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Appendix
EC.1. Technical Proofs

Proof of Theorem 1. Let §(y) be the delta measure at y. For each i =1,...,m, define
P=) s @
j=1 ( )
i.e., the distribution with point mass L*(y?)/ Zf; L'(y;) on each y}, where L' = dP;/dQ". We first

show that as n — oo, the solution (P%);—;._, is feasible for the optimization problems in (8) in an

appropriate sense.
Consider Case 1. For each | =1,...,s", by a change measure we have Eg:|f/(X")L(X")| =
Epi f{(X")] < oo by our assumption. Also note that Eq:L* = 1. Therefore, by the law of large

numbers,

o S LGAG) () DA |
Bo (X)) = _ = B [f(XIL(X)] as.
z Liy) S

Since Eqi[f/(X")L(X")] = Ep [f;(XZ)] < b by our assumption, we have Ez [f/(X")] < p; eventually

as n' — o0o.
Consider Case 2. We have
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where L' = dP}/dP;. Consider, for a given € > 0,

P(|dy(P, Pi) —dy(Fg, Py)| > €)
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We analyze the two terms in (EC.1). For any sufficiently small A > 0, the first term is bounded

from above by

>zr Ly z>> Li(y;) Li(y) ¢
E ) E o(L L > —
(W ( </ >z Liy) ) (1) S Lilyi) (1/n)) S0, Lilyi) | 2
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J = L'(y)—1|> A — Li(yl)—1| > A
n; (yi) or n; i (yl) )
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1 ¢ Ly(y;) € LS iy
<P = (6L ()| + DO\ ———— 5 ,ZU A=) Lyl —1 <A
n j=1 ’ (1/nl)2r:1 LZ(yr 2 n n r=1
1 a Q0 1 a i,
+P M;L(yr)—l >\ or nirz:Lb(yr)—l >\ (EC.2)

where the first term in the last inequality follows from the continuity condition on ¢, with O(\)
being a deterministic positive function of A that converges to 0 as A\ — 0. This first term is further

bounded from above by

TR Li(y)
Pl — o(L* ; +1 : nij —
"’;(' EOID S T

By the law of large numbers, we have

o) > g (EC.3)

%Z(W(ii(yﬁ»))\ +1)Li(y;) = Boi[(|6(L1 (X)) |+ DL(X)] = Epg¢(LI(X))[ +1 as.

j=1
by using our assumption EP5|¢(E(X )| < co. Moreover, by the law of large numbers again, we

have (1/n?) Z:il Li(y!) — 1 a.s.. Thus,

1 & Li(y)
o(L ) +1 : nﬁ —
i & 1(' (i) )<1/nz>zT:1Lz<y;>

When A is chosen small enough relative to /2, we have (EC.3) go to 0 as n* — oc.

— Epi|¢(L'(X")|+1 as.

Since both = Zf; Li(y:) =1 and X Z:il Li(yt) — 1 a.s., the second term in (EC.2) also goes

to 0 as n’ — co. This concludes that the first term in (EC.1) goes to 0.



e-companion to Ghosh and Lam: Robust Analysis in Stochastic Simulation ecd

For the second term in (EC.1), note that
1SN o e - o
= YL (Y Li(y)) = Bgild(L (X)) Ly(X )] = Ep [6(L'(X")] = dy(F5, By) ass.
j=1
by the law of large numbers and the assumption that Epg\qﬁ(f)i(Xi)ﬂ < 00. Moreover, since

(1/n') 0 Liwi) = 1, we get

1 o Li(y?) o
LS s(Ei) —2%) g, m R as
Z s e

Thus, the second term in (EC.1) goes to 0 as n’ — co. Therefore, we conclude that d,(P?, Bi) %

ds(Pi, Pj). Since dy(Pi, Pj) <n' by our assumption, we have P(d,(P’, Pj) <n') =1 as n' — co.
Next we consider the objective in (8). We show that Z(P',..., P™)—Z(P},...,Py")=0,(1/y/n),

following the argument in the theory of differentiable statistical functionals (e.g., Serfling (2009),

Chapter 6). For any A between 0 and 1, we write

Z(P}+XNP'—P}),...,P"+ \(P" — P"))

— /.. h(xl,...,xm)ﬁﬁd[P3+)\(pi—Pé)]@i)
/]

i=1t=1

Z/.../h(xl,...,XM) 1 dri) ] dP' - P

T
=) )\
k=0 uerh (GOECHE (it)esh

where {S¥}, .7« is the collection of all subsets of {(i,t):i=1,...,m,t=1,...,T"} with cardinality

k, and Z% indexes all these subsets. Note that

d ~ -
aZ(PO1 + AP = Py),..., P+ AN(P™ = PB}"))
A=01
m Ti A B
— ZZ/m/h(xl, oy [ AR - B ()
i=1 t=1 (4,8):(4,8)#(4,t)
-3 / S Bl PP — P (x) (EC.4)
=1
where
Ti
G Py B =3 B (X X)X = a] (EC.5)
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By the definition of L, we can write (EC 4) as

.
/¢

2 { It gy .
Z( (1) S 1) - ven

(1_ —— ) (EC.6)
(1/n?) 320, Li(y})

where Q' is the empirical distribution (1/n )Z 1 0(y}) on the n’ observations generated from Q.

<.

Fy") L' (2)dQ' ()

Suppose @' (z; Py,..., Py )Li(z) = 0 as., then [¢i(x;P),..., Py Li(z)d(Q" — Q) (z) = 0 as..
Otherwise, using the assumed boundedness of h, hence ' (z; P},..., Pi"), and L', we have, by the

central limit theorem,

Vit ([ P BL @@ - @) ) = N (0'P)
where (0)2 = Vargi(¢'(X'; PL,..., Py")L(X")) > 0 is finite. Since (1/n) X", Li(y}) = 1 a.s. by
the law of large numbers, and that [ ¢'(z; P}, ..., Py")Li(z)dQi(z) is bounded, the second term
in (EC.6) converges to 0 a.s.. Thus, by Slutsky’s theorem, each summand in (EC.6) converges in
distribution to N (0, (c%)?). Since for each ¢ we have n’ = nw’ for some fixed w’ > 0, we conclude
that (EC.6) equal O,(1//n).

Now consider

d ~

e Z(Py+ AP = F)),..., Py + A\(P™ = Fy"))

T

=Y k(k A“Z/ / x") ] dPi) ] dP (zi) (EC.7)
k=2 weTk (i,t)€(Sk)e (i,t)eSk

Fixing each 8%, we define

hssloesg) = [+ [hctsoxm) T] drj(a)

(i,t)e(sk)e

where xgr = (7}) ;.1 esk- Next define

= hsk Xsk Z /hsk Xsk dPJ( )+ Z //hsk Xsk dPJl(l’tl)dP']Q(.I'z;)*"‘

(j,t)eSk (41,t1),(G2,t2)€SE

_1)k//hsjj(xsfj)dpojl(l‘ﬁ)dpgk(‘ri:)
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where each summation above is over the set of all possible combinations of (j,t) € S* with increasing

size. Direct verification shows that h sk has the property that

[ [hsstxss I e D= [ [hatxsp) TT dwied - RiGeD)

t)esSk Sk

for any probability measures R’’s, and

[ hsslxsp)apia) =0 (EC.5)

for any (j,t) € Sk. Thus, (EC.7) is equal to

T
> k(k— 1)\ QZ/hSk xsr) [] dPi(})

k=2 ueZk (i,t)eSk

Now, viewing P’ as randomly generated from Q?, consider

2
T
Egi. om Zk DAY / hse(xse) [ dPi(x})
=2 ueZk (i,t)eSk
r 2
T
= Egi._om Zk —1A“Z/h5kxsk I P ZLZ V>1—cforalli=1,...,m
=2 uelk 'LtESk
2 .
T 1 n'
E m C)AR2 iy | = Yy < 1—
+Eq.. o [ D k(k—1)A Z/hskxsk IT 2P ,niZL(YT)<1 €
k=2 ueZk (i,t ESk r=1
for some i =1,... ,m] (EC.9)

We analyze the two terms in (EC.9). Note that the first term can be written as

n'l

1 Lin(Y[1) - L (Y;¥)
k—2 % z J J
Zk DD i 2 S e ¥
uerk =l g L ((A/me) 2252y L= (Y)5))

,,,,,

1SN
, LZ(YT’)Zl—eforallizl,...,m]

1 Z
(Z’f Azm@z ----- KZ Zhsk i V)

ueTk j1=1 Jk=1

) . ) . 2 i 1/2\ 2
Li(Y]1)- - Lin(Y;* L
(%) (Y5 ))) : 1,ZLZ(Y;)21—efor allz’zl,...,m]) ) (EC.10)

T8, (1/mie) SO0, Lis (Y, ni
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by Minkowski’s inequality, where we view Yf’s as the random variables constituting the observations
generated from Q¥s. Since the expression [[*_, ((1/n%) Zf:l L' (Y}#)) inside the expectation in

(EC.10) does not depend on the j,’s, (EC.10) is further bounded from above by

nt . . 2\ 1/2 2
! La(Y/1) ... Lk (le:) )

T
1 i yi
(Z’f Y et Fonon | X S RErL

u€Ik Jj1=1 Jr=1

k — 1 )\k 2 Zk nll nik
1= ZWW Z DID DD PP 2
ueTk
hs{g (Yj?, e ’inllck)Lil (y]?) . (le;f)

s (Y1, YR L (V) Dk (V)

Ji? T Ik

Mﬂ
M l\.’)

n=t  gp=lji=1  ji=1

1/2\ 2
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Note that

e J10°7 7 T 0k Ik u T g Ik J1 Jk
(EC.12)
if any Y, shows up only once among all those in both ilsk (Y;1 - ,YJZ:) and A (in,l, . ,Yj,’“) in
u 1 k

the expectation. To see this, suppose without loss of generality that inll appears only once. Then

we have
Eor. om |:h3k <Y]1117 B 7}/;2:)Lu (Yzl) . Lk (sz:);lsfj (Yj?v o YJZC)LH (Y]?) R (YJZC)
= Eogr._om [EQI ,,,,, on [hsk (Vo Y L (|, Y v Y]:} L2(Y2) . Le(Y)

ﬁss (Yj?, o ,)/;Zk>Li1 (Y;{l) R (Y;/k)]

k

= Egi_qn|Bpn [ hsy ()

~~~~~ P, g1

SY5)

Y22 S Y’1 ,Y;Z“} L2(Y}2) - L' (Y;*)

YTk ?

ilsjj (Yj?, . 7in,f)[/l (ijl) R (YJZ/k)jl

1 k
—0
since By [hsy (Vi Yi0|Y)% V8 YY) =0 by (EC).

The observation in (EC.12) implies that the summation in (EC.11)

nil ntk  pil nik

3 I S L L R SR R
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contains only O(n”*) non-zero summands. This is because in each non-zero summand only at most
k distinct in’s can be present inside the expectation, and the cardinality of such combinations is
O(n*). Note that each summand is bounded since h, hence fbszﬁ, and L' are all bounded by our

assumptions. Hence (EC.11) is

S o)) o) ven

This shows that (EC.7) is O,(1/n) for any A between 0 and 1. Therefore, by using Taylor’s expan-

sion, and the conclusion that (EC.6) is O,(1/y/n), we have

Z@h”fﬂ:Z@juﬂﬁ+@<$):%+%<;) (EC.14)

Note that we have shown previously that P(P’ € Z/A{l) — 1 for any i =1,...,m in both Cases 1

and 2. Using this and (EC.14), for any given € > 0, we can choose M, N > 0 big enough such that

m

P(Vn(Z.— Zy) > M) < P(Wn(Z(P',...,P") = Zy)| > M)+ Y _P(P'¢U') <e
i=1
and similarly
PWH%—Th%@gHWHﬂﬁwwﬁ%ZM>MH5§H@¢W%&
i=1
for any n > N. This concludes that

. 1 .

Proof of Theorem 3. To prove 1., consider first a mixture of p’ = (p;l)j:l?_“’ni with an arbitrary
q' € P,i, in the form (1 —€)p’ + eq’. It satisfies

d i— i i i m
&Z(pl""’p 1,(1*6)1) +€qap+1a"'ap )

—o=V'Z(p)(a' -p’)
by the chain rule. In particular, we must have

Yip)=V'Z(p) (1, —p)=08.Z(p) - V'Z(p)'P’ (EC.15)
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where 07 Z(p) denotes partial derivative of Z with respect to p}. Writing (EC.15) for all j together
gives

P'(p)=V'Z(p) - (V'Z(p)p' )1’

where 1' € R™ is a vector of 1. Therefore
P'(p)'(q' —p') = (V'Z(p) - (V'Z(p)'P")1") (¢’ —p') = V'Z(p)'(d' — p')

since q*, p* € P,;. Summing up over 7, (12) follows.
To prove 2., note that we have

d

Ui(p)= - Z(p',....p L (L—ep +elf pt P
d
= %Epl ..... pim1 (1—e)pitell pitl .  pm [A(X)]
e=0
= Ep[h(X)s;(Xz)] (EC.16)

where s’ (-) is the score function defined as

50¢) = 0 S loa((1— e)p!(af) + el (a} = 1) (BC.17)

e=0

Here p'(z}) = p} where j is chosen such that z} = y;. The last equality in (EC.16) follows from the

fact that
ar o o a & o o T
&H((l —e)p'(zy) +el(zy=y;))| = &Zlog((l —op'(a)+el(xi=y))| -[]p'(=})
t=1 =0 t=1 =0 t=1

Note that (EC.17) can be further written as

Ti . . . . Ti . . Ti . .
—p'(xl) +I(x: =yt . I(xt =" , I(xt=1y"
Z p( t),- i( t yj):_Tl‘{'Z (zt iyg):_Tl_i_Z ( tiyj)
t=1 pi(at) - P () t=1 pj

which leads to (13).

Proof of Lemma 1 We have

Vary (h(X)s5(X")) < Ep (h(X)s5(X1))* < M?Ep (s5(X))* = M (Vary (s5(X)) + (Ep[s5(X")])?)

(EC.18)
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Now note that by the definition of s%(X) in (14) we have Ey[s}(X")] =0 and

T'Var,(I(Xi=y;)) _ T°(1-pj)

%

(pé)z B p;

Varp(sé- (X)) =

Hence, from (EC.18), we conclude that Var,(h(X)s)(X*)) < M>T*(1 —p})/p}.

Proof of Proposition 3 Consider the Lagrangian relaxation
agg%’éRgl;%Zp]@ +o Zpb,] ( ) S A (BC.19)
A : ,
= max —aZpbjma { &+ A pj —¢<p_J>}—oml—)\
a>0,AeR ’ l>0 0% pb] p?hj
- m—ZP (-52) e
In the particular case that a* =0, the optimal value of (EC.19) is the same as
%H};I;ij& A Zp] -1

7
. . . . . . . . . . n l _ . X .
whose inner minimization is equivalent to ming:cpi ZFI P& =minjeqy iy & Among all solutions

that lead to this objective value, we find the one that solves

min Z pb)] (

pjv]EM ‘EjEMlp ]GMZ

) (EC.20)

Now note that by the convexity of ¢ and Jensen’s inequality, for any > pé- =1, we have

jEM?

Z_ I S PEOY G T
() S S () S (s) (st

jeM? reMt jEM? jeEM?
(EC.21)

It is easy to see that choosing p in (EC.20) as ¢} depicted in (22) achieves the lower bound in
(EC.21), hence concluding the proposition.

Proof of Proposition 4 Consider the Lagrangian for the optimization (18)

min ijpj +a ij

Zefpz

(EC.22)
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By Theorem 1, P.220 in Luenberger (1969), suppose that one can find a* > 0 such that q' =

q))i—1 i € P, minimizes (EC.22) for o = o* and moreover that o* " gilog i _pi) =0,
j)i=1,...n n j=14;5108 n
J

7
pb,'

then q' is optimal for (18).

Suppose a* =0, then the minimizer of (EC.22) can be any probability distributions that have
masses concentrated on the set of indices in M?. Any one of these distributions that lies in I/’
will be an optimal solution to (18). To check whether any of them lies in U?, consider the one
that has the minimum d,(q’, p;) and see whether it is less than or equal to n’. In other words,
we want to find minp}jGM":ZjeMi pi=1 > jenmi Plog(p}/py ;). The optimal solution to this mini-
mization is pj ;/ > .o Ph; for j € M, which gives an optimal value —log}". . pj ;- Thus, if
—log Y.\ Ph; <", we find an optimal solution q' to (18) given by (23).

In the case that a* = 0 does not lead to an optimal solution, or equivalently —log > jeMi p};’ ;> n,

we consider a* > 0. We write the objective value of (EC.22) with o =a* as
Z&ﬂ%%—a ij log == —a'n (EC.23)
j=1 j=1 Po,j

By Jensen’s inequality,

T
n . .
o i . i o
pi'efﬁj/a**log(p}/pi,j) > o~ Lj=18P)/a" =3 =1 P} log(p;/ph ;)
E i 2

Jj=1

giving

n' 4 n , pz n® 4 .

D &y taty pilog k> —atlogy g et (EC.24)
j=1 j=1 P, j=1

It is easy to verify that putting p§ as

phye 5
ni ] _ *
Zr:lp?),re fr/(l

gives the lower bound in (EC.24). Thus ¢; minimizes (EC.23). Moreover, a* > 0 can be chosen such

%

q; =

that ‘
ia i q; > fjplia,‘eigj/a* a it ja* i
> gjlog = — = e o —log ) pj e/ =1
j=1 P, a*ijlpg,je J j=1
Letting S = —1/a*, we obtain (24) and (25). Note that (25) must bear a negative

root because of the following. Note that the left hand side of (25) is continuous,
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and goes to 0 when S — 0. Defining & = min{¢; : j = 1,...,n'}, we have, as [ —
00, 4(8) =10g 21, " =108 (e Phy (14 5000 P, i) ) = B +
log 3~ i api 14, ; +O(e1?) for some positive constant ¢y, and cpg/(ﬁ) = Z;il &ph €75/ Z;ilpi,jeﬁgf =
(1 + D e fjpé,jeﬁ(grg*)/Z]‘e/\/tipi,j)/(l + ngMiPi,jeﬁ(grg*)/Zje/vtipzia,j) =& + O(e) for
some positive constant cy. So Bgoél(ﬁ) — @e(B) = —log X" c v 1h; + O(el1"2)P) > when § is
negative enough.

Proof of Theorem 4 The proof is an adaptation of Blum (1954). Recall that p, = vec(ps : i =
1,...,m) where we write each component of p; as pj ;. Let N = >t n' be the total counts of
support points. Since h(X) is bounded a.s., we have |h(X)| < M a.s. for some M. Without loss
of generality, we assume that Z(p) > 0 for all p. Also note that Z(p), as a high-dimensional
polynomial, is continuous everywhere in U.

For notational convenience, we write d, = q(px) — px and d, = a(px) — P, i-e. dj is the k-th
step best feasible direction given the exact gradient estimate, and d;, is the one with estimated
gradient.

Now, given py, consider the iterative update pj1 = (1 — €,)pr, + €xQ4(Pr) = Pr + €xdy,. We have,

by Taylor series expansion,
. € . SN
Z(Prr1) = Z(pr) + eV Z(pr)'di + §d2VQZ(Pk + Orendy,)di
for some 6, between 0 and 1. By Theorem 3, we can rewrite the above as
2
13 €k 3 T\ 3
Z(pk+1) = Z(pk) + 6k’l,b(pk) dk + EkdeQZ(pk + ekekdk)dk (EC25)

Consider the second term in the right hand side of (EC.25). We can write

~

¥(pr)'di = P(pi)'dy + ((pr) — ¥(pr)) ds

(pr)'di + (¢(pr) — ¢(pk))’ak by the definition of d,

(pr)'di + (3 (pr) — ¥ (pr)) (i — dy) (EC.26)
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Hence (EC.25) and (EC.26) together imply

Z(Prs1) < Z(pr) + exp(pr) dic + €1.(¥ (1) — ¥ (pr)) (dy — di) + %aZVQZ(Pk + Orerdy,)dy

Let F; be the filtration generated by pi,...,pr. We then have

E[Z(Prs1)|Fi] < Z(pr) + extp(pr) di + e E[(¥(pr) — %(pr)) (di — di) [ Fi]

2 A A~ ~
+ %’“E[d;vzz(pk 1 Operdy)dy | Fy] (EC.27)

We analyze (EC.27) term by term. First, since Z(p) is a high-dimensional polynomial and U is
a bounded set, the largest eigenvalue of the Hessian matrix V2Z(p), for any p € U , is uniformly

bounded by a constant H > 0. Hence
Bld,V2Z (py + Operdy)du|Fi] < HE[|dW|?1F] < V < o0 (EC.28)

for some V > 0. Now

E[(4(pr) — 1 (pr)) (di — di)| Fi) (EC.29)

< \/ E[||9(pr) — ¥ (pi) 2|1 Fu] E[|ds — di||2|F.] by Cauchy-Schwarz inequality

< \/E[Ihl;(pk) — (P IPIF] ER(Id]? + [[de]?)|F:] - by parallelogram law

\/SmE[Hd?(pk) —(pi) |12 7] since [|d]|?, ||di]|* < 2m by using the fact that p, q(p), a(p)
SMM2T ~1-pj;
Ry, — pz,j

2,7

IN

by Lemma 1

cP

TN
<M L (EC.30)
Rj, min; ; Prj

Note that by iterating the update rule (1 — €, )px + €,.9x, we have

k—1
minp; ; > [T —€)s

j=1

where 6 = min; ; p! ;> 0. We thus have (EC.30) less than or equal to

8mTN

M
Ry

-1/ (EC.31)
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Therefore, noting that ¥ (px)’'dr <0 by the definition of di, from (EC.27) we have

2

8mTN H

ElZ(pi+1) — Z(Pr)|Fil < e M AR (EC.32)

and hence

%) k—1 %)
8mTN €x _ eV
+ < — €; 1/2 SLAS
ZE Z(prer) ~ Z(p0)| ]_MW;\@EU ()2

By Assumptions 1 and 2, and Lemma EC.1 (depicted after this proof), we have Z(p;,) converge to

an integrable random variable.

Now take expectation on (EC.27) further to get

E[Z(prs1)] < E[Z(p)] + ex Elp(pr)'de] + e E[(4h (Pr) — 9(pr)) (di — di)]

2 A ~ A~

+ B[V Z(p + brerdy)d]
and telescope to get
k ~
E[Z(pis1)] < E[Z(p1)] +ZejE{ (p;)'d;] +Ze] —4(p;))'(d; —d,)]
k 2 o
Z 5] E[d/V*Z(p; +0,¢;d;)d,] (EC.33)

Now take the limit on both sides of (EC.33). Note that E[Z(pk+1)] = E[Z] for some integrable
Z+, by dominated convergence theorem. Also Z(p;) < oo, and by (EC.28) and (EC.31) respectively,

we have

k—o0
j=1

. € 4 > V

and

lin "6 El0,) — (b)) (4, — 4, <M\/8””‘TNZ Hl—ez ) <o

Therefore, from (EC.33), and since E[¢(p;)'d;] <0, we must have Zle ¢;ElY(p;)'d;] converges
a.s., which implies that limsup,_, . E[¢(pi)'di] = 0. So there exists a subsequence k; such that
lim;_, . E[Y(py,)'dy,] = 0. This in turn implies that ¥ (py,)'dy, 2 0. Then, there exists a further

subsequence [; such that ¥ (p;,)'d;, = 0 a.s..
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Consider part 1 of the theorem. Let S* = {p € P: g(p) = 0}. Since g(-) is continuous, we have
D(py;,S*) — 0 a.s.. Since Z(-) is continuous, we have D(Z(p;,),Z*) — 0 a.s.. But since we have
proven that Z(py) converges a.s., we have D(Z(py), Z2*) — 0 a.s.. This gives part 1 of the theorem.

Now consider part 2. By Assumption 3, since p* is the only p such that g(p) =0 and g(-) is
continuous, we must have p;, — p* a.s.. Since Z(-) is continuous, we have Z(p;,) — Z(p*). But
since Z(py) converges a.s. as shown above, we must have Z(py) — Z(p*). Then by Assumption 3

again, since p* is the unique optimizer, we have p, — p* a.s.. This concludes part 2 of the theorem.
LEmMmA EC.1 (Adapted from Blum (1954)). Consider a sequence of integrable random vari-
able Y., k=1,2,.... Let F;, be the filtration generated by Y7,...,Y,. Assume

Y E[E[Yiy - Vil Bl "] <0
k=1

where x* denotes the positive part of x, i.e. xt =z if t >0 and 0 if x < 0. Moreover, assume
that Yy is bounded uniformly from above. Then Y, — Y, a.s., where Y, is an integrable random

variable.

The lemma follows from Blum (1954), with the additional conclusion that Y, is integrable, which

is a direct consequence of the martingale convergence theorem.

THEOREM EC.1 (Conditions in Theorem 5). Conditions 1-9 needed in Theorem 5 are:

1.
AKMTm KLY
k'() 2 2@ +
272 cT

2.

1 2KLY  2a0K N 2&KL’(9Q+ e . 2K 12 <

(1 _ yyanre e

cT 212k, erky™ kg A2 T

3.
2KILY 2Kv
<1

cT 2712
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4,
a (| 2KLY 2KvY
ko cT c272
5.
ap
ko >
0 b1
6.
B> pa+2y+2
7.
ko—1 9
H(l—ﬁj)_lMQTN 1 :
i1 926b (8 —pa—1)(ko—1)%~
ko—1
M |8mTN 1
+ 1—¢;) V2= e
H( /) 4 sb ((B—pa)/2—~—1)(ko—1)8/2-7-1

where N =3""" n' is the total count of all support points.
8. K >0 is a constant such that |x'V*Z(p)y| < K|x|||ly|l for any z,y € R™ and p € A (which
must exist because Z(+) is a polynomial defined over a bounded set).

9. d =mini=1,.m py; >0
7j=1,..., n'

Proof of Theorem 5 We adopt the notation as in the proof of Theorem 4. In addition, for
convenience, we write ¥, = ¥ (ps), '@k = Tﬁ(Pk)a ar =d(Pr), dx =a(Pr), 9r = 9(Pr) = =P (Px)'dy,
VZ,=VZ(py), and V2Z, = V2Z(py,). Note that py1 = pi + exdy.

First, by the proof of Theorem 4, given any v and l%o, almost surely there must exists a ky > ko
such that g, <wv. If the optimal solution is reached and is kept there, then g, =0 from thereon
and the algorithm reaches and remains at optimum at finite time, hence there is nothing to prove.
So let us assume that 0 < g, <v. Moreover, let us assume that v is chosen small enough so that

for any p with g(p) <v and p > 0, we have ¥(p) € Na_y(¥(p*)) (which can be done since g(-) is
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assumed continuous by Assumption 3 and t(p) is continuous for any p > 0 by the construction in
Theorem 3).

We consider the event

5:65ku65,;

k=kq k=kq

where

= {I[%h — ill > 9}

and
= {1 —v0) (@A =) > -}

Note that by the Markov inequality,

Bl — i M?TZ L= phy _ MPTN

P .
(&) < 92 = 2R, Py 92R,0 o

(I—¢)™

where the second inequality follows from Lemma 1 and the last inequality follows as in the deriva-

tion in (EC.30) and (EC.31). On the other hand, we have

K/B| (e — )/ (de — do)| _ KM SmTNH s

P(&,) < (EC.34)
0 0 =
by following the derivation in (EC.30) and (EC.31). Therefore,
P(€) < Z (&) + Z P&
ke=ko k= ko
_ M*TN 1 M [8mTN & b
1 o 1 s 1 o —-1/2
=928 Rk H 6J 0 S ;C_Zko T jlj[l( 63)
ko—1 ko—1 k—1
| M?TN 1 M 8mTN _
:H(lfej 925 Z H 1—¢)" H 1/2 Z H 1—¢) i
Jj=1 k= k() j ko =ko =kq
(EC.35)

Now recall that €, = a/k. Using the fact that 1 —x > e for any 0 <z <(p—1)/p and p> 1, we

have, for any

>l e
RS
< | |
—
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or equivalently

we have

a
l—e,=1——>¢ Pk
€k L=

Hence choosing kq satisfying Condition 5, we get

k—1 & k—l pa
[Ta-e)'< Sy Vi <k0_1> (EC.36)

Jj=ko

Therefore, picking Ry = bk? and using (EC.36), we have (EC.35) bounded from above by

Fo ! ko—1
| M2TN 1 . /2M 8mTN
jlj[l o v920b (S (ko — 1)rekomee i H \/7 Z (ko —1) pa/2k(6 pa)/2—
ko—1
M?*TN 1
< 1—e) !
= ]ljll( 5]) V25b (5—/)(1—1)(]%_1)5—1
ko—1
M [8mTN 1
—1/244 .
+ H 0 6b ((B—pa)/2—~—1)(ko—1)P/27-1 (EC.37)

if Condition 6 holds. Then Condition 7 guarantees that P(€) <&
The rest of the proof will show that under the event £¢, we must have the bound (26), hence

concluding the theorem. To this end, we first set up a recursive representation of g,. Consider

Jk+1 = —¢2+1dk+1 = —¢1,<+1(Qk+1 —Pkt1)
= = (Aky1 — Prr1) + (Y — Y1) (Qos1 — Prr1)
=~V (k1 — Pr) + Y (Pri1 — Pr) + (Y — Yri1) (i1 — Prtr)
< gi + euPidy + (P — Pri1)'drsr by the definition of gy, dj, and dj 4
< gk — exgr + ex (P — 1) (di — di) + (0 — r11)'deys by (BC.26)
=(1—en) g+ (V2 = VZi1) diyr + (1, — i) (dy — dip) (EC.38)

Now since VZ(-) is continuously differentiable, we have VZ,,1 =V Z, + ¢,V?Z(pi + 5k&k)fik for

some 6, between 0 and 1. Therefore (EC.38) is equal to

(1 - Glc)gk - ﬁka;VQZ(Pk + ékak)dk+1 + ek("j’k - ";bk)/(dk - ak)
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S (1 — ek)gk + GkKH(AlkH ||dk+1H + Ek(’(,Z'k - I[Jk)/(dk - ak) by Condition 8
< (1= ex)gn + e K || diys | + e K | di — il [ dia || + e (i — i)' (i — di)
by the triangle inequality
< (1—e)gs+ K L KLy — i 2+ en(ah — 1)’ (di — )
||l Yrl el
by using Assumption 4 with the fact that g, < v and hence ¥y, 9, € Na((p*)), and also
Assumption 5. The fact gr < v will be proved later by induction.

K KL, . ) o
< (1—e)gr + e ﬁgkgkﬁ-l + 6k?”’¢)k — Y|l grs1 + €x(Yr — i) (dy — dy) (EC.39)

by Assumption 6

Now under the event £°, and noting that e =a/k, (EC.39) implies that

(1_C aK aK LY ag
Jh+1 < ( - E) gk + arag IkGk1 + ok Ik + Ty

or

1 aK aK LY <(1_¢ ap
~ Gt )9 < (1) e s

We claim that |gx| = |, dx| <4MTm, which can be seen by writing

5 0) = B0 X)) = 30 B [0 "B 1 )
=Y Bplh(X)| X, = y}] - T'Ep[h(X)] (EC.40)

so that [¢}(p)| <2MT"* for any p and i. Using this and the fact that 1/(1 — ) <1+ 2z for any

0 <z <1/2, we have, for
4aKMTm oKLY <

1
— EC.41
212k + ctk 2 (EC.41)
we must have
2a K 2a K LY a ap
o< (14 Zo ) (1) o 58) (EC42)

Note that (EC.41) holds if

AKMTm KLY
k>2a +

212 cT
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which is Condition 1 in the theorem. Now (EC.42) can be written as

a 2aKLY 2a’Kp ao  2a°KLYo 2ad°KLY 20K a
g1 < (1——+ Ik - G (1—*>9;%
- k ctk 22kt kit cTk2ty cTk? 22k k
a 2aKLY 2a’Kp ao  20*°KLYp 2aK ay o
= <1 ET ctk 02721{2*7) Ik ko ekt c2r2k ( B E) Ik (EC.43)

We argue that under Condition 2, we must have g, <v for all k > ky. This can be seen by induction
using (EC.43). By our setting at the beginning of this proof we have g, < v. Suppose g, < v for

some k. We then have

Gias < (1 _a, 20K LY  2a*Ko > ao  2a*KLYo 2aK ( B g) 2

k crk A2k kit Tkt A2k k
P _1+2KL79+ 2aK o V+£+2aKL19@ 2K 1?
- k cr 22+ ki erkit 272
<v (EC.44)

by Condition 2. This concludes our claim.

Given that g, <wv for all k > ko, (EC.42) implies that

a 2K LY 20°KLY 2aKv a ao a’o (2Kv 2KLY
gn<(1-2(1- - o (1-9) )+ e+ +

k cT ctk? 212k k klty o k2 \ 272 cT
< a(, 2KLY 2Kv ao a’o (2Kv 2KLY
U k" er e gr+ ki + k2t \ c?7? + cT
C G
< <1 - k) 9+ (EC.45)
where
c—al1- 2K LY B 2Kv
cT 212
and

G = >
ap+ o

a’p <2K1/ 2KL19>

212 cT
Now note that Conditions 3 and 4 imply C' >0 and 1 — C/k > 0 respectively. By recursing the
relation (EC.45), we get

k k k
< IT (15 )+ X T1 (1-9) 55

Jj=ko Jj=koi=j+1
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k
—oxk_ 1/ ok i G
se e gk0+ze s ji+
j=ko

ko \° "L i+1\¢ G
< J -
_<k+1> %V+§:<k+1 7

Jj=ko

1 .
T f0<y<C

C C
< Fo +(1+ 1 G x 1 -
=\kt1) I ko GOk owe £v>C

log(k/(ko—1)) ; —
sl et ity=C

which gives (26). This concludes the proof.
Proof of Corollary 1 We use the notations in the proof of Theorem 5. Our analysis starts from
(EC.25), namely

2
~ €7 A P
Zi1 = Zy + epPdy + ;d;VQZ(pk + O erdy)dy,

for some 6, between 0 and 1. Using the fact that 1/J§C(Aik > ), dy by the definition of d;, we have

2
€% A P
Zs1 > Zp + ext0rdy, + Ekd;VQZ(pk + Orerdy)dy

2
€3 4, A
=2 — €rgr + Ekdkvzz(pk' + Orerdy)dy

Now, using (26), Condition 8 in Theorem 5 and ||d;||? <2, we have

= if0<y<C
A 2
i1 > Zy, — € fxel + B x (7_0)%;)7,%0 if v>C — K

los((k=1)/tho=1) i o — (7

(e ifo<y<C
aA a’K
=7, — ZirC aB x ('y—C)(kO—ll)‘/—CkH'C ifv>C ~ (EC.46)

log((k=1)/(ko=1)) i - —

k1+C

Now iterating (EC.46) from k to I, we have

1 -1 1 .
T > ik T if0<y<C .
aA 1
_ _ -1 . 2 7
Zy 2 Zy, Z jHc aB x (7_(;)(1%_1)7—0 Zj:k jl}—C if y>C a sz JE
j=

UL loa(=1)/ (ho=1)) ify=C

j=k J
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and letting | — oo, we get

©=) 2ok T ifo<y<C
. = aA - ] 5 =1
7> 7 - e~ 0B X\ e S ke i1 > C —a’K = (BC4T)
j=k j=k

oo log((j—1)/(kg—1 :
Zj:k og((J j1)+/(g 0—1)) ify=C

where the convergence to Z* is guaranteed by Theorem 4. Note that (EC.47) implies that

) @Cﬁﬁﬁﬁ if0<y<C -
7> 7, - h —aB XY —mameenme 7> C - Z— 1
W ity=C
] ) @ﬁﬁﬁjﬁ if0<y<C
> 7y — k-1 (k—1)° Fx (v—c)(ko—l)lv—CC(k—UC ify>0C
log((k=1)/(kg=1)) if y=C

C(k—1)¢

where D =a?K, E=aA/C and F =aB. This gives (28).
Proof of Lemma 2 Consider first a fixed a. When a(1 —w) > 1, (29) reduces to % A ﬁ

B—pa—(—2
2(8+1)

ﬁ is decreasing in (3, the maximizer of £=22==2 A _L_ occurs

Since 2(8+1) B+1

is increasing in 8 and

at the intersection of % and ﬁ, which is 8 = pa + ¢ + 4. The associated value of (29) is

1
pa+(¢+5°

When a(1 —w) <1, (29) reduces to a(ﬁtf LA B _2’(’;;5)_ 2. By a similar argument, the maximizer is

B=a(2—2w+ p)+(+2, with the value of (29) equal to ﬁm.

Thus, overall, given a, the optimal choice of § is = pa+ (+2+2((a(l —w)) A1), with the

value of (29) given by (a(1Zw))AL 7- When a(l—w) > 1, the value of (29) is

pati+3+2((a(l—w))AL which is

1
pa+C+5

a(l—w)

decreasing in a, whereas when a(l —w) <1, the value of (29) is ;75 =5

which is increasing

in a. Thus the maximum occurs when a(l —w) =1, or a = —-—. The associated value of (29) is

l-w’
-1
P/ (—w)7CT5"

REMARK EC.1. Suppose that Assumption 4 is replaced by letting

V(&) = V(&) < L& — &l
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hold for any &;,&; € RY. Then, in the proof of Theorem 5, the inequality (EC.34) can be replaced

by

< /C'VE‘('&R — T/’k)'(ak —dy)|

P(&) .

kY - ~
< Q\/E[Hzl;k —i||?]E]|ldr —dk||?] by the Cauchy-Schwarz inequality

v R
< LE[”’(/J;C —|’] by the relaxed Assumption 4
%
LM*TNK' ¢
< H(l —¢€;)" by following the derivation in (EC.30) and (EC.31)
ngé =1

Consequently, equation (EC.37) becomes
ko—1

_M?TN 1 L
[T-<) &b (zﬂ‘?(ﬁ —pa—1)(ko—1)5-1 " o(B—~—pa—1)(ko— 1)5“>

j=1

if Condition 6 is replaced by

B>v+pa+1

Correspondingly, Condition 7 needs to be replaced by

ko—1

 M?TN 1 L
L= (Wﬁ—pa— ko — D71 @(5—7—1)@-1)(%—1)‘3‘”‘1) N

j=1

The results in Theorem 5 and Corollary 1 then retain. Under these modified Conditions 6 and
7, discussion point 3(b) in Section 6.2 then gives 5=~ + pa+ 1+ ¢ for some ¢ >0 and v =
B8 — pa — ¢ — 1. In discussion point 4, the convergence rate in terms of replications becomes

1/W((a(1—w))/\(ﬁ—P0«—<_1)/\1)/(B+1) By male1Zlng

(al—w) A(B=pa—C—1)A1
B+1

(EC.48)

like in (29) by Lemma 2 (see Lemma EC.2 right after this remark), we get

1 P
= — = — 2
“TiZw b 1—w+<+
and the optimal value is
1
p/(1-w)+¢+3
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So, following the argument there, we choose ¥ and v, and hence w, to be small, and we choose p
to be close to 1. This gives rise to the approximate choice that a~1+w and S~ 3+ (+w. The
convergence rate is then O(W Y/ (#+¢+)) "Jeading to our claim in Section 6.2 that the complexity

can improve to O(1/e*T¢+) if Assumption 4 is relaxed.
LEmMA EC.2. The mazimizer of (EC.48) is given by

1 P
= —_— = —_— 2
R PP b 1—w+<+

and the optimal value is

1
p/(1—w)+(C+3

Proof of Lemma EC.2 Consider first a fixed a. When a(l — w) > 1, (EC.48) reduces to

B=pa—C=1 n 1 Gipee B=pa=¢—1
) A A Since )

1

is increasing in § and 75

is decreasing in 3, the maximizer of

B—pa—¢—1 1 ; ; B—pa—¢—1 1 ; ; —
51— N\ g7 occurs at the intersection of B and 1 which is 8 = pa 4+ ( + 2. The asso-

. . 1
ciated value of (EC.48) is ———r.

When a(1 —w) <1, (EC.48) reduces to “(ﬁl;lw LB *”ﬁ“;f*l. By a similar argument, the maximizer

is B=a(l—w+p)++1, with the value of (EC.48) equal to %.

Thus, overall, given a, the optimal choice of 5 is S =pa+(+ 1+ (a(l —w)) A1, with the value

of (EC.48) given by (a(l—w)Al When a(1 —w) > 1, the value of (EC.48) is

patC+2+(a(l—w))Al" which is

1
pa+C+3

a(l—w)

decreasing in a, whereas when a(l —w) <1, the value of (29) is [= "3

which is increasing

in a. Thus the maximum occurs when a(1 —w) =1, or a = 2-. The associated value of (EC.48) is

1
p/(1—w)+(+3"

EC.2. Additional Details of the Numerical Results
EC.2.1. Multi-start Initialization

The results in Section 7.1 are implemented with an initialization that assigns equal probabilities

to the support points. To test the procedure under different initializations, we repeat ten runs of
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the FWSA algorithm where the initial probability masses for the support points (held constant
for all runs) are sampled uniformly independently with appropriate normalization. Figure EC.1
provides a box-plot of the identified optima. The sample size for moment constraint generation is
N, =50 and the discretization support size is n = 30. The returned optimal solutions for each of
the minimization and maximization formulations all agree up to the first two digits (the box plot
shows the small spread of the max values, while the min values are very clustered and they appear
to all overlap at the same point). This indicates that the formulations have a unique global optimal
solution or similar local optimal solutions. Note that the bounds generated from this setting are

quite loose with a small V.

: +

0 5 10 15 20
Weighed Average Waiting Time

* max
* min

Figure EC.1 Returned optimal solutions from 10 runs on n = 30, M = 50, exponential for discretization

EC.2.2. Details of the Benchmark Steady-State Formulation in Section 7.2

We consider the depicted Z(p) in Section 7.2. As T grows, the average waiting time converges to
the corresponding steady-state value, which, when the traffic intensity p, = Ep[X;] is less than 1,

is given in closed form by the Pollaczek-Khinchine formula (Asmussen (2008)) as:

Zo(p) = PpEp[)zfl] +Varg(X,)

(1—pp)
So, when T is large, an approximation Z* to the worst-case performance estimate can be obtained
by replacing Z(p) with Z,,(p). (In experiments, a choice of T'= 500 seems to show close agree-
ment.) With E,[X1] =Y p,y; and Ey[X7] = 3" p;y7, the steady-state approximation to (32) is
given by (SS) below, which is equivalent to (SS’) via variable substitutions (see p.191 in Boyd

and Vandenberghe (2004)):
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min ijyj2 (SS)

>0y P j

min @ ————— (SS)
; 2(1_ijjyj) s.t Zw-lo Yi) < t
-L- 5108 tp =7

Y2 ; b,j
s.t. Jog [ —— | < J
) o 2) < .

2t -2 wyy; =1
>_pi=1 ’
J Zw]:t
J

0<p;<1, Vj=1,...,n

EC.2.3. Shape of the Obtained Optimal Distributions in Section 7.2

Continuing with the example in Section 7.2, Figure EC.2 shows the form of the optimal distributions
p* identified by the FWSA algorithm for the minimization (Figure EC.2a) and maximization
(Figure EC.2b) problems under (32). The optimal distributions follow a similar bimodal structure
as the baseline distribution p,. The maximization version assigns probability masses in an unequal
manner to the two modes in order to drive up both the mean and the variance of p, as (SS)
(in Appendix EC.2.2) leads us to expect, whereas the minimization version on the other hand
makes the mass allocation more equal in order to minimize the mean and the variance of p while

maintaining the maximum allowed KL divergence.
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Figure EC.2 Optimal solutions p* identified by the FWSA algorithm with n = 100 and n = 0.05, setting a =

1.5,8 =2.75. The gray bars represent the baseline p.m.f. py.





