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We need Lemmas 3 and 4 below for the proof of Theorem 1.

Lemma 3. If J; is L*-convez in (0, —v) and J,(1—zer, 11, V+zer,1)+zcio is increasing
in z when z > ud Avy, then (i) Hy is L-convex in (1, —v) and H,(Q1,¥V) can be attained

by allowing virtual substitutions; and (ii) Gy is Li-conver in (i, —V).

Proof. First, we assume that virtual substitutions are allowed in (3), by replacing the

constraint uaL ANvy > z > 0 with z > 0, and consider the following problem:
H,(@,v) = rzn>igl{c122 + Jy(0— zep, 41,V + zer, 1) }- (A1)

Note that if J;(@t — zer, 11,V + zer, 1) + 2¢12 is increasing in z when z > ud A vy, then
having z = u A vy is better than having z > uj A vy . Hence, virtual substitutions can
be precluded by the optimal substitution decision in (A1), which means that problems
(A1) and (3) are equivalent and, as a result, H; = H,. Thus, for the L*-convexity of

H,(11, V), it suffices to consider (A1) and show that H; is L*-convex in (11, —Vv).

Clearly, for any 2z’ > 0,

Ht(ﬁ - ZleLH—l? v+ Z/eL2+1) = IZI1>1(IJI{Jt(ﬁ - (Z + Z,)eLH—l? v+ (Z + Z/)eL2+1) + 012’2}

= ISI;iZIIl{Jt(ﬁ — ser,+1,V + ser,11) + cia(s — 2}

As {(0,v,2/,s): (00— sep,+1,V + ser,+1) € Va, s > 2’} is a sublattice, and
U(a,v,z,s) = J(4— sep, 41,V + sep,+1) + c1a(s — 2')

is submodular in (@, —V,2’,s) over this sublattice, it follows from Theorem 2.7.6 in
Topkis (1998) that H;(G—2z'er, 11, V+2'€r,+1) is submodular in (@1, —V, 2’), and therefore
Hy(@,¥) is Lf-convex in (@, —v) for (@i, V) € V,. Consequently, if the condition of the

lemma holds, it is optimal not to have any virtual substitution and H, = H, is Lf-convex
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in (@, —v). The L-convexity of Gy immediately follows from the above conclusion and
the fact that L-convexity is preserved under expectation. This completes the proof of

the lemma. ]

Lemma 4. Under the conditions of Lemma 3, we have (i) H/(Q— zer, 11,V + zer,+1) +
zcy9 is increasing in z. (ii) fy is Li-convez in (u, —v), and f;(u — zep,,v + zer,) + zcio

18 1ncreasing in z.

Proof. (i) It is equivalent to show that

L1 L2

OH(a,v) OH(a,v) ~ -
E m g o, S C12 for any (@, v) € Vs; (A2)

1=0 §=0

Note that for ug < 0 or v9 > 0, H; = J;, and thus (A2) holds automatically. Hence,
it suffices to verify (A2) for uy > 0 and vy < 0. To this end, consider ug > 0 and
0 <6 <wup A (—wp). Suppose that there exists 0 < z such that z < (ug — ) A (—vg — 6)

and
Ht(ﬁ — 5eL1+1, v + 6eL2+1) = Jt(fl — (2 -+ 5)8L1+1, v + (Z + 5)6L2+1) + C192.
As z + 0 is a feasible substitution quantity for state (a1, V),

H(u,v) < J((a—(z2+0d)er,41,V+ (24 0)er,i1) + cr2(z +0)

= Hi(a—der, 11,V +der,41) + 120, (A3)

which implies
Ht<ﬁ, {}) — Ht(ﬁ — (58L1+1, v + 5eL2)

J
Letting 6 — 0 in the left-hand side of the above inequality establishes (A2) at (Q, V)

with ug > 0,0y < 0.

< c12.

(ii) From Lemma 3, H;, G; are L*-convex and by (i), (A2) holds. From (A3), for any

sample of demand for two products, D; and D, respectively,
Hy(a—Dier, 11,V —Dser, 1) — H(i—Diep, 41 —dep, 41,V — Doer, 1 +dep, 1) < dcpa.

With the expectation on the left-hand side, it is similar to (A2) to entail

L - - L - -
~ 0G(1, V) ~ 0Gy(1, V)

Yo N <,

— ouy s dv; < C12
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It follows that G;(Q — zer, 1,V + zer,+1) is submodular in (@1, —V, z). From Theorem
2.7.6 in Topkis (1998), submodularity is preserved under minimization and thus, f;(u—

zer,, v+ zer,) is submodular in (u, —v, 2), i.e. f;(u,v) is Li-convex in (u, —v).

To prove that f;(u— zer,, v+ zer,) + zci2 is increasing in z, it suffices to show that

Li—1 Lz—1
Z dfi(u,v) . Z M < €19 for any (u,v) € V. (A4)

— oy = ov;
To prove (A4), let (4 — 6,0 + ) be the optimal order-up-to inventory positions for
products 1 and 2, respectively, at state (u—der,,v+der,), for 6 > 0. Thus, ur, 1 —0 <
t—6 <wup,1—06+C; and wvp, 1+0<0+6<wp,_1+ 6+ Cy which implies that
up,—1 <t <wup,1+Cyand v, 1 <0< wp, 1+ Cy Thus, (4,7) are also feasible for
state (u,v). In view of (A2),

fi(a,v) — fi(u—der,,v+der,)

< Gy, V) + v (0 —ug,—1) + ey (0 — vp,—1)
— Gt(ﬁ — 5eL1+1, v + 5eL2+1) - 'yLlcl(ﬁ - uLl_l) - CQ’)/Lz (f} — UL2_1)
L - - L - -
_ /5 ~ 0G (8 — zep, 1,V +2€1,11) ZZ 0G (0 — zep, 41,V + zer,41) "
0 L= oy o ov;

S c1257

where the first inequality is from the optimality of f; and the second is due to (i).

Therefore,
fi(a,v) — fi(u—der,,v+der,) <
5 > C12
holds for any § > 0 at state (u,v). We obtain (A4) by letting § — 0. i
Proof of Theorem 1.
We use induction. Since
frer(u,v) = —ciug — cavg and  g(ug, vo) = haug + biug + hovg + bovg
clearly,
JT+L(ﬁa ‘7) = Q(Uoﬂfo) + ’YfT+L+1(U1,U2, s U, U, Vg, 777)

is Lf-convex in (@, —v). In addition, under Assumption 1 we can easily verify that

Ofr+r+1(u,v) _ frir+1(u,v)
@Uo (%0

< ci2



and

— < (1 =7)c1p for ug <0 or vy > 0.

auO aUO
Thus,
Ly o L )
dJryp(a,v) O Jryr (0, V)
zZ:; du z:: A, Scp forug<0orwv 0.

From Lemmas 3 and 4, we further have (A2) and (A4) for ¢ = 7'+ L. In addition,
fryr is Li-convex in (u, —v), Hpyp and Gryp are Li-convex in (@1, —v), and virtual

substitution is not viable at ¢t =T + L even if it is allowed.

Assume that all conclusions, as well as (A4), are true for ¢t + 1. Following from the

assumption that f;,; is L-convex in (u, —v),

~

Ji(0, V) = g(uo, vo) + vV fry1(ur, ug, -+ @, 01,02, -+ ,0)

is Lf-convex in (11, —v). Besides, with simple algebra we can show that

Ly ~ ~ Lo ~ =

0J (1, v) 0Jy (1, v)
Z _E:—<C for ug < 0 or vy > 0; A5
=0 oy =0 dv;  — . " ' o

Therefore, from Lemmas 3 and 4 again, we have f; is Li-convex in (u, —v), Hy, G,
are Li-convex in (1, —v), and (A2) and (A4) hold for ¢. In addition, from Lemma 3
again, virtual substitution can be precluded from the optimal policy even if it is allowed.
Thus, allowing virtual substitution in the formulation will not result in any change to

the optimal policies and optimal value functions. O
Proof of Lemma 1.

Since G,(11,V) is Lf-convex in (@1, —v), for any & > 0, Gy(01 — €ep, 41,V + Eep,41) is

submodular in (u, @, —v, —0, ). Consider

filu—&er,,v+&er,)
= min {eryM [ — (ug, 1 = O] + eay™2[0 = (vp,-1 + )]

Crtup, —1—§20>up, —1—§
Cotvp,—1+E202vp,1+¢

+Gy(u—€er,, 4, v +E&er,,0)}

. Li/— Lo/ —

= min {ary™ (@ —up,—1) + 277 (0 = viy1)
Citup, —128>ur, —1
Cotvr,—1202014-1

+Gt<u_geLUﬂ’_g’V—i_éeLz?@—i_g)}? <A6)

where @ := 4+ & and v := 0 — &. It follows from Theorem 2.8.3 in Topkis (1998) that

for any £ > 0, there exists a greatest element of the minimizers for state (u,v, &), say
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(a(u,v,&),0(u,v,§)), such that (a(u,v,&),—v(u,v,§)) is increasing in (u, —v,§). Since
(u(u,v,§),0(u,v,§)) = (t(u,v),0(u,v)) for £ =0,

the statement (i) of the lemma is established. Besides,

(G(a,v), =0(u,v)) = (£,§)
= (a(u,v,0),-0(u,v,0)) = (£¢) (A7)
< (u(u,v,§), —0(u,v,§)) = (£,€) (A8)
= (t(u—¢&ep,,v+<&er,),—0(u—=Cer,,v+<Eer,)), (A9)

where (A8) is due to the fact that (u(u,v,§),—0v(u,v,§)) is increasing in &, and (A9)
follows from the definitions of (u(u,v,§),v(u,v,€)) and (a(u — &er,,v + ey, ), 0(u —
¢er,,v + er,)). Here in (A8), we slightly abuse the notation of “<”: the inequality
simply means that the components in (A7) are less than their counterparts in (AS8).

Hence, (ii) is proved. i

Proof of Theorem 2. From Lemma 1, @(u,v) and 0(u,v), and thus, ¢;(u,v) and

¢2(u,v), are differentiable almost everywhere. Easy to see that

Li—1
Z On(u, V) :@ql(u,v) for i =0,1,---,L; — 1,
— O, O,
7=l
and 11
—
Z Jg2(u, v) _ Igz(u, v) for [ =0,1,---,Ly— 1.
(%j ayl

g=l

Thus, (7) and (8) are respectively equivalent to

dqi(u,v) i (9q1(u,v 8q1 u,v)
< —12 Il S 4N
— Oup,1 izgz ou; - - Z ou;
Lo—1 Lo—1
Jq1(u,v) Jq1(u,v) Jq1(u,v)
< e S B A LA SR LA R Ar gy || A10
- z_; dv;  — ; dv;  — ovp, 1~ (A10)
J= J=
and
0ga(u1,v) _ = 9ga(u,v) & Oga(u,v)
_1 S 2 ) < Z 2 ) S . S 2 )
0vr,—1 Pl 0v; = ov;
< 3 dmny) 3N () On(u,v) _ (A11)
- =0 8uz - i1 8u 8UL1_1 -



We prove these two inequalities below.

From Lemma 1, we have

Ju(u,v) >0 0v(u, v) _ du(u,v) <0 0v(u,v)

Y Y — ) S O
8Uj - (%k - 8vk 8uj
fory=0,1,---,L1—1and k=0,1,--- , Ly — 1. In addition,
IAL(U., V) o 5 < 'LAL(U. - éelev + geLz) < ﬂ’(u7 V)
and
_@(u7 V) - 5 < _@(u - feva + feLQ) < _@(uu V)a
which imply, respectively and conjugately,
Li—1 . Lo—1
Ju(u,v) du(u,v)
0>— —_— — > 1 Al2
=0 7=0
and
Li—1 . Lo—1 .
0> 5 Pwy) N~ dvwy) (A13)
- 8ul - ij
i=0 7=0

As a“a(“v >0 and S5 a“ WY) <, from (A12) we have

Li—1 La—1 Li—1 Lo—1

da( a d( o
Z UUV_1<Z ULIV SZ UUV<1+Z ual;v (A]_4)

=11 Jj=n 1=1i2 J=Jj2

for 0 <y, iy < Ly — 1 and 0 < jy, jo < Ly — 1. Similarly, from (A13) we have

Lo—1 .. Li—-1 .. Lo—1 .. Li-1 ;-
0v(u,v) 00(u,v) 00(u,v) 0v(u,v)
—— -1 —— <0< —= <1 —_— Al5
Z v, _Z ou; — _Z ov; — +Z ou; (A15)
j=k1 1=l J=kso i=ly
fOI‘OSll, lgng—landOSkl, kQSLQ_l
As 4(u,v) = ug,—1 + ¢1(u,v), clearly 83“ =3 iﬁ —l,and fori=1,--- L1 —2
1-1 UL1-1
and j=1,---,Ly—1, ggl = 88;‘ and 8(“ = %. Therefore, from (A14) we obtain (A10).
Similarly, as 0(u,v) = v, 1 + Q2(11,V), from (A15) we obtain (A11). i

Proof of Lemma 2.



From Theorem 1,
Ht(ﬁ - éeL1+17 v+ éeLerl)

= ngl{cuz + Ji(0 — €ep, 11 — zer, 41,V + e, i1 + zer, 1)}

= 1?5?{012(,2 — &)+ Jy(0—zep, 11,V +zer, 1)} (A16)
As J; is Li-convex in (@1, —V), the objective function of (A16) is submodular in a sublat-
tice of (@, —v) and (§, z). Let us denote by z(u, v, &) the largest minimizer of (A16). It
follows from Theorem 2.8.3 in Topkis (1998) that z(u, v, &) is increasing in (@, —V) and
€. Note that z*(a,v) = z(a, v, 0), which is increasing in (@1, —v). In addition, for £ > 0,
Z*(ﬁv {’) = E(ﬁ, ‘77 0) < 2<ﬁ7 {’7 f) = Z(ﬁ - geL1+17 v+ geL2+17 O) + 5
(0 —&ep, 41,V + Eepyr) + &

This completes the proof. |

Proof of Theorem 3. We can easily see that

S/~ o~ L1—1 k(5 (. v
M"’Z 9z*(a, V) _ 0z (1, v) for [ =0,---,Ly;

oq ou;  Ox,

1=l

and
02"(0,9) Lf 02*(8,%) _ 92"(1, V)
0qa v, Oyr,

for k=0,---, Ls.
i=k
Hence, to prove (i) and (ii), it is sufficient to prove (a) and (b) below:

(a)

*( Li— * (2 * (23 Ly—1 * (23
O<8z (u,v)+zaz (a,v) <1+8z (u,v)+zﬁz (q,v) <1 (AIT)

ou; 0qa ov,

=l i=k

(b) Zaql + ZLl o= (ﬁ %) is decreasing in [/, and M + ZL2 1922(09) g increasing

ov;
in k.

In principle, by the reasoning with which we verified the last inequality in the proof

of Lemma 2, we can prove that

Zu—a,v+b) < 2(a—Lep 1,V +Eery)+§
< Z'(a—a,v+Db)+E,

7



where a is a non-negative (L; + 1)-vector and b is a non-negative (Lo + 1)-vector,
satisfying a < ¢er,+1 and b < €ey,1. With a = 52#1 eiﬁl and b = ey, 11, we may

obtain

Z*(ﬁ - gzeil—&-l? v+ feL2+1) < Z*(ﬁ - feLl-‘rh v+ feL2+1) + 5
i#l
< 2(@-6) e,V FEen,n) +E
i#l
Thus,

—{ < 20— Eep 1, VA ber,) — 2 (@—E) e, VHEer, ) 0. (AIR)
i#l
For convenience we denote up, := @ and v, := 0. Dividing by £ on both sides of (A18)
and then letting & — 0 establishes
< d0z*(a, V)

0
- 8ul

<1 for0<I< L. (A19)

Similarly, let b =3, ef,,, and a = ey, 41 to obtain

_ 92 (1,9)

—1
- 8Uk

<0 for 0 < k < Ls. (A20)

Next, for 0 < k < Ly and 0 < m < Ly, lettinga = ¢3¢ (e} ., andb=¢Y"_ el |,

by the same token we can obtain

L Lo L .
~ 02*(u, V) = 0z%(w, v)
-1 < - E — + E ———= <0. A21
I Ou; i=1+1 Qv — A2

Note that aza*u(?’{') = az;(;i&)’ and @Y _ 922@Y) 4y and (b) follow immediately from
1

(A19), (A20) and (A21). 0

Proof of Theorem 4.

We let r = u — z be an amount of inventory reserved in stock after deleting a
substitution z from an on-hand stock u of product 1, and used to transfer J,(u—z, v+z) =
Ji(r,u+v —r) into a submodular function of (r,u 4 v). Deeming r as the reservation of
product 1, we can take r as the equivalent decision variable in minimizing cjo2 + J;(u —
z,v + z), in lieu of substitution z, such that

Hi(u,v) = uzzg}ﬂzgo{cwz + Ji(u—z,v+ 2)}

= min ~ {—cppr+ Ji(r,u+v —1)} + ciou. (A22)

u>r>0,u+v<r



(0,0)

u-+v=w

Figure A1l: Optimal substitution policy for the case L; =0, i =1, 2.

In particular, for v > 0 and v < 0, we can designate equivalent optimal reservation

rf(u,v) with a nonnegative optimal reservation reference given by
ri(w) = argmin ,>o{—ciar + Ji(r,w — 1)},

such that for w = u+v, r;(u,v) = [r(u+v) V(u+v)|Au= [r(u+v)V(u+v)"] Au and
zi(u,v) =u—rf(u,v) =u—riut+v)V(u+0) V0 =lu—r(ut+v)]tAlu—(u+v)T]
are equivalent optimal reservation and substitution respectively. By (A22), the objective
function of its right-hand side, —cjor + Jy(r, u + v — ), is submodular in (r,u + v). By
Topkis (1998), 7:(u + v) is increasing in and dependent on u + v only. Furthermore, as
—c1or + fr(r,w — 1) = —cia(r — w) — cppw + frp1(r —w+w, —(r —w)) is submodular
in (r — w, —w), optimal r,(w) — w is decreasing in w. Therefore, if u + v < wy, then,
ri(u+v) > u+wv, optimal substitution z} (u, v) = [u—r;(u+v)]"; otherwise, for u+v > wy,

2z (u,v) =u—(u+v)=—-v=0".

Optimal substitution actions is shown in Figure Al. We can see that reference
reservation r(u + v) keeps constant for (u,v) on line w = u + v and is represented by
curve (ry(w),w — ry(w)). In area I, as u < 7 (u + v), no substitution is made for any
point, in area II, u > r,(u + v), every point must be substituted down to the border of
the two areas, whereas in area III, every point must be substituted down to a segment

of u axis to the right of (wy,0). i

Proof of Theorem 5. (i) This is obvious, since (u,v) = (@, v;) minimizes ¢;(u,v) and
is feasible to (9).

(i) Suppose (x,y) > (us, vt). Assume (U, ;) is any optimal solution to (9). Consider
two cases: (a) 4y > x, and (b) @; = x. Suppose u; > = > u;. Note that following from

Theorem 1, ¢;(u,v) is submodular and convex in (u,—v). Since 4; > x > u; and
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0y >y > v; (which implies —0, < —7,), we have

Gu (e, V) + Gp(TUg, Ue) > Py(TUy, Dy) + Py (g, Ty)
> Oty ) + P(z, 0p), (A23)

where the first inequality is from the submodularity of ¢;(u, v), and the second inequality
is due to the facts that ¢;(u, ;) is convex in u with v = @; as a minimum point and that

;> = > u;. But from the definitions of (uy, v;) and (@, 0;), we also have
Gu(Ug, V) < Py, Uy) and e, Uy) < Do, Ty).

These, together with (A23), imply ¢;(us, v;) = ¢4 (U, v¢) and ¢y, 0y) = ¢4(x, ). Hence,
(x,7:) is also an optimal solution to (9), in both cases (a) and (b) above. With (z, ;)
being an optimal solution, by similar argument, we can show that if ¢, > y, then (x,y)

is also an optimal solution to (9). Therefore, (4, 0;) = (x,y) is an optimal solution.

(iii) & (iv) We will only prove (iii) below. (iv) can be obtained similarly. Assume
x > u; and y < 7y, and suppose (i, 0;) is an optimal solution to (9). If o, > v, then
with the same token as for (ii), (&, ;) is also a pair of optimal order-up-to levels. Below
we assume U; < ¥;. Consider the following two cases: @; = x and u; > x. If 4, = x, then
(Ug, 0) = (z, ;) with 9, < v, is the optimal solution we want. Suppose 4; > . In this

case, let -
T — Uy

A= and v = Ao+ (1 — \)o.

Up — Uy
Then v < v, and
)\(ﬂt, —'l~1t) + (1 — )\)(ﬂt, —T_}t) = (.I', —UI>.

Since ¢4(u,v) is convex in (u, —v),

G2, 0") < Ay (thr, ) + (1 — N) i (e, ) < i (s, Ty

Therefore, (u, v;) = (x,v") is an optimal solution with " < . O

Lemma 5 to Lemma 8 below are for the proof of Theorem 6.

Lemma 5. Suppose both 1(x) and ¥o(y) are convex functions, and (x,y) = ¢y (x) +
Yo(y). Then ¥(x,y) is Li-convez in (z,y) and in (x,—y) respectively.

Proof. To get the Li-convexity in (z,y), we need to show that (z — z,y — 2) is
submodular in (z,y, z). Obviously, ¥(x — 2,y — z) is submodular in (z,y). Besides, note
that

0
(e — 2,y — 2) =~ (@ — 2) — Yhly — 2),
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Due to the convexity of 1;(-) and (), Zt¢(z — 2,y — z) decreases in z and in y
respectively, which implies that ¢(x — z,y — z) is submodular in both (z, z) and (y, 2).
Thus, ¢(x — z,y — 2) is submodular in (z,y, 2).

To see the Li-convexity in (z, —y), we need to show that, with 7 = —y,

(2, y) = V1(7) + Pa(y) = Y1 (x) + Pa(—7)

is Lf-convex in (x,7). But this follows directly from the conclusion above and the fact

that 19(—7) is also convex in g if ¥, (y) is convex in y. |

For convenience, we denote

om(u,v)
ou

and 7@ (u,v) =

7V (u,v) =
for any function 7(u,v).

Lemma 6. Fort =1,--- T, if fyy1(x,y) is L*-convex in (x, —y) and hi+bi+’yft(_?1(x, y) >
0 fori = 1,2, then J;(u,v) is L*-convez in (u, —v) and hi+bi+7Jt(i)(u, v) >0 fori=1,2.

Proof. Note that " =2+ 27, 27 =min{g > 0:¢ > —z}, and 2" =min{z + ¢ > 0:
q > 0}. Thus, for any increasing function 1 (x), we can write ¢ (1) = mingso 4+q>0 Y (z+

q). Therefore, for any z > 0, we have

Ji(u— z,v+ 2)
= g(u—2zv42) +7fip((u—2)7, (v +2)7)
= (h+b)(u—2)"+(ha+b)(v+2)T —bi(u—2)—by(v+2) +vfrrr((u—2)", (v+2)7)

= pmin A0 +0)(w—z+¢) + (he +b2)(0 + 2+ ¢) + 7 frr(u—z+go+z4q)}
CI(%EO:erZJrZ/_EO

—bi(u—z) —ba(v+ 2)
= min {(h+b)(a—2)+ (ha+b)(0+2) +vfrya(a— 2,0+ 2)}

u>u,u—z2>0
v2>0,0+2>0

—b1<u — Z) — bg(’U + Z),

where the third equality is due to the fact that, from the assumption of h; + b; +
vft(i)l(x,y) >0, (hy + b))z + (ha + b2)y + v fiy1(x,y) is increasing in x and y. Since
fes1(z,y) is Li-convex in (z,—vy), fiy1(ii — 2,9 — 2) is submodular in (i, —%, 2), and
thus, from Theorem 2.7.6 of Topkis (1998), Ji(u — z,v + z) is submodular in (u, —v, 2),

and J;(u,v) is Li-convex in (u, —v).
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To entail the second assertion, we envisage, for 6 > 0,

Ji(u+9d,v) — Jy(u,v)
= (M +b)(w+08)" = bid +yfrpa((w+ )" v") = [(h + b)u® + v fia(u®,vh)]
—b10
—y " (hy 4 by)6,

v

v

where the first inequality holds because by the assumption, (hy + by)z + v fii1(z,y) is
an increasing function of x. Dividing both sides with ¢ and letting d go to zero leads to
hi+ by + 'th(l)(u, v) > 0. Analogously, hy + by + 'th(Q)(u, v) > 0. This assures the two

assertions of the lemma. O

Lemma 7. Hr(u,v) remains the same, no matter whether or not virtual substitutions
are allowed in (12).

Proof. We claim that when v > 0 or v < 0, any substitution in (12) is virtual. We will

consider these two cases separately.

For convenience we denote Vr(u,v,z) = ¢122 + Jr(u — z,v + z). Then it suffices to

show that

0
8—VT(u,v,z) >0 for any z > 0
z

when v > 0 or u < 0.
Case 1. v > 0. In this case, if u <0, or v > 0 and z > u, we have
Vr(u,v,2) = c192 + ho(v + 2) — by (u — 2) — yea(v + 2),
and hence,
0
avT(U,U, Z) = (12 + hg + b1 — YC2
C12 + hg + b2 — YC2
0,

v

v

where the second inequality is from by > ¢o. If u > 0 and z < u, then

Vr(u,v,2) = c19z + hi(u — 2) + ha(v + 2) — yer(u — 2) — yea (v + 2),

and
0
&VT(% v,2) = ci2—hi+hy +yc1 — e
> YCi2 + e — e
> 0,

12



where the first inequality is from Assumption 1.

Case 2. u < 0. In this case, if v < 0 and z > —v, then
Vr(u,v,2) = c19z + ha(v + 2) — by(u — z) — yea (v + 2),

and

0
£VT<U,U, Z) = Cy12 + h2 + b1 — YC2 Z O,

as in case 1. If v < 0 and z < —v, then

Vr(u,v,2) = c19z — by(u — 2) — ba(v + 2),

and 5

aVT(u,v, z) =cia+ by —by > 0.
Note that the sub-case of v > 0 and u < 0 has been proved in Case 1. |
Lemma 8. Under Assumption 1, fort =1,--- T, we have

(i) Hi(u,v), Gi(u,v) and Jy(u,v) are Li-convex in (u,—v), fi(x,y) is L*-convex in

(x,—vy), and H(u,v) remains the same if virtual substitutions are allowed in (12);
(ll) ft(l) (1.7 y) - t(2) (.Z',y) S C12, and ft(2) (%y) 2 —C12;5
(iii) form, = Hy, Gy, Jyi, and fq,

hj+bj+’yn§j)(u,v)20 forj=1,2.

Proof. First, consider that case of £ = T". Note that
JT(U7U) - g(u,v) +7fT+1(u+7U+)
= hut + hovt +biu + b — yeut — yev™

= (hy+ b —ye)ut + (hy + by — ye2)vt — byu — byv,

which is Lf-convex in (u, —v) following from Lemma 5 and the assumption b; > ¢;,i =
1,2.

From Lemma 7,

Hr(u,v) = mggl{clgz + Jr(u—z,v+2)}.

13



Hence, from Theorem 2.7.6 of Topkis (1998), Hrp(u,v) is also L*-convex in (u, —v), which

further implies that G (u, v) is Lf-convex in (u, —v) and fr(z,y) is L-convex in (x, —y).
To see (ii) for ¢t = T, suppose Z is the optimal substitution quantity at (u — d,v + ¢)

for 0 > 0. Noting that 0+ Z is a feasible substitution quantity at state (u,v) since virtual

substitution is allowed, we have

Hr(u—96,v+9) — Hp(u,v)

glu—0—Zz,v+0+2)+cez —ver(u—0 —2)" —yea(v+6 +2)7]

—[glu—0—Z,v+d+2)+ 1200 +2) —yer(u— 8§ — 2)T —yea(v + 5+ 2) 7]

v

= —01257

which 1mphes
H(l)(u U) — H(2)<U U) <c
1 ’ I 9 >~ C12.

As the inequality above is preserved under expectation, we also have G(T1 ) (u,v) —Gg? ) (u,v) <

C12.

To show fr_(pl)(a:, y) — }2) (z,y) < ¢y, let (w— 0,0+ 6) be the optimal order-up-to level
for state (x — 0,y + 0). Then, (@, ?) is a feasible order-up-to level for state (z,y) and
thus,

fT<x - 5ay + 5) - fT(xay)

vV
i)
=

|
=

+

Q
V)
>

|
s

+

Q
~

>

|
e
>

+
2

|

)
N

c

|

=

+

)
[\v)

4

|
Y

+

D
|
—~

>

S>

= Gr(u—0,046) — Gr(u,0)
> —c190,

which implies f}l)(x, y) — fg) (x,y) < c1o. With a same token we can get fr(z,y+9) —
fr(z,y) > —ci120, and hence, fﬁ)(%y) > —Ci2.

To prove (iii) for ¢t = T, first note that since frii(z,y) = —c1z — oy,
Vi (e, y) = —e = —(h+b).
From Lemma 6, 7J¥)(u, v) > —(b; + h;) for i =1,2.
For § > 0, let z denote optimal substitution quantity at state (u + d,v). Then

HT(“’ + 57 U) - HT(ua U)

= Hl>igl[6122 +Jr(u+0—zv+2)| — m>igl[c12z + Jr(u— z,v+ 2)]

v

[c12Z + Jr(u+d — Z, v+ 2)] — [c12Z + Jr(u — Z,v + Z)]
—’)/71(h1 + bl)(s, (A24)

v
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where the second inequality is due to the fact that ’yJ}l) (u,v) > —(by+hy). It is entailed
by (A24) that vH:(Fl)(u,v) > —(hy + by). By the same token, vH;Q)(u,v) > —(hg + by).
These further imply that 7G§f) (u,v) > —(h; + b;) for i =1, 2.

Suppose all conclusions in (i) - (iii) hold for ¢ + 1. We consider the case of ¢ below.

We first show that H;(u,v) remains the same if virtual substitutions are allowed in
(12). Similar to the proof of Lemma 7, it suffices to show that

0
a—‘/}(u,v, 2) >0 for any z > 0
z

when v > 0 or u < 0, with Vi(u,v, 2) = c1oz + Ji(u — z,v + 2).

Case 1. v > 0. In this case, if u <0, or v > 0 and z > u, we have

Vi(u,v,2) = c1oz + ho(v + 2) — by (u — 2) + v fi:1(0,v + 2),

and hence,
0 _ (2)
al/}(u,v,z) = ci2+ho + b +7f35(0,0+ 2)
> Ci2+ ha + by —yer2
> 0,

where the first inequality is due to the hypothesis assumption of ft(i)l (0,v 4+ 2) > —cpa.
If u> 0 and z < u, then

Vi(u,v,2) = 1oz + hi(u — 2) + ha(v + 2) + v fro1(u — 2,0 + 2),
and

0
2 Vi v,2) = et hy = Afh =20+ 2) = P (u— 20+ 2)

Y

c12 — hy 4 hg — yero
0,

Vv

where the first inequality is again from hypothesis assumption.

Case 2. u < 0. In this case, if v < 0 and z > —v, then
Vi(u,v,2) = cr1oz + ha(v + 2) = by (u — 2) + 7 fi11(0,v + 2),

and 5
avt(uﬂh z) =cia+hy + by + ’th(i)1(07v +2) >0,

15



as in Case 1. If v < 0 and 2z < —v, then
‘/t(uv v, Z) = C12% — bl(u - Z) - bg(U + Z) + 7ft+1(07 0)7

and 5
a\/;(u,v,z) =cip+b —by > 0.

Hence, we always have %Vt(u, v,2z) > 0 when v > 0 or u < 0, and Hy(u,v) remains the

same if virtual substitutions are allowed. Thus, we can write

Hi(u,v) = mggl{clgz + Ji(u —z, v+ 2)}.

By following exactly the same argument as that for the case of T" above we can obtain

the remaining conclusions for ¢. O

Proof of Theorem 6. Note that (i) of Theorem 6 has been obtained in Lemma 8,
while conclusions in (ii) can be proved by the same token as that for the backlog model,

noting the L-convexity in (i).

Next, we prove assertion (iii) by backward induction. From assertions (i) and (ii), in
period t (t =1,---,T), fi(u,v) is Lf-convex in (u, —v) and virtual substitutions are not
optimal even we allow them. Therefore, it is sufficient to designate optimal substitution
explicitly for real substitutions when v > 0 and v < 0. In period 7', by Lemma 8, for
u >0 and v <0,

Hr(u,v) = zzo,u}?zig,vﬂgo{cmz + hi(u—z) +bo(—v — 2) —yer (u — 2)}
= min {(hl + b2 — C12 — ’}/Cl>7“} + C12U — bQ(U + U), (A25)

u>r>0,utv<r

where (A25) takes into account r = u — z > 0 as a nonnegative reservation, because a
negative r will lead to a virtual substitution. Thereby, to optimize the right-hand side
of (A25), we denote by

rr = argmin rZO{(hl + bg — C12 — ’}/Cl)’l“}

a nonnegative minimizer. Then, because ry > 0, the minimizer of (A25) is ri(u,v) =
[(w+v)Vrr] Au= [(u+ )t Vre] Au In particular, if hy + by — ye; — ¢ > 0, it is
straightforward that rp = 0; otherwise, rr = oo. Consequently, if hy 4+ by +~ycy —c12 > 0,
optimal reservation for (A25) is ri(u,v) = (u+v)" Au = (u+ v)*; and otherwise,

ri(u,v) = u.

16



In period ¢ (t = 1,--- ,T — 1), we assume f,41(u,v) is Li-convex in (u, —v) and in
the period, no virtual substitution is optimal. For v > 0,v < 0,
Hiwo) = min _fews+hi(u—2) +ba(-v = 2) + 3 fual(u—2)F, (04 2)7))

= min  {(h1 + by — ci2)r + Vi1 (P, (u+ v —1)")}

u>r>0,ut+v<r

+eppu — by(u +v). (A26)
As fi11(r,0) is convex in r, there exists a nonnegative minimizer

ry = argmin,>o{(h1 + b2 — c12)7 + v fi11(r,0)}

where we limit optimal choices to nonnegative values again. Consequently, a minimizer
of (A26) and an optimal reservation is 7} (u,v) = [r; V (u+ )| Au = [r, V (u+v)T] Au,
where the second equality holds obviously as r, > 0. In addition, r}(u,v) = r; A u for
ry > u+ v and rf(u,v) = u + v, otherwise. Thus, optimal substitution is z;(u,v) =
u—rf(u,v) =u—riAu=(u—r)* for u+v <r, and 2 (u,v) =u— (u+v) = —v for

u+v >y m|
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