Electronic Companion to Input-Output Uncertainty
Comparisons
for Discrete Optimization via Simulation

EC.1. Proof of Proposition 2

In this appendix, we include the proof of Proposition 2 in Section 5.1.

PROPOSITION 2. For all i # ¢, the optimal objective function value of

min (Bi —ﬂe)T(g_ 0°)
subject to (B; — B;)TVi_l(Bi —B)= X{k—1)p.a1y s (EC.1)
m(6—08°)TE71(0°)(8 - 0°) =x2,., (EC.2)

is the same as the optimal objective function value of P;y.

P’I“OOf. Let Bv* = {(ﬁz* - ﬁf)Ta(ﬁ:_ﬁg)Tvv( :—1_/81()1—’( ;+1_BI)TM”’(5;_BI:)T}T and

* is an interior

(8 — 6°)* be a feasible solution of P;,.. By means of contradiction, suppose (8 — 8°)
point of the hyper-ellipsoid defined by (15) in the paper, which satisfies (15) with strict inequality.
Then there exists scalar 6 > 0 such that (6 —0°)* = 6(Br — ;) satisfies (14) at equality and its
objective function value is (8 — ;)T (0 — 0°)* —8(8; — B:) T (B — B¢) < (B — B;) T (6 — 0°)*. Hence,
the new feasible solution, B} and (@ -0 = (0 —0°)" — d(Br — B;), has an objective function value
no greater than that of (Bi*, (6 - GC)*>. We can show that a similar result holds when B} satis-
fies (14) with strict inequality. Therefore, for any interior point of P, there exists a point on the

boundary of the feasible region whose objective function value is no worse than the interior point.

Hence, P;, and the problem in Proposition 2 have the same optimal objective function value. [

EC.2. Random Search Algorithm

This appendix presents the random search algorithm briefly introduced in Section 5.1 to approxi-
mate the optimal solution to problem P;,, i # £ and establishes its exponential convergence to the

optimal solution.

ecl
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Random Search Algorithm
1. Sample L values of 6 — 0° that satisfy m(8 — 0°)TS~1(0)(8 — 0°) = Xoogs
2. Forall1<i<kandi</?¢<k:

(a) For each sampled 0 0°, compute

~ o~ ~ ~ N ~ 1/2
(Bi= BT (8 = 0°) = (X -1y (B = 0) TTi(t,0)8,,(0 -0 ) . (EC:3)

(b) Set L, to the smallest among the L values obtained from Step 2(a), and set w!,’ =

(c) Set wl =w}).

_lié-

If we assume sphericity of the simulation error variance-covariance matrix, (EC.3) becomes
(B~ B)7(6 -0 =7 (21100, (6878, (6 -09)

In Step 1, we need to sample from the surface of a p-dimensional hyper-ellipsoid defined by
m(@ - GC)TZ”(@)(é —0°) =X} ,,,- A uniform sample on the surface of the hyper-ellipsoid lets us
search the surface evenly in the algorithm. Sun and Farooq (2002) provide an algorithm to sample
random points uniformly distributed within a hyper-ellipsoid. They first obtain a uniform sample
within a unit hyper-sphere by sampling each spherical coordinate from a uniform distribution. The
spherical coordinates of a p-dimensional point consist of one radial coordinate and p — 1 angular
coordinates. Since the radial coordinate determines the distance to the point from the origin of
the hyper-sphere, it is sampled from Uniform(0,1). The sampled points within the unit hyper-
sphere are then linearly transformed to generate a uniform sample in the target hyper-ellipsoid.
Instead of sampling the radial coordinate of each point, we simply set it to 1 so that we obtain

a sample of {Z € R?: Z"TZ = 1} that is uniformly distributed on the surface of the p-dimensional
unit hypersphere. For Step 1, Z is transformed to

8- 0°=/x2.,/mE"*(8)Z (EC.4)

to generate points on the hyperellipsoid, where X!/ 2(6) is a symmetric positive definite matrix
such that 2(8) = £/2(9)21/2(0). Due to the transformation, the resulting sample is no longer
uniformly distributed on the hyperellipsoidal surface in general.

The following theorem assesses the quality of the solution obtained from the Random Search
Algorithm; it provides the probability of finding a solution within e-optimality gap given sam-
ple size L. For the statement of the theorem, we define function ¢(Z) = (BZ - BZ)T(é -0 —
(ngfl)p’anxgmz SU2(0) V,(4,£) £V/2() Z/m) v by plugging (EC.4) into (16). Notice that g(Z)
is continuously differentiable on its domain, {Z:Z"Z = 1}, and therefore is Lipschitz continouous.
Note that 0 < I.2/,21_2/4,2) ("5%,4) <1 in Theorem EC.1. Therefore, the probability of finding
(6 — 0°) that produces e-level optimality gap via the Random Search Algorithm converges to 1

exponentially in L.
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THEOREM EC.1. Let z* be a point on the surface of the p-dimensional unit hypersphere such that

A/ Xy, /T %1/2(0)z* is an optimal (8 — 0°) of Py and define reqularized incomplete beta function
I.(a,b) as
Syt (1=t tdt

I.(a,b)= ,
(e?) [ ta=1(1 —t)e-1dt

0<z<1.

Let k the Lipschitz constant of g(Z). Given 0 < e < k and size-L uniform sample, Zy,Z,,...,Zy,

from the surface of the unit hypersphere

1 -1 1\\"
Pr(31<) < L:lo(2) ~g(a)| £ 2 1= (1= lajen-ane (5 03)) - (ECH
Proof. Let d=e¢/k. Then, by the Lipschitz continuity of g(Z)

Pr{31<j<L:|g(Z;)—g(z")| <e} >Pr{31<j < L:k||Z; —z"|| <€}

=Pr{I<j<L:||Z;—2*|| <d}.

Hence, it suffices to show that Pr{31 <j < L,||Z; — z*|| < d} equals the right-hand-side of (EC.5).

Define A* ={Z:||Z — z*|| <d,Z"Z = 1}. In words, A* is a locus of points whose Euclidean
distances to Z are less than § on the surface of the unit hypersphere. Sidiropoulos (2014) shows
that A* is a hypershperical cap of radius dyv/1 — d? on the unit hypersphere. A hyperspherical cap
is defined as the portion of a hypersphere that is cut by a hyperplane. Note that the intersection of
the hypersphere and the hyperplane is a (p — 1)-dimensional hypersphere and we define its radius as
the radius of the hyperspherical cap. By definition, a hyperplane may generate two hyperspherical
caps; A* is the smaller hyperspherical cap that includes z*. Sidiropoulos (2014) proves that the
angle between z* and all points on the boundary of hyperspherical cap A* is ¢ = cos™ (1 — d?/2)

for A*. Since our size L sample, Z,Z,...,Z, is uniformly distributed on the surface of the unit
hypersphere,
Pr{dl<j<L:ZcA}=1—(1 (Surface area of A*) k (EC.6)
r v/ =1- - : ’
== ! (Surface area of the unit hypersphere)
Li (2011) shows the ratio of the surface areas of A* and the unit hypersphere is
1 n—11
=1 — = . EC.7
2 sin? ¢ ( 2 ’ 2> ( )

By the Pythagorean theorem sin®¢ =1 — (1 — d?/2)? = d?(1 — d?/4). Therefore, combining (EC.6)
and (EC.7), (EC.5) follows. [
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EC.3. Multidimensional Quantile Estimation

In this section, we introduce an estimation procedure for a multidimensional quantile, which we
use to find w Vz # {, in the all-in procedure and find wl(l} ), w;, ,Vz # £, in the plug-in procedure.
The following description is for computing w! it ,Vz # ¢, for the plug-in procedure, however, it easily
generalizes to finding wié ,Vz £ { in both procedures.

For the plug-in procedure, we approximate the joint distribution of the CID effects by plugging
in the estimates 31, Ba, ..., By and 2(6) into (7). Using this plug-in distribution, for each i we can
find wgl}),ﬁ # 1 that satisfy (13) given 1 — «;. For instance, if i = 1, the plug-in estimator of the

joint distribution of {(51 —Bo)T(—0°), (81— B5)T(0—0°,...,(Br—B)T (O — eC)} is

(B — &Nz'( 0)(B1— ) (Br — ﬁk)Tzk 0) (6, — 33>---(&—@)Tz'(é)(&—@)
(EC.8)

Therefore, finding w'}),¢ # 1, is the same as finding (k — 1)-dimensional o; quantile of (EC.8).
Since this problem has (k — 2) degrees of freedom, many choices are possible for the quantile. One

approach is to reduce it to a one-dimensional problem to find wgl) such that

Pr{(B:— B)T(0—0°) > —w" Vi £i} >1—q (EC.9)

for each i. Namely, d} )= w" for all £+ i. However, this method tends to make the quantile

estimate too conservative as k increases. In particular, if for some system ¢, ]BZ — By\ is large
and \31 — B\g‘ for all £ #i,¢ are small, then w!” in (EC.9) becomes large. This hurts the IOU
comparisons, since it becomes more difficult to separate the best system from the rest. Ideally, we
would like to rule out an inferior system easily if the CID affects an inferior system and the best
system similarly. As an alternative to (EC.9), we propose the following Monte Carlo estimation

algorithm to find an a quantile of D-dimensional multivariate distribution.

Multidimensional Quantile Estimation
1. Choose sample size @) for quantile estimation of D-dimensional random variable Z.
2. For each dimension d =1,2,...,D, set ¢*(§) to the d-level quantile of the marginal distribution
of Z?, where Z¢ represents the dth coordinate of Z.
3. Sample Zy,Z,,...,Zg.
4. Find ¢*=inf{¢>1: 3% [T}, 1{Z¢ <¢q"(6)} > Q5}.
Let (6) = C* (¢'(6), (8), .., a”(6)).
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Figure EC.1  An example of the suggested Monte Carlo quantile estimation method for a two-dimensional case

for oy =0.025.

When we apply this algorithm to obtain the a; quantile of (EC.8), it may be infeasible in Step 3 to

sample () random variates from (EC.8) since the variance-covariance matrix can be singular. In such

a case, we can sample @ (6 — 0°) variates and convert them to Zq,Z,,...,Zq using 31,32, .. ,B\k.
Figure EC.1 compares two-dimensional quantiles estimated from the two methods discussed

above. A total of Q = 1,000 points were generated from N (0, [g ?l) which can be regarded as

distribution (EC.8) when k=3,7; = (81 — )T (0 — 8°) and Z, = (B — B33) " (0 — 8°). Notice that
|31 — B3| < |ﬂ1 52\ i.e., system 1 and 3 are affected similarly by the CID. Given a = 0.025, w(l)
satisfying (EC.9) is —4.59 and (w'}), w!})) = (=5.05, —2.21). If we use w'" = —4.59, Z, coordinate
of all 1,000 points are far above —4.59, which shows that w; (M) is too conservative for system 3. On
the other hand, the proposed quantile estimation algorithm provides a tighter interval width for

system 3.

EC.4. Numerical Results for the (s,5) Inventory Problem

Table EC.1 and EC.2 are the detailed results of all-in and plug-in IOU-C and MCB procedures
applied to the (s,.S) inventory problem in Section 7.

Figure EC.2 and EC.3 show the results of the all-in and plug-in IOU-C as well as the conditional
MCB procedure when we assume the simulation error variance-covariance matrix has sphericity
and exploit it while all other settings are identical to those of experiments in Section 7. Overall,
all three procedures are more conservative under the sphericity assumption; they include more
solutions in &y and have higher simultaneous coverage probabilities. Detailed results for when

m =100 and 400 are presented in Table EC.3 and EC.4, respectively.
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Table EC.1 Lower and upper confidence bounds, and the number of times each interval contains 0 for 23
systems in Table 1 when m = 100,n =100, B =159, and L = 1,000 from 1,000 runs of all-in IOU-C, plug-in IOU-C,

and conditional MCB procedures. Standard errors are in parentheses.

7:(8°) All-in IOU-C Plug-in IOU-C Conditional MCB
! T IRaxe (69) LB UB Including LB UB Including LB UB Including
0 0 0

1 0.21| —62.78 45.45 1,000 —1.93 8.16 1,000 | —0.66 0.93 581
(0.31)  (0.34) (0.05)  (0.07) (0.03)  (0.04)

2 —0.21| —-48.72 22.39 1,000 —8.16 1.93 822 —-0.93 0.66 448
(0.33)  (0.10) (0.07)  (0.05) (0.04)  (0.03)

3 —6.98| —53.09 9.20 993 | —14.92 0 0 —7.72 0 0
(0.33)  (0.12) (0) (0) (0) (0)

4 —18.64| —62.64 9.40 982 | —26.58 0 0] —19.39 0 0
(0.24)  (0.13) (0.04) (0) (0.05) (0)

5 —34.47 | —101.82 9.31 891 | —42.34 0 0| —35.21 0 0
(0.17)  (0.20) (0.06) (0) (0.09) (0)

6 —15.76 | —73.33 1.42 267 | —23.62 0 0| —16.43 0 0
(0.25) (0.11) (0.07) (0) (0.04) (0)

7 —23.98 | —T77.77 0.28 80| —31.83 0 0] —24.63 0 0
(0.25)  (0.04) (0.06) (0) (0.04) (0)

8 —36.51| —85.50 0.08 26| —44.38 0 0| —37.19 0 0
(0.24)  (0.02) (0.05) (0) (0.06) (0)

9 —52.46 | —116.70 0.04 15| —60.35 0 0| —b3.18 0 0
(0.22)  (0.01) (0.06) (0) (0.09) (0)

10 —73.37| —171.50 0.52 119| —81.24 0 0| —74.12 0 0
(0.26)  (0.06) (0.10) (0) (0.14) (0)

11 —34.10 | —126.34 9.87 910 | —42.01 0 0] —34.83 0 0
(0.49) (0.21) (0.09) (0) (0.07) (0)

12 —43.66 | —136.13 1.70 461 | —51.63 0 0| —44.45 0 0
(0.50)  (0.09) (0.09) (0) (0.08) (0)

13 —57.51 | —146.38 0.17 47| —65.47 0 0| —5b8.29 0 0
(0.49) (0.04) (0.09) (0) (0.10) (0)

14 —74.62 | —159.32 0.08 16 | —82.60 0 0| —75.42 0 0
(0.44)  (0.03) (0.10) (0) (0.12) (0)

15 —96.18 | —188.60 0.00 2| —104.12 0 0] —96.94 0 0
(0.32)  (0.00) (0.12) (0) (0.15) (0)

16 —120.04 | —244.50 0.03 10 | —127.97 0 0|—120.84 0 0
(0.34) (0.01) (0.16) (0) (0.19) (0)

17 —58.39 | —173.93 3.39 451 | —66.26 0 0] —59.06 0 0
(0.37)  (0.18) (0.11) (0) (0.10) (0)

18 —69.84 | —175.19 0.06 24| —77.63 0 0| —70.46 0 0
(0.34)  (0.02) (0.10) (0) (0.10) (0)

19 —85.11 | —184.46 0 21 —92.90 0 0] —85.72 0 0
(0.37) (0) (0.10) (0) (0.11) (0)

20 —103.66 | —193.62 0 1| —-111.45 0 0|—104.29 0 0
(0.37) (0) (0.11) (0) (0.12) (0)

21 —126.04 | —217.91 0 0] —133.96 0 0|—126.79 0 0
(0.34) (0) (0.12) (0) (0.15) (0)

22 —150.96 | —265.31 0 0| —158.80 0 0| —151.64 0 0
(0.42) (0) (0.15) (0) (0.18) (0)

23 —180.24 | —334.13 0 0| —188.09 0 0| —180.99 0 0
(0.48) (0) (0.20) (0) (0.23) (0)
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ec’?

Table EC.2
systems in Table 1 when m = 400,n =100, B =729, and L = 1,000 from 1,000 runs of all-in IOU-C, plug-in IOU-C,

Lower and upper confidence bounds, and the number of times each interval contains 0 for 23

and conditional MCB procedures. Standard errors are in parentheses.

(Q° -in - ug-in - onditiona

7:(0°) All-in IOU-C Pl 10U-C Cond 1 MCB

i | _ma c . . .

I%jfm(e ) LB UB Inch(l)dmg LB UB Inch(l)dmg LB UB Inch(l)dmg

1 0.21| —23.57 24.02 1,000 —0.95 4.17 1,000 —0.29 0.56 663
(0.07)  (0.10) (0.02)  (0.03) (0.01)  (0.02)

2 —0.21| —24.02 15.05 1,000 —4.17 0.95 837 —0.56 0.29 429
(0.10)  (0.02) (0.03)  (0.02) (0.02)  (0.01)

3 —6.98 | —30.50 1.56 957 | —10.92 0 0 —7.34 0 0
(0.09)  (0.03) 0.02)  (0) 0.02) (0

4 —18.64 | —40.42 0.23 317| —22.60 0 0| —19.01 0 0
(0.06)  (0.01) 0.02)  (0) 0.03)  (0)

5 —34.47| —68.56 0 0] —38.39 0 0] —34.82 0 0
0.04)  (0) 0.04)  (0) 0.05)  (0)

6 —15.76 | —44.67 0 0] —19.69 0 0] —16.12 0 0
(0.06) (0) (0.03) (0) (0.02) (0)

7 —23.98 | —51.16 0 0] —27.90 0 0] —24.31 0 0
(0.06) (0) (0.03) (0) (0.02) (0)

8 —36.51 | —60.50 0 0] —40.45 0 0] —36.87 0 0
(0.06) (0) (0.03) (0) (0.03) (0)

9 —52.46 | —84.79 0 0] —56.44 0 0] —52.86 0 0
0.04)  (0) 0.04)  (0) 0.04)  (0)

10 —73.37| —122.86 0 0] —77.36 0 0| —73.77 0 0
(0.06) (0) (0.06) (0) (0.07) (0)

11 —34.10| —80.54 0 0| —38.00 0 0| —34.44 0 0
(0.14) (0) (0.04) (0) (0.04) (0)

12 —43.66 | —90.70 0 0| —47.59 0 0] —44.03 0 0
(0.15) (0) (0.04) (0) (0.04) (0)

13 —57.51 | —103.07 0 0] —61.46 0 0] —57.89 0 0
(0.14) (0) (0.05) (0) (0.05) (0)

14 —74.62 | —-117.41 0 0] —78.61 0 0] —75.04 0 0
0.13)  (0) 0.05)  (0) 0.06)  (0)

15 —96.18 | —142.13 0 0| —100.17 0 0| —96.59 0 0
(0.04) (0) (0.07) (0) (0.07) (0)

16 —120.04 | —182.79 0 0] —124.07 0 0]—120.49 0 0
(0.05) (0) (0.09) (0) (0.09) (0)

17 —58.39 | —116.94 0 0] —62.28 0 0] —58.73 0 0
(0.09) (0) (0.06) (0) (0.05) (0)

18 —69.84 | —122.57 0 0| —73.77 0 0] —70.21 0 0
0.07)  (0) 0.05)  (0) 0.05)  (0)

19 —85.11 | —135.03 0 0| —88.99 0 0| —85.43 0 0
(0.09) (0) (0.05) (0) (0.05) (0)

20 —103.66 | —148.82 0 0| —107.56 0 0] —103.99 0 0
(0.09) (0) (0.06) (0) (0.06) (0)

21 —126.04 | —171.26 0 0] —130.09 0 0] —126.50 0 0
(0.05) (0) (0.07) (0) (0.07) (0)

22 —150.96 | —208.40 0 0] —154.96 0 0| —151.37 0 0
0.05)  (0) 0.08)  (0) 0.09)  (0)

23 —180.24 | —257.63 0 0] —184.29 0 0| —180.68 0 0
(0.07) (0) (0.10) (0) (0.11) (0)
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Figure EC.2: Simultaneous coverage probability and Pr{i € Sy} for each ¢ when m = 100 from 1,000 runs of all-in IOU-C, plug-in IOU-C,
and conditional MCB procedures under the sphericity assumption.
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Figure EC.3: Simultaneous coverage probability and Pr{i € Sy} for each ¢ when m =400 from 1,000 runs of all-in IOU-C, plug-in IOU-C,
and conditional MCB procedures under the sphericity assumption.
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Table EC.3 Results under the sphericity assumption. Lower and upper confidence bounds, and the number of
times each interval contains 0 for 23 systems in Table 1 when m = 100,n = 100, B = 159, and L = 1,000 from 1,000
runs of all-in IOU-C, plug-in IOU-C, and conditional MCB procedures when sphericity of the simulation error

variance-covariance matrix is assumed. Standard errors are in parentheses.

7:(8°) All-in IOU-C Plug-in IOU-C Conditional MCB

" mmaxm(@9)] MCB  MCB  Including| MCB  MCB Including] MCB  MCB  Including
LB UB 0 LB UB 0 LB UB 0

1 021| —83.81 60.06 1000] —222  8.39 999 —0.81  0.95 617
(0.19)  (0.31) (0.06)  (0.07) (0.04)  (0.04)

2 —0.21| —63.59  32.20 1000 -839  2.22 848 —0.95  0.81 548
(0.27)  (0.06) (0.07)  (0.06) (0.04)  (0.04)

3 —6.98| —66.68 19.04 1000 | —15.16 0 0| —7.90 0 0
(0.27)  (0.09) 0.05)  (0) 0.03)  (0)

4 —18.64| —75.19  20.52 1000 | —26.83 0 0| —19.64 0 0
(0.18)  (0.11) 0.04)  (0) 0.05)  (0)

5 —34.47 | —119.06 2231 997 | —42.66 0 0| —35.57 0 0
(0.12)  (0.22) 0.06)  (0) 0.09)  (0)

6 ~15.76| —88.58  5.97 843 | —23.86 0 0| —16.57 0 0
(0.16)  (0.18) 0.07)  (0) 0.04)  (0)

7 —2398| —92.62  2.63 566 | —32.08 0 0| —24.83 0 0
0.17)  (0.12) 0.05)  (0) 0.04)  (0)

8 —36.51| —98.57  0.88 252 | —44.62 0 0| —37.44 0 0
(0.15)  (0.07) 0.04)  (0) 0.06)  (0)

9 —52.46 | —133.33  0.87 283 | —60.60 0 0| —53.49 0 0
(0.17)  (0.06) 0.06)  (0) 0.09)  (0)

10 —73.37|—193.45  5.03 712| —81.53 0 0| —74.54 0 0
(0.23)  (0.17) 0.10)  (0) 0.13)  (0)

11 —34.10 | —146.82  23.83 1000 | —42.24 0 0| —34.92 0 0
(0.46)  (0.18) 0.09)  (0) 0.07)  (0)

12 —43.66 | —156.67  11.82 996 | —51.84 0 0| —44.57 0 0
(0.46)  (0.12) 0.08)  (0) 0.08)  (0)

13 —57.51| —166.55  3.79 652 | —65.69 0 0| —58.46 0 0
(0.44)  (0.14) 0.08)  (0) 0.09)  (0)

14 —74.62| —177.95  0.90 206 | —82.80 0 0| —75.64 0 0
(0.37)  (0.07) 0.09)  (0) 0.11)  (0)

15 —96.18 | —208.77  0.43 100 | —104.31 0 0| —97.23 0 0
(0.23)  (0.06) 012)  (0) 0.14)  (0)

16|  —120.04|-27045  0.75 161 | —128.20 0 0|-121.23 0 0
(0.30)  (0.07) 0.15)  (0) 0.18)  (0)

17 —58.39 | —196.81  9.88 794| —66.46 0 0| —59.10 0 0
(0.24)  (0.27) (0.11)  (0) 0.10)  (0)

18 —69.84| —197.81  1.06 188 | —77.85 0 0| —70.56 0 0
(0.20)  (0.09) 0.09)  (0) 0.09)  (0)

19 —85.11| —206.25  0.07 29| —93.09 0 0| —85.87 0 0
(0.22)  (0.02) 0.10)  (0) 0.10)  (0)

20|  —103.66| —213.43  0.00 1] -111.65 0 0|-104.48 0 0
(0.25)  (0.00) 0.10)  (0) 012)  (0)

21|  —126.04 | —237.56 0 0|-134.14 0 0| —127.05 0 0
029  (0) 012)  (0) 0.14)  (0)

22| —150.96 | —289.63 0 0|—158.98 0 0|—151.99 0 0
0.37)  (0) (0.14)  (0) 017)  (0)

23|  —180.24|-364.70  0.02 7| —188.31 0 0|—181.46 0 0
(0.44)  (0.01) 0.19)  (0) 0.22)  (0)
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Table EC.4 Results under the sphericity assumption. Lower and upper confidence bounds, and the number of
times each interval contains 0 for 23 systems in Table 1 when m = 400,n =100, B =729, and L = 1,000 from 1,000
runs of all-in IOU-C, plug-in IOU-C, and conditional MCB procedures. Standard errors are in parentheses.

7:(8°) All-in IOU-C Plug-in IOU-C Conditional MCB

©|-maxn(0°)| MCB  MCB Including| MCB MCB Including| MCB MCB  Including
LB  UB 0 LB  UB 0 LB  UB 0

1 021 —27.43 28.01 1000| —1.18  4.56 1000] —044 072 734
(0.08)  (0.11) (0.03)  (0.03) (0.02)  (0.02)

2 —0.21| —28.01 16.81 1000 —4.56  1.18 882 —0.72 044 575
(0.11)  (0.02) (0.03)  (0.03) (0.02)  (0.02)

3 —6.98| —34.40  3.37 1000 | —11.28 0 0| —7.58  0.00 0
(0.10)  (0.03) (0.02) (0) (0.02) (0)

4 _18.64| —4412  1.75 912 | —22.90 0 0| —19.22 0 0
(0.07)  (0.04) (0.02) (0) (0.03) (0)

5 —34.47| —73.83 0 5| —38.66 0 0| —35.03 0 0
(0.04) (0) (0.04) (0) (0.05) (0)

6 —15.76 | —49.37 0 0] —20.08 0 0| —16.35 0 0
(0.07) (0) (0.03) (0) (0.02) (0)

7 —23.98| —55.56 0 0| —28.25 0 0] —24.54 0 0
(0.07) (0) (0.03) (0) (0.02) (0)

8 —36.51| —64.43 0 0] —40.74 0 0| —37.06 0 0
(0.07) (0) (0.03) (0) (0.03) (0)

9 —52.46 | —89.84 0 0| —56.66 0 0] —53.02 0 0
(0.04) (0) (0.04) (0) (0.05) (0)

10 —73.37 | —130.27 0 0| —77.50 0 0| —73.91 0 0
(0.06) (0) (0.06) (0) (0.07) (0)

11 ~34.10| —87.83 0 0| —38.38 0 0| —34.62 0 0
(0.17) (0) (0.04) (0) (0.04) (0)

12 ~43.66| —97.94 0 0| —47.93 0 0] —44.19 0 0
(0.17) (0) (0.05) (0) (0.04) (0)

13 —57.51 | —110.08 0 0| —61.74 0 0| —58.02 0 0
(0.16) (0) (0.05) (0) (0.05) (0)

14 7462 | —123.95 0 0| —78.83 0 0| —75.13 0 0
(0.15) (0) (0.05) (0) (0.06) (0)

15 —96.18 | —149.09 0 0| -100.30 0 0| —96.64 0 0
(0.05) (0) (0.07) (0) (0.07) (0)

16|  —120.04 | —192.06 0 0] -124.12 0 0] -120.52 0 0
(0.06) (0) (0.08) (0) (0.10) (0)

17 —58.39 | —125.70 0 0| —62.65 0 0| —58.86 0 0
(0.10) (0) (0.06) (0) (0.05) (0)

18 —69.84 | —130.48 0 0| —74.08 0 0| —70.32 0 0
(0.08) (0) (0.05) (0) (0.05) (0)

19 ~85.11 | —142.52 0 0| —89.25 0 0| —85.52 0 0
(0.09) (0) (0.05) (0) (0.05) (0)

20|  —103.66 | —155.71 0 0| -107.76 0 0| —104.06 0 0
(0.10) (0) (0.06) (0) (0.06) (0)

21|  —126.04| —178.19 0 0| —130.20 0 0| —126.54 0 0
(0.06) (0) (0.07) (0) (0.07) (0)

22|  —150.96 | —216.94 0 0] —154.99 0 0|-151.37 0 0
(0.07) (0) (0.08) (0) (0.09) (0)

23|  —180.24 | —268.93 0 0] -184.21 0 0| —180.66 0 0
(0.08) (0) (0.10) (0) (0.12) (0)
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EC.5. Proof of Asymptotic Validity of All-in and Plug-in IQU-C

In this appendix, we provide essential lemmas to prove the asymptotic validity of all-in and plug-in
IOU-C procedures. To indicate the dependence of 0 on the real-world sample size m explicitly, we

~ ~ . o ~(b) ~(b)
use 0,, to represent © given m real-world observations. Similarly, 8, " represents © = sampled from

N(0m, 2(0.)/m). We use A2 to represent a square root of matrix A, ie., A= AY2AY2. Koeber
and Schiifer (2006) show that if A is positive definite, then there exists a unique A'/2, which is
also positive definite. We use this result in the proofs that follow.

We start by showing that estimator Bi in Section 5.1 is consistent and asymptotically normally

distributed as m — oo in Proposition 3. We first prove auxiliary lemmas, Lemma 1-4 to support

Proposition 3.

LEMMA 1. Define p;(0) = Corr(g;(0),£,(0)|0). As m — oo,

~(b o~
(a) E[0?(8.))[8,,] 22 02(0°),
RO ONEPNONC . . .
(1) Blos(8.)00(00 )pre(05 )[Bon] 225 0,(0)(0) i (0°),
~(b) ~(b)

Vma?(8,,)(8,, —6,,)]6,.] =20,
0 a® =)~ ) s e o c
0%(8,,)(8,, —0,,)(8,, —8,,)7]8,,] 2= 0?(8°)2(8°),

—~ —~ (b))~
' 8,.),:(0)(8,,) 2 0,

Proof. We first show (d) as (a)—(c) can be shown similarly.
Define € = {w|lim,, /G\m(w) = Gc,limm%mZ(é\m(w)) = 3(0°)}. From Assumption 1(ii),
Pr{€} =1. Let w e £. We would like to show that

lim B [mo?(8,, ())(8,, ()~ 0,,()(0,, (@)~ 8,(w)[0,(w)] =02(0%)5(0).  (BC.10)

m— 00

—~ (b —~ —~
Note that, given w, 6,,(w) is no longer random, however, Bfn) (w)~N <9m(w), Z(Gm(w))/m) Since

A(B) A0 A Al A~ ~
E[ma-z(ein))(efn) - Gm)(G,En) —0,,)"10,,] is bounded for any 0,, € ©, we can exchange the order

of the limit and the integration in (EC.10). Using that y/m (65:) (©) = 8(w)) ~N (0,58, (w)))
and B (w) = %/ /1 + 8, (), given x = /(8. (w) — By (w)),

E[lim {mo?@, @)@, @)~ ()@, @)~ (@) }|8n(w)]
1

- Zmnm (ot in+ Bt S@n)| e (—px Bnlex) i
(EC.11)

D m—r o0

(V2m)r

Since o2(+) is a continuous function by Assumption 1(iv), limy, e 02(x/y/m + 0. (w)) = 02(0°) by
the Continuous Mapping Theorem. Thus, (EC.11) becomes

/Rp{af(ec)XxT (\/21?) |2(66)|_1/2exp<_;ﬁ1(95))()} e o050
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This holds for arbitrary w € £, therefore,

Pr{w| tim B [mo?(@,, ()0, (@)~ 0,(@))(8,, (@)~ 8,(w)[8,(w)] =o2(0%)2(0) }
=Pr{€}=1.

Next, we show that (e) follows from (a)—(d). Note that

Cov (vVmei(8,,)(8., ~8.).=i(8,,)|8,)
=B [Vinei(8,))@®, ~8,)|0,] ~B[vine(©,)(8,, - 8.)[8.] B[«(®,)]8.]

][8]

(ONPENO)

— & [B[Vns @)@ -6,

0
r ~(b ~(b ~ ~
—E[Vmo?(@,,)(®, ~8,)|0.]

and

Corr(sZ(G(b))(G —8,).e fff)\ém)
= Cov (Vimei(8,,)(8,, —8,),2.(8,,)[ 8.,

X (E [of(ﬁf:))‘ﬁm] [ma @(b))(@(b) —§m)(§(b) —ém)T‘ﬁmD_w.

m

Therefore, (a)—(d) guarantee (e). O
From Lemma 1, Corollary 1 follows directly.

~(b) ~(b) ~(b) ~(b) NN
COROLLARY 1. Define e_;,, = (1(0,,),e2(0,,), - ,€i-1(0,,),€i+1(0,, ), - ,ex(0,,)) -

E,(O( ))1k 1. Then, as m — oo
Var(e_;4|0,,) =25 V;(8°).
Proof. The element of Var(é“_i,b\é\m) corresponding to systems ¢ and ¢ is

6..)

<)

Cov (Eg(é\fs)) - €i(§(mb))7€€’(§(b)) - 51(652))
=B [Cov (2/(8))) ~ =010 (,)) ~=.(8))] 8., )[0..]

+Cov (E[20,)[8,] B[ (8,)]0,][0..)

~(b) ~(b)

~(?) ~(b) ~(b) ~(?) ~(?)
—E[0%®,,) = 0:(8,, ):(8,, )pu(®,,) ~ 0:(8,, )7 (8, Jpiw(8,,

~(®)

)‘i’O’g(e 8"

~(b)
)Uef(em )peer (8,,)

. 6.
Therefore, the result follows from Lemma 1(a)—(b). O
The following Lemmas 2—4 are needed to prove Proposition 3 which states the asymptotic normality

of@-.

LEMMA 2. If B=m",v >0, then (B/m)(CTC)~* % £-1(8°) as m — oc.
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Proof. Define linear operator £(-) that converts a p x p matrix to a p? x 1 vector by rear-
ranging its elements. Our strategy is to show L ((m/B)(CTC)) % L£(2(6°)), which guarantees
(B/m)(CTC)' &L x-1(8°).

Without loss of generality, consider the first element of £((m/B)(C'C)), which is ZZ =
(m/B) 2521(652),1 - 6m71)2, where /G\Sz)l and §m,1 are the first elements of 6:) and 0,,, respectively.
We further denote the (1,1) elements of E(@m) and X(0°) by Z2° and Z2°, respectively. Hence, it
suffices to show for any € >0, Pr{|Z8 — Z>| > €} = 0 and Pr{|Z>° — Z| > €} — 0 as m — .

By Assumption 1(ii), E(@m) 2% %(0°), which guarantees Pr{|Z° — Z%| > ¢} — 0 as m — oc.
Also, Pr{|ZB — 72| > ¢} = E[Pr{|Z5 — Z%°| > ¢|0,,,}] and E[Z2]0,,] = Z2°. By Chebyshev’s inequal-

ity,

Pr{|ZB — Z°| > €]0,,} < Var(Z2(0,,) /€

= m2/(¢*B)Var ( (8, — 0,0.)?

)

=2m?/(¢B)(Z /m)*

=2(Z7)*/(€B).

~(b ~ ~
The second equality holds as (Ofn?l —0,,.1)|0m ~N(0,Z2°/m). Since the Fisher information matrix
1(8,,) is continuous in 0,, by Assumption 1(ii), 2171(/9\,11) is also a continuous function of 0,,. As

© is compact, there exists K € R such that supg ¢ 21,1(6,,,) < K. Substituting B=m", we have
Pr{|Z™ — Z2| > €0,,} < 2K*/(*m"),

which holds for any 0,, € ©. Therefore, Pr{|Z"" — 7| > e} <2K?/(?m") =0 as m —oo. [

3

LEMMA 3. If B=m",v >0, then

_ ~ 1/2
1<XX> ' [E02(8,,)] 0" 5
vm\ B 0 E20@)@Y 8,687 |

K3

s, [0 or
0 0,(0°)2-1/2(9°)
as m — 0oQ.

Proof. For notational convenience, let

E[03(8,,)[6..] 0" -
o) Uz’ m m
W(e,,)= b Al Al A~ )~ s
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conditional on ém For sufficiently large m, W(@m) is well-defined for almost all sample paths as

~(b) ~ ~(b ~(b ~ ~(b ~ ~
02(8°18,,) “55 62(0°) > 0 and E[02(0.)(8.. —8,)(0- — 8,,)T[8,u] %55 02(6°)5(6°)/m, where

o2(0°)%(0°)/m is positive definite by Lemma 1. Note that

W*l(é\m) _ [E[O‘g(é\g))’é\m]lﬂ o ]
, 0 E[02(0,,)(8,, —0,,)(8,, — em)T|§m]—1/2

is also well-defined for sufficiently large m. Furthermore,

1 /XTX\ 7' 1 ~ XTX\ !
0,,)=—— -1(9,,)—=— )
\/m<3> W(e,) m(W (m)B>
Since o
XX 1 Zb (8, —8,,)"/B
= ~(b) () NONP ;
B >0, -0.)/BY, (8, —6,)@0, —6,)/B
T 2a"\a —1/2
8 XX E[ai(e )|9m]
WoOm) === 0 0 ) 5.8, -125" (8"
E[af(é )8 ] 2yE (8, 6m>T/B
~(b), ,~(b) (b)) A A (b)) A A A :
E[02(8,, )(8,, — 8.,)(8,, —6,,)7[68,,] V23 (@, —0.,)(0,, —0,,)7/B
Using

= L) oulval =[S o ]

we can rewrite

o) [ e E ) e

We first show that as m — oo

~ XX [1 o7
-1

—1 c T
-~ p g; (9 ) 0
em — |: 0 O_i—l(ec)zl/z(e(:):| .

T ~
Multiplying [(1) \/OEI ] to the right-hand-side of W~1(0,,)X "X /B does not change the first column
P

of Wfl(ém)XTX/ B, but latter p columns are multiplied by /m. Now, we consider each block

L XTX 0"
. -1
matrix of W=1(0,,)—— B [0 i, ]
~(b ~
(i) E[a?(efn))lem] 12 2, 5-1(0°) follows directly from Lemma, 1.(a).
A(B) ) A A) A A (b)) ~ .
(i) Elo?(8,)(8,, ~8,)(8,, ~8,) [0 2507, (B, —8,.)/B| 8, %0,

From Lemma 1.(c),

/\

m separately.

—~(b ~(b ~ ~(b
E[mo?(8, ) (0., —8,,)(0. —

D)

) 110,712 25 07107212 (0°).
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~(b ~ ~
Therefore, we need to show that \/ﬁZle(efn) — Bm)/B‘ 0,, = 0. Since
\/52521(6( ) /B’ ~N(0 E( m)/B), for any constant vector t € R? and € >0

{ } (EtQ 3 )+Ztﬂ't52j,l(6m)> /(623)7
J#t

where ¥;, indicates the (j,¢)th element of the matrix ¥. Note that Z?th?EN(é\m) +

tT\FZ m)/B

> €

> e titeZie (6m) is a linear combination of the elements of Z(@ ), and therefore is bounded
for ©,, € © by Assumption 1(i)-(ii). Thus, we conclude /m >, 1( —6 /B‘ 0,, > 0 by
the Cramér—Wold device (Athreya and Lahiri 2006).

(i) /mE[c2(0 )|9,,L] 12508 1( —0,,)/B|0,, 20 follows from (i)-(ii).

® ~ ~

() ViR E[o2(8,,)(0,, —8,)(8,, —8,)718,] X0, (8, — 8,8, —0,.)7/B|8, =
o, H(09)X2(0°).
~(b)  ~ (D)

Similar to (ii), we only need to show that m Zszl (6,, —06,,)(0,, —06 )T/B‘ 0,, & (09,

which is shown in the proof of Lemme# 2.
o e ~ X'XT[1 0" ]|z » [07(09 0’ .
_ -1 - i
From (i)—(iv), we can conclude W~1(0,,) 0 ml, 0, — [ 0 o1 (0°)51/2(0%) | Since

the limiting matrix is invertible, and [

F/(@ (}T] <W‘1(§m)XTBX [(1) \/%D

1/y/mo’ . oo’
0 I, 01,

o~ D 0 OT
em — |:0 JZ—(GC)Elp(GC)} O

The following lemma shows a distribution conditional on ) converges weakly uniformly to a
normal distribution in probability as m — oo. In general, a distribution F,,(-) is said to converge
weakly uniformly to F°(-) if sup, |F,,(x) — F°(x)| — 0. Suppose we replace F,,(-) with conditional
distribution F(:|,,), which is a random function of 0,,. If sup, ]F(x\@m) — Fe(x)| & 0, then
F (\@m) is said to converge weakly uniformly to F°(-) in probability. Weak uniform convergence
with probability 1 is also defined similarly.

~(1 ~(2) ~B) "
W ( } If B = m”y > 0, then

LEMMA 4. Let ¢ = {Ei(em ),€:(8,,),...,€(0,,)

\/\/Z (XTX) ' X,

as m — o0.

~ . 0 0’ : -
0., converges weakly uniformly to N <O, [0 o2 90)2‘1(95)}> in probability

Proof.  'We continue to use W~1(0 m) defined in Lemma 3 in this proof. Note that

\/‘/g (XTX) ' XTe, = \/% (X;X> B W(0,,)W(0,,)VB <X;€i> .

Lemma 3 shows ! (xTx>_1W(6 )
WS —— m

Jm \ B
W-'(8,,)vVB (XTsi/B)’ 0, ZN(0,L,,,).

0 0,(6°)21/2(0°)

- D 0 0—r . .
0, — . Hence, it remains to show
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First, note that

W(0,,)VB (X e;/B)=VBY W(8,) [Au)) 1_ _ |e@Yy/B

b=1 m 9m_
and
~(b) NONPE R
- 0 =i(8,,)/Var (&(8,,)| 8.,
W (em) ~(b) _ ~ 6Z(em ) = A(b) A(b) A ~ —-1/2 A(b) A(b) ~
m = Om Cov (=(8,)@ " ~8,)|8,)  «(@,)@ —8,)
Therefore,
RPN ~0), [
Var | W™(0,,) | ~®) 5 (0,0, | =
~(b), )~ NONPIA
1 Corr(si(em),(em ~98,,):(0,.) em)
~(b ~(b ~ ~(b ~
Corr (ai(efn)),(efn) —Bm)si(ein))‘ em) I,

~(0), () ‘ ~

(b —~
From Lemma 1(d), for sufficiently large m, ‘Corr <(97(n) —0,,)e:(0,, ),e:(0,,) 9m> H < 1 for almost

~ 1 ~
all sample paths. This guarantees Var (W_I(Gm) [a(b) ~ ] 51'(952))

§m> to be invertible for

~ ~ 1 ~(b
sufficiently large m. Let U(0,,) = Var | W~1(0,,) 6(b) 5 si(efn))

/2
@,n> , then U (6m) is also

m m

invertible for almost all sample paths for sufficiently Iarge m. Thus, we can rewrite
W(0,,)VB (X e;/B) =U(8,,)VBU (8, )W (6,,) (X e:/B).
Clearly, U(@m) <% 1,41 by Lemma 1(d). Hence, the remaining piece is
VBU(8,)W(8,,) (X e;/B) ( 0,, 2 N(0,L,1)

in probability, which we show in the following using the Berry-Esseen theorem (Athreya and Lahiri
2006).

Let F,, 5(:|0,,) denote the conditional cumulative distribution function (cdf) of
VBU(8,,)W=1(8,,) (XTEZ-/B)’ 0., and t € R**! be an arbitrary constant vector. We further
use anB(|§m) to denote the cdf of t"Z,, 5, where Z,, g ~ Fm’B(-|6m). Similarly, let F* (-) denote
the cdf of t" Z,, where Z,, ~N(0,L,,,). Note that

1
~(b) -~

0, —0,

E||[tTU(8,)W (6, (8

~—

m

1 | ~(b)

<E | [EPIU 0] ||~ (0.) [6@ 5 | €i(0,)]] [Om
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3

3 -1/ 1 ;® o)
= [[6IP[U @) IPE | [|[W(8) | 500 = | &i(®,,)]| |8
0, — 6.,
_ ) Var (=, B2)) 3
Var (=:(8,,)(8, —8,))  £:(8,,)(8,, —8)
=1tIPIIU (0.
r () 3/2
2 - - R - - - -1 . -
| O 66 8 v (0@ -8) 878 | |5,
Var( (9 ))
= [[6]P|U~"(8m)II°
N N -1 N (B~ PN Y32
< E sf(eg)){\/ar<si(9£s))> + (8, ~8,) Var (=.(8,)(®,, ~8..)) (eﬁi’—em)} em]

w0,

<IItlU @
ROOIESS

where the last inequality holds for constant u* from Assumption 1(v)(d). Also, ||[U
=1(8,,,)|| <2 for almost all

because U (6,,”) £ 1,41, which implies that for sufficiently large m, ||U

sample paths. Therefore, by the Berry-Esseen theorem,

sup | P, g (@18,) — FE (e]8,0)| < CltI[*20 VB
z€R /

for some positive constant C'. By requiring B =m?, we have

F,Z,B(:J:\/G\m) — F;‘o(xyﬁm)‘ < C||t]]P2urm /2.

sup
zER

224 0. Since this result holds for any t € R?*!, by the

Therefore, sup,cg [FY, 5(%]0,,) — F% (2]6,,)
Cramér-Wold device, we conclude F,, B('|6m) converges weakly uniformly to N(0,I,1), almost

surely. Finally, by Slutsky’s theorem (Athreya and Lahiri 2006),

vB (XTX) ' XTe0,,

=

T Vm
5[0 oxer)s- 1200

weakly uniformly N ( 0 [O 0" ])

1 /X™TX\ '~ ~ . . R
( > W(0.,,) U(0,,) VBU(0,,)W~(6,,) (X"e:/B) |0
H/_/ ~ 2
—1,41  weakly uniformly NOL 1) a5,

HCEACRDRCY

in probability. [
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PROPOSITION 3. Let f3; (7:(0°),Vn(0)")T. For each i, if B=m?,0<y<2, then

. T
\/%((XTX)HXTYZ. —3:)| 8., converges weakly uniformly to N <0, [g 02(96)%_1(90)) in prob-
ability as m — oo.

7

Proof. From Assumption 1(iii), for almost all sample paths n;(-) is twice differentiable at 0.,

~ o~ o~ b) ~
for sufficiently large m. Define B; = (1;(0,,), Vn:(0,,) ") ". Then, for some 6" e [9( : , O]

~(b) ~(b) = lA() o~ = (b)), ()~ ~(b)
Yi(8,) = (1.8, —8.)7) Bi+ (8, —8,) Vini(d

)(0,, —0.,) +¢e:i(0,,).

NONPN ORI

~(b ~ .
Let h; be a B x 1 vector whose bth element is (GE,L) —0,,) V(0 7)(0,, —6,,). Then,

X'X)"' XY, -8, =X"X)"'X" (XBz +h;+¢e;) - B
=B~ B+ (XTX) "X h + (XTX) ' Xg;
Hence, we need to show the following:
(i) VB/vm(B: —B:) 0.
(i) VB/vm(X X)"Xe,
probability.
(iti) VB/vm(X"X)"'X h,|8,, -

Lemma 4 shows (ii). To show (i), note that

-~ . 0 0o’ .
0,, converges weakly uniformly to N(O7 [0 05(90)21(90)]> in

(=12
VBB~ ) = T — V(@)

7:(8,) = 1:(0%) ] |
0

For sufficiently large m,
— A c - A\ A c
m(—1/2 (m(em) —n;(0 )) —mb 1)/2vm (9) (8,, — 0°)

for some 6 € [6,,“ 0°]. Since (y—1)/2 < 1/2,TrL('Y‘1)/2(6m — 0% % 0 and mO~-V/2vy, (é)T (0,, —
0°) % 0. Similarly,

=072 (V(8,,) ~ Vn,(8)) =m0 v%,(8)" (B, — 07)

for some O € [0,,,0°] as () is twice continuously differentiable at ©°. Therefore,

T
mO-/2y2y, (e) (0, — 0% 2 0.

Now, we show (iii) by first rewriting
VB/ym(X X)X h; = 1/vm(X"X/B) "' W(0,,)W(8,,)vVBX h,/B,

where W(ém) is defined in the proof of Lemma 3. Lemma 4 shows 1/\/ﬁ(XTX/B)_1W(6m) 0.,
[0 0"

: ~1/n Th. P
0 Ui(GC)E_lm(ec)] . S0, we focus on showing W (em)\/EX h,/B % 0. Note that

m

. BE ~ 1 ~ ~ o (b) o~ .
“(8,,)VBX h,/B = \BF S W (B.) [5@ . ] (0, —8,) V2ni(8") (B, —8,)/2,

m
b=1 —Om
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where

~(b) a3

o~ 1 ~(b)  ~ = (b)
VBW(8,,) [a@»@ ]w ~0,) V0 (87)(8,, ~8.,.)/2

m

E[0?(8.)]0,,] /28, ~8,,)T

.. ~(b) -~
~VB i oy ATE O )10 Ol ™)@ —8,.)/2
E[02(8,.)(8,, ~8,)(®, ~8,)710,]2(8, ~8,)(@, ~6,)"
= VBO,(m~/?)V?, (é"’)) 0, (m~12)/2. (EC.13)
~(b —~ —~ (b
Since an) 2 9,, and 0,, — 6° as m — 0, 9() is included in the neighborhood of 0° where

VQm(é(b)) is continuous, in probability. This makes VQm(é(b)) bounded in probability as m
increases. As W‘l(é\m)\/EXThi/B is a sample average of B ii.d. observations of (EC.13)
W(@m)\/EXThi/B 0., © 0. Thus, from (1)-(iii), we obtain the resulting limiting distribution in
the proposition. [

Proposition 3 only requires 0 < v < 2 for asymptotic normality of the gradient estimator. In par-
ticular, the upper bound, v < 2, is only needed to ensure Part (i) in the proof of Proposition 3. For
BZ- 25 B;, we need 7 to be greater than 1. Although consistency of BZ is not needed for IOU-C pro-
cedures, this result is stated in Proposition 1 in Section 5.1.1 (restated below) for its independent

interest.

PROPOSITION 1. As m — oo, for all i 1) \/B/m(gi—liv) ) converges weakly uniformly to

N (0,V;(86°) @ ©-1(0°)) in probability, if B=m" for 0 <y <2, and 2) §; 2 3;, if B=m" for v > 1.

Proof. The proof of Part 1) follows by replacing B:,3;, and (XTX)"'X"Y; in the proof of

Proposition 3 with

c c 7 6m - /ém
1;(0°) — 11 (0°) i ).771( )
n:(0°) = mi-1(0°) 1(Om) = 1i-1(On)
7:(0°) —1i41(0°) 1i(0m) — Mi1(Om) Y, -Y,
771’(96) - Wk(ec) nz(é\m) - nk(/ém) T A~T Yi — Yi—l
c c 3 ~ = ,and I @ (X' X)X
Vi (6°) — Vi, (6°) V(@) — T (0, |* AT @ X X) Y, - Y.,
Vi) = Vit (87 V0i(8m) = V1i41(8,)
V()= Vn©) (8, ~ Vnu(8,.)

respsectively.
From Proposition 3, it is easy to see that we need v > 1 for @ 2y B;. For consistency, we need to

show
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() (B~ B) B0
(i) (XTX)'XTe,
(i) (XTX)~
As m — o0, (') holds and (ii") and (iii’) hold when « > 1 directly from (ii) and (iii) in Proposition 3.

]

0, 2o0.

Next, we use the asymptotic normality of EZ established above to obtain the joint asymptotic

coverage probability of CR, ,,, and CRs,,, in P;;. We start with showing consistency of ?2(67”).
LEMMA 5. If B=m",0< <2, then V;(0,,)0,, % V;(0°).
Proof. Recall that .
Vi=) (eip—e)(en—ey) /(B-1),
b=1

where €_ip= (elb, €2y " 5 €(i—1)by E(i4+1)by " " ,ekb) — eib]-kfl and €e_; = Zf:l e,ib/B. Note that
~(b) ~ 1

en=Yi(0,,) — B/ [Aw) ]

+6]

~(b) ~(b) ~ 1
=£,0,,)+nm:(0,,) -8 |~®» =~
2i(8,) +1(8,) ~ B le”—em

1 1
T
~(b o~ ‘, b o~

b ~
where Bl and B; are deﬁned in Proposition 3. For sufficiently large m, 772(6( )) = 1:(0) +

Vn; (0 m) (Gm — 6m) O(HBm —@mH) from Assumption 1(iii). Therefore,

m

~(), = 1 ~(b) A
ze -8 -~ ~ =o(||© _em )
(6., ) = B; [efff—em] (le,, 1)
and
~(b) ~(b) -~ N 1
ew=ci(8,0) +o(ll8, ~8.l)+(A-B) |50 5 (EC.14)

(b
Define €; = Zle en/B and &; = Zle 52-17(9;))/3 fori=1,2,... k. Using (EC.14) for i #£ /¢

~(b) ~(b)

e — e — (& — &) =2.(0,,) —=(8,) (& ) +o(|[8,, —0,./)) + > o (118, —8..I1)/B

b=1
B
——Z ~() A . (EC.15)
B b=1 0,, —Om

Suppose we rewrite V; as V; = Zle(s,i,b —€_)(e_ip—€_4)"/(B—1)+ R using (EC.15), where
e_;p and €_; are defined similarly as e_;, and e_;, respectively. Then, Zszl(s,i,b —€_i)(e—ip—
€_;)"/(B—1) is an unbiased estimator of Var(e_i7b]§m). Since E[Ef(@i))@m] is bounded over
9,,€0 by Assumption 1(iii)

B

D (ecin—€-)(ein—€-) /(B-1)

b=1

~(b)

+ (,éz‘—/é\i—(,ée—ﬁ@)T( ) _6m

0., & Var(e_i|0m).
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as B — oo. Corollary 1 shows that Var(s,iyblém) 25 Vi(0°) as m — oo, which implies
—~ (b —~ —~
S (ein—€_)(e_ipn—E_)T/(B—1)|8,, B Vi(6°). Also, since O(HBEn) —0,,/1%)]6,, 2 0 from the

distribution of Gin) and ((Vm(em) - @)T(an) - 9m)> 0,, 2 0 from the proof of Proposition 3,

we can guarantee R\@m %5 0. Therefore, we have f}z(é\m)\/@\m Lvi(e%). O

LEMMA 6. For each ¢, if B=m",0<v<2,
Pr{(B.~B)TV, " (8)(Bi = B) < X1y

1 ~
(em - ec) S X;Q),ocm} — (1 — Oéll)(l — 0612),

m(0,, —0°) 2(0,,)
as m —r o0.

Proof. First note that the given probability in the lemma can be rewritten as

~

B{ Po{ (6 B) TV @) B B) < ¥ sy

X 1{m(®,, — 09 5(8,,) (8, —0°) < X;m}} (EC.16)
The equality holds because conditional on @m, the two events are independent. From Lemma 2,
B/mS,,=B/m(C"(Iz—11"/B)C)~' & x"1(8°)
because Iz — 117 /B — Iz as B — co. Since Vi(6m) = 171(6,,1) ®8S,p,
gvi(ém) 5 V(09) 0571(0°) (EC.17)
by Lemma 5. Combining (EC.17) with Proposition 1 and by Slutsky’s theorem

B . B~ \! PN R
LI (mwem)) (B, — B8, 2%,

in probability over @m. Therefore,

~

lim Pr {(Bi ~B) VN 0,) B~ B) < X 1pans

m—r oo

6m} :1—0411.

Note that we implicitly exchanged the order of the limit and the expectation (probability) above,
which is allowed by the dominated convergence theorem since the probability is bounded by 1. As

a result, the limit of (EC.16) becomes

-1

(1— 1) Pr{m(8,, — 89 S(0,n) (B, —0) <x2u,}— (1—an)(l—am)

by Assumption 1(ii) as m —oco. O
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Lemma 6 implies that wz(; ),z' = { obtained by solving Py, # ¢ asymptotically provide 1 —a; MCB
CIs of the CID eﬁ'ects represented by Model (5). The following lemma connects the coverage
probability of ww ,© # £ with that of w 2'7& L.

LEMMA 7. Given B=m",0<y <2, and wgel) and wgf),i £ {, from the all-in IOU-C, if for each ¢,
Pr{B] (0 —0°) — B (0,, — 0°) > —w} Ve #i} > 1—a,
as m — oo, then
Pr{¥;(8,,) = Ve(0,) — (m:(8°) = ms(0°)) > —(wl,) +w}’), W0 # i} — (1 - a)(1 — ).
as n — 00, M —» 00.

Proof. For each 1
Pr{mém)—i@(@m)—(m<eC>—m<eC>>z (wy +wf W#}
) )

> Pr {mi(8,) ~mi(8,) — (1:(8%) —mi(09) 2~} £:(8,0) ~ £(8,) = —w? Ve i |
=B[E[1{m(0n) —m(00) = (:(87) = m(0) = —w} £(8) ~ £(8,) = —wlf W0 i} |8,

~

—E|1{n:(8) = me(8) = (n:(0°) — 1e(8%)) =~y ¥ i |

xE[1{@(6m)—@<6m)z —_ ,ve;u}‘ ”
—B[1{n(®n) ~ (@) — (3:(8) — me(0%)) = iy e £ i
x Pr{éi(ém) —5(0,) > —wP VA ﬁm}}

where the second equality holds, since conditional on Gm, 771( m), Vi, are constants. We first show

the following

lim limEll{m(@m)—m(ﬁm)—(m(ec)—m(e DESTRTR

m—0o0 N—00

= lim E[l {m(gm)—m(gm)—(m(ec)—m(ec)) > —wﬁ)aw#i}

« Pr { £:i(0,0) — 50(0,0) = —w'?,

X lim Pr{a(ém) 58, > —w;?),w;u( @m}] (EC.18)
= (1= ay) Tim Pr{n(@n) —ne(8n) = (m(8°) — 1(6°)) = —wl}) , ve i}
= (1= ay) Tim Pr{(Vn(8) = Vie(8%)) (8 — 0°) — o(|[8, — 0°)) = —w W £ i} (BC.19)
= (1 az) Tim Pr{(8,~80)7 (@ — 0~ o(l[8, — 0°)) = —wl), ve £ i}
=1—-a)(l—ay)
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In (EC.18), we exchanged the order of the limit and the expectation, which is justified by the
dominated convergence theorem. Also, (EC.19) holds since #;(+) is twice differentiable at 6°.

Now, we show that the same limiting probability is obtained when we change the order of limits.

lim lim E [1 (@) = me(@1) = (m(8°) = me(89)) = —wly) , ve i}

o~

x Pr{@(em) —5(8,) > —w? Ve £ z] 6m}]

~ lim E[ lim 1 {m@m) —1e(8,) — (1:(8°) — 14(8°)) > —wﬁé%ws«éz’}

n—oo m— 00
am}]

—(1-ay) lim Pr{s‘i(ec) —5,(0°) > —w§§>,w¢z’} (EC.20)

n—o0

=(1—o)(1—as).

x Pr { £(0,) — 20(0,0) > —wD Ve £

In (EC.20), we used that Ei(ém)|/9\m ~N(0,0? (6m)) and o?(-) is a continuous function by Assump-
tion 1(iii), therefore, &;(0,,)[0, = £;(6°) almost surely. [

Lastly, we present the proof of Theorem 2 below.
THEOREM 2. Under Assumption 1, if B =m?, 0 < v < 2, then as m — oo,n —
Pr{ﬁ(é) ~Vu(8) — (1:(8°) — 1(8°)) > —ww,w#i} S (1—an)(1— ) given 1) wy, i # £, from the
plug-in IOU-C procedure, or 2) w;,,i # ¢, from the all-in IOU-C procedure.

Proof. From Proposition 1, BZ 2y B;. Therefore, the plug-in distribution of the CID effects con-
verges to the asymptotic distribution of the CID effects by the continuous mapping theorem.

Therefore, Part 1) follows from Assumption 1(vii). Part 2) follows directly by combining Lemma 6

and Lemma 7. O
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