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Appendix

EC.1. Proof of Lemma 2

Proof of Lemma 2 Let m(x,y) be the state joint distribution of [X,Y], and let my(x) =

>0 7 (2, y) be the marginal distribution of X. For a given z > 0, we have:

> w(@y)QUeyl e+ Ly + > 7@, y)Qx,y), [x+1,y])

y€eS(x) ygS(x)

= Y e+ LyQe+1yly)+ Y w@+1Ly)Qz+1,y), [z,y).

yeS(z+1) ygS(z+1)

Using Condition 2, we upper-bound the LHS and lower-bound the RHS, which results in having:
f@)PX=2YeS)|+PX=2,Y¢Sx)]>g9(z+1)PX=c+1,YeS(x+1)].

Let ms(z) =P[X =2,Y € S(z)] =>_, c gy T(2,y). Observe that mx(z) < ms(z) +cd” < ms(z) 4 cp”
f(z)

from Condition 1 and for any p € [0,1). Assuming that for x >, Jarn <P, we get:
f(z) PlY ¢ S(x)] cé” cp®
+1)< +—F——-< + < + ,
sl < @t =gy S gy Sems@ Tt aT,

where the last inequality results from the assumption We can now prove by induc-

5%
g(z+1) = q(77+1
tion that:

ms(n+1) < ' <7T5(n) Hg?grl»

This allows us to conclude:

oo

PX>n+k= ) mx(i)
i=n+k
SZﬂs(n—i-i)—i-Zcp"”
<> pims(n) Z ip’ +ZCP"“
s 77+1
p* cp'” : k‘+1
< 1+cp"+
B ( P g1
Ic
§ < c(k+1) >
g(n+1)—f(n)
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EC.2. Missing proofs for BilateralMatch(H) Policy

In the proofs of this section and of the next ones we will use the following facts: for any bounded,

non-negative function £ : R, — R, and any constant u > 0, in the limit where py — 0,
Fact 1 Forn= 7(1““)3(”{) , we have (1 —p3%)" = 7‘37551{) +O0(p%).

Fact 2 For any constants pg, r >0 and for n=

%, we have (1 —pppu)" = o(py).

n=WWEEPr) e have (1—p%)"=1—O0(py).

Fact 3 For any constant pg, and for pysr

Inu —&(p)
n= (Inu)+£(p)

PEPH

Fact 4 For any constant pg and for , we have (1 —pppy)" = +O(pg).

EC.2.1. Proof of Theorem 1
Proof of Theorem 1 We first upper-bound E[H5#]. Let
pElpH (ln (AE/\FAH> Ty pH) +p;13/4 when Ay < Ap,
U()\Hu)‘EapEapH): 1 oA ~3/4
o <ln(AE+’§H> +c4\/pH> +py when A\ > A\g.

Where ¢; and ¢, are the constants from Proposition 4. Using the equality E[H"#] =" P[H"# >

i], we have:

v(Ag A EPEPH)—1 a
Eff) = ) PHSz+ Y P[HP>i]
i—1 i=v( A A g, PE.PH)
- ’Y(pH)j
V(A Ap, e, i) + _23/4 1=~(pn)
i=py
' (pr)re”

A, Am, DE, 4+ —
(A, Ags Py Pa) (L=~ (pm) )2

Where we denote 7" = max(7,7') and we used the result from Proposition 4 : P[HP# >
U()\Ha)\E7pE7pH) +.7] < M

— 1-9"(pu)" _s/4

Applying the fact that ~+"( (1 /Pu +o(; /pH))pH = o(p%), and some algebra we
get the following upper—bound on E[ H]:

_If Ay < Ap, then E[H%#] < < "esg) |, 7).
PH

PEPH

n( 2)\H )
- If Ay > Ap, then B[Hn] < "8 4 (p%)
H H
Now we proceed to lower-bound E[H?#]: Applying Markov inequality to E[HP#] and using Propo-
sition 3, we get the following lower-bound on E[H?#]:

ln(%) 1
CIf Ay < A, then E[HB1] > e Aiw) 4, <7)

PEPH PH
ln( QAH )
- 1 Ay > Ap, then B[H®n] > “I50E 4o (é)

This completes the proof.
O
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EC.2.2. Proof of Corollaries 1 and 2

Nan
Proof of Corollary 1 Define x = Ag/Ap, and f(x) = : (1;“”) Note that the constant

. It is easy check that f’(z) >0 in z € (0,1), and therefore f(z) is increasing in

PEANH AEP

Proof of Corollary 2 Define y = Ag/\g, and g(y) = I(T) Note that the constant

In (M?W) _ g(y
AH

y* is the solutlon of ¢'(y) =0:

Yy
. Tt is easy to check that ¢’(y) >0 when y € (1,y*), and ¢'(y) <0 in y > y* where

i () et D2/ +1) =1,

! *:0<:>
q(y") Ty

y*+1
O

EC.2.3. Proof of Proposition 4

Instead of proving Proposition 4, we prove a stronger result. This will be useful later on to prove

an upper bound for F agents (see Lemma EC.1 in EC.2.4).

ProrosiTioN EC.1. Under By, if Ay < Ag, for any non-negative bounded function {(pg), for all

k>0:
Pl (n () e ) o] = 22555

where y(py) = o A/\ S —em +O(py).

If Ay > Mg, for any non-negative bounded function &' (py), for all k> 0:

P ez g (w (55 <o) +4] < 2206

& (vp)
where ' (px) = T‘?Z,,ﬁO( )

Proof of Proposition EC.1 We wish to apply Lemma 2 with [X(£),Y(t)] =
[HPH (t), EP# (t)], in the special case where S(h) =N for all h, and ¢ = ¢ = 0. This implies that
we need to find functions f(-) and g(-) such that for all e € N, f(h) > Q”H([h,e],[h+ 1,¢]), and
g(h) < Q%1 ([h,e], [h—1,€]).

Let f(h)=Ag(1—p%)" and g(h) =Ag(1— (1 —p%)") + Ae(l — (1 — prpx)™). We have

f(h) Au(1—p%)"
gh+1)  Ag(1— (1 —p3)"* )+ Ap(1— (1 —pppu)'+t)’

Case Ay < A\p: Take n= pElpH (ln </\E AH> —i—f(pH)). Facts 3 and 4 imply respectively that (1 —

p4)"=1+O(pg) and (1 — pppy)" = %675(%{) + O(py). This yields for all h >n:

fh) A
g(h+1) = Ap— (Mg — Agg)e—€wm)

+O(pu) :==7(pr).
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Case Ay > A\g: Taking n ) +§’(pH)>. Facts 1 and 2 imply respectively (1 —p%)7 =
%6*5/@1{) +O(p%) and (1 —prpy)" =o(p%). This yields for all h >n:

Il
3
mm‘»a
—
=
S
>
>
LR
T

F(h) _ le—f’(m{)
g(h+1) = 1—Je-¢wn)

+O0(py) = (pn)-

In both cases, we conclude by applying Lemma 2 with p =~(py) or p=+'(pu) -

[l

Proof of Proposition 4 The proof of Proposition 4 is a consequence of Proposition EC.1:

- In the case where Ay < Ag, take &(pw) = /pm
e ,\/\H) —iy T Opr) =1~ /b +O(/Pr)-

- In the case where Ay > A, take {'(py) = 24/pr. This implies that ~'(py) =

O(p) = 1=y +O(y/pn).
]

/\E A . This implies that ~(py) =

=& (rp)
2 €& (rH)

EC.2.4. Proof of Proposition 3

The proof of Proposition 3 requires a concentration bound on the number of E agents, which we

state in Lemma EC.1.

LEMMmA EC.1. Under By, and assuming py < pg, there exist constants C' and ( <1 (which only
depend on Ay, Ag, and pg) such that for any k >0, there exists p such that for any py < p, we
have:

P [EBH > \/1)7+]€:| <Cc¢h.

Proof of Lemma EC.1 The proof is based on a bound on the right-tail distribution of F
agents in the market. To do this, we will apply Lemma 2 with [X(¢),Y (¢t)] = [EP#(t), HBH(t)].
Therefore, we find an upper-bound f(e) = Ag(1—p%)¢ > QP# ([h,e], [h,e+1]) on the upward transi-
tion (3c¢). Similarly, we would like to find a lower-bound g(e) on the downward transition (3d), but

we cannot find one for any h € N. Therefore we need to restrict our attention to some subset S(e) C

N. Recall that QB4 ([h, €], [h,e —1]) = Ag (1 —p2)"(1 — (1 —pepu)®) + Ae(1 —pepa)" (1 — (1 —p%))).

- oesins g 25 ) )

Applying Proposition EC.1 with £(py) =1n2, we get that P[H®H# ¢ S(e)] < 2@ c§e where

1=v(pm)

c= %, 5= A;iIiH' Fact 4 implies that for all h € S(e), (1 — pppy)" > ’\gA];H(l — pEpH)® +

O(pg ). Keeping only the second term in Q5# ([h, €], [h,e — 1]), we get the lower-bound:

Case \y < A\p:
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Ap— A

Q% ([h,e],[he—1]) = TH(l —pepu) (1= (1=pg)*) +O0pu) = gle)
This yields:
f(e) 2A < 1 —pj )
+0 .
et D) e A1 - T\ T popn (o)
We get for all e > \/T{, and py < 4. Furthermore, for p = 17” and py small
enough,
L1 e
e _ VPH e
5 S 56 (1 pEle) — S < 5 > 1 1 S 1p

We can apply Lemma 2 which yields the desired bound:

By~ 1 p* c c(k+1)
P{E >m+k]<1—p<” +g(¢;—H+1)—f(1)>

VPH
pk ck+1)(Ag+Ag)
=1, <1+C+ 2219(1/ /P + 1)> '
P c(k+ 1) (A + An)

< 1+c+ .
_1—P< Aa(Ag — An) )

Where we used first the fact that (fl(/lﬁ)l) <di= /\éi\;{H and therefore g(1/\/pr +1) = f(1/\/Pu) =

A= and second the fact that g(1/\/pr + 1) = 2252 + O(py).

A+ g
1 2y ) ) }
S heN — | In +In2 | +ep.
(€)= { | p?f( <>\E Ar

Applying Proposition EC.1 with &(py) = In(2), we have P[HP= ¢ S(e)] < 7(”1) = c6°, with ¢ =

— 1=v(pn
3/2 and 6 =1/3. Fact 1 implies that for all h € S(e), (1—p%)" > ’\H+’\E (1—p3)© —l—O(pfq). Keeping

only the first term in QP# ([h,e], [h,e — 1]), we get the lower—bound:

Case \g > A\g:

An+ g

Q% ([hye], [he—1]) > —— W (1= pi)*(L = (L= pepr)©) + O(py) = g(e).

This yields:

f(e) 4 g <1 —P?E)e 2
< +0 .
s+ = O+ 21— (L= pep)) \1=p, ) TO@W
Furthermore, with p=1/2 we get that for py small enough, =5 < p. This leads to
—1/2

€

e — 2 \Py
0°  _ sel—pi)"n P

e<( 5 ) L
gle+1) ~ g< 1/2+1) “\1-p% g(p;/Q—i—l)_g( 1/2+1)
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Therefore we can apply Lemma 2:

c(k+1)
+1) For")

P [EPH > np+ k] <3 1+c+

< - k c(k+1)3
— p —1/2)
< 14 6c k: + 1))
Where we used the fact that for all e \/%, g(ejl) o(pgr). Therefore for py small enough,

19 < L and therefore g(e+1) — f(e) > 2g(e+1). Which concludes the proof.

We can now prove Proposition 3. The main idea is to apply Lemma 1, in two cases separately,

: 2
where in one case we have few (< \/TT;)
Lemma EC.1, we can exponentially bound the second case.

FE agents, and in the other case where we have many. Using

Proof of Proposition 3 We will apply Lemma 1. Consider S = {e eR,e §pH +pH1/2}.
Using Lemma EC.1 with k =p,,'/?, we get that P[EB# & S] = o(p?)).

For e € S, we have (1 — prpy)¢ > 1— pepn (pH 2 —i—o(\/ﬁ)) =1-2pp\/Pa + o(\/Pu)-
Taking f(h) = Ap(1—p3)" (1= 2pe/Pr) +0(\/Pu), we have for e € S, QB ([h, €], [h+1,¢€]) > f(h).
Let g(h) = Q7 ([h,e],[h—1,e]) = Ag(1 — (1 —p%)") + Ae(1 — (1 — pepr)"), and note that f(h) is
non-increasing and g(h) is non-decreasing. We have:

gh+1)  Ag+dg—Au(1—p3)"™ = Ap(1 —pepy)"
Fh) Au(1=pi)* (1= 2pp/bu +o(\/Pr))
In the case \y < \g, Take n = Py (ln(/\E py )—cl\/ﬁ) Using Facts 3 and 4, we have
(1—p})" =14 O(pu) and (1 — pppn)" = % e“IVPH 4 O(pr) = 2521 (1 + ¢i/pu +o(ypr)),

therefore:

g(n—l—l) _ Ag+Ag— Ay — ()\E—)\H)(l—i—cll\/]ﬁ)—f—O(\/]Z)
f(n) A (1= 2pe/pu) +O(pu)

1o (AEAHAH : 2pE) Vi + ol /).

=1—/pu +o(\/pu)-
Where we fixed ¢} = %JFQZE) Using Lemma 1 with [X (¢),Y ()] = [H5# (t), EBu (t)], k=p,;”* and

y
p= g(f"(:;)l), we get p* = o(p%) and:

1 Pk

f(n)—g(n+1)> " L—p
1 o(py)

f(n)\/EJrO(\/E)) T o+ olyp)

P[HP <1~ K <n-olph) (1+

<n-o(py) <1+

=o(pu)-
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Taking ¢; = ¢| + pg, this enables us to conclude that P[HB%# < —1 <ln( AL ) — 01]?2/4)] <

PEPH Ap—Ag
o(pm)-

In the case \y > Ag, Let n= (ln <A;/}~‘}§\E> — c’ng‘l) Using Facts 1 and 2, we have (1 —p%)" =
H

AZ’EE ePH +O0(p%) and (1 —pgpy)" = O(p%). This implies that:

_gn+1) _ O+ Ap) = FHRELVPI 4 O(p)
fn) — Quiie) C2F(1—2pE\/E)+O(pH)

(14 )
<1+c2m><1—2pEr> +olvPn)
1 (26, — 2pe)/Fr + oly/Fr)

=1 /pr +o(/Pr)-

Where we have chosen ¢, = 1+2p —PETaking k = pH , we have p* = o(p%). Applying Lemma 1, we

get that for all :

PH®" <p— k] <7 0(p4)<1—|— ! >+ o
SN—RIX>1)-
H f)—gln+1)) 1-p
o(pF)

=1 oPu) e ot ol
= O(PH)

2

Taking ¢, = ¢+ 1, this enables us to conclude that P[HB# < o (ln <>\H+>\E) — Co\ /pH>] <o(py).
O

EC.3. Missing proofs for BilateralMatch(E) Policy
The proof of Theorem 2 relies on a concentration result on the left tail of the distribution of H5=

(Proposition EC.2), and a coupling argument to upper-bound E[H?#] (Proposition EC.3).

ProrosiTioN EC.2. [Lower Bound] Under Bg in steady-state,
- If Ay < Ag, there exist a function v(pg) =1— /pg + o(\/Pa) and a constant cs >0 such that

for all k>0:
1 oy 1/4> } 'Y(pH)k
P |HBE < In{ ———— | — —k| <
[ ~ PEPH ( (/\E - AH) b ~ 1—(pn)

- If \g > Ag, there exist a function v (pg) =1—/pa +o(\/pr) and a constant cg >0 such that

for all k>0:
1 2Xm Y (pu)"
p|ame < L (1 () c,ﬁ> ]_.
{ Ph An+ A ’ 1—+'(pn)
ProrosiTioN EC.3. [Upper-bound| Under Bg and in steady-state,
n AE
- If A < Ap, then E[H®?] < % +o (i)

- If Ay > Mg, then E[H® ]STHI (AZ??E)?LO( H)
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Proof of Theorem 2 We will first compute a lower bound for E[H?~]: Applying Markov
inequality to E[H?#] and using Proposition EC.2 with k = pl_f/ * we get the following lower-bound
on E[HPE]:

~ If Ay < Ap, then E[H%#] > () |, (i)

PEPH

ln( 22y )
- If Ay > Ap, then E[HBE]2%+O( ! )

o
PH PH
Using Proposition EC.3, we can get the desired upper-bounds for E[H?®#]. We can conclude
B
using Little’s law: wgy = E[fiHE]

O

EC.3.1. Proof of Proposition EC.2.

In order to prove Proposition EC.2, we first need a concentration result on EP® agents. This is
stated in Lemma EC.2.

In(a/(1+a(1-py))
W) For any

LEmMA EC.2. Under Bg in steady-state, for any o € [0,1], let np(a) =

k>0, we have:

ak

P [E%F > np(a) +k] < 7—.

Also, (1 —p2)nel@) = ﬁﬁ%)'

Proof of Lemma EC.2 In the same way that upper-bounding H agents when they get prior-
ity is easy because waiting E agents can be ignored, upper-bounding the number of F agents is easy
when they get the priority because H agents can be ignored. We can get the following bounds on
the transition probabilities: Q5% ([h, €], [h,e+1]) < Ap(l —p%)° = f(e), and Q= ([h,e],[h,e —1]) >
Ae(l—(1-p%)°) =g(e) which leads to:

fo -y
gle+1)  1—(L—pp)tt
Setting 7 = ng(a) to be the solution to g(fn(j-)l) = «, and applying Lemma 2 with [X(¢),Y(¢)] =
[E(t), H(t)], and S(e) =N for all h, c=0 and § =0, we get the desired result.

O

We can now prove Proposition EC.2.

Proof of Proposition EC.2 Notice that QPZ([h,e],[h+ 1,e]) = QP4 ([h,e],[h+ 1,¢]), there-
fore the function f(h) = Ag(1 — p3)" (1 —2ppy/Pr) + o(\/Pu) used in the proof of Proposi-
tion 3 remains a lower bound for e € S = {e §2p;11/2}. Furthermore, QP%([h,e],[h — 1,¢]) <
QP ([h, €], [h—1,€]) therefore the function g(h) = Ay (1—(1—p%)") +Ae(1 — (1 — pepx)") remains

an upper bound. Therefore, the proof is exactly the same as the proof for the lower bounds for

Proposition 3, except that instead of Lemma EC.1 we use Lemma EC.2 in the special case ng(a) =
py? with § = {e eRe< 2p;11/2}, and k=p,,"/*. We still have, P[EB# & S] = o(p?)).
O
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EC.3.2. Proof of Proposition EC.3

This proof is based on a coupling argument: instead of analysing the CTMC resulted from Bg,
we analyse the CTMC underlying another process that we call Bg. By works similarly to B with
one crucial difference: each time an E agent arrives which cannot be matched immediately, it
changes type and becomes an H agent and then joins the market. First note that under ZS’;, no
E agent joins the market, making its underlying CTMC a 1-dimensional Markov chain. Proving
that the stochastic process underlying B;; is a positive recurrent CTMC, and therefore it reaches
steady-state is similar to the proof of positive recurrence of Br (See Claim EC.3) and therefore
omitted.

Using a coupling argument we show that in steady-state number of H agents under By can be
upper-bounded by the number of H agents under BVE Our motivation behind defining BVE is that
in Bg, unmatched E agents in the market are competing against H agents over whom they have
priority. The idea is that by turning unmatched E agents into H ones, we expect to have more H
agents waiting. Let H Br he the random number of H agents under 1/3; in steady-state. First in the

next lemma we show that E[H?#] < E[H5#] + 1, then we compute an upper-bound on E[H5%].
LEmMmA EC.3. E[HBE] < E[H55] +1.

Proof of Lemma EC.3 Consider two copies of the arrival process, one under the setting of
Bp and one under Bg. Let [HP?  ECP] and H_F denote the embedded (discrete-time) Markov chain
resulting from observing the two dynamic systems at arrival epochs. We will prove the following

(stronger) result: there exists a coupling such that at any step k, H, ,f By ESE < HSE + 1.

We start by coupling all arrivals: with probability AE/\J:IAH (AE’\%H), arrivals to Bg and f)’\;; at k
are both H (F) agents. Three cases can happen:

1. H kB B4 EEE < HEE; in this case, we let the two chains evolve independently.

2. HEE <HPP + EF < HEE +1. Let h= HEE. We consider two sub-cases:

(a) The arrival at k+ 1 is an H agent. We couple the events that Bg and Bg cannot find
a match as follows: we draw two independent Bernoulli random variables B;, B, with
respective parameters of (1 — p?%)" and (1 — p?{)HfE(l — pHpE)ESE (1-p%)™" B, =1
corresponds to the event that 1757; cannot find a match; similarly B;Bs =1 corresponds to
the event that By cannot find a match.

(b) The arrival at k+1 is an E agent. Similarly we couple the events that Bz and By cannot
find a match as follows: we draw two independent Bernoulli random variables B3, B, with
respective parameters of (1 —pgpy)" and (1 —pEpH)HSE (1 _ng)EfE (1 —pepr) ™ Bs=1
corresponds to the event that ljj'; cannot find a match. Similarly B;B, = 1 corresponds to

the event that Bg cannot find a match.
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3. HIP+E" > H EE +1; in this case, we let the two chains evolve independently.
Having the above coupling, we finish the proof by induction. The base case k=0 is trivial: Hég Fy
EEP = HPP = 0. Suppose HEP + EPP < HP? 4 1, we show that HEF, + EPF, < HPP 4 1: In Case
(1), note that the number of agents waiting can increase or decrease by at most 1. For both cases,
we have H,ffl + E,lffl < H,igl + 1. In Case (2a), we have:

- If B, =0, then HZF, = HP” — 1. Further if B, =0 then B,B, =0, and HZF, + E°F, = 0" +
EPE —1. Therefore Hy o+ E,?fl <H ,:BEI +1

- If B; =1, then H,;B:r’gl = HEE + 1. Note that number of agents under By can increase by at most
one, therefore H,ffl + E,ffl < H,i‘gl +1.
Similarly in Case (2b), we have:

- If By =0, then HEF, = HP® — 1. Further if By =0 then BsB, =0, and HEF, + EFF, = HEP +
EP? _1; therfore HPF, + EPF, < HPP +1

- If B3 =1, then HEE = HEE + 1. Note that number of agents under By can increase by at most
one, therefore and Hffl + Effl < H,;B:_El +1.

Thus, in all possible cases H, o+ E,?f1 < H,i‘gl + 1 finishing the proof. Note that the above
induction also implies that Case (3) never occurs.

O

Proof of Proposition EC.3 QObserve that the CTMC Htg’E has the following rate matrix:
Q%% (h,h+1) = A (1= p})" + Ae(1 = prpn)"
Q% (heh—1) = Au(1 = (1= p3)") + Ae(1 — (1= pepn)")

And let us define:

- QBE(hJH_l) _ Au(1=pi)" + Ap(1 —pppu)"
QBe(h+1,h)  Au(l—(1—pi)") +Ap(l— (1 —pppr)"*t)

p(h)

Note that p(h) is a decreasing function, and suppose that there exists n > 0 such that p(n) <
1 —/pr and let m =m(h),>0 be the stationnary distribution of HBE. Then we have for all i >0,
w(n+1) < p(n)'n(n) < p(n)* and for all k>0, P[H®> >n+ k| <m(n) Y, p(n) < £25. We then

— 1-p(n)"

have

E[HP] =" P[H" > ]

B < (g b+ 3 Pl 2 1)
o)
(1—=p(n))?

In(1/u)+cy/PH
PEPH

u (1= cy/pir +o(y/pr)) and (1—p})" < 1—In(1/u)p}; + o(p%). We have p(n) = FLEEGZTA) 4

E[H®?] < (n+k) +

Let us consider the case when A\ < Ag. Let n= . For h >n, we have (1 —pgpy)" <
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o(\/pr). Taking u = ’\";/\’\H and ¢ = %, we get p(n) =1— /pg + o(\/pr). Taking k :p;I?’M

we get:

— In(;22L—)
E[H5) <n+o(1/py) = —L2° 1 o(1/py), Au < g (EC.1)
PEPH
(1/U)+c\/p

. For h >n, we have (1 — pgpy)" = o(py) and

(1—p2)" <u(l—cy/pr)+o(\/Pr)- Taklng U= Ag;AE and c=1/2, we get p(n) =1—/pg +o(\/Pr).
Taking k :pl_{3/4 we get:

In the case when Ay > Ag, let n =

2X
B 2 _ln(AEng) 2
E[H ]SU-}-O(l/pH)—in +o(1/p%), Ag>Ap. (EC.2)

H

Putting Lemma EC.3 and upper-bounds given in (EC.1) and (EC.2) together finishes the proof.
U

EC.4. Missing proofs for ChainMatch(d) Policy

Proof of Proposition 1 As pointed at the end of Subsection 5.4, when pr =1, an arriving
F agent is matched immediately by a bridge agent, implying that Etc @ =0 and Htc @) = Htc (d);
consequently Proposition 5 implies the limit stated in the Proposition 1. ln()‘H +1)
Further note that fixing Ay, it is straightforward to check that function f(Ag) = is

decreasing for Ap > 0. Similarly fixing Ag, it is straightforward to check that function g()\H) =

1n(§—g+1)

Al

O
Proof of Corollary 3 First we observe that ln(

is decreasing for Ay > 0.

Mg
e(1-(1-pg
fore the worst upper-bound on wf{(d) is for d = 1. Next we show that.

In <)\ng + 1>1’E <In (i\\z + 1>
<In ()‘H + 1) ,
A — Am
where the first inequality holds because function f(z):= (22 4 1) is increasing in z € (0, 1].
[l
Proof of Proposition 2 In steady-state, for any function f(-,-), 0 = E[f(H, Ex) —
f(Hgi1, Fxp1)], and in particular for f(h,e) =h+e, we get
0=l =pa)*+Ae(l —pp))E[H), + Ey, — Hipr — Exr|Hy, + Ey, < Hyp1 + Eji4]
+(Ag(1—(1 _pH)d) +Ae(1—-(1 _pE>d))E[Hk +Ey, —Hyyy— Ep1|Hy + Ey > Hy o + Ery]

— (1= par) + A1 = pp)) + s (1= (1= pi)) + Ap(1 = (1 = ps)))E[L — 1| L > 1].
(EC.3)

y+ 1) is decreasing in d. There-
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This gives us:

)\H(l_pH)d+>\E(1_pE)d t1— >\H+>\E(]—_pE)d

M2 = = A= p D+ Ae (= (L —pe)®) T = A= (1= pe)?)

+1+0(1).
U

EC.5. Heuristic argument for ChainMatch(d) Policy

In what follows we provide a heuristic analysis of the CTMC underlying the ChainMatch(d). This
heuristic adds intuition for the behavior of the policy and further establishes what is supposedly
the right constant in the case in which our theory only generates an upper bound (pg < 1).

We introduce an auxiliary 3-dimensional CTMC, in which a chain-segment is not formed instan-
taneously; instead a chain-segment can only advance at certain “tokens” (or times) that arrive
according to a Poisson process with rate p. Note that this process is independent from the Poisson
processes guiding the arrivals of H and E agents. We denote this auxiliary CTMC by C (d,p) and
its states by [Hf(d’“),Etg(d’“),Ut] € N? x {0,1}. The first two dimensions represent the number of
H and E agents. The third dimension U; indicates whether a chain-segment is being conducted.
Initially Uy = 0. Suppose at time t; the first agent ¢ arrives that is matched by an altruistic agent.
At this time U,, becomes 1 indicating that a chain-segment formation is in process. The policy
waits = unit of time for a token to arrive to find an agent who can be matched by i (note that z
is exponentially distributed with rate ) Note that it is possible that there is a new arrivals of H
and/or E agents in the interval (t1,t; 4+ x]. In this heuristic, we assume that the arriving H or E
agent is deleted. The intuition is that when u is large, this event happens rarely. If such an agent
does not exist, then chain-segment is stopped; and U, 4, becomes 0. Otherwise U,,, remains 1

and the same process repeats. The transition rates of C (d,p) are:

Q@) ([h,e,0],[h+1,€,0]) = Ap (1 — pp)* (EC.4a)
Q) ([h,e,0], [h,e+1,0]) = Ap(1 — pg)* (EC.4b)
Q) ([, e,0], [ e, 1]) = A (1 — (1 — pa)?) + Ap(1 — (1 —pg)?) (EC.4c)
Q@) ([, e,1], [, e,0]) = (1 — pu)" (1 — pi)* (EC.4d)
QY ([hye 1], [h—1,e,1]) = (1= (1= pu)") (EC.de)
QY ([hye, 1, [hye — 1,1]) = p(1 = pi)" (1= (1 = pi)°) (BC.A4f)

Figure EC.1 illustrates the transitions of C (d,p) in Ht(’7 (1) and U, dimensions along with the
transition rates. The rate (EC.4a) ((EC.4b)) corresponds to the event that an H (E) agent arrives
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Figure EC.1 Transitions for the CTMC underlying C(d, ) in the first and third dimensions, i.e, transitions to

states with a different number of E agents are not shown. Transition rates are given only for solid

arrows.

but cannot be matched by any bridge agent which happens with probability (1 — py)? ((1 —
pe)?). The rate (EC.4c) corresponds to the case an H arrives and starts a chain-segment (occurs
with probability (1 — (1 — pg)?)) or an E agent arrives and starts a chain-segment (occurs with
probability (1 — (1 —pg)?); similarly (EC.4d) represents the case where the chain-segment cannot
advance any further (happens with probability (1—pg)"(1—pg)®). The last two rates correspond to
adding one more H and F agent to the chain-segment respectively (with probability (1 — (1 —pg)")
and (1 —py)" (1 —(1—pg)°) respectively).

Similar to the heuristic argument for BilateralMatch(H) and BilateralMatch(E), we can try to
solve the following system of nonlinear equations (that result from setting expected drifts in all

three dimensions to be zero):

B [(An(1 = (1= pi)) + Ap(1 = (1= pp))) LU =0) = (1 = pi)™ (1= p) =10 = 1)] =0

B [As(1 = pp)'IU =0) = (1 = pi)" " (1= (1= pe)™ )W = 1)] =0

B [Aur(1 = pu) 10U =0) = (1 = (1 = pu)™" "YUV = 1)] =0,

. o . Ag+A . .
where I(-) is the~ indicator function. We ﬁnii that In < pye (1—(11{—pHE)d) +/\E> /pm is an approximate
solution for E[H¢4#)]. Further, note that in C(d, 1) if an H /E agent arrives while a chain-segment
is being formed then the agent will not join the market. However, probability of such an event

vanishes as y — oo (i.e, forming chain-segments becomes instantaneous). Therefore, it is reasonable
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to approximate E[H¢@] with lim,_,, E[H®@")], and thus with In (/\H(l_?f_;igd)+/\1;) /pu- Finally

lim In < A+ Ap ) =1In <)\H+)\E>
pg—0 AH(l—(l—pH)d)‘i‘)\E ’

which is the constant in Proposition 1.

note that:

We emphasize that the analysis above is only a heuristic for guessing the right constant when
pe < 1. We refer the reader to Section 4.5 for numerical simulations that show the tightness of this

constant.

EC.6. Intuition and Another Heuristic for Limit of w%(d)

In this section, we provide another heuristic argument that explains why pr and d do not impact
waiting time in the limit.

Let us look at the formation of a chain-segment starting with an F agent; it will have the
following structwre: ¥ — H —...— H—F—-H—...— H—F—H —...— H; in other words, the
chain-segment can be divided into sub-segments, each starting with an E agent, and following by a
number of H agents until the sub-segment gets “stuck”, meaning that there is no H agent that can
continue the sub-segment (Recall that priority is given to H agents; therefore we will not search
among E agents as long as there is an H agent that can continue the sub-segment). At that stage,
the policy will look for an F agent to start a new sub-segment. Let X5 be the number of H agents
in each sub-segment (between two E agents).

Next, let us look at the formation of a chain-segment starting with an H agent; the chain-segment
has the following structure: H—-H—...—- H—-FE—-H—...— H—F—H—...— H, i.e, the first
sub-segment starts with an H, but all the subsequent ones start with an F. Let us denote the
expected number of H agents in the very first sub-segment by .

With the above, let us consider the rate at which H agents join the market and the rate at which
they depart. The former is simply Ay (1—pg)?. The latter is A\ E[Xg]|+Ag[1— (1—pg) Y (E[ZxH]-1).

Thus by conservation of H agents, we have:

Note that Proposition 2 - which shows that the expected length of a chain-segment is a constant
- implies that E[¥y] is a constant, because E[Xy] < E[L|L > 1], and Proposition 2 states that

E[L|L > 1] remains a constant as py — 0. Therefore, we can conclude that:

i.e., in the limit py — 0, almost all H agents match through sub-segments initiated by an F,

and the length of such sub-segment only depends on the arrival rates. In other words, if we view
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the number of H agents that an E agent can help match as the “usefulness” of the F, this already
suggests that (in the limit) the usefulness of an E does not depend on pg nor on d.
However, we note that the time at which an F agent initiates a sub-segment changes with pg:
e When pp =1, an arriving E agent initiates the first (and only) sub-segment of the chain-
segment.
e When pp < 1:
— With probability (1 —(1—pg)?), the E agent is matched by the bridge agent, and initiates
the 1-st sub-segment.
— With probability (1 —pg)?, the E agent joins the market, and initiates a sub-segment (that
is not the first) at a later time.
Next, we analyze E[¥ ] and relate it to the expected number of H agents. Recall that we denote
the random number of H agents in steady-state by H®. Consider the first sub-segment formed
upon arrival of an E agent that receives from the bridge agent. We denote this sub-segment by ;.

Observe that

h i—1

B, [HOO =1 =3 [[— (1= pa)") = g(H® = ). (EC.6)

i=1 j=0
Note that this equation is the direct consequence of giving priority to H agents. Therefore,
E[X,] = E[E[S,|HYD = h]] = E[g(H’¥)]. Note that g(H®?) does not depend on py or d. We
make the following observations:
1. Function g(-) is a monotone increasing function, therefore it has a well-defined inverse function.

Further, we have:

Cramm EC.1. Fory >z, we have g(y) Zg(w)—i—ln( IH)(y—x).

1-p
The above claim implies that if g(y) — g(z) = o(1), then y — x = o(1/pg). The proof of the
claim follows the same induction steps as that of Lemma EC.4; note that function g(-) has the
same form as function f(-) in that lemma. Therefore, we omit the proof of the above claim.
2. For py small enough, E[g(H¢®)] = g(E[H®D]) + o(1). Even though we cannot prove this
concentration result, in Figure EC.2, we provide numerical simulation verifying it for different
PE’S.
Finally we claim that for py small enough, E[¥X ] ~ E[%,]; this follows from two observations:
1. E[X,] is a constant; to see this, we use Proposition 2 which shows that the expected length
of a chain-segment is a constant. Given that E[X;] <E[L|L > 1], we can conclude that E[3]
is also a constant (L denotes the chain-segment length as it is defined above Proposition 2).

Therefore when the second sub-segment is being formed, the number of H agents in the market
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1.00 ~ 0 -

mE[g(N_H)]
mg(E[N_H])

Value

0.95

0.90

Figure EC.2 Values of g(E[HC(d)]) and E[g(HC(d))] as a function of pg, for py =0.002, Ay =2, Apg =1, d=1
and T = 10°.

will be H¢@ —©(1) ~ HY (remember that HY = ©(1/py) following the upper-bound of
Theorem 3 and the lower-bound of Appendix EC.9).

2. The number of sub-segments is a constant: this follows from the observation that number of
FE agents in the market is an upper-bound on the number of sub-segments. In Lemma EC.4,
we show that the expected number of E agents is a constant (independent of py).

Combining the above observations, for sufficiently small pg, we have that:

g(EHD (pp =1)]) + 0(1) = Az /Ap + 0(1) = g(B[H (pr < 1)]) +o(1), (EC.7)

where with a slight abuse of notation we denoted the number of H agents in the market with

parameter pp by H¥ (pg). Since g(-) has an inverse and using Claim EC.1, (EC.7) implies that:
HED (pe=1)= H (pe<1)+o(1/pu). (EC.8)

We believe that the approximation becomes exact in the limit py — 0. Even though the above
argument is not rigorous, we hope that it sheds light on why pr and d do not impact waiting time

in the limit.

EC.7. Positive recurrence proofs

To prove existence of a stationary distribution, we use a special case of a result from Meyn and

Tweedie (1993), as stated in Prieto-Rumeau and Hernandez-Lerma (2016).

THEOREM EC.1 (Meyn and Tweedie (1993)). Suppose that X; is an irreducible continuous
time Markov chain, and suppose that there exist a nonnegative function V on S, a function w > 1

on S, a finite set C C S, and constants ¢ >0 and b € R such that
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ZQijV<j) < —cw(i)+b-1s(i) for allie S,

JES

where o denotes the indicator function of the set C. Then the Markov chain X is ergodic.

It is clear that all four markov chains are irreducible, so our proofs will focus on finding a suitable

set C and function V for each case.

EC.7.1. Positive recurrence of By and Bj.

CLAamM EC.2. The CTMC [H" | EP™] defined in (3a), (3b), (3¢), (3d), is positive recurrent.

Proof of Claim EC.2 Let V([h,e])=h+e. Observe that for a continuous time random walk,

we can write for any state i = [h, €]:

N 0V = 4, (V) - V(i)
jEN2 J#i

= Q([haeL [h+ 176]) - Q([h7€]7 [h_ 176]) +Q([hae]7 [h7e+ 1]) - Q([h7€]7 [h,e - 1])
= )\H(l —p%r)h(l _pEpH)e —Ag(1-(1 —p%)h) —Ap(1—(1 _pEpH)h)"‘
Ap(L=pepr)" (1= pp)* = Aa(1—pi)" (1= (1= pepr)®) = Ap(1 —pepr)" (1 — (1 - pk)))

=22 (1= )" (1 = pepu)® — Au + 22 p(1 — pepy)" (1 —p%)° — Ag.

Take M (py) such that (1—p%)M®Pu) =1 andlet C = {[z,y] s.t. +y <2M (pgy)}, note that C is

1
3
finite. For any [h,e] € C, either h > M (py) or e > M (py). In both cases, we have ZjeNg q:.;V(j) <

_AHtAE
3

O

CLAM EC.3. The CTMC [HF?, EP?] defined in (5a), (5b), (5¢), (5d) is irreducible and positive

recurrent.

The proof follows similar ideas as Claim EC.2.

EC.7.2. Positive recurrence of C(d) and C(d)

CLam EC.4. Under C(d), the number of H and E agents [H-'D, ESY] is a positive recurrent
CTMC.
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Proof of Claim EC.4 Similarly to the proof of Claim EC.2, let V([h,e]) =h +e, and C =
{[z,y] s.t. x4y <2M?} for an appropriately chosen M. Consider a state [h,e] € C, and assume first
that h > M. Denoting A =Xy (1 —py)?+ Ae(l —pg)?, we have:

Z ¢V (i) =A—Au+Ag—A) Z (kp +kp)Plky(kp) H (E) agents get matched|

jen? (ko kpl<[h.e]
<A—(Ag+Ae—A7) Z kyP[ky H agents get matched|
(kr]<[he]
h—k
<SA=Qu+xe-M)Y T -0 -pr))
k<h i=h

<A—(Ag+Ap—A) Z (1-(1 _PH)M/Q)k

k<M/2
Going from the second to the third inequality bounds the number of agents matched with the
number of agents matched in the first sub-chain-segment (before matching an E agent). Because
the function M — 37, o (1 — (1 —pg)™/?)* tends to infinity as M grows large, we can find M
such that » . 2 ¢i;V(j) <—1, which concludes the proof.

The case where h < M and e > M can be treated similarly using the following observation:
every-time the chain cannot match to any H agent, it tries to match an E, and it succeeds with
probability 1 — (1 — pg)© irrespective of h. Put together, these events constitute a set of E agents
that are matched sequentially, and the total length of the chain is more than the number of F
agents selected in that way.

O
Cramm EC.5. Hf(d) 18 a positive recurrent CTMC.

The proof follows similar arguments as that of Claim EC.4.

EC.8. Lower Bound

DEFINITION EC.1. We call a matching policy anonymous Markovian if matching decisions are
made at arrival epochs, and only depend on the current compatibility graph G, = (V,&;), and
are anonymous among agents of the same type. In that case, the market G; is a continuous-time
Markov chain.

We say that an anonymous Markovian policy P is stable if the resulting Markov chain is ergodic
and has a stationary distribution.

In line with our previous notation, we denote w} (w%) the expected stationary waiting times

for H and F agents under policy P.

REMARK EC.1. Observe that all the matching policies described in this paper are anonymous

Markovian.
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ProprosiTiON EC.4. For any pr € [0,1], Ay > 0,Ag >0, there exists a constant ¢ such that for

any pg >0, under any stable anonymous Markovian matching policy P, wh +wh, > <

The proof follows ideas used in Anderson et al. (2017). The main intuition is the following:
Suppose the market size is too small, then an arriving agent has to wait a long time to obtain at
least one incoming edge. This long waiting time contradicts the small market size (with Little’s
law).

Proof of Proposition EC.j In this proof, we fix a Markovian policy P, and we will omit
the superscript notations. Observe that under P, the market G; only evolves at arrival epochs, and
we can analyze the embedded discrete-time Markov chain resulting from observing the system at
arrival epochs which we denote by G;. Let n = E[|V|] = E[H| + E[E] be the expected size of the

market in steady-state. Let us denote 6 = and let wy be the expected number of (discrete)

Mo+ s +,\ ’
time steps that an H agent arriving in steady-state has to wait before getting matched. Little’s
law for discrete Markov chains implies that wy =E[H]/6.

Note that it is enough to prove that there exists a constant k such that n > k/pg (we then choose

k

m) Let k be a constant to be defined later. Assume for contradiction that there exists

c=
pr such that n < k/py. Let a be an H agent entering the market in steady-state. Let V, be the
set of agents in the market when agent a arrives. Note that we assumed EHV ||=n <k/py. Define
the event Ey = {|V,| <3n/0}. By Markov’s inequality, P[E;] > 1 — W“ —0/3.

Let A, be the first 3n/0 arrivals after a, and let Fy be the event that at least one agent from

V,UA, has an outgoing edge towards a. We have
PEy] = PBin(|Va| + [ Aal, pr) > 1.

Note that we abuse the notation of Bin(u,p) by allowing its parameters to be random variables.
In this case, conditional on the event |V,|+ |A,| = u, the random variable Bin(|V,| + |A.|,p) has

a binomial distribution with parameters u and p. Therefore we get:
P[E,|E\] <P[Bin(6n/0,py) > 1] <P[Bin(6k/0ps,pr) > 1] < 6k/0.

Where the first inequality derives from the definition of E;, the second uses the fact that n <k/pgy
and the third is Markov’s inequality.
We now use the fact that if a does not have any edge from either V, or A,, then she must wait
longer than 3n/6 time steps.
3n 3n 3n 3n

Wy > QP[E°]>FP[E°]E1][ 1) = S (L= 6k/0)(1—0/3) = T2 (1 - 6k/0)(2/3).
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Thus we get:

n>E[H] :12)H922n(1—?).

Therefore for k = 2%, we obtain a contradiction.

O

Observe that similar to Anderson et al. (2017), the above reasoning could be generalized to
the case of periodic Markovian policies (see Definition 2 of Anderson et al. (2017)) which includes

batching polices with constant batch size.

EC.9. A Lower Bound on wf{(d)

Here, we apply Proposition EC.4 to the ChainMatch(d) policy (which is a stable anonymous

Markovian matching policy) to prove a lower bound on wi}d):

w%d) + w%(d) > - (EC.9)
bu

In the following lemma, we show that w%(d) < kg, where kg is a constant independent of pg;
therefore (EC.9) implies that w "

with 1/pg.

> i — kg, i.e., there exists a lower-bound on wf{(d) that scales

LEMMA EC.4. Under ChainMatch(d) and for 0 < pp <1, we have that wS'” < kg, where kg is a

constant independent of py.

Proof of Lemma EC.4 Let [H’Y E(4)] denote is the random number of H and F agents in
steady-state. First observe that conditional on E€¥) =z, the expected number of E agents matched
in a chain-segment is given by:

T k

Fa) =3[ - 1 —pe).

k=0 i=0
Note that the above holds because under ChainMatch(d), we give priority to H agents; therefore,
when computing the probability E agents in a chain-segment, we can ignore the H agents that are
matched between two consecutive E agents.

Function f(x) can be re-written recursively as f(z) =(1—(1—pg)*)(1+ f(x —1)). We now wish
to provide a lower bound of f(x). Let a be a constant to be determined later, and let us assume

by induction that f(x —1) > a(z —1). Then:
J@) = (1= (1-pe)*) (1 +a(e—1)) =a(e— 1) +1 - (1-ps)*(1+alz - 1)).
Let &0(y) = (1 —pr)?(1+a(y —1)). Its derivative satisfies

§(y) =1 =pp)’ (In(1—pe)(1+aly—1))+a).
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Note that in &,(y), y is a continuous variable. Let o =1n (——), for all y > 1, &, (y) < 0. Further,

1-pE
€a(1) <&€,(0). Thus we have &, (x) <E,(0), for x € N. Therefore we can complete our induction.

f(w)Za($—1)+1—§a(l’)21n(1pr

We can now conclude our proof using conservation of E agents in the market:

Ae(1=pp)' = Ae(1—(1-pr)")) +Au(1-(1 —pH)d))E[f(EC(d))] > Ap(1—(1-pr)?) ln(m)E[Ec(d)]

where in the last inequality we use f(z) > ln(lpr):U and (1 — (1 — py)?) > 0. We take kp =
(1—pp)? -

e em— which does not depend on py.

O

EC.10. Scaling of ng and wfIE when \y =\

In Figure EC.3, we present our numerical study on how wZH and wZE scale with py in the case that
Air = Ap; the figure plots pywh? and pywh? when py ranges form 1073 to 10~7 while py = 0.5.
As the plot shows, for py smaller than 107, the normalized waiting time prZH and prgE both

remain constant, which implies the asymptotic scaling is 1/py under both policies.

13
12
WHpH 11 m B
.BH
10
9
3 4 5 6 7

- log(py)

Figure EC.3 Normalized waiting time wgpm as a function of py (x axis is in log scale), for both B, and Bg.

T=10"2 Ag=X g =1, pp =0.5.



