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Notation and proofs
In this e-companion we present the notation used throughout this paper, and we complete the

proofs of some propositions.

EC.1. Notation

Sets
I set of demand nodes;
J: set of candidate facility locations (leader and competition);
Je: set of competition’s facilities;
Ji: set of leader’s candidate sites;

Jy C Ji: set of leader’s open facilities
J* C J: set of open facilities (leader and competitor).
Parameters
d;:  demand originating from node i € I;
t;;: travel time between nodes i € I and j € J;
a:  coefficient of the waiting time in the disutility formula;
coefficient of the balking probability in the disutility formula;
B: available budget (for opening new facilities and associated service rates);
¢y fixed cost associated with opening a new facility;
¢, cost per unit of service;
/i maximum service rate allowed by the budget;
p:  number of facilities to open.
Basic decision variables
y;: binary variable set to 1 if a facility is open at site 7, and to 0 otherwise;

p;: service rate at open facilities.
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Additional variables
x;;: arrival rate at at facility j € J originating from demand node i € I;
Aj: arrival rate at node j € J;
p;: utilization rate of facility j € J;
throughput rate (customers accessing service) at node j € J;

w;: mean queueing time at facility j.
EC.2. Proofs of Propositions 1, 2, 4, 5, 6, 7, 9, 10, 11 and Theorem 1

PROPOSITION 1. The waiting time w; s increasing in A;.

Proof. The derivative of w; with respect to A; (see Equation (10)) is

Ow; _ ow; Op; _ Jw; 1
OX;  Op; OX; Opspy

To show that dw;/0dp; is nonnegative for all p; # 1, let us consider

ow, 1| KZpK-1 1
| 5" >
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Basic algebraic manipulation yields
2 K—-1 K—1
1 K= p; ; K—-1)/2
52> d 5 = p?-ZKpg )/ (EC.1)

To prove that the right-hand inequality holds true, we consider two cases.

If K is odd:
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If K is even:

K-1  (K-2)/2 (K—2)/2
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It follows that w; is an increasing function of A;.
PROPOSITION 2. The probability of balking pk; is increasing in A;.

Proof. The derivative of pg; with respect to A; is

ML, K+1 K K+1
/ J
Pi; = J 5 [,\j — (K +1D)Np + Kp; ]
WK+ K+1
j i

= 0[xK+1 —(K+1)x+ K],
where o is a positive number and z = \;/pu;. By differentiating with respect to x, we find that the
right-hand-side achieves its minimum value 0 at x =1, which concludes the proof.

PROPOSITION 4. When K = oo, i.e., balking does not occur (in this case, the model admits a
solution only if the total service rate exceeds the total demand rate), the lower level objective function

18 convex jointly in A and .

Proof. 1f K = o0, the probability of balking can be removed from the objective, since it is equal

to 0. Moreover, w; =1/(u; — A;), and the lower level objective takes the form

1
Z Z [éxij h'l{l'z'j +xijtij:| — Z ln(,uj — )\])
el jex jeJ*
Basic algebra shows that its Hessian is positive semidefinite, hence the function is convex.

PROPOSITION 5. The integral of the waiting time, W;(\;, u;) is pseudoconver.

Proof. Let © = (A, ) and y = (A\y, ). Assume that VW (z)(y — ) > 0. Then we have:
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since w; is nonnegative. On the other hand, 0W;/0p = p;w; is nonnegative, we have that W; is
increasing in p, so p, > p, = W;(y) > W,(z). From Eq (EC.2) it follows that if VIV (z)(y —x) >0

then W;(y) > W;(x), hence W; is pseudoconvex.
PROPOSITION 6. G is strongly monotone in x of modulus 0 - dyrax.

Proof. Gilbert et al. (2015) have already argued that G| is strongly monotone. Indeed, the asso-
ciated Jacobian is a positive definite diagonal matrix over D, with the smallest possible eigenvalue

1/(0 - dyax). It follows that G is strongly monotone with modulus 6 - dyax.
PROPOSITION 7. (G5 is monotone in x.

Proof.

1 1
<G (ﬂ,l)_G(u,y),l—'>: —_
2 2 y ;]; ,uj—Zmu “j_zyz,j
ler el
Ky — Zyl,j — 1+ le’j
= Z lel el Z (25— 1)
JEJI* (/Lj — le’j> . <‘uj — Zym) i€l

lel lel

D (g —ws) Y (@ =)
— Z ler ler
jeg* (Mj B Zmla) ) <,uj _ Eyld)

lel lel

(@i —yij)

ProrosiTiON 9. If K =00 and there are no fized costs, the surrogate model is conved.

Proof.  According to Proposition 4, the objective is jointly convex in p and A. Moreover one
can, without loss of generality, open all facilities and hence dispense with the binary vector .

Notwithstanding, a facility can be closed by setting its service level to zero.

PROPOSITION 10. At the optimum of (PH*), if K = oo, queueing delays are equal for all leader’s

facilities.
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Proof. For fixed y variables, Equation (66) can be rewritten as
Z 1y < ﬂ? (ECB)
jEJT*
where pi is the maximum possible total service rate allowed by the budget. But K = oo, so
w;i(Aj, 1) =1/ (p; — Aj) and pg;(A;, ;) =0, which yields the mathematical program
% .
(PHY*) in Z D wgty—a Yy In(y - ('Z Zij))
ieljedJ” jeJ* 1€l

s.t. constraints (65), (68), (69), (EC.3)

Let 0;, m;; and v be the Lagrange multipliers associated with Equations (65), (69) and (EC.3),
respectively. Variables d; are free, while v and ;; are restricted to be nonnegative. The stationarity

conditions of the above program are:

oL
ij

oL )

azo = —ozwj()\j,y]-)+7:0, \V/] EJ*th (EC5)
J

and the conclusion follows from Equation (EC.5).
We observe, after plugging aw;(\;, ;) from Equation (EC.5) into Equation (EC.4) for a given
demand node 4, that only one flow x;; is nonzero, provided that transportation times to the leader’s

facilities are distinct.

PROPOSITION 11. There exists a value of & for which (PHY*(&*)) yields an optimal solution for
(P*).

Proof. Let y* and p* be optimal for (P*). Without loss of generality (there are no fixed costs)
we assume that all facilities are open. At equilibrium, let ¢ be the cost associated with demand
node i and optimal service rate p*. Let x*, w;(2*, i) and c; satisfy Equation (24) and (25). If x5
is positive, we have:

tiy +aw; (2", p7) =}, VjeJViel (EC.6)
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Let C'=max;er {c;} in the initial formulation. For j € J, we let & = ¢} —t;; — C' and select and
index 4 corresponding to a positive flow z7;. If no such i exists, then p; =0, otherwise the leader
would waste monetary resources. We then set §; = —C.

Now, let ;, m;; and 7 be the Lagrange multipliers associated with Equations (65), (69) and
(EC.3), respectively. Variables §; and v are free, while 7;; are restricted to be nonnegative. The

stationarity conditions of the program above take the form

oL

//LJ

oL .

WZO = —aw;(z, p) +v+& =0, Vje J;. (EC.8)
J

Note that the derivative of the Lagrangian with respect to z;; is left unchanged, i.e., Equa-
tion (EC.7) is equivalent to Equation (EC.4). If v = C, we derive from Equation (EC.8) that
aw;(z, p;) = cf —t;;, which is equivalent to Equation (EC.7). This completes the proof, since for

the given values of &, variables x and p match the optimal solution of (P*).

THEOREM 1. The error of the upper-level objective function is O(1/Ny+1/Ns), where Ni and Ny

are the number of samples for the linearization of g1 and gs, respectively.
Proof. Let G be an approximation of G. We denote by # the solution of IV(G(u,-), D), and
by x the solution of IV(G(u,-), D). Then the following inequalities hold:
<G(N7 1")7 z— ZE> >0
(G(p,7),2—7)>0

= (Gl 7) — Glpya),o —7) > 0 (BC9)
From the strong monotonicity of G and Eq. (EC.9) it follows that

(G(p,7) = G(p,7),0— ) > [l — 2. (EC.10)

0 dMAX

Applying the Cauchy-Schwarz inequality, we obtain

0 - dyiax - |G, ) = G, 7)|| > [|o — 7. (EC.11)
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It follows that

1f@) = f@ =Y Y (2 =2 [< V] [J][e— || (Cauchy-Schwarz inequality)
ieljelJ;

<V -] 0 duax - ||G(p. E) — G(p, )| (EC.12)

We perform two separate linear approximations on g; and g, respectively. Then the mappings
G4 (z) and Gy(x) are piecewise constant approximations, that we detail separately.

A. G, : Each component (i,5) of this vector is a piecewise constant approximation of log(z;),
satisfying:

i) there are NV; total samples on z;;, starting from 7y, to dyax;

ii) the sampling points are chosen so that the segments are vertically equidistant;

iii) the vertical positions of the segments are the slopes of the tangents to xlog(x), evaluated at
the sampling points.

Let A; be the difference between two consecutive slope values:

_ log(dMAX) - log(rmin)

A
! N, —1

Then |G‘1(i7j) — G| £ Ay, which yields:

_ _ log(d — log(Tmin I-|J
|G (z) — Gy ()] = ZZ|GW)—G1(M-)|2§( (yiax) lel DRVASLIE (EC.13)

i€l jeJ*

B. G, :is a mapping whose (1,7)-component is a constant piecewise approximation of 1/¢;, where
q; = — Z x;;. Similar to G, this linearization satisfies the following:
1el
i) there are Ny total samples, starting from ¢ to uyax;
ii) the sampling points are chosen so that the segments are vertically equidistant;

iii) the vertical positions of the segments are the slopes of the tangents —log(q) evaluated at the

sampling points.
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We note by A, the difference between two consecutive slope values:

1 1
Y pavax
Ay = 02
T ON,—1
Then |Gaijy — Gagijy| < Az, which yields
1 1
| - By
1Ga(z) = Ga(@)l| = [ D Galyg) — Galwg) [ < N (EC.14)
i€l jeJ* 2
From Eq. (EC.12) it follows that, given y and u:
1 1
_ (log(dMAX) — log(rmin)) E - HMAX 1 1
_ <0 -dy . ). )
7(@)~ FE) <0 duax 1] 1] ) ) | o LMK € O+ 1) (ECLS)

Theorem 1 has several implications.

e For a given set of open facilities, the absolute difference between the optimal and the approxi-
mated objective value is bounded by the right-hand-side of inequality (EC.15). For large values of
N; and N,, the two values are very close.

e If the optimal solution is unique in terms of the location vector y, and the absolute differ-
ence between the objective and other solutions objectives are lower than the right hand side of

inequality (EC.15), the approximation algorithm will find the optimum locations.

EC.3. Linearization of optimality conditions
EC.3.1. Complementarity constraints for Program (P2-lin)

Let i, d;, vy, m;", ", and ¢;; be the dual variables associated with constraints (47), (48), (49),
(50), (51) and (52), respectively. Then the complementarity constraints for program (P2-lin) can

be written as:

Vi <Z Tij — di) =0 Viel (EC.16)

je*
icl
vl (vij —afxy; —b}) =0 Viel; VjeJ*; YneN (EC.18)
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37 (= ag’ Ay — by py — i) =0 VjeJ; VreR; VpeP (EC.19)
;" (25— ap’ s = by — ¢7) =0 VjeJ' VreR; VpeP (EC.20)

and can be linearized in the standard fashion, through the introduction of binary variables and

big-M constants. For instance, the last constraint is replaced by the inequalities

Cbij <M Usj
xij S M(l — uij):
where wu;; € {0,1}. Although is possible to find a valid upper bound for the variable ¢,;, a large

value of M is required, which leads to a poor relaxation and consequently an ill-behaved branch-

and-bound algorithm.

EC.3.2. Equality between primal and dual objectives

Alternatively, constraints (EC.16) — (EC.21) can be replaced with constraint (EC.22), which repre-
sents the equality between between the primal and dual objective of (P2-lin). Then the optimality

constraints of (P2-lin) are

STwdi £33 Ty 33N (0 + 0 g+ P+ )

iel neN i€l jeJ r€ERpeEP jEJ
1
= ZZ [E’Uij —+ wijtij:| + ()(Z’LLJ‘ +IBE, (ECQ2)
i€l jeJ JjeJ JjeJ
Z.’I?ij == di7 Viel
jedJ
/\j = Z(EU, \V/] eJ
el
vy — afai; > by, VieI;)Vje J;VneN
uj —a" ;= by > et Vjie J:Vre R;Vpe P

zi—ap’ Ny = b >l VijeJ:VNre RyVpe P
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’y,+(5—2anyn<tw, Viel; VjedJ
neN

=0 =2 > (" +ailn”) =0, vjeJ

reER peP
Z’/ijzgv Viel; Vjeld
nenN
> D = vjeJ
TGRPEP
> D u"=5, vjeJ
reER peP
i, m;" >0, Vje J:Vre R;Ype P
25 >0, v >0, Vie I;Vje J;¥neN.

To obtain a MILP formulation, we linearize the nonlinear terms y;7;"” and p;7;" via the triangle
method described in D’Ambrosio et al. (2010). For each term ,u]7r ? we introduce 2(R—1)(P—1)

binary variables T and [ . associated with the upper and lower triangles, respectively, of the

jrrkq 2jrpkq

rectangle defined by the intervals [7”,7""1) and [u?, uP™!). Note that the values of 7 and 7 are
upper bounded by « and 3, respectively. Additionally, u is bounded by the maximum value allowed
by the leader’s budget, fi. Next, we introduce J; RP continuous variables sj,.,x, € [0,1] which will
be used to express the couple (TF;-W, {t;) as a convex combination of triangle vertices. We introduce

a similar linearization for the term Mﬂ? . The approximation of y;7;? and u]nj is then

R-1P-1

SN (Bt + L) =1 Vje JiVke RV e P (EC.23)

r=1 p=1

o .
SJTpkq —= lJTpkq + l]f’pkq + lﬂ’p 1kq + lar 1p—1kq + ljrflpflkq + LJT’ 1pkg>

Vje Ji;Vr € RyVpe P;Vke RyVqe P (EC.24)

P
DD ke =1, Vj € Ji;Vk € RiYg € P (EC.25)
r=1 p=1

R P
M=) k™ Vj € Ji;Vk € RiVg € P (EC.26)
r=1 p=1
.

Hi= D STl Vj € Ji:Vk € RiVg € P (EC.27)
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R P
e;—kq = Z Z Sgrpkqﬂriu*p7 v] S Jl,Vk € R,Vq S P
r=1 p=1
R—-1P-1
2.2 (erpkq+1?rpkq> =1, VjeJiVke RiVge P
r=1 p=1

Zn 7N

N 77 n n n
s <l + l irpkq + jrp—1kq +£jr—1p—1kq + ljr—lp—lk:q + ljr—lpk‘q’

jrpkq = "jrpkq T Zj

Vje Ji;Vre R;Vpe P;Vk e R;Vqe P

R P
Zzsyrpkq:]w VJEJl,VkGR,VQEP
r=1 p=1
R P
qu=zzsgrpkan7 Vje J;Vke R;Nqe P
r=1 p=1
R P
=35, Vj € Ji;Vk € R;Vg e P
r=1 p=1
R P
= St a1, VjeJ:Vk e R:Yge P
r=1 p=1

(EC.28)

(EC.29)

(EC.30)

(EC.31)

(EC.32)

(EC.33)

(EC.34)

The complete MILP formulation is presented below. It involves variables associated with the orig-

inal fixed point (or bilevel) formulation (y, i, ), together with variables issued from the lineariza-

tions and primal-dual optimality conditions.

(P-lin) max E €;
T,Ys AU, 0,2, i
27
677T7777V7ﬁ/75_7nl 7L b
Sﬂ-aeﬂ-ws"?l ’E?

50,1

> e+ e <B,

j€J1 jeJ1

B < 1Yj Vje

D0 D Oy b+ e ) + DY D vihy

reRpeP jelc neN iel jeJ
DD D (B, e, T Gtt) Y d,
reRpeP jeJy Ze I
1
:ZZ lié’l)ij‘i‘mijtij] +0[Z71;j+/822j,
i€l jeJ jeJ JjeJ
lej =d;, Viel

jeJ
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Aj =Z$ij,

n T

v;j — afxi; > by,
—a™PX; — by, > P
Uj —ag Aj bg Hj = Cy,
D D D
zj—a,'Nj—b, ;> ¢’

77+(5] — Za}ll/g- Sti]‘,

neN
s rp, TP P, TP\ _
d; E E (ay Tt a,n; )—O,
reR peP
v —1
ij 07
neN
TP __
DD =a
rcR peP
TP __
DD =5
reR peP

ViedJ

Vie;[Vje J;Vne N
VieJ;Vre R;Vpe P
VijeJ;Vre R;Vpe P

Viel, VjeJ

vjeJ

Viel; Vjeld

Vied

vieJ

constraints (EC.23) — (EC.34) and (53) — (58),

yj S {07 ]-}7 ijTr;pvn;p 2 07

x>0, VZ >0,

EC.3.3. Example of lower level linearization when K = o

VieJ;Vre R;Vpe P

Viel;VjeJ;VneN.

Recall that, according to Proposition 4, the function is convex if the buffer zone is infinite (no

balking). In that situation, the maximum of the linear approximations is consistent with the original

function, give or take the approximation error. Proceeding as before, we obtain

9" A p) = af A+ 0P+ f =

(67 [0

)\_
,Up—)\r ’up—)\"’

This yields the linearized lower level program

1
Z Z |:§’U¢j +Jf¢jtij:| + o Z Uj

iel jeJ* jeJx*

Z T =d;,

JjEJI*

p—oa(ln(p? — A7) —1). (EC.35)

(EC.36)

Viel (EC.37)
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/\J':Z-rijv VieJ”

el
vij — afry; > by, VieI;VjeJ:VneN
w; —a Ay — by > e, VjieJVNre R;Vpe P
z;; > 0, VieI;Vje J".

EC.3.4. Taxonomy

(EC.38)

(EC.39)
(EC.40)

(EC.41)

This section provides a taxonomy of the models most relevant to our research, with respect to four

features: (i) user choice environment (yes or no), (ii) stochastic (or not), (iii) inclusion of congestion

(or not) at facilities, (iv) inclusion (or not) of competition. The relevant information is displayed

in Table EC.1.
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Authors user choice stochastic congestion competition
Abouee-Mehrizi et al. (2011) X X X

Averbakh et al. (2007) X

Berman and Drezner (2006) X X
Camacho-Vallejo et al. (2014) X

Castillo et al. (2009) X X

Desrochers et al. (1995) X

Kim (2013) x

Kiigtikaydin et al. (2011) X X X
Labbé and Hakimi (1991) X
Marianov and Serra (2001) X

Marianov (2003) X X

Marianov et al. (2008) X X X X
Marié et al. (2012) X

Rahmati et al. (2014) X X

Vidyarthi and Jayaswal (2014) X X

Zhang et al. (2010) X X

Table EC.1 Taxonomy of congested facility location models



