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EC.1 Omitted Proofs from Section 3

Proof of Corollary 1

The corollary follows directly from Lemmas A.1 and A.2. In particular, note that the supply of drivers

at any location ¢ is lower bounded by:
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where the second inequality follows by using p; < 1+/\;2'_62 from Lemma A.2 and \; < 1 for all j
(from Lemma A.1). Thus, the assumption that x; > 1/33 for the first part of the corollary implies
that the supply of drivers at location ¢ is greater than 1/2 and, consequently, location ¢ has excess
supply (note again by Lemmas A.1 and A.2, it holds that p; > 1/2, thus the maximum mass of riders
that the platform finds optimal to serve at location i is 1/2).

For the second part of the corollary, assume by way of contradiction that there exists location i
such that x;(A) < 3, but location : is not an entry point, i.e., §; + >_,y;; = 0. Then, the supply of

drivers at location i is upper bounded by:

x; < 5Zaji(1 —pj) < ﬁzaﬁ(l - %) < Hz‘g-
J J
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Thus, since x;(A) < 3 we obtain that the supply of drivers at i is strictly less than 52/2. Given that
pr < 1-—p2/2 (from Proposition 3), this leads to a contradiction, since there has to be additional entry
at location i to satisfy the demand induced by setting p; < 1— 3?/2 (otherwise, the platform can gen-
erate strictly higher profits by increasing p; as doing so does not violate the feasibility constraints).

Thus, we conclude that if k; < 3, location i has to be an entry point. O

Proof of Proposition 4

Consider the optimal prices {p,}?_, corresponding to demand pattern (A’, 1). To establish that the
platform can generate higher profits under demand pattern (A, 1) than under (A’, 1) we consider
the profits that correspond to prices {p;}?_, in the two demand patterns, assuming that the platform
serves the induced demand in both cases. Given the latter, it’s sufficient to compare the costs asso-
ciated with serving the demand or, more specifically, compare the mass of drivers who do not get
assigned to a ride (since the mass of drivers who get assigned to rides is the same in both cases).
First, note that the bounds on the optimal prices provided in Lemma A.2 apply to the locations
in S; and S regardless of whether the demand pattern is (A,1) or (A’,1). This implies that the

demand served at location i, which recall that we denote by d;, satisfies:
B/2<d;=1-p;<1/2, (1)

where we use Lemmas A.1 and A.2.
For alocation i in set S;(A) and demand pattern (A, 1), we have that the excess supply of drivers

at i is equal to:

Zaﬂ —d, >5/2Zaﬂ—1/2_53/2m( ) —1/2,

where the first inequality follows from (1). Similarly, for (A’, 1) we have 35, of;d;—d; > 33 /2ki(A")—
1/2. Sets S1(A) = S1(A’) correspond to locations with excess supply under the two demand pat-
terns. The difference in the excess supply of drivers at alocation i € S;(A) corresponding to the two

demand patterns (under prices {p;}!" ;) can be bounded below from:

<5Zaﬂd ) (ﬂZaﬂ — z) > Z o Z aﬂ 5 ( /{Z(AI) — ,‘ii(A)), (2)



where again we use (1). Similarly, for the set of locations in S3(A) = S2(A’) we have that the differ-

ence of excess supply under the two demand patterns can be bounded as follows:
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where the inequality follows from (1) and the fact that for any two real numbers a, b it holds that
at™ —b* < (a—0)*. Finally, for any remaining location, i.e., i ¢ S1(A)US>(A), we have x;(A) < 8 and
ki(A’) < . By Corollary 1 it follows that 7 is an entry point under both demand patterns and, con-
sequently, does not feature any excess supply. Expressions (2) and (3) along with the assumptions of
the proposition establish the claim since the difference in the cost the platform has to incur in order

to serve the demand induced by prices {p;}?_, under the two demand patterns is equal to:

2 (e (o)) 5 ((Ssee) ~(5ma-4) )

which, from the discussion above, is greater than zero. Thus, we conclude that the platform can

generate (weakly) higher profits under A than under A’, as claimed. O

Proof of Corollary 2

We consider demand patterns (F, 1) for which «;(F) > 1/33 or x;(F) < 3. Note that Lemma A.1 and
Corollary 1 imply that \¥ = 3 for i such that ;(F) > 1/82 and \* = 1 for i such that «;(F) < 3. Thus,

the bound provided in (34) can be rewritten as
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=50=-8 > (s(F)-1),

i|ki(F)>1/83
where the equality in the fourth line uses the fact that ) (1 — x;(F)) = 0 or equivalently
Yo U—rmE)== > (1-r(F))
ilwi (F)<p i|wi(F)>1/83

This concludes the proof of the corollary.

Proof of Corollary 3

The corollary is a consequence of the fact that the expression for the profits corresponding to the
platform’s optimal prices, i.e., the value of the objective function in (17), is equal to the expression
for the consumer surplus (up to a constant factor) induced under the same prices (this can be seen

from Proposition A.1 and Definition 2). Then, invoking Theorem 1 directly yields the result. O

Proof of Proposition 6

Assume that the demand pattern across the n locations is given by (A%, 1). We provide a closed form
characterization of the platform’s optimal prices and profits as a function of £&. Then, the proof of the

proposition follows directly from this characterization. In particular, we show the following:

(@ If ¢¢ {O,max <2(1—(g)681—2) <B(1 —-20)+ 52("1)“’34) ,0)] , then optimal prices are given

n—1
as:
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where location 1 is the center of the star and locations 2, - - -, n are the leaves. In addition, the
platform’s profits as a function of ¢ for this range are equal to
—B2(1 — _ _ _ 2
U (1 P e/ 1)+ E8n = D 1))
1 1= (1—E+5) +¢62=%
—w<2— o L) (1= 82— 1) - 52n¢ — (n— 2)¢5)



n—1

b) If ¢ e [maX (2(1_(5);1(21_2) (B(l —28) + 52(”‘”*‘”‘4) ,0) , 5(6"(;92;1], then optimal prices

are given as:

o _}_i_BZ(1+BZ+Bw)+w(n—1)—wﬁ§(n—2)
—pn—2 2(n—1)+25222 ’

p2
where Z = ({(n —2) — (n— 1)) and
pr=1=p(1=-8mn—1)+( - p2).
In addition, the platform’s profits for this range are equal to

p1(1=p1) + (n = Dp2(l = p2) —w(l = B) ((n — 1)(1 —p2) + (1 —p1)).

(c) Finally,if ¢ € [%, 1} , then optimal prices are all equal, i.e.,

..:pn:;ﬂl—f)w'

b1

The platform’s proﬁts are equal to
1 (1 — /3)1[) 2
n <j2 o 2) )

Proof. First, recall that in any optimal solution we must have d; = (1 — p;). Thus, we can rewrite

problem (6) as follows

max Z(l—di)di—wZ@

{di,0i-yii 17 j=1 p
s.t. Z Yij = ,B[Z ajidj + Z yjz-] +6; — d; forall ¢ (4)
J J J
51’7 Yij > 0, for all 7,,]

Note that in Problem (4) we relax the constraints p > 0 and p < 1 (equivalently,d < 1andd > 0),
which is without loss of optimality, since the resulting optimal prices do not violate the constraints,

as we argue subsequently. This is a convex optimization problem with affine constraints, so the



Karush-Kuhn-Tucker conditions are both necessary and sufficient for optimality. In particular, let
vi(i = 1,---,n) and w;;(i,j = 1,---,n), denote the dual variables corresponding to the inequality
constraints —¢; < 0 and —y;; < 0 respectively, and \;(i = 1,---,n) denote those corresponding to
the equality constraints in optimization problem (4). Then, the corresponding KKT conditions can

be written as:
(1) 1—2d; + ﬂzj Ajoi; — A = 0 forall s,
(ii) —w + \; +~; = 0 forall i,

(iil) —XA; + BAj + w;; = O0foralls, j,

@) A (8] 5 asds + X | +6i — di = 3, wi5) =0,
(V) 7i0; = 0 = wyjy;;, forall ¢, ,

along with primal feasibility and the non-negativity of v;,w;;. Using these conditions, we establish
the optimality of Cases (a) and (b) by constructing a pair of primal-dual solutions. The optimality of

Case (c) follows directly from Proposition 2.
Case (a): First, we provide values for the primal variables. Using the expressions for p; and pa, - - -, p,,
as stated in Case (a) above, we have d; = % and d; = 1 — p; for 7 > 2. In addition, we let §; = 0 and

T
n—1

. =2 (0 n=2 5 B I3 '
=i - 5 - g = (1- 5222 (-0 4 5 ) e
In addition, we lety;;1 = 0, y;; = 0and yy; = B((1 — &) +&/(n —1))d; — ﬁ for 2 < 4,5 < n. Note
that, under the conditions of Case (a), this is a feasible solution. In particular, note that the supply
of drivers reaching the center of the star is at least 1/2. Then, it is straightforward to see that if we
let \; = wfori > 2, A\ = fw, 11 = (1 - B)w, v = 0fori > 2, and w;; = A\; — B\, for 4, j, the KKT

conditions are satisfied.

Case (b): Similarly, we provide values for the primal variables. Using the expressions for p; and
p2, -+, pn as stated in Case (b) above as well as the expression for Z, we have thatif d; = 1 — p;

and d; = 1 — p; fori > 2, then d; = —f3Zd,. Noting that the entry is only at the leaves (and thus



d9,+-,0y, > 0), weobtainy, = --- =, =0and Ay = --- = A\, = w. Using the definition of \; for
i > 2, we note that \; must be equal to 1 — 2d; + f(n — 1) \jaj = 1 + 262Zd; + Pfw for i > 2. To show
optimality, we simply need to check that the equality 2d; = 1+ 5(n —2)\;a;; + BA1a41 — A, is satisfied
foralli, j # 1 (all other conditions are satisfied). Note thato;; =§/(n— 1)+ (1 —-&) = —Z/(n—1) for

i # 1; thus, we can rewrite the right hand side as:

§
n—1

L+ B(n —2)Nay; + BAragy — A = 14 B(n — 2)w - (1+42B8Zd; + pw) — w,

n—1

fori, j # 1. Multiplying by (n — 1) and rearranging terms yields
(2(n—1)+26°Z%) di = (n— 1)+ ((B(n—2) — B*°Z — (n— 1)) w — BZ.

By adding and subtracting 32 Z? from the left-hand side, we obtain the desired expression. There-

fore, we have shown that the solution induced by these prices is optimal. O

EC.2 Proofs from Sections 4 and 5

Proof of Corollary 4

The claim follows directly from Proposition 2, which establishes that when the underlying demand
pattern is balanced, the platform maximizes its profits by setting the same price at all locations, i.e.,
pf =p*=1/2+ (1 — f)w/2 for all 4, and, in addition, the optimal solution can be supported by the
same compensation for drivers at all locations, i.e., ¢ = ¢* = (1 — f)w, for all i. Thus, the platform
maximizes its profits by setting p; = p* = 1/2 + (1 — )w/2 for all i and using fixed commission rate

~v* = ¢*/p*, which implies that for every ride a driver completes, she earns v*p* = ¢*. O

Proof of Proposition 7
Before establishing the proposition, we state and prove two lemmas.

Lemma EC.1. Consider a demand pattern (A, 6), and assume thatw = 1. Let {p}, ¢, Uit i=1 be an
optimal solution to Problem (6). Then, if 67 + 3, yj; > 0 for alli, the solution to Problem (6) can be

implemented using a commission rate that is fixed across the network’s locations with the same prices
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Proof. Let {p},dr, Yiittj=1 be an optimal solution to Problem (6). Recall that for any arbitrary 0 the

7

vector of optimal prices {p;}?_, and the vector of optimal dual variables A* must satisfy:

14— BAN
- . ,
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as given in Equation (19). Furthermore, as all locations are entry points, we must have A7 = 1 for
all i (see Lemma A.1). Given that A is row-stochastic, we have p; = 1 — 3/2 for all 7. In addition,
since all locations are entry points, we obtain that the supply in the optimal solution must satisfy
x} = (1 — pr)0; at all locations.

To complete the proof, we show that the optimal solution to Problem (6) is in fact an equilibrium
under the same vector of prices {p;}? ;and fixed commission rate v* as defined in the statement of

the lemma. To that end, consider the recursion given by

(1 —p;)o; (1 —p;)o;
v, = 7 B3 iV 1-
e Yp; + x: B . Qi Vi + B

(1 —p;)b;

2

) V for all i. (5)
i

Using the fact that p; = 1 — 3/2 and 7 = (1 — p})0; at all locations, we can rewrite the expression
above as V = « (1 - g) 1+ BAV. Using v = +*, it is straightforward to see that V; = 1 for all i is in
fact a solution to the above system. Therefore, the fixed commission rate v* and the vector of prices

p* given above constitute an equilibrium as claimed. O

Lemma EC.2. Consider a network with two locations, demand pattern (A, 0), and w = 1. Then, the

optimal solution to Problem (6) can be implemented using a fixed commission rate.

)

Proof. Let {p}, 7, Yi; f ;j—1 be an optimal solution to Problem (6). We will show that there exists a v*
such that the profit of the platform using a fixed commission rate with parameters {p;}!" ;and v = 7*
is equal to the optimal profit corresponding to the solution to Problem (6). Note thatif §* = 0 for all s,
then the claim follows trivially since the platform provides no service. Thus, for the remainder of the
proof we assume that there exists location ¢ with §* > 0. Since the network has only two locations,
we know that it must be the case that either one or both are entry points in the optimal solution

to Problem (6). If both locations are entry points, the result follows by Lemma EC.1. Therefore, it



suffices to show the result for the case in which only one location is an entry point.

To that end, assume without loss of generality that §; > 0, i.e., location 1 is an entry point. First,
we show that there exists a v such that the expected earnings of the drivers when prices, entry, and
relocation are given by {p;, 6;, y;; f j—1 satisfy V1 = 1 and V2 < 1, that s, they satisfy the equilibrium
conditions under a fixed commission rate. Second, we establish that this implies that the profits
under a fixed commission rate are equal to those of the optimal solution to Problem (6).

Let ¢ = % denote the probability of accepting a ride at location ¢, where 7 is as defined

by Equation (1). Noting that ¢; = 1 (since Lemma A.1 implies that when ¢ > 0 for some location 4,

then y;; = 0 forall j and ¢;° = 1), we obtain the following for a fixed v € (0,1):

Vi =p] + BaniVi + BanaVa (6)

Vo = vg5p5 + B(1 — gya02) Vi + Bgs a2 Va. (7)

Next, we show that p7 > p5 and, as a consequence, 0 < (p] — p5) < p} — ¢5p5. Assume by way of
contradiction that p3 > p7. Recall that the vector of optimal prices p* and the vector of optimal dual

variables A\* must satisfy

*

14— BAN
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from Equation (19). By subtracting the equation for pj from that of p5 , we must have:

0 < 2(p3 —p1) = A5 — A7+ BA3 (12 — @) + BA] (a1 — ar)
= (A=A + B85 —AT) (2 — a22)

= (A=A (1 + B (a2 — a)),

where the second equality follows from the fact that A is row-stochastic and thus a;; = 1 — a3 and
ag1 = 1 — ago. Note that (14 8 (a2 — a2)) > 0 for 3 < 1. In addition, recall that at any optimal
solution we must have g < A7 < 1 for all 4, and A} = 1if i is an entry entry point (see Lemma
A.1). Therefore, we have that (\5 — \}) < 0 and thus (A5 — A7) (1 + 8 (12 — a22)) < 0, which is a

contradiction implying that p7 > p3.



Subtracting the Expression (7) from (6) yields

0<~@—a@ps) = Vi—pPanVi—PaVa—Va+ (1 — gyan)Vi + BgyanVs
= Vi(1—Bon + B(1 —qya)) — Vo (1 + Baiz — fgran)

= (Vi = Vo) (14 B — Ba11 — Bgza),

where in the last equality we used the fact that A is row-stochastic and thus a2 = 1 — a1 Note that
this implies that V; > V5 for any fixed ~, provided that the rest of {p}, ¢, Y5 Ht =1 remain fixed. We
conclude the first step by noting that for {z7, 67, y;;}}';_; to be an equilibrium under a fixed commis-
sion rate with {p;}? and v = ~* it suffices to set v* so that V; = 1.

The second step involves establishing that the profits corresponding to the two solutions, i.e., the
optimal solution to Problem (6) and its implementation using a fixed commission rate, are equal.

This follows from noting that Expressions (6) and (7) when V; = 1 imply that

ypi(1 = p1)b1 = (1 — pT)01 — Baxi(1 — p1)b1 — BaraVa(l — pi)oy

YP5(1 — p3)02 = (Vo — B)as + Baga(l — p3)f2 — Baoz(1 — p3)02Va,

which, in turn, using the fact that z5 = 5(a12(1 — p})01 + a2 (1 — p5)62) yields:

Y(pi(1 = p1)01 + p5(1 — p3)02) = (1 — pY)01 — Baai (1 — p})bh — B3 + Baga(1l — p5)oa = 47,

where the last equality following from the first constraint in Problem 6. Finally, given that the profits
corresponding to the two solutions can be written as >, p(1 — p})6; — 07 and >, p; (1 — p;)0; —

v (O, pr(1 — pr)b;) respectively, we conclude that the two solutions lead to equal profits. O

Proof of Proposition 7: We reduce the platform’s pricing problem with a two-type demand pat-
tern to an equivalent pricing problem in a network with only two locations such that each location
aggregates all locations belonging to the same type. We show that the optimal solution in this two-
location network can be constructed using the optimal solution to the original problem. We then
exploit the fact that there exists a v* such that the optimal solution for the two-location network can

be implemented using a fixed commission rate (Lemma EC.2) to finally argue that {z7, 6}, y;;}';_1

10



is an equilibrium under a fixed commission rate with {p7}? ;and v = +* that achieves the optimal
profit.

In particular, we define a network with two locations for which  and A are defined as follows:

° él = ZiENl #; and 92 = Eje/\/'g Gj.

e & _ Zie/\fl Zi/ENl Q! & Zie/\/l Z]'ENQ Xig & _ ZjENQ ZiENl Aji andd _ Z]'ENQ ZjIENQ %55’
11 Al y (k12 —\Nﬂ y G¥21 —|N2‘ ’ 22 Nz .

That is, location 1 aggregates the locations in A; and location 2 aggregates those in N>. The
demand at each location corresponds to the total demand of the locations in each of the two sets
and the transition probabilities represent the average probability that a ride originating from one of
the sets has as its destination a location in the same/different set.

We can now relate the optimal solution to Problem (6) in the original network with that in the
two-location network as follows. Let {p}, ¢, Yiitii=1 be the optimal solution to Problem (6) in the
original network, and let 2* denote the associated vector of supply. Since the objective function in
Problem (6) is concave, we can establish that there is a symmetric solution in the original network,
i.e., a solution that features the same price for all locations belonging to the same subset, i.e., p; = p}
foralli,i € Ny and p} = pj, forall j, j' € N>. To see why, assume by way of contradiction that this is
not the case, i.e., there does not exist an optimal solution that is symmetric. Then, if {p}, ¢, Vit i=1

is an optimal solution to (6), consider tuple {p/, o/ , such that:

/ n
' Yij ¥ij=

/

D

7

= 7 Lken, i foralli € Ny and p = = Yopcny, o7 forall j € A,
_ 1 =1
° (5,2 = W ZkGNl 6]: and 5; = W ZkGNQ 5]:) and

;L 1 ;L 1 . .
® Yy = TN Lokent 2ueens Yie A0 Y5 = i 2 Lnens Vi for all i € Ny and j € No.
_ 1 _ 1 .o
Also, yiy =[x Lken 2wens Y A Vi = xop ke, wen, Yiw for all i, i € Ny and

jvj, € N2-

Note that the concavity of the objective function implies that the profits corresponding to tuple
{p., oL, ygj 1= are at least as high as those corresponding to {p}, J}, Y7t j=1 assuming that there is
enough supply to satisfy the entire induced demand )" ,(1 — p})0;. To see that the latter is true,
consider locations that belong to A; (a similar argument holds for locations in N3). Note that by

construction the supply of drivers and the induced demand under {p;, d;, y;;}7;_; is the same at

11



each of the locations in V;. Thus, it suffices to establish that > ;- #; > > x, (1 —p;)6;. To this end,

we have

Do at =83 | 3 (onal = p)bs + k) + D (ensll = e+ )] + 3 6

i€ENT ieN1  keEN; keEN> €N
=D ar= ) (-pbi= Y (1-phb;
ieNT €N i€EN]

where the equalities follow from the definition of two-type demand patterns and the construction of
tuple {p, o/, y;;}';—1- The inequality >, v, i > > e p, (1 — p})0; follows directly from the fact that in
an optimal solution the available supply of drivers has to be greater than the induced demand. Thus,
it follows that there exists a symmetric optimal solution, i.e., we can assume that {p;, ;, y;; }';_; is
symmetric.

Next, we define a solution {p, §, Y} for the two-location network that generates the same profits

as {p;, d;, y;;}i';=1 in the original network as follows:

e p1 = pj fori € N1 and ps = pj for j € Na.
o b = > ken, O = [M1|6f fori € Ny, and by = > ken, On = ]/\/2\(53*. for j € Ns.

b Z)12 = Zie/\/l ZjENQ y:] and ng = ZjENQ Zié/\ﬂ y;z

It is straightforward that {p, 4, Y} is in fact an optimal solution to Problem (6) in the two-location
case. By way of contradiction, suppose that there exists another solution {p, §, Y} in the two-location
network that generates higher profits for the platform. Then, the following is a solution to Problem
(6) that generates higher profits for the platform than {p}, 67, y;;}}';_; in the original network, which

leads to a contradiction:
o pf =piforalli € Ny and pj = ps foralli € Ny,

o 0 = ITll\Sl foralli € Ny and 67 = lelgg for alli € N5, and

"
1/

oy = mgm and ¢, = mgﬂ foralli € M1 and j € Na. Also, yj;, = 0 and y7;, = 0 for all

i,i € N1 and j, 5’ € Ns.

The optimality of {p, 5, Y} in the two-location network and Lemma EC.2 imply that there exists

a~* such that {%;, §;, 9;; } 7, is an equilibrium under a fixed commission rate v* and prices {p; }" ; in

12



the two-location network. To complete the proof, it suffices to argue that {7, 6;, y;;}7',_; is an equi-
librium under a fixed commission rate with {p;}? ; and v = ~* that achieves the optimal profit.
However, this follows from the mapping between the solutions in the original and two-location
networks—a driver entering the platform to provide service makes exactly the same profit in both

cases. O

Proof of Proposition 8

Let ¢;(i = 1,---,n), ¢;(i = 1,---,n), wij(i,7 = 1,---,n), v;(¢ = 1,---,n) denote the dual variables
corresponding to the inequality constraints —p; < 0,—6; < 0,—y;; < 0,p; — 1 < 0, respectively,
and )\;(i = 1,---,n) denote those corresponding to the equality constraints in optimization problem
(15). Then, the corresponding KKT conditions imply the following for the optimal solution to (15)
under Assumption 2 (note that the platform’s optimization problem is a convex program with affine

constraints and, therefore, Slater’s condition holds):

(1) Taking the derivative of the objective function and constraints with respect to ¢; yields —1 =
—\r — ¢f. Given that ¢ > 0 we have that \¥ < 1. In addition, from complementary slackness

we obtain that A} = 1 when 67 > 0.

(2) Furthermore, the derivative with respect to y;; yields 0 = A\ — % A — wj;. Note that since
Wz'*j > 0 we have \¥ > [3Sis /\]*- and from complementary slackness we have that if yj] > 0, 1i.e, ifit

is optimal to relocate excess supply from location i to j, then \* = 3¢ A

Next, we establish that the compensations defined by Equation (16) can support {47, 7, y;;}1';- 1,
i.e., the optimal solution to Problem (15), as an equilibrium under price vector {p;};—;. First, note
that the compensations defined in (16) are the solution to Equation (8) below, i.e., the equation that

describes the drivers’ expected earnings, when we set V; = A’ for all i:

*

1—p* g 1—p: .
Vi = i s GiV/. 1— i Gk, 8
e Ej oej<cZC]+ﬁ j>+< e )mkaxﬁ 2 (8)

7

To see this, first consider the case where =7 > (1 — p}), which, in turn, implies that yl*] > 0 for some

13



j. Then, we can rewrite (8) by setting V; = /\§ in the right hand side as follows:

Vi= o Z ij | ¢iGij +B°AT |+ | 1 - o mkaxﬂ Ak
3 ] K3

1-p} 1—pf y 1—p* |
J j i

* *
€ €

1—pr 1—pr

where the equality in the last line follows directly from the definition of compensation ¢} (Equation
(16)) and the fact that A} = max 8%\ from item (2) above. The claim for the case where 2z} =
(1 — pr) follows immediately from (8) and the definition of ¢].

Therefore, the V;’s as defined here satisfy Equation (8) (which is equivalent to Equation (2) when
the compensations and the terms involving 3 are appropriately scaled with the ¢;;’s). In addition,
the drivers’ incentive-compatibility constraints, i.e., Equation (3), are satisfied as well, since \} =
Vi =1 =w,when ¢ > 0and A} < 1 for all i. Finally, condition (ii) in the equilibrium definition, i.e.,
Equation (1) (appropriately scaled to incorporate the (;;'s), is satisfied trivially as {07, 7, yj; }1;_; is
feasible for Problem (16) and 7 > (1 — p}).

Thus, we conclude that the compensations defined by Equation (16) can support {4;, 7, y;; i

as an equilibrium under price vector {p} };—; and expected future earnings for a driver at location :

given by V; = Ar.! O

EC.3 Proofs from Appendix A

Proof of Proposition A.1

Optimization problem (17) is a quadratic maximization problem with a concave objective function
and affine constraints. Thus, Slater’s condition is satisfied for (17) and, consequently, strong duality

also holds. Substituting w = 1, we obtain that the Lagrangian of Problem (17) is given by:

Lp, Y, 0N =p'01—p)—1T6 + X' + Y 1+ ATO(1 —p)) = AT(Y1L+O(1—p)). (9

'Recall that in the case of unequal distances, the expressions involved in the equilibrium definition are scaled appro-
priately according to the (;;’s as we discuss in Subsection 5.1 (footnote 32).
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By strong duality we obtain

in L(p,Y,5,\) = mi L(p,Y.5,\).
[ pax min (P, Y,0,) min max (p,Y,0,)

Let g(A) := maxp v 6>0 L(p, Y,d, A). The dual problem, which has the same optimal objective value
as the primal one, is given by miny g(A). Furthermore, the feasibility of the primal problem implies
that both the primal and the dual optimal objectives are bounded and the corresponding optimal
solutions exist.

Next, we consider expression maxp v, 5>0 L(p, Y,d, A) for some fixed A. First, observe that

OL
ayij

=B\ — A

Given that the Lagrangian is linear in Y, it follows that g(\) = oo, if \; < §A;. Moreover, if in the

optimal solution y;; > 0, then \; = $A;. Similarly,

oL

and hence g(A) = oo, if \; > 1 as the Lagrangian is linear in J,. Moreover, if in the optimal solution
d; > 0, then \; = 1. These observations imply that g(A) < co only when )\; < 1foralliand \; > 8\;

for all 4, j. Thus, we can rewrite the dual problem as follows:

ming(A) =min  maxp’©(1 - p) + A7 [BATG)(l —p)-©(1-p) (10)

p>

st. A > A, foralli, j,

A <1, forall s,
where in the objective function we replace maxp v s>0 L(p, Y ,d, A) with:
maxp”©(1 - p) + AT [BATO(1 - p) - (1 - p), an
pP=

since, as mentioned above, in the optimal solution, §; > 0implies \; = 1 and y;; > 0implies \; = 8A;;

thus, we can remove the terms that involve d and Y.
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Ignoring the non-negativity constraint on the vector of prices for a moment, the first order opti-

mality conditions of the optimization problem in the right hand side of (10) suggest that:
2p—1+BAXN—A=0,

or equivalently p = %. Using the fact that matrix A is row-stochastic and \; > g\; for all 7, j
yields:
A—BAA> A — (Bml?x/\k)Al > A - (5m]‘;1x)\k>1 > 0.

Thus, it follows that 0 < % and the non-negativity constraint in the right hand side of (10)
can be relaxed without affecting the optimal solution, i.e., the optimal solution is interior. By strong

duality, it follows that the primal optimal solution (p*, Y*, §*) satisfies

(p*,Y*,6") € arg max L(p,Y,0,\"),

p,Y,d

for the optimal dual solution A*. Thus, the vector p* that solves (11) for A = A* is also equal to the

vector of optimal prices in (17). That is,

b = 1+ A" — BAXN*
2 9
as stated in the proposition. Using the characterization for the vector of optimal pricesp = (1 + A —
BAX)/2 derived above (for A such that \; > ), for all ¢, j), we then conclude that the dual problem
can be rewritten as
in L(1-(1—BA A)T®<1 - (I—ﬁA)A)
Aekn 4 <1 (I-5A)
st. N> ﬁ)\j, for all 1,7,

A <1, forall.

Finally, strong duality and Expression (19) directly imply that the platform’s optimal profits, i.e., the
value of the objective function of optimization problem (17) at the optimal vector of prices p*, are

given as

L a-sax) e(1-1-pAN) = (1-p) O - p)
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Proof of Lemma A.1

Given that w = 1, in any optimal solution for (17), there exists location k such that §; > 0, since
otherwise serving some demand at & would lead to a solution with a higher value for the objective
function. To see this, note that setting p, = 1 — ¢, x = (1 — 82), and y;x = Baui(1 — pg )by for all i
and for some ¢ < 1 is a feasible solution for (17) and generates positive profits for the platform (by
contrast, setting ¢; = 0 for all < generates zero profits).

For part (b), recall from the proof of Proposition A.1 that the primal optimal solution (p*, Y*, 6*)
satisfies

(p*,Y*,0") € arg max L(p,Y,d, \"),

(p,Y,0)
for the optimal dual solution A*. In addition, again from the proof of Proposition A.1, we have \} =1
when §* > 0, which establishes part (b)(ii) of the lemma. Also, by part (a) we have that there exists
location i such that 6; > 0, which together with A7 > 8\% from the feasibility constraints of the dual,
establishes part (b) (i) of the lemma. Finally, noting that AY = S\} when y;; > 0 in combination with

part (b) (i), establishes part (b)(iii) of the lemma. O

Proof of Lemma A.2

From Equation (19) the optimal vector of prices p* and the corresponding optimal dual vector A*
satisfy (I — BA)A* = (2p* — 1). Restricting attention to the i-th row of the vectors in this equation,

we obtain

X =B i\ =2pf — 1. (12)
J
Note that since A} € [3,1] (Lemma A.1) and A is a row stochastic matrix, we get
B2 =B (B) <BY aigX <BY iy =p. (13)
J J J
Using (12) and the inequalities in (13), we obtain
A =Bl - 1SN =B (14)
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which, by rearranging terms, concludes the proof of the lemma. O

EC.4 Supporting Material

EC.4.1 Nonuniqueness of Equilibria

In this subsection, we illustrate that the equilibrium need not be unique. As a simple example, con-
sider a network consisting of a single location with a;; = 1, and let¢; = (1 — f)w and p; = 1/2.
Suppose that the riders’ willingness to pay is uniformly distributed in [0, 1]. Then, we can construct

a continuum of equilibria. In particular, any tuple {01, z1, y11} with
61 < 0:1(1—F(1/2))(1 - B),

and z; = 01/(1 — ) and y1; = 0, constitutes an equilibrium under (p;,¢1) = (1/2, (1 — f)w). This is
straightforward to see, since for any such 4, drivers are indifferent between entering or not and upon
entering they always get assigned to a ride. Moreover, the profits for the platform corresponding to

these equilibria are not the same. In particular, the flow rate of profits for the platform is given by

P11 — W = <2(1 1_ 5) — w) 01.

EC.4.2 Derivations for the Example in Figure 3

Example. Consider the network depicted in Figure 3 and assume that w = 1. Then, restrict attention
to location 3 and let v take some fixed value in [0, 1]. For a driver to find it optimal to enter and
provide service at location 3, i.e., for any demand to be served at location 3, it has to be the case that

the price ps set by the platform at location 3 satisfies:

YP3
1-p3’

w = V3 = min{l, (1 — p3)/x3} - yps + BV3 < (15)

where 3 denotes the supply of drivers who provide service at location 3. The right hand side of

the inequality is equal to the expected lifetime earnings of a driver when the probability of getting
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assigned to a rider at location 3 is equal to one (and, therefore, it is an upper bound to the earnings
that a driver can make by providing service at 3 when the compensation per ride is equal to yps).
Expression (15) further implies that, when w is normalized to one, we must have p; > (1 — 3)/v
for any demand to be served at location 3. Thus, in such solutions, the platform’s optimal profits at

location 3 are equal to the solution to the following problem:

max (1 — )f3ps(1 — p3), subject to p3 > —,
p3€[0,1] v

which implies that for fixed ~ the optimal price p3(~) is equal to max{1/2, (1 — 3)/v} whereas the
platform’s optimal profits from location 3 as a function of v, which we denote by II5(~), take the

following form:

500 =0 (1-m6s52(1-152) ify e (1- 3 minf2(1 - §), 1)),
1/4(1 — ~)63 otherwise.

To complete the description of the equilibrium outcome for location 3 for a fixed ~, we have

p3(N =94 (1-p)/y ifye(1—p min{2(1-p),1}),
1/2 otherwise

where with some abuse of notation p3() denotes the optimal price for the platform at location 3 as

a function of ~. Similarly,

03(7) =19 (1—B)(1—pj(y)0s ifye(1- B min{2(1-p),1}),
1/4-~6; otherwise

and z3(7) = 65(v)/(1 - ), whereas y33(v) = z3(v) — (1 — p3(7))03 and yj3(v) = y3;(7) = 0 fori # 3.
Furthermore, for the subgraph consisting of locations 1 and 2 a similar analysis when 6, = ¢ — 0

yields the following for the optimal profits in the subgraph as a function of v (which we denote by

19



I 5(7)):

1200 =9 (1- 7)01#(1 - %) ify € (1 - 8% min{2(1 - §%),1}),
1/4(1 — )61 otherwise.

To complete the description of the equilibrium outcome for the subgraph for a fixed ~, we have

i) =93 (1-p%/y ifye(1-p8%min{2(1-5%),1}),
1/2 otherwise
and p5(y) = 0. Also,
() =9 (1=81)1—pi(y)6 ifye (1% min{2(1 - 5%),1}),
1/4-~6, otherwise

and 63(7) = 0. Finally, #i(y) = 6(7)/(1 — 8%),5(7) = B(1 — pi(3), y&1(7) = B(L - pi(~)), and
yi1(v) = x7(7v) — (1 — pj(v))61, which completes the description of the equilibrium outcome for
locations 1,2 for a fixed ~.

To see this, note that if any demand is served at the subgraph consisting of locations 1 and 2, it has
to be the case that§; > 0 = J, i.e., drivers enter atlocation 1. Moreover, a driver who gets assigned to
aride at 1, completesitatlocation 2, and then returns to 1 without earning additional compensation.
Thus, the supply of new drivers who enter the platform at location 1 in each time period is equal
to (1 — B%)a7%(v) given that 32-fraction of the drivers who provide service at 1 return back to this
location and continue providing service. Thus, the platform’s problem at the subgraph consisting of
locations 1 and 2 is essentially equivalent to the problem at location 3 when the fraction of drivers
continuing to provide service changes from j3 to 32. Finally, the platform’s optimal choice of v is the
value that maximizes IT7 ,(v) + II3(v). Let I1,,; denote the corresponding optimal objective of (6) for
the same network. In Figure 3, we illustrate the profit gap between Il,,; and max,, I1] 5 () + II5(v),

ie, 1 — (maxy (15 5 (v) + IT5(7)) /Hop for different values of 3.
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EC.4.3 Heterogeneity in the Drivers’ Outside Option

Throughout the paper, we assume that the drivers have the same outside option, which amounts to
lifetime earnings equal to w. This allows us to focus on the questions we are mostly interested in; i.e.,
how imbalances in the demand and its destination preferences across a network of locations may
affect a platform’s pricing policy and profits.

That said, we describe below how we could accommodate heterogeneity in the outside option
among the platform’s potential drivers. Suppose that the mass of potential drivers that could join
and start providing service for the platform at each time period is A and their outside option (reser-
vation wage) is distributed with CDF G(-); i.e., A - G(w) is the total mass of drivers that would be
willing to join the platform when their expected lifetime earnings by participating are equal to w. In
the remainder of this appendix, we consider optimizing over prices and compensations {p;,¢;}7",,
where p; denotes the price that a rider has to pay for a ride that originates from location i, and ¢; is
the corresponding compensation for the driver (as in the main body of the paper). Then, the plat-
form’s optimization problem would be written as (this is an extension of optimization problem (6)
incorporating heterogeneity in the reservation wages—note that the relaxation implied by Lemma 1
applies here as well):

max D pi(l=pi)ti —w- A-G(w)

w,{Pi,05,Yi; }7 =1

s.t. Zyij =p Zaji(l — pj)Hj + Zyji +6; — (1 —pi)ei, for all 4,
J J J

(16)
pb(s’uyZ] > 07 for all iaja

p; < 1, forall ¢,

D 6 < A-Gw),

where in the objective function we substitute w ) , ; = w - A - G(w), which is a consequence of the
fact that the platform will set w so that the total mass of drivers ), ¢; that would enter each time
period is precisely equal to the drivers the platform needs.

Note that although in general optimization problem (16) is non-convex for a general G(-), it is

convex for anumber of distributions (similar to our discussion in the paper for the riders’ willingness
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to pay distribution F'(-)). For example, if the distribution of drivers’ reservation wages is uniform
with support in [0, w], we could rewrite (16) as:

max Zpi(l—pi)ﬁi—A/w-wz

w,{Pi,0s,Yi; }7 =1

s.t. Zyij =p Z aji(1 —pj)0; + Zyji +0; — (1 — pi)b;, forallq,
J J j

J

i, 0,y > 0, forall i, j, (17)
p; <1, forall s,

Z@' <Afw-w,

1

w < w.

Note that imposing w < w above (which is necessary given our assumption on the support of the
reservation wages) is without any loss of optimality as the platform would never find it optimal to set
the wage w higher than w (even in the absence of the w < w constraint). The resulting optimization
problem (17) is convex and upon solving it we obtain the equilibrium wage w the platform would
find optimal to induce as a function of its demand pattern.

Moreover, note that in the context of the model of the main body, where w is fixed and there is
free-entry, drivers’ surplus is equal to zero (as their expected lifetime earnings at equilibrium are
equal to their outside option). On the other hand, if drivers are heterogeneous in their outside op-
tion, i.e., their outside options are distributed according to G(w), we obtain the following expression

for their surplus when expected earnings in the platform at equilibrium are equal to w:

A [ w=a)gtayda,

where recall that A denotes the total mass of drivers who are willing to provide service at every time
period. When outside options are distributed uniformly in [0, w], we can rewrite the expression for

the drivers’ surplus as follows

A/w/ow(w )= 2

|
|
S

i.e., drivers’ surplus is increasing with the prevailing equilibrium wage in the platform.
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Although drivers’ surplus is increasing with the equilibrium wage induced by the platform’s pric-
ing policy, this wage and, consequently, drivers’ surplus do not satisfy a monotonicity property as
a function of the demand pattern’s balancedness. In particular, as the following figure illustrates,
equilibrium wage/drivers’ surplus may increase or decrease as the network becomes more balanced
(unlike platforms’ profits and consumer surplus that always increase with balancedness even under

heterogeneity in the drivers’ reservation wages as also illustrated in the figure).
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§ 3

Figure 1: Induced equilibrium wage w and consumer surplus corresponding to the platform’s op-
timal origin pricing policy for the class of star-to-complete networks with n = 4 locations, 8 = 1,
and 5 = 0.9. Here, the riders’ willingness to pay is uniformly distributed in [0, 1] and the drivers’
reservation wage is uniformly distributed in [0, 5]. Finally, A = 0.5.
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