. For part (i), ¢(q,2) = ¢Z is almost surely linear in ¢ and supermodular in
(¢,2). Thus {S(us),0 < us <ng} € SL(mp)USI(disp). For part (ii), stochastic linearity in mid-
point follows immediately from Lemma 1. Alternatively, it is easy to verify that ¢(q, z) = min{q, Z}
satisfies the conditions in Theorem 1. It is also straightforward to check that ¢(q, z) is supermodular

and thus S(ug) is stochastically increasing in the dispersive order.
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Next we examine part (iii). Let ¢(q,z) = and @(a,z) = ¢(1/a,z). It is easy to check

that (g, 2z) is concave in ¢ and @(a, z) is concave in a. We have

Poa,z) 20222 (14 2k + a(l — k)az")

020a2 (1 + aazr)4 >0

for any k < 1. Therefore, for any ¢; < g2 with § = 2q1q2/(q1 + ¢2) < (1 + q2)/2,

20(q,2) — (a1, 2) + pla2, 2)) = 26(1/q,2) = (¢(1/q1, 2) + ¢(1/q2, 2))

is decreasing in z. Furthermore, for k < 1,

¢ az"(q(1 + k) + ol — K)2")
dq0z (q+ azr)?

> 0. (40)

For any ¢ satisfying ¢; < ¢ < g2, we have

20(q,2) — (p(q1, 2) + ©(a2,2)) = (2¢(q, 2) — ((q1,2) + ¢(g2, 2))) + 2(¢(q, 2) — ¢(q,2))-

When ¢ < @, the right-hand side is decreasing in z. When ¢ > ¢, the right-hand side is positive. To
see that, we note that the first term is positive because ¢(a, z) is concave in a and the second term
is positive because (g, z) is increasing in ¢q. Hence, ¢(q, z) satisfies the single-crossing property
stated in Theorem 1. Together with (40), we conclude {S(us),0 < us < fig} € SL(mp)USI(disp).

To see part (iv), let ¢(q, 2) k,q >0,z > 0. For any fixed q; < ¢ < g9, we have

=z
8(g,2) = 2¢(q,2) — (p(q1,2) + ¢(g2, 2))
2 @
q—+z q1+ 2z qo + 2
_ (alnr+2) —2q192)2+ (20 — 1 — g2) 2,
(q+ 2)(q1 + 2) (g2 + 2)
(1 +32) (g — 9z — 2(7 — q)7*
(q+2)(q1 + 2)(q2 + 2)

where ¢ = 2q192/(q1 + ¢2) and § = (¢1 + ¢2)/2. Note that if ¢ < ¢ < @, 0(y,z) < 0 for any
z > 0. Otherwise, we have §(q,z) > ()0 for z < (>)z = q_g%g > 0. Hence, ¢(q,z) satisfies the
single-crossing property stated in Theorem 1. O
Proof of Theorem 6. Take py, po, and i = (u1 + p2)/2. Define s(u) = op(p(p)). Let
Dy =% 1 A+ s(p1)B and Do =4 19 A + s(ju2)B so that (Dy + D3)/2 = A + B(s(py) + s(p2)) /2.
Because s(-) is convex, we must have (s(u1) + s(p2))/2 > s(jiz). We note that

s(pa) + s(p2)

LT 214 = o) =9 fia + 5

B < jia + s(i)B =% [D(1)|A = a].
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This inequality follows directly from the fact that aB <., B for any a > 1. Applying Theorem
3.A.12(b) of Shaked and Shanthikumar (2006), we conclude that

D, + Dy

<ch ().
5 = ()

Thus, we conclude the proof. ]

Proof of Theorem 7. We first show that ¢;(q, pt) is concave. Take (qq, itq) and (gp, i) such that
Pa > qa > 0 and pp > qp > 0, and define ¢ = (g +qp)/2 and 1 = (pa + 1) /2. Let q1.0 = G1(qas Ha),
Gy = G1(qp ), and g1 = (q1,a + q1)/2. Because [i(q1,q) is jointly convex in (gi,q), we have
i = [1(q1,q) < (pa+ ) /2 = o because pig = [1(q1,0, qa) and iy, = (g1, o) by definition of 1 , and

q1 - Further note that fi(q1, q) is increasing in ¢» and thus ¢;(q, ) is increasing in p. Therefore,

G1(Gas tta) + q1(qe, o) —261(q, 1) < 1.0 + q1p — 2G1(q, ) = 2q1 — 2q1 = 0.

We deduce that ¢1(q, i) is jointly concave in (g, ).
Now let ¢(q, i, 2) = max{q, Gi(q, )z}. We show that the sign of

A(qas fa, 2) + A, 1o, 2) — 26(q, [i, 2) = max{qa, 1,02} + max{qy, ¢12} — 2max{q, ¢:1(q, @)z} (41)

changes at most once and the change is from negative to positive. Without loss of generality, we
assume that ¢, < g,. When ¢;, > 0 and g1 > 0, let 2, = ¢4/q1,4 and 2z, = g»/q1 . We have two
cases to consider:

Case 1: If 2z, < z4, we have

2q, z < Zp,
qb(QIla Has Z) + ¢(Qb, Hb, Z) = da+qQ1p%, 2 < 2 < 2,
2q1 2, Z > 2g.

From our previous argument, ¢; < ¢1(q, ). Thus, as z increases, 2max{q, q1(q, 1)z} can across
&(qa, tas 2) + O(qp, p, z) at most once and the crossing is from the above.

Case 2: If 2z, < 2, we have

2q, 2 < Zg,
¢(Qa7 Has Z) + ¢(Qb7 b, Z) = q1,a% + qp, Za <z< Zb,
2q1 2, zZ > zp.

From our previous argument, ¢; < ¢i(q,1). Thus, as z increases, 2max{q, §1(q, 1)z} can across

O(Qas pa, 2) + ¢(qv, 1, z) at most once and the crossing is from the above.
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If g1 =0 or g1 = 0 then we set 2, = 0o or z, = 00, respectively, in the above analysis. For
the case where g1, = q1 5, = 0, one can apply the above argument by setting z, = 2, = oc.

Taking all the cases together, we deduce that the sign of (41) changes at most once and the
change is from negative to positive. Hence, from the variation diminishing property under integra-

tion, we obtain

/0 " ($(das ftas 2) + (s 115, 2))AF 7 (2) — 2 /0 " (@1, 2)dF2(2) = 0,20 > 0.

Also note that E[p(qa, tta, Z) + &(qb, o, Z)] = o + o = o = 2E[p(q, i, Z)]. Thus, by Theorem
3.A.5. of Shaked and Shanthikumar (2006), we deduce

¢(Qay Has Z) + ¢(Qba Hbs Z) <ev 2<;5(ci, i, Z)'
We conclude that {S(g,n),q >0, > 0} € SL(mp). O

Proof of Lemma 5. It is easy to see that (19) hold by the definitions of g* and h’ because
E[¢'(q' (1), 2)] = p.
We first consider {Y™"(q),q > 0}. Let ¢™" = ¢™"(p™"). Note that ¢, < ¢™" < ¢ =

(ga + @»)/2 < qp. Then, it can be easily verified that

g™ (2) < W™ (2) for 2 < 24™" — g,

g (2) > WM (2) for 2 > 24™ — q.

In other words, the sign of g™ (z) — k™" (z) changes from negative to positive at most once. From
the variation diminishing property under integration, we obtain (18).
We now consider {Y™%(q),q > 0}. Let ¢™* = ¢ (p™**). Note that ¢, < § < §™** < q. It

is easy to that

g (2) < WM (z) for z < qq +2(¢M — q),

g (2) = MY (z) for z > qq + 2(¢M — Q).

In other words, the sign of ¢"**(z) — h™%*(z) changes from negative to positive at most once. From
the variation diminishing property under integration, we obtain (18).

Finally, we note that in both cases, we have shown that ¢'(q,z),i € {min, max} satisfies the
single-crossing property defined in Lemma 3. Thus, {Y™"(¢™"(1)),0 < u < pz} € SL(mp) and
{ymes(gma®(p), u > pz}t € SL(mp). O
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Proof of Theorem 8. Take (¢7'" ¢m") € Q, (¢, q"**) € Q with ¢ < ¢™™ and ¢I"** <
qgn,ax‘ Let qum'n — Mmin(q;m’n), M;}mn — Iumin(qgm'n)’ qun,ax — Mmax(q;na:c)’ Iugn,ax — Mmax(qgna:c)’

ﬁmin — (Mmzn (qmin) + Mmzn(qgun))/2 and ﬁmax — (Mma:c (qgumc) + Iumax (qgnax))/z AISO, define

a

. 1 . . . .
g™ (=z) = @M@, 2) + 6™ (g™, 2)),
hmin(z) — (Zsmin(qmin(Iamin))7
1
gmax(z) — §(¢max(qgwx72)_’_gbmax(qgwx,z)’
pmaz (Z) — ¢max (qmam (ﬂmam))
Now let
g(z) = g""(2) + g7 () ~ 2,

h(z) = R™™(z) 4 A% (2) — 2.
Then from (18) and (19) in Lemma 5, we deduce that

/ T (9(2) — h(2))dFy(2) > 0, ¥z > 0,

20

/0 " (9(2) - W(=2)dF2(2) = 0.

By definition, both ¢g(z) and h(z) are increasing in z. By Theorem 3.A.5. of Shaked and Shan-
thikumar (2006), the above relations imply that g(Z) >., h(Z). Now note that

S(p1, p2) = max{ga(p2 + pz), Z} + min{¢1 (1), 2} — Z, (p, p2) € M.

It is easy to see that g(Z) = S(u", pma®) + S(u™, uie®) and h(Z) = S(a™™", i™*). Therefore,
by the definition of stochastic mid-point linearity, we conclude that {S(u1,p2), (11, u2) € M} €
SL(mp). O

Proof of Theorem 9. We first show ¢2(q, ) is convex. Take (qq, pta) and (gp, p1p), and define
(

7= (qa+qv)/2 and i = (p1a + ) /2. Let q2.0 = G2(qa, ta), @20 = G2(qvs p1p), and G2 = (g2,0 + G2,b) /2.
Because [i(q, q2) is jointly concave in (g, g2), we have i = [i(q, §2) > (ua + pp)/2 = fi. Further note

that [i(q,q2) is increasing in ¢, and thus ¢o(g, i) is increasing in p. Therefore,
G2(qas fa) + G2(qb, o) — 2G2(q, 1) = G20 + @20 — 2G2(q; /1) = 2G2 — 22 = 0.

We deduce that §a(q, i) is jointly convex in (g, ).
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Now let ¢(q, i, z) = min{ga(q, 1), gz}. We show the sign of

A(qas rar 2) + S(qb, o, 2) — 20(q, i, z) = min{qga q, gaz} + min{qap, oz} — 2min{Ga(q, i), gz} (42)

changes at most once and the change is from negative to positive at once. Without loss of generality,
we assume that g, < qp. Let 24 = ¢2.4/¢a and 2, = g2,5/q,. We have two cases to consider:

Case 1: If 2z, < z4, we have

2qz, z < 2p,
O(ar fa, 2) + Ao, 116, 2) = 4 gz + qap, 26 < 2 < 24,
242, zZ > zg.

From our previous argument, g > ¢2(q, ). Thus, as z increases, 2min{g2(q, i), gz} can across
&(qa, tas 2) + O(qp, p, z) at most once and the crossing is from the above.

Case 2: If z, < 2, we have

2qz, 2 < zg,
¢(Qaaﬂa72) + ¢(Qb7ub7 Z) = 42,a + @z, Z4 <z< Zb,
240, zZ > Zp.

From our previous argument, g > ¢2(q, /). Thus, as z increases, 2min{g2(q, i), gz} can across
O(Qas pa, 2) + ¢(qv, 11, z) at most once and the crossing is from the above.

Taking the above two cases together, we deduce that the sign of (42) changes at most once
and the change is from negative to positive. Hence, from the variation diminishing property under

integration, we obtain

/0 " (6(dus ttas 2) + Sla 10, 2))AE (2) — 2 /0 " 0(g, 1, 2)dF(2) > 0,¥z0 > 0.

Also note that E[p(qa, pta, Z) + &(qb, o, Z)] = pa + o = o = 2E[p(q, i, Z)]. Thus, by Theorem
3.A.5. of Shaked and Shanthikumar (2006), we deduce

¢(Qa7 Has Z) + ¢(Qb7 Mo, Z) ch 2¢(ij ﬂ, Z)

We conclude that {S(q,u),q > 0, > 0} € SL(mp). O

C Results Used from Shaked and Shanthikumar (2006)

Theorem 3.A.44. Let Z1 and Zs be two random variables with equal finite means, density func-

tions fz, and fz,, distribution functions Fyz, and Fz,, and survival functions Fy, and Fy,, respec-
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tively. Then Z1 <.» Zo if any of the following conditions hold:

S (fz, — fz,) =2 and the sign sequence is +,—,+,
S™(Fz, — Fz,) =1 and the sign sequence is +, —,
5=

(Fz, — Fz,) =1 and the sign sequence is +, —,

where ST (g) denotes the number of sign changes of a function g.
Condition (3.B.14). For continuous random variables Zy and Zs, we have that Z1 <gisp Zo if,

and only if
Zy =gt Z1 +(Z1)

for some increasing function 1.
Theorem 3.A.5. Let Z; and Zy be two random wvariables with distributions Fz, and Fgz,, re-
spectively, and with equal finite means. Then each of the following statements is a necessary and

sufficient condition for Zy <. Zs:

/ F (u)du > / Y (u) for all a € [0,1],
0 0

and

1 1
/ F"(u)du > / FZ"(u) for all o € [0,1].

Theorem 3.A.12(b). Let Zy, Zs, and © be random variables such that [Z1|0 = 0] <.y [Z2|© = 0]

for all 0 in the support of ©. Then Z1 <.» Zs. That is, the convexr order is closed under mixture.
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