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Extensions and Proofs

EC.1. General Waiting Time Costs

In this section, we discuss a general setting that incorporates both server-based and appointment-
based cases to model the waiting costs. We show that the models in Section 2 and solution methods
in Section 3 can adapt for this general setting. For presentation brevity, we focus on DR expectation
models and the adaptation of methods for DR CVaR models in EC.2 is similar.

To be general, we model the waiting time cost for each appointment i as ciw; + Gw;q; = (¢ +
c?q;)w;, where ¢ represents the server-based waiting time cost and ¢? represents the appointment-
based waiting time cost. Note that this setting applies for server-based and appointment-based
cases, because we can set ¢ :=0 or ¢} :=0 if the corresponding cost does not apply. Accordingly,
the general DR expectation model can be formulated as

géi)l(l Pq,sesfu(%u,y) Er, . [Q%(z,q,5)], (EC.1)
where Q%(x,q,s) represents the cost function of the waiting, idleness, and overtime under the

general setting. Replacing c¥w; with (¢ + cg;)w; in (11), we formulate the dual of Q%(z,q,s) as

Q%(z,q,5) = max Z(%Si — i)Y (EC.2a)
A

st. yi1—vyi <c+clq YVi=2,....n (EC.2b)

—y; <c¢! Vi=1,...,n (EC.2¢)

Yn < €, (EC.2d)

and we let polyhedron Y¢ := {y: (EC.2b)-(EC.2d)} represent the feasible region of variable y.
As model (EC.2) is a linear program in variables y, there exists an optimal solution to (EC.2)
that resides at an extreme point of Y. It can be observed (see, e.g., Zangwill (1966, 1969), Mak
et al. (2015)) that any extreme point § of Y¢ satisfy (i) either g, = —c® or ¢, = ¢, and (ii)
for all =1,...,n — 1, dual constraint @11 + ¢}, + ¢ ¢iy1 = ¥; > —c}' is binding at either the
lower bound or the upper bound. Similar to the analysis in Section 3.2, we define binary variables
ty; for all 1 <k <j<n+1 to represent extreme points §, such that ¢,; =1 if g; = —c} and
Ui = Yiy1 + Gy T €1 Qiv1, Vi=k, ..., — 1. It follows that

u J S a . .
Go=nG.=0 G + 2 i (G +ciae) 1<i<j<n, BC.3
S {c°+22‘_i+1<cz+c2qe> 1<i<n, j=n+1, (EC.3)

where §,,11 =7y, 41 :=0. Based on this binary representation, we can rewrite Q%(z,q,s) as

n+1n+1 7
Q%) = s 25 (S a0
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n n 7 J
= 33 (< 3 v
k=1 j=Fk i=k r=i+1
n n+l n
Z Z [<Qisi - 1‘1) (CO + Z (C; + C?(M))] tk(n+1) (EC.4a)
k=1 i=k {=i+1
7 n+1l
st 3 > ty=1 Vi=1,...n+l (EC.4D)
k=1 j=i
ty €{0,1}, VI<k<j<n+1. (EC.4c)

Note that the objective function (EC.4a) contains multilinear terms g;s;ty; and ¢;q,s;tx; with binary
variables ¢;, ¢, and t;;, and continuous variables s;. To linearize formulation (EC.4), we define
Dikj = Qitkjs Oikj = QiSithy, and 1 = qiqesity; forall 1 <k <i<j<n+1and i4+1 </ < j. We then
linearize the multilinear terms by applying McCormick inequalities (18a)—(18b) for variables p;;,

(18¢)—(18d) for variables 0;z;, and (EC.5a)—(EC.5b) as follows for variables 7.

Tiekj 2 0, Tiek; — qesi <0, (EC.5a)

Titkj — Oikj < 0, Tigk; — 04j + 87 (1 — o) > 0. (EC.5b)

If follows that Q©(z,q, s) equals to the optimal objective value of the following MILP:

n n J J J J J
u S u S a a
max E E E —c; + E ¢ | oiks + | ¢ — g Cp | wity; + E CpTitkj — E CyTiPek;

k=1 j=k i=k L=i+1 £=i+1 L=i+1 L=i+1

+

n n+l n
EZ (C + Z Cg) Oik(n+1) — <C + Z C[> ZTitk(nt1) + Z C(gmk (n+1) — Z C?-Tipfk(n+1)]
k=1 i=k l=i+1 l=i+1 l=i+1 (=i+1
s.t. (18a)—(18d), (EC.4b), (EC.5a)—(EC.5b), (EC.6a)

To finish reformulating the general DR expectation model (EC.1), we follow a similar dualization
process described in Section 3 and rewrite formulation (EC.1) as

min ZHsz‘FZV%‘FG (EC.7a)

z€X,pER™ vyER™ ,HER T
i=

st. 0> HCS(z,p,7)= max {QG z,q,8 Z PiSi + Vi } (EC.7b)

(g,5)€DgxDs

Similar to Lemma 1, we observe that for any fixed variables z, p, and 7, H%(z,p,v) < +oc.
Furthermore, function H%(x, p,7) is convex and piecewise linear in x, p, and v with a finite number
of pieces. Hence, we can adapt Algorithm 1 to solve model (EC.1) in a decomposition framework.
We present this adaptation in Algorithm 2. Similar to Algorithm 1, we observe that Algorithm 2 is

finite. Finally, for the separation problem in Step 3, we remark that (i) feasible region D, can be set
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as DéK ) for K=2,...,n+1 based on the scheduler’s targeted conservativeness, (ii) the separation
problem is an MILP and can be solved by off-the-shelf software, and (iii) we can incorporate the
same valid inequalities identified in Proposition 1 to accelerate solving the separation problem and

hence the decomposition algorithm.

Algorithm 2 A decomposition algorithm for solving general DR expectation model (EC.1).
1: Input: feasible regions X and D, x Dy; set of cuts {L(z,p,~,0) >0} =0.

2: Solve the master problem
s.t. L(z,p,v,0)>0

and record an optimal solution (z*, p*,v*,0%).

3: With (z,p,v) fixed to be (x*, p*,v*), solve the separation problem

n n J J J J J
. prr;at}i i g E E —cj + E ¢ | o+ | ¢ — g ¢, | ity + g CoTioky — g CoTDoks | +
PO ek ek t=it+1 (=i+1 L=i+1 {=i+1
n n+1 n n n n
E E c®+ E ¢ | Oik(ny1y — | €+ E ¢y | Titk(ns1) + E CoTitk(n+1) — E CoTPe(n+1) | —
k=1 i=k r=i+1 r=i+1 e=i+1 r=i+1
n
E (PiSi +’Yiqz')
i=1

s.t. (18a)-(18d), (EC.4b), (EC.5a)(EC.5b),

try P €{0,1}, VI<k<i<j<n+1, (q5)€D,x D,

and record an optimal solution (¢*,p*,¢*, s*, 0%, 7).

4: if 0" is greater than or equal to the optimal objective value of the separation problem, then
5:  stop and return z* as an optimal solution to formulation (EC.1).
6: else
7:  add the cut
n o n j j j j
02> 3 > || =6+ 2o ol |G = D )it Y ciriag = D ciphmi| +
k=1 j=k i=k l=i+1 =i+1 =i+1 =i+1
n n+1 n n n n
19) S [ EF5 9F) EXSHEL EXD 9 L IR D CHANED pEAnes] B
k=1 i=k l=i+1 =i+1 l=i+1 l=i+1
> (sipi+aim)
=1

to the set of cuts {L(x,p,~,0) >0} and go to Step 2.
8: end if
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EC.2. Solution Approaches for DR CVaR Models

In this section, we reformulate DR CVaR constraints in (6) with cost parameters ¢°, ¢}, and .

We first represent CVaR by an alternative definition (Rockafellar and Uryasev (2000, 2002)):

CVaR,_(Q(z,q,s)) = ilel]g {z + %]E]p%s Q(z,q,s) — z]+} :

where [a]* :=max{a,0} for a € R. It follows that

1
sup  CVaR,_ (Q(z,q,5)) = sup inf {z +-Ep,, [Q(z,q,5) — z]+}
Pq,s €F(D,p,v) Pq,s €F(D,p,v) 2€R €
1
=inf  sup {z +-Ep,, [Q(z,q,5) — z]+} (EC.8a)
ZeRIF’q,sEJ:(D,M,u) € ’
1
=inf{z+- sup Ep, [Q(v,q,5)—2]" ¢, (EC.8Db)
z€R € Pq,s €F(D,p,v) ’

where (EC.8a) follows the Sion’s minimax theorem (Sion 1958) because z + Ep__ [Q(z,q,s) — 2"

is convex in z, concave (in particular, linear) in variables P, 5, and F(D, i, v) is weakly compact.

EC.2.1. MILP Reformulation and Decomposition Algorithm

Based on a similar dualization process in Section 3 (see the primal and dual formulations (8) and
(9)), we reformulate the inner maximization problem in (EC.8b) as a minimization problem, and

combine it with the outer minimization problem to obtain

Jnf -z (Z pipi + Z vy + 9)

ZSiPi‘FZ%%‘FQZ [Q(x,q,s) _Z]+ Y(q,s) € Dy x D,

— lenvfo z+ - (Z Wip; + Z vy + 9)

Zszpz—i—Z%qz +60>0 VY(g,5)€D,x D, (EC.9a)
=1 i=1
> sipi+ Y vigi+0>Q(x,q,8)— 2 V(g,5) € Dyx D, (EC.9b)

i=1 i=1
where constraints (EC.9a) and (EC.9b) are derived based on the definition of [-|*. Thus, the DR
CVaR constraint (6) is equivalent to

Q > z2+- (Zuzp,—b—ZV{yz—i-H) (EC.10a)

iSi iqi g +0 >0 EC.10b
(qs?gﬁxDs{Zf’”ZW}+ 10
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0+2 > ma x,q,8)— S+ viq) b EC.10c
- (q,S)eD;(xDS{Q( 4:5) ;(P 'yq)} ( )

where constraint (EC.10a) is linear, but (EC.10b) and (EC.10c) need further analysis. First, we
replace constraint (EC.10b) by equivalent linear constraints in the following proposition, whose

proof is relegated to EC.4.1.

PRroPOSITION EC.1. For fized p and y, and Dy = D) with K €{2,...,n+1}, (EC.10b) is equiv-

alent to linear constraints:

n—K+1 n
0+ Z ﬁi‘FZ(SiLXiL_SiUXiU_m) > 0, (EC.11a)
=1 =1
min{i,n—K+1}
—mi+ Y. B <wm VI<i<n, (EC.11b)
j=max{i—K+1,1}
Xi —xi <pi V1<i<n, (EC.11c)
Biy x5 xVmi >0 Vi<i<n. (EC.11d)

Second, note that the right-hand side of constraint (EC.10c) is equivalent to that of constraint
(13b) in the reformulated DR expectation model, and so the reformulated separation problem (19)
and Algorithm 1 described in Section 3 can be easily adapted to handle constraint (EC.10c). Fur-
thermore, the valid inequalities (20a)—(20f) can be incorporated to accelerate solving the adapted

separation problem and implementing the decomposition algorithm.

EC.2.2. LP Reformulations of the DR CVaR Model

We derive LP reformulations for the DR CVaR constraint (6) when D, = D{? (i.e., no consecutive
no-shows) and when D, = D{"*V) (i.e., arbitrary no-shows).

Case 1. (No Consecutive No-Shows) Recall that DR CVaR constraint (6) is equivalent to
constraints (EC.10a), (EC.11a)-(EC.11d) with K =2, and (EC.10c). When D, = D{»), we apply

n+1

Theorem 1 to further reformulate (EC.10c) as linear constraints 6 + 2z > > """ (o; + 5777 — sp1))

and (22b)—(22g), resulting in the following proposition.

ProrositioN EC.2. When D, = D((f), the DR CVaR constraint (6) is equivalent to linear con-
straints (EC.10a), (EC.11a)~(EC.11d) with K =2, Z?jll (o + sV —sitl) <0+ z, and (22b)-
(22g).

We remark that the LP reformulation in Proposition EC.2 is of the size O(n®) because constraints
(22b)—(22g) incorporate O(n?) decision variables and linear constraints. In this section, we focus on
a specific DR CVaR constraint (6) that restricts overtime only. That is, ¢! =c¢ =0forall 1 <i<n
and ¢° =1, and Q(z,q,s) = Q" (z,q,s) := min,, ., w W subject to constraints (3b)—(3d). Next, we
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derive a more compact LP reformulation of this DR CVaR constraint with O(n?) variables and
constraints. To that end, we derive an O(n?) LP reformulation for constraint (EC.10c). We begin

by specializing the extreme point representation of polyhedron Y for Q(z,q,s) = Q%Y (x,q,s).

LEMMA EC.1. Whenc!=c"=0 foralll <i<mn andc®=1, the set of extreme points of polyhedron
Y defined in (15) is {d>,_,ec:k=1,....,n}J{0,}, where e, represents an n-dimensional unit
vector with component £ equaling to one and any other component equaling to zero; 0,, is an n-

dimensional zero vector.

Recall the observation in Section 3.2 that each extreme point (yi,...,y,.1) of Y is associated with
a partition of set {1,...,n+ 1} into intervals. The result in Lemma EC.1 follows from (16) when
the cost parameters take the above specified values. Define binary variables ¢, for all 1 <k <n
to represent the set of extreme points of Y, such that ¢; =1 if the extreme point is >, , e, and
ti, = 0 otherwise. Note that extreme point 0,, is represented by ¢, =0 for all 1 <k <n. For a valid
representation, we require ».,_ ¢, < 1. It follows that the right-hand side of (EC.10c) (with
Q(zr,q,8) =QY (x,q,s)) is equivalent to

rfnr?z( <Z(qz‘5i - 331)> ty, — Z(Pisi +7i¢;)

k=1 \i=k i=1
st. Yty <1, geD,, s€D,, te{0,1}"
k=1
as a mixed-integer bilinear program with binary vectors ¢ and ¢, and continuous vector s. We
linearize the bilinear terms by defining pp; = trq; and op; = trq;s; for all 1 <k <i<n. Also, we

introduce McCormick inequalities (EC.12b)—(EC.12¢) and (EC.12d)—(EC.12e) for variables py; and

oy;, respectively to further reformulate the separation problem as a mixed-integer linear program:

n

max Z Z(O’” —xity) — Z(pisi +7:q) (EC.12a)

t,q,s,p,0

k=1 i=k i1

St P —t, <0 V1I<k<i<n, (EC.12b)
Pi— ¢ <0, pri—qi—tx > -1, pi >0 VI<k<i<n, (EC.12¢)
Ori — SiPri >0, opi — 8PP <0 V1<k<i<n, (EC.12d)
opi —Si+ 85 (1—pri) <0, op —si+8 (1 —ppi) >0 VI<k<i<n, (EC.12e)
d ot <1, (EC.12f)
k=1
geD,, seD,, te{0,1}". (EC.12g)

Similar as before, we aim to derive the convex hull of the feasible region of problem (EC.12),
i.e., the mixed-integer feasible region described by constraints (EC.12b)—(EC.12g). We denote the

feasible region as set G and derive conv(G) in the following theorem, whose proof is in EC.4.2.
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THEOREM EC.1. When D, = fo), the following inequalities are valid for set G ={(t,q,s,p,o0) :
(EC.12b)—(EC.12g)}:

n

k=1
Pri +Priiyy =t VI<E<i<n-—1, (EC.13b)
Z(pki_tk) >¢—1 VI<i<n, (EC.13c)
k=1
(Pri+peisn) < ) tit@it+ga—1 Vi<i<n-—1, (EC.13d)
k=1 k=1

si— Y (oni—sip) > st V1<i<n, (EC.13¢)

k=1
si— Y (on—sipr) < s/ Vi<i<n, (EC.13f)

k=1

Furthermore, polyhedron CG :={(t,q,s,p,0) : (EC.12b), (EC.12d), (EC.13a)-(EC.13f)} is the con-
vex hull of set G, i.e., CG = conv(G).

Theorem EC.1 provides us a compact LP reformulation of the right-hand side of constraint (EC.10c¢)

with O(n?) variables and constraints:

max Z Z(Oki —xity) — Z(pisi +7:q;) (EC.14a)
=1

t,q,8,p,0
k=1 i=k

s.t. (t,q,8,p,0)€CG. (EC.14b)

Finally, by resorting to the dual formulation of (EC.14), we represent constraint (EC.10c) as

n n—1
Z(ai —siTh+sT]) — Z ¢ <O0+2z (EC.15a)
i=1 i=1
n n—1 n
di—ow)+ Y M=) = =) x; VI<k<n, (EC.15b)
i=k i=k i=k
min{i,n—1} max{i,n—1}
a— > de— Y, (= -y VI<i<n, (EC.15¢)
{=max{i—1,1} l=n

Ul >, V1<i<n, (EC.15d)

L L U U L_L U_U
Oki T8, P; = 8; Pri — Qi — 8, T, +8,T;

max{i,n—1} min{i,n—1}
+ >+ > (=) 20 VI<E<i<n, (EC.15¢)
l=n {=max{i—1,k}

Tkis Pris Pris Co Miy iy Giy 70, 7220 VI<E<i<n, (EC.15g)

K3
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where dual variables oy, got{U, ¢, iy ay, @, and TZ»L/U are associated with constraints (EC.12b),
(EC.12d), (EC.13a), (EC.13b), (EC.13c), (EC.13d), and (EC.13e)-(EC.13f), respectively (after
transforming all “>” inequalities into the “<” form), and dual constraints (EC.15b)—(EC.15f) are
associated with primal variables t, ¢;, s;, pri, and o; respectively. This results in an O(n?) LP

reformulation of the DR CVaR constraint on overtime.

ProrosiTioN EC.3. When D, = D(SQ), ct=¢c"=0 for all 1 <i<n and c®* =1, the DR CVaR
constraint (6) on overtime is equivalent to linear constraints (EC.10a), (EC.11a)~(EC.11d) with
K =2, and (EC.15a)-(EC.15g).

Case 2. (Arbitrary No-Shows) Recall that DR CVaR constraint (6) is equivalent to constraints
(EC.10a), (EC.11a)-(EC.11d) with K =n+ 1, and (EC.10c). As D, = D{"*V), we can apply the
results in Section 4 (see Case 2) to further reformulate (EC.10c) as linear constraints 6 + z >

Z:fll a;, (24b), (24d), and (25a)—(25d). This results in the following proposition.

PROPOSITION EC.4. When D, = D{"*V, the DR CVaR constraint (6) is equivalent to constraints
(EC.10a), (EC.11a)(EC.11d) with K =n+1, X" a; <0+ 2, (24b), (24d), and (25a)-(25d).

EC.3. Proofs for the DR Expectation Model
EC.3.1. Proof of Lemma 1

Proof of Lemma 1 First, feasible regions Y and D, x D, are both independent of z, p, and 7y, and
bounded. Hence, max,cy h(z,y, p,7) = maxycy,(q,s)cnqx Ds {0 per (@i — Ti)Yi — 2 opy (Pisi +7%i¢:) } <
+00. Second, for any fixed y, ¢, and s, Y. (¢:8; — z;)ys — D1, (piSi + 7:¢:) is a linear function
of x, p, and 7. It follows that max,cy h(z,y,p,7) is the maximum of a set of linear functions of
x, p, and -y, and hence convex and piecewise linear. Third, it is clear that each linear piece of
function max,ey h(z,y, p,7) is associated with one distinct extreme point of polyhedra Y, D,, and
D, respectively. Therefore, the number of pieces of function max,ecy h(x,y, p,7) is finite because

each of these polyhedra has a finite number of extreme points. This completes the proof. [

EC.3.2. Proof of Lemma 2

Proof of Lemma 2 For fixed z, p, and =, in view of the definition of function h(x,y,p,7) in
(12c), we have h(z,y,p,v) = max(sep,xn, H(q,5,y), where H(q,s,y) is a linear function of
variable y. It follows that h(z,y, p,7) is the supremum of a set of convex functions of y, and hence

itself convex in variable y. [
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EC.3.3. Proof of Proposition 1

Proof of Proposition 1 First, because p;; = ¢;ty;, equality (20a) can be obtained via multiplying
equalities 7} _, ZHH j =1 by g; on both sides.

Second, because 0;; = ¢;S;lr; = SiPirj, and by equalities (20a) and s; € [s}, sV, we have

7 n+l 7 n+l1

ZZ(Oikj—S?Pikj) = (Si—s?)zzpm = (si—s)a < (si—s7),
k=1 j=i k=1 j=1

7 n+1 1 n+1
DO (o —siping) = (si=s)D Y ping = (si—s))a > (si—s)),
k=1 j=i k=1 j=i

which shows the validity of inequalities (20b) and (20c).
Third, for 1<k<j<n—+1and k<i<j— K+ 1, because ng{_l q¢ > 1 by the definition of
D{F)| we have

o o T
Z Pekj = Z Qetr; = < Z Qe> tr; 2> i,
{=1i =i

=i
which shows the validity of inequalities (20d).

Fourth, for i =1,...,n, because 3, _, Znﬂ =1land 3,7 Z;LJTH =1 by constraints (17b),

we have

7 n+l i+1 n+1 7 n+1
- ZZ%—Z Z tyj = Ztki— Z tit1); (EC.16)
k=1 j=i k=1 j=i+1 k=1 j=it1
We show the validity of inequalities (20e) for all i = K — ,n. If El K24, =0, then the
11— K+2

conclusion holds because each p;;; > 0. Now suppose that Z ki = 1, then Z?LIH tivry; =1

in view of (EC.16). It follows that

1—K+2 7 n+1 7 1—K+2 n+1
Z Z Deki + Z Pl+1)(i+1)j = ( Z > ( Z tkz) + qi+1 Z t(it1))

k=1 f(=i—K+2 =i+l l=i—K+2 j=i+1
i+1

= Z QeZL

(=i—K+2

where the last inequality is due to the definition of D((IK ),
Finally, we show the validity of inequalities (20f) for alli=1,...,n— K +2.If Z?iiinl tit1); =
0, then the conclusion holds because each p;,; > 0. Now suppose that Z;L;i _1ta+1); =1, then

S tki =1 in view of (EC.16). Tt follows that

i+K—1 n+1 i i+K—1 n+1
me-l- Z Z Pei+1y; = i (Ztki) +< Z q;;) < Z t(i—i—l)j)
(=it1 j=i+K—1 k=1 f=it+1 j=itK—1
i+K—1

= Z qe Z 17
=i

where the last inequality is due to the definition of D((IK ). O



ecl0 e-companion to Jiang, Shen, and Zhang: Integer Programming for Distributionally Robust Appointment Scheduling

EC.3.4. Proof of Theorem 1

Recall that polyhedron CF = {(t,q,s,p,0): (17b), (18a), (18c), (20a)—(20d), (21)} in Theorem 1.
We first study the extreme points of polyhedron C'F' and show their properties as follows.

ProprosiTiION EC.5. Every extreme point (t,q,s,p,0) of CF satisfies the following:
L. tyjopin; €{0,1} for all1<k<j<n+1 and k<i<jy;
2. ¢;€{0,1} forall1<i<n+1;
3. Pikj = Qity; and o5 = ¢;Sitg; for all1<k<j<n+1and k<i<j.

Proof of Proposition EC.5 Consider arbitrary cost coefficients ¢; and ¢ for all 1 <i<n-+1,
cp; forall 1<k <j<n+1, and ¢;; and c§; for all 1 <k <j<n+1 and k <i<j. We construct

a related linear program

n+1 n+1 n+1
(LP-CF) t?lsi?o Z(c g +cs; —i—ZZ (ckjtk] —1—2 CixjPikj + Cij;0 LkJ)>
R k=1 j=k

s.t. (t,q,s,p,o) e CF.

To prove that each extreme point of C'F' satisfies properties 1, 2, and 3, we show for any values of

and ¢, ;, there exists an optimal solution (¢*,¢*, s*,p*, 0*) to (LP-CF) that satisfies

t
ij,c c, e ikj

ikjo
properties 1, 2, and 3 (cf. Wolsey 1998, Nemhauser and Wolsey 1999).

First, in view of equalities (20a), we can assume that ¢} =0 for all 1 <i<n+1 w.lo.g., because
we can always replace each ¢} ; with . Gt ¢ so that variables p;;; will carry the cost of decisions
g;- It follows that we can ignore variables ¢; in (LP-CF) because they do not contribute to the
objective function and their values entirely depend on p;;; by constraints (20a). Also, we note
that (1) sipir; < 0 < 8Ypir; by (18c), and so p; >0 for all 1 <k <i<j<n+1, and (ii) for all
1<i<n+1, 3, Y0 pay <300 3007, ty =1 by (18a) and (17b).

Second, we rewrite (LP-CF) as a two-stage formulation as follows:

n+1 n+1

mln ZZ(Ckﬂtk] +Zcmpzkg>+v )

k=1 j=k
s.t. (t,p) € CF,,,

where polyhedron CF, , :={(t,p): (17b), (18a), (20d), (21)} and V' (p) represents a value function
of p defined as

n+1 n+ln+l j
(LP-CF(p)) = mln Z csi+ Z Z Z CirjOikj
k=1 j=k i=k

s.t. (s,o)eCFs,o( ),
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where
CF;,.(p) = {(S, 0): 0y > sipik; V1<k<j<n+1, Vk<i<j, (EC.17a)
Oikj < 8Dy VISk<j<n+1, Vk<i<j, (EC.17b)
Si—inzﬂ(oikj—s?pikj)zs? Vi<i<n+1, (EC.17c)
o
S — ZZ (Oikj - Sgpikj) < 5? Vi<i<n+ 1} (EC‘”d)
k=1 j=i

represents a parametric polyhedron depending on the values of p;;;. We solve (LP-CF(p)) by

considering its dual formulation

n+1 i n+1 n+1 i n+1l i n+1l

=max 20D (spwitiiy —sUpusti) + 2|8 <IZZ’”’“>M h (122“’“’) WZU]
=1 k=1 j=1i k=1 j=1i k=1 j=i

st Y, — i —wr Hw] = \ﬂgkg; <n+1, Vk<i<j, (EC.18a)
wy—wy=c¢ V1<i<n+l, (EC.18b)

lk] and w;’V are associated with primal constraints (EC.17a)—(EC.17b)
and (EC.17¢)—(EC.17d), respectively (after transforming all “<” inequalities into the “>" form),

where dual variables w

and dual constraints (EC.18a) and (EC.18b) are associated with primal variables o;;; and s;,
respectively. Because p;; >0 for all 1<k <i<j<n+1and1- Zk 1 Znﬂpmg >0 for all 1 <
i <n+1, a dual optimal solution to problem (LP-CF(p)) is vj; = (¢, +¢5) ™, i = (—¢p; — )T,

ikj
wi* = ()T, and w* = (—¢)". It follows that

(2

n+1 n+l ¢ n+l
V)= st —sV (=) T+ D030 D s+ )T = sV (= =) —sh(e) T 45V (=e) ] puyy
=1 i=1 k=1 j=1

is a linear function of p. Therefore, (LP-CF) is equivalent to optimizing a linear function of (¢, p) on
polyhedron CF, ,. It follows that there exists an optimal solution (¢*,p*, s*,0*) to (LP-CF) where
(t*,p*) is an extreme point of polyhedron CF} ,,.

Third, we show that all extreme points of C'F,, are integral. To this end, we show that the
constraint matrix describing C'F}, is totally unimodular (TU). For presentation convenience, we
rewrite the constraints defining C'F} , in inequalities as follows:

i n+l1

S>>ty =1 Vi=1,...,n+1, (EC.19a)

k=1 j=i

1 n+1
> >ty = -1 Vi=1,...,n+1, (EC.19Db)

k=1 j=i
—trj + Dikj + Deir1)kg >0 ViI<k<ji<n+1,VkE<i<j—1, (E019C>

n+1

—Ztm—i-ZpW—i- > pasneeng =0 Vi=1,....n, (EC.19d)

Jj=i+1
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thj—piky =20 VI<E<j<n+1, Vk<i<j, (EC.19€)

and we denote the constraint matrix as

[ (22:1 Z:;l trj), V1<i<n+1 T

(-2 Z?:il tr;), V1<i<n+1
CFL, = |(~tu +Dirj +Pasins), VI<k<j<n+1Vk<i<j—1|,
(— 2221 i + 22:1 Piki + 23'211 Pi+1)ii41)j), V1I<i<n
- (trj —pins), V1I<k<i<j<n+1

where the five row sub-matrices in matrix CF ?’p are associated with the left-hand side of constraints
(EC.19a)-(EC.19¢), respectively. To show that matrix C}"gp is TU, we conduct pivot operations
on the matrix with variables p;;; and t;;. Note that a matrix is TU if and only if it remains TU
after pivot operations (Nemhauser and Wolsey 1999). We conduct the following pivot operations
in order.

(i) Forall 1<k <j<n+1and k <i<j, pivot with variable p;;; based on the component —1
in sub-matrix (¢x; — pir;) (corresponding to constraints (EC.19¢)). This pivot operation is
equivalent to (a) adding t,; — pix;, for all 1 <k <j<n+1 and k <i <}, to the left-hand
side of every constraint (EC.19¢)—(EC.19d) in which variable p;;,; has coefficient 1, and (b)
multiplying the left-hand side of each constraint (EC.19¢) by —1. As a result, the matrix after

pivoting becomes

[ (e X ), VI<i<n+l

j=

(= S ), V1<i<n+1

CFr, = |(ty), VI<hk<j<n+1Vk<i<j—1
(Z;‘L;Ll tirni), V1<i<n

L (—tyj+pis), VI<k<i<j<n+1 ]

Note that sub-matrix (—tx; + pik; + Di+1)k;) becomes (i) because each —ty; + pir; + Diit1)k)
on the left-hand side of (EC.19c) is summed with ¢; — p;x; and tx; — pit1yks, and so the
coefficient of each t;; changes from —1 to 1 after pivoting.

(ii) Forall 1 <k < j<mn+1, pivot with variable ¢;; based on any component 1 in sub-matrix ()
(note that there are multiple components 1 corresponding to each variable t; in sub-matrix
(tr;) and we can pick any one of them). Since all components in each row of sub-matrix

(tx;) are zeros except one equaling 1, these pivot operations (a) make all coefficients of all
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variables t;; zeros in matrix C]-'ip aslong as 1 <k <j<n+1, and (b) keep all coefficients of
all variables p;;; unchanged. As a result, the matrix after pivoting becomes
I (ti), V1<i<n+1
(~tu), V1<i<n+1

(tr), V1<k<j<n+1,Vk<i<j—1
v (tarnarn), V1<i<n

(—tii +pii), V1<i<n—+1
_{(pu@-), 1<k<j<n+1Vk<i<j—1

It follows that matrix CJ-"ip contains only {—1,0,1} entries, has no more than two nonzero
entries in each row, and the sum of the entries is zero for each row containing two nonzero
entries. Hence, matrix C]-'ip is TU, and so is matrix C]-"?m.

Therefore, the extreme points of polyhedron C'F} , are integral and so property 1 is proved.

Fourth, to show property 2, we consider any extreme point (¢,q, s,p,0) of polyhedron CF. By

constraints (18a) and (20a), we have ¢; = >, _, Z;;.l Dikg <Dy Z?: tr; =1, and so ¢; € {0,1}
because each p;; € {0,1} by property 1. This shows property 2.

Finally, to show property 3, we consider any extreme point (¢,q, s,p,0) of polyhedron CF. We

show p;; = qitx; by discussing the following cases.

(i) If ¢; =0, then py; =0 for all 1 <k < and i <j<n+ 1 because ¢; = 22:1 Z?;lpikj. It
follows that pix; = q;tx;.

(ii) If ¢; =1, then there exist 1 <k* <i and i < j* <n+ 1 such that p;+;» =1 and any other
pir; = 0. It follows that ty«;« =1 because p;,; — tx; <0 by constraint (18a), and any other
tr; = 0 because 2221 Z;’;l tr; =1 given by (17b). Therefore, we have p;p«j» = gty = 1 and
Dikj = ¢itk; = 0 for all other 1 <k <iand 1 <j<n+1.

For all 1 <i<n+1, since 22:1 Z;l;l tr; = 1, there exist 1 <k* <4 and i < j* <n+ 1 such that
ty=j+ =1 and any other ¢;; =0. Since (¢, ¢, s,p,0) is an extreme point of polyhedron C'F', each 0;;;
satisfies either inequality (EC.17a) or (EC.17b) at equality, and each s; satisfies either inequality
(EC.17c) or (EC.17d) at equality. We discuss the following two cases to show 0;;; = g;s;ty;.

(i) If ¢; =0, then p;; = ¢ity; =0 for all 1 <k <i and i < j <n+1. It follows from inequalities
(EC.17a)-(EC.17b) that each corresponding o0;;; = 0. Therefore, we have 0;;; = s;p;; =0, or
equivalently 0;,; = ¢;s;t;; =0, for all 1 <k <j<n+1and k<i<j.

(ii) If ¢; =1, then py+;» = gity=j+ =1 and p;; =0 for all other 1 <k <47 and i <j <n+1. Then,
inequalities (EC.17a)—(EC.17b) yield 0;5; = sipix; =0 for all 1 <k <i and i <j<n+1 such
that (k,7) # (k*,j*). Furthermore, inequalities (EC.17¢)—(EC.17d) yield

1 n+l1

L L L
Si — g E (Oikj _Sipikj) = 8 — Ojprjx + 8, Dikrjx = Sy,
k=1 j=i
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7 n+l
U U U
8i — E E (Oikj = 8i Dikj) = 8i— Oigrjx + 8; Pirrjr < 8.

k=1 j=i
It follows that s; = 0;;+j«. Therefore, we have 0,5+ j« = 8;Djj j= .

O

We are now ready to show Theorem 1.

Proof of Theorem 1 (CF D conv(F)) By Proposition 1, since polyhedron C'F' consists of either
trivial equalities/inequalities or valid inequalities of set F', we have (t,q,s,p,0) € CF if (t,q,s,p,0) €
F'. Tt follows that C'F' D conv(F).

(CF Cconv(F')) By Proposition EC.5, since each extreme point (¢,q, s, p,0) of C'F satisfies proper-
ties 1, 2, and 3, (t,q, s,p,0) € F. By the Minkowski’s Theorem on polyhedron, we have x € conv(F')
if z € CF. It follows that CF C conv(F'). This completes the proof. O

EC.4. Proofs for the DR CVaR Model
EC.4.1. Proof of Proposition EC.1

Proof of Proposition EC.1 We analyze the following two cases based on the value of K.
When K €{2,...,n}: For the embedded minimization problem in constraint (EC.10b), we observe

that the constraint matrix of D,, described by constraints ;g{_l gi>lforall1<i<n—-K+1,
is an interval matrix and thus TU. It follows that conv(D,) = {q € [0,1]™: ;:Z(_I g >1, V1<

i <n— K + 1}. Because the feasible regions of variables ¢ and s (i.e., D, and D;) are disjoint in

(EC.10b), we can replace D, with conv(D,) and obtain

0 + min {Zpisi+2%qz} >0 (EC.20a)
©s i=1 i=1

st sy <s;<s! V1<i<n, (EC.20Db)
iK1
Y g>1 Vi<i<n-K+1, (EC.20c)
=i
<1 Vi<i<n, (EC.20d)
4,8 >0 VI<i<n. (EC.20e)

Presenting linear program (EC.20) in its dual form yields (EC.11a)-(EC.11d), where dual variables
XY, B;, and n; are associated with constraints (EC.20b), (EC.20c), and (EC.20d) respectively, and
dual constraints (EC.11b) and (EC.11c) are associated with primal variables ¢; and s;, respectively.
When K =n+ 1: In this case, D, = {0,1}" and so conv(D,) = [0,1]". It follows that constraint
(EC.10Db) is equivalent to

¢ + min {ipisi—i-zn:%qz} >0
oo i=1 i=1
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qi,sizO V].Slgn,

Similar to the case when K € {2,...,n}, we can present the embedded LP in its dual form to obtain

the following linear constraints:

0+ (sixt—sixi —m) >0,
i=1
- <79 V1<i<mn,
Xi—xi <pi Vl<i<n,

X5 X7smi>0 V1i<i<n.

We note that these linear constraints are equivalent to (EC.11a)—(EC.11d) because Z?;KH Bi

S Bi=0and Zmin{i’"_KH} B = 23:1 B; =0. The proof is completed. O

j=max{i—K+1,1}

EC.4.2. Proof of Theorem EC.1

We take the following three steps to prove Theorem EC.1.
Step 1: We prove the validity of inequalities (EC.13a)—-(EC.13f) in the following proposition.

PROPOSITION EC.6. When D, = D, inequalities (EC.13a)~(EC.13f) are valid for set G =
{(t,q,s,p,0) : (EC.12b)-(EC.12g)}.

Proof of Proposition EC.6 First, since Y, t; <1 by constraint (EC.12f) and ¢, > 0, we have

szm = antk < Gy
k=1 k=1

which shows inequality (EC.13a).
Second, for all 1 <k <i<n—1, since ¢; + g;+1 > 1 by the definition of D, and ¢, > 0, we have

Pri + P+ = te(@ + Gis1) > ty,

which shows inequalities (EC.13b).
Third, for all 1 <7< n, since t; >0, Vi and thus 2221 tr <> r_ tr <1 by constraint (EC.12f)
and since ¢; <1 = ¢; —1 <0, we have

i

Z(pki_tk) = (Qi_l)ztk > q; — 1,
k=1

k=1

which shows inequality (EC.13c).
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Fourth, for all 1 <7 <n —1 because (a) 22:1 ty <> p_,tx <1 by constraint (EC.12f) and
tr >0, Yk, and (b) ¢; + ¢;+1 > 1 by the definition of D,, we have

7 7

Z(pm‘ + Pr+n) = (@ + Giv1) = (G + Git1) Ztk — (¢ + ¢it1)

k=1 k=1

= (¢ + ¢it1) (Ztk_l) < Ztk—l,
k=1

which shows inequality (EC.13d).
Finally, for each 1 <1i<mn, since > ,_, t; <1 by constraint (EC.12f), and t;,¢; € [0,1], we have
S ki = (X te) < @i(3r_ te) < 1. Also, because s; € [s¥, sV], it follows that

1%

i

i
Z(Oki — 8; ki) = (8 —87) Zpki < s =80
k=1 k=1

%

i
Z(Oki — 87 Pki) = (si— ;) Zpki > 8-y,
k=1

k=1
which shows inequalities (EC.13¢)-(EC.13f). O
Step 2: We show the properties of the extreme points of polyhedron C'G in the following propo-
sition. Recall that CG = {(t,q,s,p,0) : (EC.12b), (EC.12d), (EC.13a)-(EC.13f)}.

ProprosITION EC.7. Fach extreme point (t,q,s,p,0) of CG has the following properties:
L. te,qispri €{0,1} for all 1 <k <i<mn;
2. pri=trq; and op; =trq;s; for all1 <k <i<n.

Proof of Proposition EC.7 For any ¢}, ¢}, ¢, c;,, and ¢}, for all 1 <k <i<n, we consider linear

URENE

program

(LP-CG) mino Z(c g+ cis;) + Z (cktk + Z (ChiPri + C,ﬂo,ﬂ)>

t,q,s,p,
i=1 = i=k

st. (t,q,8,p,0) € CG.

To prove that each extreme point of C'G satisfies properties 1 and 2, we show that for any ¢}, ¢}, ¢,

¢, and ¢, there exists an optimal solution (t*,¢*, s*,p*,0*) to (LP-CQG) that satisfies properties
ki ki

1 and 2. First, we rewrite (LP-CQG) as a two-stage formulation as follows:

=1 k=1
st (t,q,p) € CGygp,

where polyhedron CG, ,, :={(t,q,p) : (EC.12b), (EC.13a)-(EC.13d)} and V(p) represents a value

function of p defined as

(LP-CG(p)) V(p) —IDID{ZCS +ZZC’<ZO’”‘ (s,0) € CGs,(p )}

k=1 i=k
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where  CG,,(p) = {(8,0): (EC.12d), (EC.13e), (EC.le)}

= {(3,0) Doog > sipre V1<Ek<i<n, (EC.21a)
ori < 8ipri V1<k<i<n, (EC.21b)
S — Z (opi — Sipri) > s V1<i<n, (EC.21c)
k=1
Si— Z (ori — 8 pri) <8y V1<i< n} (EC.21d)
k=1

represents a parametric polyhedron depending on the values of py;. We solve (LP-CG(p)) by con-
sidering its dual formulation
= max Z Z (s Pritls — s prithi) + Z

(-En)e-+(-50)1
(

s.t. wki—wki—wi +w; =cp; Vlgkgzgn, EC.22a)

wy —w =¢ V1<i<n,

(2 3

EC.22b)

where dual variables 1#,1;/ Y and wy /Y are associated with primal constraints (EC.21a)—(EC.21b) and
(EC.21c)-(EC.21d), respectively (after transforming all “<” inequalities into the “>” form), and
dual constraints (EC.22a) and (EC.22b) are associated with primal variables oy; and s;, respectively.
Because (i) sipri < opi < sYpr; by (EC.12d), and so py; >0 for all 1 <k <i<mn, and (ii) sf(1 —
S ) <si— S ok <sY(1—_ prs) by (EC.13e)—(EC.13f), and so 1 — 30 py; >0 for all
1 <i<n, a dual optimal solution to problem (LP-CG(p)) is ¢y = (2, + &), ¥ir = (—cp; — &)™,

wi* = (), and w* = (—c)*. It follows that

3

Vip) =) [si(e)t - +ZZ (chi+ &) = sV (= — )T —sk(e) ™ + 57 (—c) ] pu

i=1 i=1 k=1
is a linear function of p. Therefore, (LP-CG) is equivalent to optimizing a linear function of (¢, ¢, p)
on polyhedron CG, 4 ,. It follows that there exists an optimal solution (t*,¢*,s*,p*,0*) to (LP-CG)
where (t*,¢*,p*) is an extreme point of polyhedron CG, .

Second, we show that all extreme points of CG, ,, are integral. To this end, we show that the
constraint matrix describing CG, 4, is TU. For presentation convenience, we rewrite the constraints
defining CG, ,, as follows:

i

G+ qi+v1+ Z le — Z(pkz + Dri+1))

>1 Vi<i<n-—1 (EC.23a)
k=1 k=1
= P 20, (EC.23b)
k=1
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—qi— > b+ pu = —1 Vi<i<n, (EC.23¢)

k=1 k=1
b+ priDraey >0 VI<k<i<n—1, (EC.23d)
te—pri >0 VI<k<i<n, (EC.23e)

and we denote the constraint matrix as

(g + giea + 22:1 e — 22:1(171“‘ +prgien)), V1<i<n-—1]
(gn — ZZ:1 Pin)
CGl g = (g = te+ Y Pri), V1<i<n ,
(—ti +Dri +Priiv1y), VI<E<i<n-—1
L (te —pri), V1<k<i<n

where the five rows of sub-matrices are associated with constraints (EC.23a)—(EC.23e), respectively.

To show that matrix CG) is TU, we conduct pivot operations on the matrix with variables py;, tx,

t,q,p

and ¢;. Note that a matrix is TU if and only if it remains TU after pivot operations (cf. Nemhauser

and Wolsey 1999). We conduct the following pivot operations in order.

(i) For all 1 <k < i <n, pivot with variable p;; based on the component —1 in sub-matrix

(i)

(tx — pri) (corresponding to constraints (EC.23e)). This pivot operation is equivalent to (a)
adding ty — ppi, for all 1 <k <i<n, to the left-hand side of every constraint (EC.23c)-
(EC.23d) in which variable py; has coefficient 1, (b) adding py; — t, for all 1 <k <i<n, to
the left-hand side of every constraint (EC.23a)—(EC.23b) in which variable py,; has coefficient
—1 and (c) multiplying each left-hand side of constraint (EC.23e) by —1. As a result, the

matrix after pivoting becomes

[(qi + qia — Zzzl ty), VI<i<n-—1]

(Gn =D ey tr)
ng,q,p = (—qi), VI<i<n )
(te), VI<k<i<n-—1
(=th +pri), V1I<k<i<n

Note that sub-matrix (—tx + pri + pr@i+1)) becomes (t;) because the left-hand side of each
constraint (EC.23d), —ty + pri + Dr(i+1), is summed with ¢, — py; and t, — pr+1) and so the
coefficient of each ¢, changes from —1 to 1 after pivoting. Meanwhile, sub-matrix (—g; —
S te+ 305, pri) becomes (—g;) after pivoting because, for each 1 <i<n, —q; — > 1 _, tx +
22211%1' is summed with ¢, — py; for all 1 <k <i.

For all 1 <k <n—1, pivot with variable ¢, based on any component 1 in sub-matrix ()

(note that there are multiple components 1 associated with each variable ¢, in (¢;) and we
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can pick any one of them). Since all components in each row of sub-matrix (¢) are zeros
except one equaling 1, these pivot operations (a) make all coefficients of all variables ¢ zeros
in matrix cg; op @ long as 1 <k <n—1, and (b) keep all coefficients of all variables ¢; and

pr; unchanged. As a result, the matrix after pivoting becomes

[ (¢ +qiv1), V1I<i<n—1
(Qn_tn)
CG? =
hap (tr), V1<k<i<n-1
{(pki), Vi<k<i<n-—1
L (_tn+pnn)7 i

(iii) For all 1 <i < n, pivot with variable ¢; based on any component —1 in sub-matrix (—g;) in
cg;{q,p. Since (—g¢;) is an identity matrix, these pivot operations eliminate all coefficients of
variables ¢; in all other sub-matrices. As a result, the matrix after pivoting becomes

I (0), Vvi<i<n-1 ]

(~t2)

2 .
CGran = (tr), V1<k<i<n-—1
{(Pm), Vi<k<i<n-—1
L (_tn+p7zn)7 i

It follows that matrix cgi 4p contains only {—1,0,1} entries, has no more than two nonzero
entries in each row, and the sum of the entries is zero for each row containing two nonzero
entries. Hence, matrix cgiq,p is TU, and so is matrix ngw.
Therefore, the extreme points of polyhedron CG, ,, are integral and so property 1 is proved.
Third, to show property 2, we consider any extreme point (¢, q, s, p,0) of polyhedron C'G. Because
> r_itr <1 and each t;, € {0,1} by property 1, we show py; = t,q; by discussing the following two
cases on values of ¢.
(i) If ¢, =0 for all 1 <k <n, then py; =0 for all 1 <k <i<n because py; <. It follows that
Pri = trq; = 0.
(ii) If there exists 1 < k* <n such that ¢, =1, then any other t;, = 0. It follows that py; =0, and
S0 pri =1trq; =0 for all 1 <k <i<n and k # k*. For all k* <i <n, constraints (EC.13c) yield

i i
_qi_ztk+zpki = —¢—1+pgi > -1 = pp=>q.
k=1 k=1

Also, for all k* <i<n—1, constraints (EC.13d) yield

Qi + Giv1 + Ztk - Z(pki +Dri+1) = G+ Giv1 + 1= Dpri — Drrgigry > 1
k=1 k=1
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= Drri T Drrir1) < Qi+ Qi

It follows that py«; + D= (i4+1) = ¢ + Gi11 for all k* <i <n—1. Furthermore, constraint (EC.13a)
implies ¢, — ZZ=1 Din = qn — Prrn > 0, and so ¢, = pp+,. Therefore, g; = py+;, or equivalently
q; = tppr+; since ty« =1, for all k* <i<n.
Since (t, g, s, p,0) is an extreme point of polyhedron CG, each oy; satisfies either inequality (EC.21a)
or (EC.21b) at equality, and each s; satisfies either inequality (EC.21c) or (EC.21d) at equality.
We discuss the following cases to show ox; = S;pri = t1.¢;S;-
(i) If ¢, =0 for all 1 <k <n, then py; =0 for all 1 <k <i<n because py; <. It follows that
or; =0 by constraints (EC.12d). Therefore, oy; = s;px; = 0.
(ii) If there exists 1 < k* < n such that ¢« =1, then any other ¢, = 0. It follows that p;; =0,
and so op; = $;pp; =0 for all 1 <k <i<n and k # k*. Then, for all k* <1i <n, inequalities

(EC.21¢)-(EC.21d) yield

%

Si — Z(Oki — 8y Dki) = Si = Op=i + S Prri > 87, (EC.24a)
k=1

Si — Z(Oki — 8 Dki) = 8i— Opri T8 i < 8y (EC.24b)
k=1

Hence, each s; satisfies either inequality (EC.24a) or (EC.24b) at equality. We discuss the
following two sub-cases to finish the proof.

Sub-case 1. If py«; =0, then oy+; =0 by constraints (EC.12d). Therefore, og«; = s;ps+; = 0.
Sub-case 2. If py+; = 1, then inequalities (EC.24a)—(EC.24b) imply s; = oy+;. Therefore, op«; =
SiPi*i-

[l
Step 3: Finally, we prove Theorem EC.1 based on the previous two propositions.

Proof of Theorem EC.1 (CG 2 conv(G)) By Proposition EC.6, since polyhedron C'G consists
of either trivial equalities/inequalities or valid inequalities of set G, we have (¢,q,s,p,0) € CG if
(t,q,s,p,0) € G. It follows that CG 2 conv(G).

(CG C conv(@)) By Proposition EC.7, since each extreme point (t,q, s,p,0) of CG satisfies proper-
ties 1, 2, and 3, (t,q,s,p,0) € G. By the Minkowski’s Theorem on polyhedron, we have = € conv(G)
if z € CG. Tt follows that CG C conv(G). This completes the proof. [
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