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Remaining Proofs

EC.1. Proof of Proposition 6

S N2
PROPOSITION 6. For all A,§ e RE such that §#0, the function <7TTA> /7§ is conver on
{7r ERE:7nTG> 0}. Moreover, this function is minimized over Sk by some 7 for which |{k: 7} >

0} < 2.

Proof. First, we show the function ¥ : 7+ (77A)? /n7q is convex on {r € R¥|xTg >0}. As
shown in Chapter 3 of Boyd and Vandenberghe (2004), f: (z,y) — x?/y is convex over {(z,y) €
R?:y > 0}. The function h: 7+ (77A,77g) € R? is affine. Since convexity is preserved under
composition with an affine function, the function ¥ = go h is convex.

We now prove the second claim. Consider the optimization problems
minimize W () subject to 7’ e=1,7>0 (EC.1)
minimize p(7) subject to 77 e=1,7>0 (EC.2)

where
2 *
p(r):=(7"A)" = (z"g) ¥,
and U* € R denotes the optimal objective value for the minimization problem (EC.1). The set of

optimal solutions to (EC.1) and (EC.2) correspond. Note that
U(r) =" = p(m)=0

but for any feasible 7, p(m) > 0 since A(m)? > U*g(7). Therefore, any optimal solution 7y to (EC.1)
is an optimal solutions to (EC.2) and satisfies p(mo) = 0. Similarly, if p(7) =0 then simple algebra
shows that W(m) = ¥* and hence that 7 is an optimal solution to (EC.1)

We will now show that there is a minimizer of p(-) with at most two nonzero components, which
implies the same is true of ¥(-). Fix a minimizer 7* of p(-). Differentiating p(7) with respect to =
at m=7* yields

0
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where L* = AT7* is the expected instantaneous regret of the sampling distribution 7*. Let d* =
min; 52 p(7*) denote the smallest partial derivative of p at 7*. It must be the case that any ¢ with
d

77 > 0 satisfies d* = 57— p(7*), as otherwise transferring probability from action a; could lead to

strictly lower cost. This shows that

—d*  2L*

7r§>0:>gi:?+$

A, (EC.3)

Let iq,..,7,, be the indices such that Trfk > 0 ordered so that g;, > gi, > --- > gi,,- Then we can

choose a € [0,1] so that
Z T3 Gir = B9 + (1 = B) iy
k=1

By equation (EC.3), this implies as well that > 7/", m A; = BA; + (1 - B)A,,,, and hence that

im
the sampling distribution that plays a;, with probability 3 and a;,, otherwise has the same instan-
taneous expected regret and the same expected information gain as n*. That is, starting with a
general sampling distribution 7* that maximizes p(m), we showed there is a sampling distribu-
tion with support over at most two actions attains the same objective value and hence that also
maximizes p(m). O

EC.2. Proof of Proposition 1

The following fact expresses the mutual information between A* and Y;, as the as the expected

reduction in the entropy of A* due to observing Y ,.

Fact (LEMMA 5.5.6 OF GRAY (2011)).
It (A*7 Y;‘/,a) = E [H(Oét) — H(at+1)’At = G/,.Ft]

PROPOSITION 1. For any policy m = (71,7, 73,...) and time T €N,

E [Regret (T, 7)] </ Wp(7)H ()T .

where

is the average expected information ratio under .



e-companion to Russo and Van Roy: Information-Directed Sampling ecd

Proof.  Since the policy 7 is fixed throughout, we will simplify notation and write ¥, = W, (),
A; = Ay(my) and gy = g¢(m;) throughout this proof. First observe that entropy bounds expected

cumulative information gain:

Eth EZE H(aw1)|F] = Z H(auq1)) = H(ow) — H(ar) < H(ay),

where the first equality relies on Fact 1 and the tower property of conditional expectation and the

final inequality follows from the non-negativity of entropy. Then,

T T
E [Regret (T ]EZAt—EZ\F g (mfP%) < EZ‘I’t Ezgt
t=1 t=1

IN

VH(ar),|EY W,

1 T
- (TE;\I/t> H(a

where the first inequality follows from Holder’s inequality. [

EC.3. Proof of Proposition 7

PROPOSITION 7. Suppose sup, R(y) —inf, R(y) <1 and

Ay(m)?

o Sag i S e

Then the following hold:
LW, (m) < |A/2.

2. W, (m) <d/2 when ACR?, © CR?, and E[R;,|0] =a”0 for each action a € A.

The proof of this proposition essentially reduces to techniques in Russo and Van Roy (2016), but
some new analysis is required to show the results in that paper apply to variance-based IDS. A
full proof is provided below.

We will make use of the following fact, which is a matrix-analogue of the Cauchy-Schwartz

inequality. For any rank r matrix M € R™*" with singular values o4,...,0,, let

1M = "o, ||M||F¢:\/ZZ=1Z?:1MZ%j: Y 0%, Trace(M):=Y My,
i=1 4

denote respectively the Nuclear norm, Frobenius norm and trace of M.
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FAcT 2. For any matrix M € Rk,

Trace (M) < v/Rank(M)|| M ||¢.

We now prove Proposition 7
Proof.

Preliminaries: As noted in Section 5.3, g;(a) > 2v,(a) for all ¢t and a. Therefore for any m € D(A)

_At(7r)2 Ay(m)?
g(m) = Bu(n)

Therefore, if

. At(”)2
Ty = argmin
TED(A) Ut(”)

is the action-sampling distribution chosen by variance based IDS, then

At(ﬂ-t)2 A( TS)2
Vilm) < 50y S S )

where 715 is the action-sampling distribution of Thompson sampling at time ¢.

As a result, to show U, (m;) < \/2, it’s enough to show A, (7I5)? < \vy(7F®). We show that this
holds always for A = |.A|, and then show it holds for A = d when A CR¢, © C R%, and E[R; ,|0] = a0
for all a € A.

Recall that by definition, 7 °(a) = P,(A* = a) for each a € A. Therefore

A (ﬂ't ) Et Rf A* Zﬂ' Ef Rf a

acA
ZPf f=q" [Rtva*‘A*:a ZPf =aq EtRfa]
a*eA acA
=) P(A" =a) (Ei[Ry.a|A" = a] - Ei[Ry)) (EC.4)
acA

and

=) m/%(a)Var,(E[R,.|A"])

acA
=) 1) Y PuA"=0a") (By[Ry ol A" = 0] — By[ Ry o))’
acA a*c A
= ) P(A =a)P(A" =a") (B[R A" =a’] — Ei[Rid])”. (EC.5)

a,a*€A
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Proof part 1: By the Cauchy-Schwartz inequality, we conclude

(ZR "= a) (B[R, A" =a] - Et[Rt,aD)
acA

< A P(A" =0a)? (Be[RyalA” = a] — B[Ry 0])”
a€eA

<AL DY P(A=a)P(A" =a') (Ei[Ry o|A" = /| = Ei[R, )’

a,a’ €A

= |Alv(m®).
As argued above, this implies ¥, (m;) < |A|/2.
Proof of part 2: This argument can be extended to provide a tighter bound under a linearity

assumption. Now assume A CR? © CR? and E[R, ,|0] = aT0. Write A= {ay,...,ax} and define

M € REXK by

My ;= \[PA(A" = )Py (A" = ;) (By[Ro | A" = 0] = Ei[ Ry, )

= Ju(ai)ai(a;) (Be[Ry o, |A" = a;] = Ei[Rea,])
for all i,j € {1,.., K'}. Then, by (EC.4) and (EC.5),
A (7}%) = Trace(M),

and

ve(m®) = | M|

This shows, by Fact 2 that

At(TrtTS)2 < Rank(M )vt(WtTS)

We now show Rank(M) <d. Define

= E[5}F)

W =E[0]|F, A" =a,].
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Then, by the linearity of the expectation operator, E,[R;,,|A* = a;] — E;[Ry o] = (10 — )" a;.

Therefore, M; ; = /a(a;)a(a;)((1? — p)"a;) and

Va(ar) (= p)"

Vaulag)) (1t — )"

Since M is the product of a K by d matrix and a d by K matrix, it has rank at most d. [



