
ec1e-companion to Chen and Shi: Joint Pricing and Inventory Management with Strategic Customers

Electronic Companion to

“Joint Pricing and Inventory Management with Strategic Customers”

Yiwei Chen, Cong Shi

chen3yw@ucmail.uc.edu, shicong@umich.edu

EC.1. Proofs of Lemmas 5, 6 and 7

Proof of Lemma 5.

Part 1.

For any v ∈ [v∗, V ), we have

θv =W (v)− F̄ (v)

f(v)
w(v) =W (v)− (v− gv)w(v) =W (v)

(
1− vw(v)

W (v)

)
+ gvw(v)> 0.

The inequality holds due to the following reasons. First, Assumption 1 Part 1 assumes W (v)> 0

for all v ∈ [0, V ). Second, Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1. Third, the properties that

gv is strictly increasing in v and gv∗ = 0 imply gv ≥ 0 for v ∈ [v∗, V ). Fourth, Assumption 1 Part 3

that W (v) is non-decreasing in v implies w(v)≥ 0.

For any v ∈ [v∗, V ), we have

θv =W (v)− F̄ (v)

f(v)
w(v)≤W (v)≤W (V ).

The first and the second inequalities follow from Assumption 1 Part 3 that W (v) is non-decreasing

in v.

Part 2.

For any v, v′ ∈ [0, V ) with v′ > v, we have

θv′ =W (v′)− F̄ (v′)

f(v′)
w(v′)≥W (v)− F̄ (v)

f(v)
w(v) = θv.

The inequality holds due to the following reasons. First, Assumption 1 Part 3 that W (v) is non-

decreasing and concave in v and condition v′ > v imply W (v′) ≥ W (v) and 0 ≤ w(v′) ≤ w(v).

Second, Assumption 2 and condition v′ > v imply F̄ (v′)
f(v′) ≤

F̄ (v)

f(v)
.

Part 3.

Consider the first case that K = 0.

We have gv − θvK = gv. Note that gv is strictly increasing in v and gv∗ = 0. Hence, for any

v∗ ≤ v < v′ <V , gv′ > gv ≥ 0.
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Consider the second case that K > 0.

We notice that gv∗ − θv∗K =−θv∗K < 0, where the inequality follows from Part 1 in this lemma

that θv∗ > 0. Hence, to prove the statement in this part, we only need to consider v, v′ ∈ (v∗, V )

with v < v′.

Consider any v, v′ ∈ (v∗, V ) with v < v′. Suppose gv − θvK ≥ 0. We notice that

1

v
(gv − θvK) =

(
1− F̄ (v)

vf(v)

)
(1−w(v)K)−W (v)

v

(
1− vw(v)

W (v)

)
K.

First, we note that Assumption 1 Part 1 assumes that W (v)> 0 for v ∈ [0, V ), Assumption 1 Parts

1 and 3 imply vw(v)

W (v)
< 1, and K > 0. Hence, the second term on the RHS is strictly positive. Second,

we note that the properties that gv is strictly increasing in v, gv∗ = 0, and condition v > v∗ jointly

imply 1− F̄ (v)

vf(v)
= gv

v
>

gv∗
v∗ = 0. Therefore, 1−w(v)K > 0.

For v′, we have

1

v′
(gv′ − θv′K) =

(
1− F̄ (v′)

v′f(v′)

)
(1−w(v′)K)−W (v′)

v′

(
1− v

′w(v′)

W (v′)

)
K

>

(
1− F̄ (v)

vf(v)

)
(1−w(v)K)−W (v)

v

(
1− vw(v)

W (v)

)
K

=
1

v
(gv − θvK)

≥ 0.

The first inequality holds due to following reasons. First, Assumption 2, condition v′ > v > v∗, and

the property that gv is strictly increasing in v with gv∗ = 0 imply 1− F̄ (v′)
v′f(v′) > 1− F̄ (v)

vf(v)
= gv

v
>

gv∗
v
≥ 0.

Second, Assumption 1 Part 3 that W (v) is concave in v and condition v′ > v imply 1−w(v′)K ≥

1−w(v)K > 0. Third, Assumption 1 Part 1 that W (v) > 0 for v ∈ [0, V ) and the property that

Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1 jointly imply d

dv

W (v)

v
=−W (v)

v2

(
1− vw(v)

W (v)

)
< 0. Hence,

condition v′ > v implies W (v′)
v′ < W (v)

v
. Fourth, the property that Assumption 1 Parts 1 and 3 imply

vw(v)

W (v)
< 1, Assumption 1 Part 4 that vw(v)

W (v)
is non-decreasing in v and condition v′ > v jointly imply

0< 1− v′w(v′)
W (v′) ≤ 1− vw(v)

W (v)
.

To summarize two cases above, for any v, v′ ∈ [v∗, V ) with v < v′, if gv−θvK ≥ 0, then gv′−θv′K >

0.

Part 4.

Consider any K > 0 and any v ∈ (0, V ). Suppose v−W (v)K ≥ 0.

Consider the first case that v′ ∈ (v,V ].
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We have

(v′−W (v′)K)− (v−W (v)K) =
v′

v

(
v− vW (v′)

v′
K

)
− (v−W (v)K)>

(
v′

v
− 1

)
(v−W (v)K)≥ 0.

The first inequality holds due the following reasons. First, Assumption 1 Part 1 that W (v) > 0

for v ∈ [0, V ) and the property that Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1 jointly imply

d
dv

W (v)

v
= −W (v)

v2

(
1− vw(v)

W (v)

)
< 0. Hence, condition v′ > v implies W (v′)

v′ < W (v)

v
. Second, we have

K > 0. The second inequality follows from condition v′ ≥ v and property v−W (v)K ≥ 0.

In addition, we have

(v′−W (v′)K)− (v−W (v)K) = v′− v− (W (v′)−W (v))K ≤ v′− v,

where the inequality follows from Assumption 1 Part 3 that W (v) is non-decreasing in v, condition

v′ > v, and condition K > 0.

Consider the second case that v′ ∈ [0, v).

If v′ > 0, then we have

(v′−W (v′)K)− (v−W (v)K) =
v′

v

(
v− vW (v′)

v′
K

)
− (v−W (v)K)<

(
v′

v
− 1

)
(v−W (v)K)≤ 0.

The first inequality holds due the following reasons. First, Assumption 1 Part 1 that W (v) > 0

for v ∈ [0, V ) and the property that Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1 jointly imply

d
dv

W (v)

v
= −W (v)

v2

(
1− vw(v)

W (v)

)
< 0. Hence, condition v′ < v implies W (v′)

v′ > W (v)

v
. Second, we have

K > 0. The second inequality follows from condition v′ < v and property v−W (v)K ≥ 0.

If v′ = 0, then we have

(v′−W (v′)K)− (v−W (v)K) =−W (0)K − (v−W (v)K)≤−W (0)K < 0,

where the first inequality follows from the assumption that v−W (v)K ≥ 0, the second inequality

follows from Assumption 1 Part 1 that W (0)> 0 and the condition K > 0.

The analysis of three cases above completes the proof of this part.

Q.E.D.

Proof of Lemma 6.

Part 1.
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Because gv is strictly increasing and continuous in v, we have vht = g−1 (min{ht, gV }), which

is non-decreasing and continuous in t ∈ [0,L], with vh0 = g−1(0) = v∗ and vht > g−1(0) = v∗ for all

t∈ (0,L].

Part 2.

Consider any t, t′ ∈ [0,L] with t > t′. For any v ∈ [v∗, V ), if gv−θv(L−t)< 0, then gv−θv(L−t′) =

gv − θv(L− t)− θv(t− t′)< 0, where the inequality follows from Lemma 5 Part 1 that θv > 0 for

v ∈ [v∗, V ) and condition t > t′. Therefore, vθt is non-increasing in t∈ [0,L].

Because gv is strictly increasing in v and gv∗ = 0, we have vθL = sup{v ∈ [v∗, V ) : gv < 0}= v∗.

Suppose there exists t ∈ [0,L), such that vθt = v∗. Hence, the definition of vθt and the property

that gv− θv(L− t) is continuous in v imply gvθt − θvθt (L− t)≥ 0. We note that the condition vθt = v∗

implies gvθt −θvθt (L−t) = gv∗−θv∗(L−t) =−θv∗(L−t). Thus, θv∗ ≤ 0. This contradicts with Lemma

5 Part 1 that θv > 0 for v ∈ [v∗, V ). Therefore, we have vθt > v
∗ for all t∈ [0,L).

Next, we prove that vθt is continuous in t∈ [0,L].

First, we prove that vθt is right-continuous in t∈ [0,L].

Consider any t ∈ [0,L). Because t < L, vθt > v∗. Consider any ε ∈ (0, vθt − v∗] The defini-

tion of vθt and the property that gv − θv(L − t) is continuous in v imply gvθt − θvθt (L − t) ≤
0. Hence, Lemma 5 Part 3 implies that for any v ∈ [v∗, vθt ), gv − θv(L − t) < 0. Define ∆ ,

− supv∈[v∗,vθt−ε]
(gv − θv(L− t))> 0. Define δ, ∆

2W (V )
. Note that Assumption 1 Part 1 that W (v)> 0

for all v ∈ [0, V ) and the condition V <∞ imply W (V )∈ (0,∞). Hence, δ ∈ (0,∞).

Therefore, for any t′ ∈ (t,min{t+ δ,L}] and any v ∈ [v∗, vθt − ε],

gv − θv(L− t′) = gv − θv(L− t) + θv(t
′− t)≤−∆ +W (V )δ=−∆

2
< 0,

where the inequality follows from Lemma 5 Part 1 that θv ≤W (V ). Therefore, vθt is right-continuous

in t.

Second, we prove that vθt is left-continuous in t∈ [0,L].

Note that vθt is non-increasing in t and vθt ≤ V . Hence, if there exists t∈ [0,L], such that vθt = V .

Then for all t′ ∈ [0, t), vθt′ = V . This implies that vθt is left-continuous in t.

Now, we consider t ∈ (0,L] with vθt < V . Consider any ε ∈ (0, V − vθt ). The definition of vθt and

the property that gv−θv(L− t) is continuous in v imply gvθt −θvθt (L− t)≥ 0. Hence, Lemma 5 Part

3 implies that for any v ∈ (vθt , V ), gv − θv(L− t)> 0. Define ∆ , infv∈[vθt+ε,V ) (gv − θv(L− t))> 0.

Define δ, ∆
2W (V )

. Note that Assumption 1 Part 1 that W (v)> 0 for all v ∈ [0, V ) and the condition

V <∞ imply W (V )∈ (0,∞). Hence, δ ∈ (0,∞).
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Therefore, for any t′ ∈
[
(t− δ)+

, t
)

and any v ∈ [vθt + ε,V ),

gv − θv(L− t′) = gv − θv(L− t)− θv(t− t′)≥∆−W (V )δ=
∆

2
> 0,

where the inequality follows from Lemma 5 Part 1 that θv ≤W (V ). Therefore, vθt is left-continuous

in t.

Because vθt is both right-continuous and left-continuous in t, it is continuous in t.

Q.E.D.

Proof of Lemma 7.

Part 1.

Define s, sup
{
t∈ [0,L] : vθt = V

}
. Following from Lemma 6 Part 2, we have that vθt ∈ (v∗, V ) for

all t∈ (s,L), and vθt = V for all t∈ [0, s). Following from the definition of vθt and the property that

gv−θv(L−t) is continuous in v, we have that for all t∈ (s,L), vθt satisfies condition gvθt = θvθt (L− t).

Therefore, for any t∈ (s,L), we have

vθt −W
(
vθt
)

(L− t) = vθt −W
(
vθt
) gvθt
θvθt

= vθt −
vθt −

F̄ (vθt )

f(vθt )

1− F̄ (vθt )

f(vθt )

w(vθt )

W (vθt )

=
F̄ (vθt )

f(vθt )

1− vθtw(vθt )

W (vθt )

1− F̄ (vθt )

f(vθt )

w(vθt )

W (vθt )

.

The RHS term is non-decreasing in t∈ (s,L) due to following reasons. First, we have Assumption 2

that f(v)

F̄ (v)
is non-decreasing in v. Second, we have Assumption 1 Part 4 that vw(v)

W (v)
is non-decreasing

in v and the property that Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1. Third, following from

Assumption 1 Part 1 that W (v) > 0 for all v ∈ [0, V ) and Part 3 that W (v) is concave in v, we

have d
dv

w(v)

W (v)
= W (v)w′(v)−w(v)2

W (v)2
≤ 0. Fourth, Assumption 1 Part 1 that W (v)> 0 for all v ∈ [0, V ) and

Lemma 5 Part 1 that θv > 0 for all v≥ v∗ imply that 1− F̄ (vθt )

f(vθt )

w(vθt )

W (vθt )
=

θ
vθt

W (vθt )
> 0 for v≥ v∗. Fifth, we

have Lemma 6 Part 2 that vθt is non-increasing in t. Therefore, all properties above jointly imply

that vθt −W (vθt ) (L− t) is non-decreasing in t∈ (s,L).

For t∈ [0, s), because vθt = V and Assumption 1 Part 1 assumes that W (v)≥ 0 for all v ∈ [0, V ),

we have that vθt −W (vθt ) (L− t) = V −W (V ) (L− t) is non-decreasing in t∈ [0, s).

We also note from Lemma 6 Part 2 that vθt is continuous at t= s and L. Therefore, all results

above imply that vθt −W (vθt ) (L− t) is non-decreasing in t∈ [0,L].

Part 2.

Following from Lemma 6 Part 1 that vht is non-decreasing in t and Part 2 that vθt is non-increasing

in t and the definition of tL, we have that vθt <V for all t∈ (tL,L]. In addition, we have Lemma 6
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Part 2 that vθt > v
∗ for t < L and Lemma 1 that tL <L. Hence, vθt ∈ (v∗, V ) for all t∈ (tL,L). The

definition of vθt and the property that gv − θv(L− t) is continuous in v imply that vθt satisfies the

condition gvθt − θvθt (L− t) = 0.

We notice that

gvθt − θvθt (L− t) =
1

vθt
gvθt

(
vθt −W (vθt )(L− t)

)
− F̄ (vθt )

f(vθt )

W (vθt )

vθt

(
1− v

θ
tw(vθt )

W (vθt )

)
(L− t).

We note that the properties that gv is strictly increasing in v and gv∗ = 0 imply gvθt > 0. In

addition, we have Assumption 1 Part 1 that W (v) ≥ 0 for all v ∈ [0, V ) and the property that

Assumption 1 Parts 1 and 3 imply vw(v)

W (v)
< 1. Therefore, for any t∈ (tL,L), vθt −W (vθt )(L− t)≥ 0.

Following from Lemma 6 Part 2 that vθt is continuous in t, we have vθtL −W
(
vθtL

)
(L− tL)≥ 0.

Q.E.D.

EC.2. Proof of Proposition 1

We provide the proof of the main result in §3.1, Proposition 1. We begin with proving the first

inequality in Proposition 1.

Lemma EC.1. We have

J∗ ≤ J̄ .

Proof of Lemma EC.1.

Proving this lemma requires us to compare the policy defined in §2 and the mechanism design

problem defined in §3. Note that some notation that appears in both contexts have different

definitions, such as zφ. Therefore, to distinguish the differences of the same notation that appears

in both contexts, throughout this proof, we add ‘∧’ on the notation that appears in the mechanism

design context.

We use the seller’s any feasible policy π ∈Π and customer corresponding purchasing rules zπ =

(τπ, pπ, sπ) to construct the following mechanism
(
ẑπ, Q̂∞,π, q̂π

)
:

Q̂∞,π =Q∞,π, ẑπφ = zπφ ∀ φ, q̂πt = qπt ∀ t≥ 0.

Because mechanism
(
ẑπ, Q̂∞,π, q̂π

)
replicates the seller’s decisions and customer purchase decisions

under π, we have
(
ẑπ, Q̂∞,π, q̂π

)
∈M and Π

(
ẑπ, Q̂∞,π, q̂π

)
= Jπ,z

π
.

Now, we show
(
ẑπ, Q̂∞,π, q̂π

)
satisfies the (IC) and (IR) constraints in (2).
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For any φ and φv′ , we have

U(φ, ẑπφ) =U(φ, zπφ)≥U(φ, zπφv′ ) =U(φ, ẑπφv′ ),

where the first and the second equalities follow from property ẑπ = zπ, the inequality follows from

the property that zπφ is the optimal solution of customer φ’s optimization problem. Therefore,

mechanism
(
ẑπ, Q̂∞,π, q̂π

)
satisfies the (IC) constraints in (2).

For any φ, define z0
φ ,

(
tφ, p

0
φ, s

0
φ

)
. We have

U(φ, ẑπφ) =U(φ, zπφ)≥U(φ, z0
φ) = 0,

where the first equality follows from property ẑπ = zπ, the first inequality follows from the prop-

erty that zπφ is the optimal solution of customer φ’s optimization problem. Therefore, mechanism(
ẑπ, Q̂∞,π, q̂π

)
satisfies the (IR) constraints in (2).

Therefore, for any π ∈Π, we have Jπ,z
π

= Π
(
ẑπ, Q̂∞,π, q̂π

)
≤ J̄ . Q.E.D.

Next, we prove a series of lemmas that will jointly imply the second inequality in Proposition 1.

To lighten the notation in presenting and proving Lemmas EC.2-EC.5, we introduce the following

notation

aφ , 1{sφ <∞} .

We begin with establishing the following two lemmas.

Lemma EC.2. If (IC) and (IR) hold, then for any φ,

pφ = (vφ−W (vφ) (sφ− tφ))aφ−
∫ vφ

v′=0

(
1−w(v′)

(
sφv′ − tφv′

))
aφv′dv

′.

Proof of Lemma EC.2.

First, we show that (IR) implies that

U (φ0, zφ0) = 0. (EC.1)

To see this notice that by definition and Assumption 1 Part 1 that W (0)> 0,

U (φ0, zφ0) = (0− pφ0 −W (0) (sφ0 − tφ0))aφ0 ≤ 0.

But since (IR) requires U (φ0, zφ0)≥ 0, we must have (EC.1).
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Now, define u(φ, z), ∂
∂vφ

U(φ, z). Applying the envelope theorem, we have:

U (φ, zφ) =

∫ vφ

v′=0

u
(
φv′ , zφv′

)
dv′+U (φ0, zφ0)

=

∫ vφ

v′=0

(
1−w(v′)

(
sφv′ − tφv′

))
aφv′dv

′+U (φ0, zφ0)

=

∫ vφ

v′=0

(
1−w(v′)

(
sφv′ − tφv′

))
aφv′dv

′. (EC.2)

The first equality follows from Fubini’s theorem and the envelope theorem (specifically, Theorem

2 of Milgrom and Segal (2002)). The second equality follows from the definition of u(·), and the

final equality follows from (EC.1). Consequently,

pφ = (vφ−W (vφ) (sφ− tφ))aφ−U(φ, zφ)

= (vφ−W (vφ) (sφ− tφ))aφ−
∫ vφ

v′=0

(
1−w(v′)

(
sφv′ − tφv′

))
aφv′dv

′.

The first equality follows from the definition of U(·). The second equality follows from our appli-

cation of the envelope theorem above. Q.E.D.

The next lemma establishes a second implication of the constraints (IC) and (IR).

Lemma EC.3. If (IC) and (IR) hold, then for any φ with vφ > 0, we have:

(1−w (vφ) (sφ− tφ))aφ ≥ 0.

Proof of Lemma EC.3.

Consider any φ and any v, v′ ∈ [0, V ). (IC) implies

U (φv, zφv)≥U
(
φv, zφv′

)
,

U
(
φv′ , zφv′

)
≥U (φv′ , zφv) .

Adding these two inequalities, and writing them explicitly (using the definition of U(·)), yields:

(v− v′)
(
aφv − aφv′

)
≥ (W (v)−W (v′)) (sφv − tφ)aφv − (W (v)−W (v′))

(
sφv′ − tφ

)
aφv′

≥ w(v) (v− v′) (sφv − tφ)aφv −w(v′) (v− v′)
(
sφv′ − tφ

)
aφv′

= (v− v′)
(
w(v) (sφv − tφ)aφv −w(v′)

(
sφv′ − tφ

)
aφv′

)
,

where the second inequality follows from Assumption 1 Part 3 that W (v) is concave in v. Thus,

(v− v′)
(
(1−w(v) (sφv − tφ))aφv −

(
1−w(v′)

(
sφv′ − tφ

))
aφv′

)
≥ 0.
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Therefore, (1−w(v) (sφv − tφ))aφv is non-decreasing in v. But (EC.2) and (IR) imply that for any

vφ ≥ 0,

U (φ, zφ) =

∫ vφ

v′=0

(
1−w(v′)

(
sφv′ − tφ

))
aφv′dv

′ ≥ 0,

which with the fact that (1−w(v) (sφv − tφ))aφv is non-decreasing in v immediately lets us conclude

that

(1−w(v) (sφv − tφ))aφv ≥ 0

for all v > 0. Q.E.D.

Now, we use Lemmas EC.2 and EC.3 to establish an upper bound of the optimal mechanism

design problem (2). This upper bound only requires us to solve a pure dynamic optimization

problem without (IC) constraints.

Lemma EC.4. If (IC) and (IR) hold, then

Π(z,Q, q)≤ lim inf
T→∞

1

T

(∫
φ∈HT

(
gvφ − θvφ (sφ− tφ)

)
aφ−h

∫ T

t=0

Itdt−K|QT |
)
.

Proof of Lemma EC.4.

For any T > 0, we have∫
φ∈HT

pφ1{τφ ≤ T}

≤
∫
φ∈HT

pφ

=

∫
φ∈HT

(
(vφ−W (vφ) (sφ− tφ))aφ−

∫ vφ

v′=0

aφv′dv
′+

∫ vφ

v′=0

w(v′)
(
sφv′ − tφv′

)
aφv′dv

′
)
,(EC.3)

where the inequality follows from the properties that pφ ≥ 0 and τφ ≥ tφ, the second equality follows

from Lemma EC.2.

For the third term in (EC.3), we have∫
φ∈HT

∫ vφ

v′=0

aφv′dv
′ =

∫ T

t=0

λ

∫ V

v=0

f(v)

∫ v

v′=0

a(t,v′)dv
′dvdt

=

∫ T

t=0

λ

∫ V

v′=0

a(t,v′)

∫ V

v=v′
f(v)dvdv′dt

=

∫ T

t=0

λ

∫ V

v′=0

F̄ (v′)

f(v′)
a(t,v′)f(v′)dv′dt

=

∫
φ∈HT

F̄ (vφ)

f(vφ)
aφ.
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Here the first equality follows from the fact that vφ is independent of tφ, the second equality follows

from an exchange in the order of integration, and the fourth equality again employs the fact that

vφ is independent of tφ.

Following the similar analysis, for the fourth term in (EC.3), we have∫
φ∈HT

∫ vφ

v′=0

w(v′)
(
sφv′ − tφv′

)
aφv′dv

′ =

∫
φ∈HT

F̄ (vφ)

f(vφ)
w (vφ) (sφ− tφ)aφ.

Therefore,

Π(z,Q, q) ≤ lim inf
T→∞

1

T

(∫
φ∈HT

(
gvφ − θvφ (sφ− tφ)

)
aφ−h

∫ T

t=0

Itdt−K|QT |
)
.

Q.E.D.

We denote by Ĵ the optimal value of the following optimization problem:

max(z,Q,q)∈M lim inf
T→∞

1

T

(∫
φ∈HT

(
gvφ − θvφ (sφ− tφ)

)
aφ−h

∫ T

t=0

Itdt−K|QT |
)

subject to (1−w (vφ) (sφ− tφ))aφ ≥ 0, ∀ φ with vφ > 0.

(EC.4)

Therefore, Lemmas EC.3 and EC.4 immediately imply J̄ ≤ Ĵ .

In the next step, we establish an upper bound of Ĵ . We introduce the following notation. We

denote by Ln (Q∞) the n-th inventory replenishment time in the replenishment schedule Q∞.

We make a convention that L0 (Q∞) = 0. We denote by Hn , {φ : tφ ∈ [Ln−1 (Q∞) ,Ln (Q∞))} the

collection of customers who arrive between the (n− 1)-th and the n-th inventory replenishment

times. To ease notation, in the rest of this paper, unless we cause confusion, we suppress the

argument Q∞ in Ln (Q∞).

Lemma EC.5. We have

Ĵ ≤max
Q∞

JQ
∞
,

where

JQ
∞
, lim inf

N→∞

1

LN

(
N∑
n=1

∫
φ∈Hn

(
gvφ −min

{
h (tφ−Ln−1) , θvφ (Ln− tφ)

})+
1{vφ ≥ v∗}−KN

)
.

Proof of Lemma EC.5.

We complete the proof by taking the following steps.
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First, under the demand fulfillment commitment, for any N ∈N, we have∫ LN

t=LN−1

Itdt ≥
∫
φ∈Hn

(sφ−Ln−1)1{sφ <Ln} .

Second, we show that for any vφ ∈ (0, v∗), under the constraint that (1−w (vφ) (sφ− tφ))aφ ≥ 0,

we have (
gvφ − θvφ (sφ− tφ)

)
aφ ≤ 0.

Suppose this statement is not true for some φ with vφ ∈ (0, v∗). Hence, we have

(
gvφ − θvφ (sφ− tφ)

)
aφ = gvφ (1−w (vφ) (sφ− tφ))aφ−W (vφ)

(
1− vφw(vφ)

W (vφ)

)
(sφ− tφ)aφ

> 0.

Note that we have the following properties. First, following from Assumption 2, we have that gvφ

is strictly increasing in vφ. Hence, for vφ < v
∗, gvφ < 0. Second, Assumption 1 Part 1 that W (v)> 0

for v ≥ 0 and the property that Assumption 1 Parts 1 and 3 imply
vφw(vφ)

W (vφ)
< 1 jointly imply

W (vφ)
(

1− vφw(vφ)

W (vφ)

)
> 0. Hence, the two properties above imply (1−w (vφ) (sφ− tφ))aφ < 0. This

contradicts with the property (1−w (vφ) (sφ− tφ))aφ ≥ 0. Therefore, for any vφ ∈ (0, v∗), under the

constraint that (1−w (vφ) (sφ− tφ))aφ ≥ 0, we have

(
gvφ − θvφ (sφ− tφ)

)
aφ ≤ 0.

Third, following from the results that we derive from the previous two steps, under the constraint

that (1−w (vφ) (sφ− tφ))aφ ≥ 0 for any vφ > 0, we have

JQ
∞

= lim inf
T→∞

1

T

(∫
φ∈HT

(
gvφ − θvφ (sφ− tφ)

)
aφ−h

∫ T

t=0

Itdt−K|QT |
)

= lim inf
N→∞

1

LN

(
N∑
n=1

∫
φ∈Hn

(
gvφ − θvφ (sφ− tφ)

)
aφ−h

∫ LN

t=LN−1

Itdt−KN

)

≤ lim inf
N→∞

1

LN

(
N∑
n=1

∫
φ∈Hn

(
gvφ − θvφ (sφ− tφ)

)
aφ−h (sφ−Ln−1)1{sφ <Ln}−KN

)

≤ lim inf
N→∞

1

LN

( N∑
n=1

∫
φ∈Hn

((
gvφ − θvφ (sφ− tφ)

)
aφ

−h (sφ−Ln−1)1{sφ <Ln}
)

1{vφ ≥ v∗}−KN
)

= lim inf
N→∞

1

LN

( N∑
n=1

∫
φ∈Hn

((
gvφ − θvφ (sφ− tφ)

)
aφ
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−h (sφ−Ln−1)1{sφ <Ln}
)

1{vφ ≥ v∗}−KN
)

≤ lim inf
N→∞

1

LN

( N∑
n=1

∫
φ∈Hn

((
gvφ − θvφ (sφ− tφ)

)
aφ

−h (sφ−Ln−1)1{sφ <Ln}
)

1{vφ ≥ v∗}−KN
)

≤ lim inf
N→∞

1

LN

(
N∑
n=1

∫
φ∈Hn

(
gvφ −min

{
h (tφ−Ln−1) , θvφ (Ln− tφ)

})+
1{vφ ≥ v∗}−KN

)
.

The first inequality follows from the result that we derive in the first step above. The second

inequality follows from the result that we derive in the second step above and property h> 0. The

third equality follows from the law of total expectation. The third and the fourth inequalities follow

from Lemma 5 Part 1 that θvφ > 0 for vφ ≥ v∗ and the property aφ ∈ {0,1}.

Q.E.D.

We notice that JQ
∞

is the function of the inventory replenishment time schedule, Q∞. Next, we

explore an inventory replenishment time schedule that maximizes JQ
∞

.

Lemma EC.6. For any Q∞, we have

JQ
∞
≤max

L>0
JL = JL

∗
.

Proof of Lemma EC.6.

For any Q∞, we have

JQ
∞

= lim inf
N→∞

1

LN

(
N∑
n=1

(Ln−Ln−1)JLn−Ln−1

)
≤max

L>0
JL = JL

∗
.

Q.E.D.

EC.3. Proofs of Lemmas 1 and 2 and Proposition 2

Proof of Lemma 1.

Following from Lemma 6 Parts 1 and 2, we have that vht − vθt is non-decreasing and continuous

in t ∈ [0,L], with vh0 − vθ0 = v∗ − vθ0 < 0 and vhL − vθL = vhL − v∗ > 0. Therefore, the definition of tL

implies

tL ∈ (0,L),


vht ≤ vθt if t∈ [0, tL)

vht = vθt if t= tL
vht > v

θ
t if t∈ (tL,L]

.



ec13e-companion to Chen and Shi: Joint Pricing and Inventory Management with Strategic Customers

Following from Assumption 1 Part 1 that W (v)> 0 for v ≥ 0 and the property V <∞, we have

W (V )∈ (0,∞). The definition of t̄L and the properties that h,W (V )∈ (0,∞) imply t̄L ∈ [tL,L).

Next, we characterize the properties of ṽt.

First, we show that vht < v
θ
t implies ṽt ≤ vht .

Following from the definition of ṽt, condition vht < v
θ
t implies ṽt = sup{v ∈ [v∗, V ) : θv(L− t)<ht}.

Consider any t with vht < v
θ
t . Consider any v ∈ (vht , v

θ
t ). The definition of vht and the property that

gv is strictly increasing in v imply gv − ht > 0. The definition of vθt , property vθt > vht ≥ v∗, and

the property that gv − θv(L− t) is continuous in v imply gvθt − θvθt (L− t) ≤ 0. Hence, condition

v < vθt and Lemma 5 Part 3 imply gv− θv(L− t)< 0. Therefore, for any v ∈ (vht , v
θ
t ), θv(L− t)>ht.

Following from Lemma 5 Part 2 that θv is non-decreasing in v, we have that θv(L− t)>ht for all

v ∈ (vht , V ). Therefore, ṽt ≤ vht .

Second, we show that vht > v
θ
t implies ṽt ≥ vht .

Following from the definition of ṽt, condition vht > v
θ
t implies ṽt = sup{v ∈ [v∗, V ) : θv(L− t)<ht}.

Consider any t with vht > v
θ
t . Consider any v ∈ (vθt , v

h
t ). The definition of vht and the property that

gv is strictly increasing in v imply gv−ht < 0. The definition of vθt implies gv−θv(L− t)≥ 0. Hence,

θv(L− t)<ht for all v ∈ (vθt , v
h
t ). Therefore, ṽt ≥ vht .

Third, we show that for any t∈ (t̄L,L], ṽt = V .

Consider any t ∈ (t̄L,L]. Because t̄L ≥ tL, we note from the result that we prove earlier in this

lemma that vht > vθt for t ∈ (t̄L,L]. Following from the definition of ṽt, condition vht < vθt implies

ṽt = sup{v ∈ [v∗, V ) : θv(L− t)<ht}.

Consider any v ∈ [v∗, V ), we have

θv(L− t)−ht≤ θV (L− t)−ht=W (V )(L− t)−ht

=W (V )L− (h+W (V )) t <W (V )L− (h+W (V )) t̄L ≤ 0,

where the first inequality follows from Lemma 5 Part 2 that θv is non-decreasing in v, the second

inequality follows from Assumption 1 Part 1 that W (v)> 0, property h> 0, and condition t > t̄L,

the third inequality follows from the definition of t̄L. Therefore, for t∈ (t̄L,L], we have ṽt = V .

Q.E.D.

The following lemma will be used to prove Lemma 2.
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Lemma EC.7. For any customer (t, v)∈ [0,L)× [v∗, V ), we have

(gv −min{ht, θv (L− t)})+
=


gv −ht if t∈ [0, tL] , v ∈ [vht , V ) , or t∈ (tL, t̄L] , v ∈ [ṽt, V )

gv − θv (L− t) if t∈ (tL, t̄L] , v ∈ [vθt , ṽt) , or t∈ (t̄L,L) , v ∈ [vθt , V )

0 otherwise

.

Proof of Lemma EC.7.

First, we analyze the order relation of gv and ht.

Consider the first case that v ∈ [vht , V ). Following from the definition of vht and the property that

gv is continuous in v, we have gv ≥ ht.

Consider the second case that v ∈ [v∗, vht ). Following from the definition of vht and the property

that gv is strictly increasing in v, we have gv <ht.

Second, we analyze the order relation of gv and θv(L− t).

Consider the first case that v ∈ [vθt , V ). Following from the definition of vθt and the property that

gv and θv are continuous in v, we have gv ≥ θv(L− t).

Consider the second case that v ∈ [v∗, vθt ). Following from the definition of vθt and Lemma 5 Part

3, we have gv < θv(L− t).

Third, we analyze the order relation of θv(L− t) and ht.

We analyze two scenarios that vht 6= vθt and vht = vθt , respectively. Consider the first scenario that

vht 6= vθt . Following from the definition of ṽt, we have ṽt = sup{v ∈ [v∗, V ) : θv(L− t)<ht}. In this

scenario, we consider two cases that v ∈ [ṽt, V ) and v ∈ [v∗, ṽt), respectively.

Consider the first case that v ∈ [ṽt, V ). Following from the definition of ṽt and the property that

θv is continuous in v, we have θv(L− t)≥ ht.

Consider the second case that v ∈ [v∗, ṽt). Following from the definition of ṽt and Lemma 5 Part

2 that θv is non-decreasing in v, we have θv(L− t)<ht.

Consider the second scenario that vht = vθt , v∗∗. If v∗∗ = V , then the analysis in this proof above

implies that for any v ∈ [0, V ), (gv −min{ht, θv (L− t)})+
= 0. Therefore, we only need to analyze

the case that v∗∗ <V . Following from the definition of ṽt, we have ṽt = v∗∗. Following from Lemma

6 Parts 1 and 2, we have v∗∗ > v∗. Therefore, the definition of vht , the property that gv is continuous

in v, and property v∗∗ ∈ (v∗, V ) imply gv∗∗ − ht = 0. The definition of vθt , the property that gv
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and θv are continuous in v, and property v∗∗ ∈ (v∗, V ) imply gv∗∗ − θv∗∗(L − t) = 0. Therefore,

θv∗∗(L− t) = ht. Therefore, following from Lemma 5 Part 2 that θv is non-decreasing in v, we have{
θv(L− t)≥ ht if v ∈ [ṽt, V )

θv(L− t)≤ ht if v ∈ [v∗, ṽt)
.

Therefore, all results above complete the proof.

Q.E.D.

Proof of Lemma 2.

Following from the definition of JL, (3), we have

JL =
λ

L

∫ L

t=0

∫ V

v=v∗
(gv −min{ht, θv (L− t)})+

f(v)dvdt− K
L

=
λ

L

(∫ tL

t=0

∫ V

v=vht

(gv −ht)f(v)dvdt

+

∫ t̄L

t=tL

(∫ V

v=ṽt

(gv −ht)f(v)dv+

∫ ṽt

v=vθt

(gv − θv(L− t))f(v)dv

)
dt

+

∫ L

t=t̄L

∫ V

v=vθt

(gv − θv(L− t))f(v)dvdt

)
− K
L

=
λ

L

(∫ tL

t=0

(
vht −ht

)
F̄
(
vht
)
dt+

∫ t̄L

t=tL

(
(ṽt−ht) F̄ (ṽt)

+
(
vθt −W

(
vθt
)

(L− t)
)
F̄
(
vθt
)
− (ṽt−W (ṽt) (L− t)) F̄ (ṽt)

)
dt

+

∫ L

t=t̄L

(
vθt −W

(
vθt
)

(L− t)
)
F̄
(
vθt
)
dt

)
− K
L

=
λ

L

(∫ tL

t=0

(
vht −ht

)
F̄
(
vht
)
dt+

∫ t̄L

t=tL

((
vθt −W

(
vθt
)

(L− t) +W (ṽt) (L− t)−ht
)
F̄ (ṽt)

+
(
vθt −W

(
vθt
)

(L− t)
) (
F̄
(
vθt
)
− F̄ (ṽt)

))
dt

+

∫ L

t=t̄L

(
vθt −W

(
vθt
)

(L− t)
)
F̄
(
vθt
)
dt

)
− K
L

=
λ

L

(∫ tL

t=0

(
pL,ht −ht

)
F̄
(
vht
)
dt+

∫ t̄L

t=tL

((
pL,ht −ht

)
F̄ (ṽt) + pL,θt

(
F̄
(
vθt
)
− F̄ (ṽt)

))
dt

+

∫ L

t=t̄L

pL,θt F̄
(
vθt
)
dt

)
− K
L
.

The second equality follows from Lemma EC.7.

Q.E.D.
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Proof of Proposition 2.

Following from the definition of JL, (3), we have

JL =
λ

L

∫ L

t=0

∫ V

v=v∗
(gv −min{ht, θv (L− t)})+

f(v)dvdt− K
L
.

Therefore,
∂2JL

∂L∂K
=

1

L2
≥ 0.

Therefore, following from Topkis’s theorem (see Topkis (2011)), we have that L∗ is non-decreasing

in K.

Consider one extreme case that K = 0.

For any L> 0, we have

JL =
λ

L

∫ L

t=0

∫ V

v=v∗
(gv −min{ht, θv (L− t)})+

f(v)dvdt

≤ λ

L

∫ L

t=0

∫ V

v=v∗
gvf(v)dvdt

= λ

∫ V

v=v∗
gvf(v)dv

= J0.

The inequality holds due to following reasons. First, the properties that gv is strictly increasing in

v and gv∗ = 0 imply gv > 0 for any v ∈ [v∗, V ). Second, we have h > 0. Third, we have Lemma 5

Part 1 that θv > 0 for v≥ v∗.

Consider the other extreme case that K→∞.

Define T ,max
{
V
h
, V
θv∗

}
. Hence, if L≥ 2T , then for any t∈ [T,L−T ] and any v≥ v∗, we have

(gv −min{ht, θv (L− t)})+ ≤ (V −min{hT, θvT})+ ≤ (V −min{hT, θv∗T})+
= 0,

where the first inequality follows from property gv = v − F̄ (v)

f(v)
≤ v ≤ V , condition t ∈ [T,L−T ],

property h > 0 and Lemma 5 Part 1 that θv > 0 for v ≥ v∗, the second inequality follows from

Lemma 5 Part 2 that θv is non-decreasing in v and condition v≥ v∗.

For any L> 0, define

GL , λ

∫ L

t=0

∫ V

v=v∗
(gv −min{ht, θv (L− t)})+

f(v)dvdt.

Hence, for L> 2T , we have GL =G2T .
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Consider any K >G2T .

For L≤ 2T , we have JL = 1
L

(GL−K)≤ 1
L

(G2T −K)< 0, where the first inequality follows from

the property that GL is non-decreasing in L.

For L> 2T , we have JL = 1
L

(GL−K) = 1
L

(G2T −K)< 0, where the second equality follows from

the property that GL =G2T for L> 2T .

In addition, we note that limL→∞ J
L = limL→∞

1
L

(G2T −K) = 0.

Therefore, for K >G2T , L∗ =∞.

Q.E.D.

EC.4. Proofs of Lemma 4 and Theorem 2

Proof of Lemma 4.

Due to the cyclic nature of policy π̃L, without loss of generality, we only need to characterize

the equilibrium behaviors of customers who arrive during the first cycle [0,L).

In this proof, we introduce notation φt′ , (t′, vφ). We extend the definition of pL,ht to the support

t∈ (tL,L) as pL,ht , pL,θt +W (ṽt) (L− t).

We make the proof by taking the following steps.

Step 1: We show that for any customer φ∈ (0,L)× [0, V ), if at time tφ, Ωπ̃L
tφ

=
{(
pL,θmax{tφ,tL}

,L
)}

,

then for any zφ with τφ ∈ [tφ,L), U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.

In this scenario, at any time t ∈ [tφ,L), the seller only offers the delayed delivery option Ωπ̃L
t ={(

pL,θmax{t,tL}
,L
)}

. This entails that either tφ ∈ (0, t̄L] and Itφ− = 0 or tφ ∈ (t̄L,L). Therefore,

U (φ, zφ) =
(
vφ− pL,θmax{τφ,tL}

−W (vφ) (L− tφ)
)+

≤
(
vφ− pL,θmax{tφ,tL}

−W (vφ) (L− tφ)
)+

.

The inequality follows from Lemma 7 Part 1 that pL,θt = vθt −W (vθt ) (L− t) is non-decreasing in t.

Now, we show that the RHS is equal to U
(
φ, zπ̃Lφ

)
. We prove this result by taking the following

steps.

Step 1.1: Consider the case that tφ ∈ (tL,L).

We have

vφ− pL,θmax{tφ,tL}
−W (vφ) (L− tφ) = vφ− pL,θtφ −W (vφ) (L− tφ)
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= (vφ−W (vφ) (L− tφ))−
(
vθtφ −W

(
vθtφ

)
(L− tφ)

)
{
≥ 0 if vφ ≥ vθtφ
≤ 0 if vφ < v

θ
tφ

,

where the first equality follows from condition tφ > tL, the second equality follows from the defini-

tion of pL,θt , the inequality follows from the property that Lemma 7 Parts 1 and 2 and condition

tφ > tL imply vθtφ −W
(
vθtφ

)
(L− tφ)≥ 0, condition L− tφ > 0, and Lemma 5 Part 4.

Hence,

(
vφ− pL,θmax{tφ,tL}

−W (vφ) (L− tφ)
)+

=
(
vφ− pL,θtφ −W (vφ) (L− tφ)

)
1
{
vφ ≥ vθtφ

}
= U

(
φ, zπ̃Lφ

)
.

Step 1.2: Consider the case that tφ ∈ (0, tL] and vbtφ ∈ (v∗, V ).

Following from the definition of vbt , condition vbtφ ∈ (v∗, V ), and the property that v −W (v)K

is continuous in v, we have vbtφ −W
(
vbtφ

)
(L− tφ) = pL,θtL . Following from Lemma 7 Part 2 that

pL,θtL = vθtL −W
(
vθtL

)
(L− tL)≥ 0, we have vbtφ −W

(
vbtφ

)
(L− tφ) = pL,θtL ≥ 0.

Therefore,

vφ− pL,θmax{tφ,tL}
−W (vφ) (L− tφ) = vφ− pL,θtL −W (vφ) (L− tφ)

= (vφ−W (vφ) (L− tφ))−
(
vbtφ −W

(
vbtφ

)
(L− tφ)

)
{
≥ 0 if vφ ≥ vbtφ
≤ 0 if vφ < v

b
tφ

,

where the first equality follows from condition tφ ≤ tL, the inequality follows from property vbtφ −

W
(
vbtφ

)
(L− tφ)≥ 0, the property that Lemma 1 that tL <L and condition tφ ≤ tL jointly imply

L− tφ > 0, and Lemma 5 Part 4.

Hence,

(
vφ− pL,θmax{tφ,tL}

−W (vφ) (L− tφ)
)+

=
(
vφ− pL,θtL −W (vφ) (L− tφ)

)
1
{
vφ ≥ vbtφ

}
= U

(
φ, zπ̃Lφ

)
.

Step 1.3: Consider the case that tφ ∈ (0, tL] and vbtφ = V .

Following from the definition of vbt , condition vbtφ = V , and the property that v −W (v)K is

continuous in v, we have vbtφ −W
(
vbtφ

)
(L− tφ)≤ pL,θtL .
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Suppose there exists φ with tφ ∈ (0, tL], such that vφ −W (vφ) (L− tφ) > pL,θtL . Following from

Lemma 7 Part 2 that pL,θtL = vθtL−W
(
vθtL

)
(L− tL)≥ 0, we have vφ−W (vφ) (L− tφ)> 0. Therefore,

vbtφ −W
(
vbtφ

)
(L− tφ) = (V −W (V ) (L− tφ))

> (vφ−W (vφ) (L− tφ))

> pL,θtL ,

where the first equality follows from condition vbtφ = V , the first inequality follows from property

vφ −W (vφ) (L− tφ) > 0, the property that Lemma 1 that tL < L and condition tφ ≤ tL jointly

imply L− tφ > 0, property vφ < V , and Lemma 5 Part 4. This result contradicts with property

vbtφ −W
(
vbtφ

)
(L− tφ)≤ pL,θtL .

Therefore,

(
vφ− pL,θmax{tφ,tL}

−W (vφ) (L− tφ)
)+

=
(
vφ− pL,θtL −W (vφ) (L− tφ)

)+

= 0

=
(
vφ− pL,θtL −W (vφ) (L− tφ)

)
1{vφ ≥ V }

=
(
vφ− pL,θtL −W (vφ) (L− tφ)

)
1
{
vφ ≥ vbtφ

}
= U

(
φ, zπ̃Lφ

)
,

where the first equality follows from condition tφ ≤ tL, the second equality follows from the property

that we prove above that vφ −W (vφ) (L− tφ)≤ pL,θtL if tφ ∈ (0, tL] and vbtφ = V , the third equality

follows from property vφ <V , the fourth equality follows from condition vbtφ = V .

Step 1.4: We show that if tφ ∈ (0, tL], then we must have vbtφ > v
∗.

For any t∈ (0, tL], we have

v∗−W (v∗) (L− t)≤ v∗−W (v∗) (L− tL)< vθtL −W
(
vθtL

)
(L− tL) = pL,θtL ,

where the first inequality follows from condition t≤ tL and Assumption 1 Part 1 that W (v)> 0,

the second inequality follows from Lemma 7 Part 2 that vθtL −W
(
vθtL

)
(L− tL)≥ 0, Lemma 1 that

tL <L, Lemma 6 Part 2 that vθt > v
∗ for t∈ [0,L), property v∗ > 0, and Lemma 5 Part 4(b).

Therefore, this property, the property that v−W (v)(L− t) is continuous in v, and the definition

of vbt jointly imply vbtφ > v
∗.

Therefore, all results in Steps 1.1-1.4 jointly imply U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.
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Step 2: We show that for any customer φ ∈ (tL, t̄L] × [0, V ), if at time tφ, Ωπ̃L
tφ

={(
pL,htφ , tφ

)
,
(
pL,θtφ ,L

)}
, then for any zφ with τφ ∈ [tφ,L), U (φ, zφ)≤U

(
φ, zπ̃Lφ

)
.

In this scenario, because the seller is able to offer a purchase option with the instantaneous

product delivery,
(
pL,htφ , tφ

)
, following from the definition of π̃L, we must have Itφ− > 0.

We have

U (φ, zφ) ≤ max

{(
vφ− pL,hτφ −W (vφ) (τφ− tφ)

)+

,
(
vφ− pL,θτφ −W (vφ) (L− tφ)

)+
}

= max

{(
vφ− pL,θτφ −W

(
ṽτφ
)

(L− τφ)−W (vφ) (τφ− tφ)
)+

,
(
vφ− pL,θτφ −W (vφ) (L− tφ)

)+
}

=


(
vφ− pL,θτφ −W

(
ṽτφ
)

(L− τφ)−W (vφ) (τφ− tφ)
)+

if vφ ≥ ṽτφ(
vφ− pL,θτφ −W (vφ) (L− tφ)

)+

if vφ < ṽτφ

≤


(
vφ− pL,θτφ −W

(
ṽτφ
)

(L− tφ)
)+

if vφ ≥ ṽτφ(
vφ− pL,θτφ −W (vφ) (L− tφ)

)+

if vφ < ṽτφ

=
(
vφ− pL,θtφ −W

(
ṽtφ
)

(L− tφ)
)+

1
{
vφ ≥ ṽtφ

}
+
(
vφ− pL,θtφ −W (vφ) (L− tφ)

)+

1
{
vφ < ṽtφ

}
=
(
vφ− pL,θtφ −W

(
ṽtφ
)

(L− tφ)
)

1
{
vφ ≥ ṽtφ

}
+
(
vφ− pL,θtφ −W (vφ) (L− tφ)

)
1
{
vφ ∈

[
vθtφ , ṽtφ

)}
=
(
vφ− pL,htφ

)
1
{
vφ ≥ ṽtφ

}
+
(
vφ− pL,θtφ −W (vφ) (L− tφ)

)
1
{
vφ ∈

[
vθtφ , ṽtφ

)}
= U

(
φ, zπLφ

)
.

The first equality follows from the definition of pL,ht . The second equality, the second inequality

and the third equality follow from Assumption 2 Part 1 that W (·)> 0, Part 3 that W (v) is non-

decreasing in v, and the property that tφ ≤ τφ ≤L. The fourth equality follows from the property

that Lemma 7 Parts 1 and 2 and condition tφ > tL imply pL,θtφ = vθtφ −W
(
vθtφ

)
(L− tφ) ≥ 0, the

property that Lemma 1 that t̄L <L and condition tφ ≤ t̄L imply L− tφ > 0, and Lemma 5 Part 4.

The fifth equality follows from the definition of pL,ht .

Step 3: We show that for any customer φ∈ [0, tL]× [0, V ), if at time tφ, Ωπ̃L
tφ

=
{(
pL,htφ , tφ

)}
, then

for any zφ with τφ ∈ [tφ,L), U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.

In this scenario, because the seller is able to offer a purchase option with the instantaneous

product delivery,
(
pL,htφ , tφ

)
, following from the definition of π̃L, we must have Itφ− > 0.

We prove this result by taking the following steps.

Step 3.1: Consider the case that τφ ∈ [tφ, tL].
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We have

U (φ, zφ) ≤ max

{(
vφ− pL,hτφ −W (vφ) (τφ− tφ)

)+

,
(
vφ− pL,θtL −W (vφ) (L− tφ)

)+
}

= max

{(
vφ− vhτφ −W (vφ) (τφ− tφ)

)+

,
(
vφ− pL,θtL −W (vφ) (L− tφ)

)+
}

≤ max

{(
vφ− vhtφ

)+

,
(
vφ− pL,θtL −W (vφ) (L− tφ)

)+
}

= max

{(
vφ− vhtφ

)+

,
(

(vφ−W (vφ) (L− tφ))−
(
vθtL −W

(
vθtL

)
(L− tL)

))+
}

≤ max

{(
vφ− vhtφ

)+

,
(

(vφ−W (vφ) (L− tL))−
(
vθtL −W

(
vθtL

)
(L− tL)

))+
}

≤ max

{(
vφ− vhtφ

)+

,
(
vφ− vθtL

)+
}

= max

{(
vφ− vhtφ

)+

,
(
vφ− vhtL

)+
}

=
(
vφ− vhtφ

)+

= U
(
φ, zπ̃Lφ

)
.

The first equality follows from the definition of pL,ht . The second inequality follows from Lemma 6

Part 1 that vht is non-decreasing in t, property τφ ≥ tφ, and Assumption 1 Part 1 that W (v)> 0. The

second equality follows from the definition of pL,θt . The third inequality follows from Assumption

1 Part 1 that W (v)> 0 and condition tφ ≤ tL. The fourth inequality follows from Lemma 7 Part 2

that vθtL−W
(
vθtL

)
(L− tL)≥ 0, Lemma 1 that L− tL > 0, and Lemma 5 Part 4. The third equality

follows from Lemma 1 that vhtL = vθtL . The fourth equality follows from Lemma 6 Part 1 that vht is

non-decreasing in t and property tφ ≤ tL.

Step 3.2: Consider the case that τφ ∈ (tL,L) and tφ = tL.

For any t′ ∈ (tL, τφ], we have

U (φ, zφ) = U (φt′ , zφ)−W (vφ) (t′− tL)

≤ U
(
φt′ , z

π̃L
φt′

)
−W (vφ) (t′− tL)

≤ U
(
φt′ , z

π̃L
φt′

)
≤ max

{(
vφ− pL,ht′

)+
,
(
vφ− pL,θt′ −W (vφ) (L− t′)

)+
}

= max
{(
vφ− pL,θt′ −W (ṽt′) (L− t′)

)+
,
(
vφ− pL,θt′ −W (vφ) (L− t′)

)+
}

≤ max
{(
vφ− pL,θt′ −W

(
vht′
)

(L− t′)
)+
,
(
vφ− pL,θt′ −W (vφ) (L− t′)

)+
}
.
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The first inequality follows from results that we prove in Steps 1-2 above. The second inequality

follows from Assumption 1 Part 1 that W (v)> 0. The second equality follows from the definition

of pL,ht . The fourth inequality follows from Lemma 1 that ṽt ≥ vht if t > tL and Assumption 1 Part

3 that W (v) is non-decreasing in v.

Therefore,

U (φ, zφ) ≤ limsup
t′→tL+

max
{(
vφ− pL,θt′ −W

(
vht′
)

(L− t′)
)+
,
(
vφ− pL,θt′ −W (vφ) (L− t′)

)+
}

= max

{(
vφ− pL,θtL −W

(
vhtL

)
(L− tL)

)+

,
(
vφ− pL,θtL −W (vφ) (L− tL)

)+
}

= max

{(
vφ− vhtL

)+

,
(

(vφ−W (vφ) (L− tL))−
(
vθtL −W

(
vθtL

)
(L− tL)

))+
}

≤ max

{(
vφ− vhtL

)+

,
(
vφ− vθtL

)+
}

= max

{(
vφ− vhtL

)+

,
(
vφ− vhtL

)+
}

=
(
vφ− vhtL

)+

= U
(
φ, zπ̃Lφ

)
.

The first equality follows from Lemma 6 Part 1 that vht is continuous in t, Part 2 that vθt is

continuous in t, and Assumption 1 Part 2 that W (v) is continuous in v. The second equality follows

from the definition of pL,θtL and Lemma 1 that vhtL = vθtL . The second inequality follows from Lemma

7 Part 2 that vθtL −W
(
vθtL

)
(L− tL)≥ 0, Lemma 1 that L− tL > 0, and Lemma 5 Part 4(a). The

third equality follows from Lemma 1 that vhtL = vθtL .

Step 3.3: Consider the case that τφ ∈ (tL,L) and tφ ∈ [0, tL).

We have

U (φ, zφ) =U
(
φtL , zφ

)
−W (vφ) (tL− tφ)

≤U
(
φtL , z

π̃L
φtL

)
−W (vφ) (tL− tφ) =U

(
φ, zπ̃LφtL

)
≤U

(
φ, zπ̃Lφ

)
.

The first inequality follows from the result that we prove in Step 3.2 above. The second inequality

follows from the result that we prove in Step 3.1 above.

Therefore, all results in Steps 3.1-3.3 jointly imply U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.

Step 4: We show that for any customer φ ∈ [0,L)× [0, V ), for any zφ with τφ = L, U (φ, zφ) ≤

U
(
φ, zπ̃Lφ

)
.
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We have

lim
t→L−

pL,θt = lim
t→L−

vθt −W
(
vθt
)

(L− t) = v∗ = vh0 = pL,h0 ,

where the first equality follows from the definition of pL,θt , the second equality follows from Lemma

6 Part 2 that vθt is continuous in t and vθL = v∗, the third equality follows from Lemma 6 Part 1,

the fourth equality follows from the definition of pL,h0 .

Therefore, this result, the definition of π̃L that Ωπ̃L
L =

{(
pL,h0 ,L

)}
, and all results that we prove

in Steps 1-3 jointly imply U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.

Step 5: We show that for any customer φ ∈ [0,L)× [0, V ), for any zφ with τφ = nL+ τ for n ∈N

and τ ∈ (0,L], U (φ, zφ)≤U
(
φ, zπ̃Lφ

)
.

First, for any n∈N, we have

U (φ, zφ) =U (φnL, zφ) +W (vφ)nL≤U
(
φnL, z

π̃L
φnL

)
+W (vφ)nL=U

(
φ, zπ̃LφnL

)
,

where the inequality follows from all results that we prove in Steps 1-4 above.

Second, for any n∈N, we have

U
(
φ, zπ̃Lφ(n+1)L

)
=U

(
φnL, z

π̃L
φ(n+1)L

)
+W (vφ)nL≤U

(
φnL, z

π̃L
φnL

)
+W (vφ)nL=U

(
φ, zπ̃LφnL

)
,

where the inequality follows from the result that we prove in Step 4 above.

Therefore, for any zφ with τφ = nL+ τ for n∈N and τ ∈ (0,L], we have

U (φ, zφ)≤U
(
φ, zπ̃LφnL

)
≤U

(
φ, zπ̃LφL

)
≤U

(
φ, zπ̃Lφ

)
,

where the first inequality follows from the first result that we prove in this step, the second inequal-

ity follows from the second result that we prove in this step, the third inequality follows from the

result that we prove in Step 4 above.

All results that we prove in Steps 1-5 complete the proof of this lemma.

Q.E.D.

Proof of Theorem 2.

We use the mechanism design methodology to prove the first inequality of this theorem, J̃∗ ≤

JL
∗
. The mechanism design problem used in this proof is very similar to the mechanism design

problem (2) studied in the deterministic setting, except that we replace every customer’s dominant
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(IC) and (IR) constraints by his Bayesian (IC) and (IR) constraints that are only conditional on

this customer’s type and all public information at time 0. The proof is analogous to the proof of

Theorem 1. Therefore, we omit the proof.

Now, we prove the second inequality of this theorem.

Consider policy π̃L with any L> 0. Due to the cyclic nature of policy π̃L, the seller’s long-run

average expected profit under policy π̃L is the same as her average expected profit over [0,L).

Therefore, without loss of generality, we only need to compute the seller’s average expected profit

over the first cycle [0,L).

For each t∈ [0, t̄L], we denote by

Nh
t ,

{∑
φ 1
{
tφ ∈ [0, t], vφ ≥ vht

}
if t∈ [0, tL]∑

φ 1
{
tφ ∈ [0, tL], vφ ≥ vht

}
+ 1{tφ ∈ (tL, t], vφ ≥ ṽt} if t∈ (tL, t̄L]

the total number of customers who arrive no later than time t and choose the instantaneous delivery

option, assuming that the seller has inventory on hand up to time t. Thus, Nh
t is a Poisson random

variable with parameter

λht =

{
λ
∫ t
t′=0

F̄ (vht′)dt
′ if t∈ [0, tL]

λ
∫ tL
t′=0

F̄ (vht′)dt
′+λ

∫ t
t′=tL

F̄ (ṽt′)dt
′ if t∈ (tL, t̄L]

.

For each t∈ (tL,L), we denote by

N θ
t ,

{
1
{
tφ ∈ (tL, t], vφ ∈ [vθt , ṽt)

}
if t∈ (tL, t̄L]

1
{
tφ ∈ (tL, t̄L], vφ ∈ [vθt , ṽt)

}
+ 1

{
tφ ∈ (t̄L, t], vφ ≥ vθt

}
if t∈ (t̄L,L)

the total number of customers who arrive after time tL and no later than time t and choose the

delayed delivery option, assuming that the seller has inventory on hand up to time t. Thus, N θ
t is

a Poisson random variable with parameter

λθt =

{
λ
∫ t
t′=tL

(
F̄ (vθt′)− F̄ (ṽt′)

)
dt′ if t∈ (tL, t̄L]

λ
∫ t̄L
t′=tL

(
F̄ (vθt′)− F̄ (ṽt′)

)
dt′+λ

∫ t
t′=t̄L

F̄ (vθt′)dt
′ if t∈ (t̄L,L)

.

Therefore, under policy π̃L, given customer behaviors characterized by Lemma 4, we have

J̃L ≥ 1

L
E

[∫ t̄L

t=0

pL,ht dNh
t −V

(
Nh
t̄L
− qπ̃L0

)+

+

∫ L

t=tL

pL,θt dN θ
t −h

∫ t̄L

t=0

(
qπ̃L0 −Nh

t

)+

dt

−h (L− t̄L)
(
qπ̃L0 −Nh

t̄L

)+
]
− K
L

=
1

L
E

[∫ t̄L

t=0

pL,ht dλht −V
(
Nh
t̄L
− qπ̃L0

)+

+

∫ L

t=tL

pL,θt dλθt −h
∫ t̄L

t=0

(
qπ̃L0 −Nh

t

)+

dt
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−h (L− t̄L)
(
qπ̃L0 −Nh

t̄L

)+
]
− K
L

=
1

L
E

[∫ t̄L

t=0

pL,ht dλht −V
(
Nh
t̄L
−λht̄L

)+
+

∫ L

t=tL

pL,θt dλθt −h
∫ t̄L

t=0

(
λht̄L −N

h
t

)+
dt

−h (L− t̄L)
(
λht̄L −N

h
t̄L

)+
]
− K
L
.

The first inequality follows from the property that the RHS of this inequality does not take into

account the revenue from those customers who intend to select the instantaneous delivery purchase

option but eventually select the delayed delivery purchase option due to inventory unavailability.

The first equality follows from Brémaud (1981) Theorem II. The second equality follows from

property qπ̃L0 = λht̄L .

We establish upper bounds of the second, fourth, and fifth terms on the RHS. For the second

term, we have

E
[(
Nh
t̄L
−λht̄L

)+
]
≤

√
λht̄L

2
≤
√
λL

2
,

where the first inequality follows from Gallego and Van Ryzin (1994) Equation (18).

For the fourth and the fifth terms, for any t∈ [0, t̄L], we have

E

[(
λht̄L −N

h
t

)+
]

= E

[(
Nh
t −λht̄L

)+
]

+E
[
λht̄L −N

h
t

]
= E

[(
Nh
t −λht̄L

)+
]

+λht̄L −λ
h
t

≤ 1
2

(√
λht +

(
λht̄L −λ

h
t

)2

−
(
λht̄L −λ

h
t

))
+λht̄L −λ

h
t ≤
√
λht
2

+λht̄L −λ
h
t ≤

√
λL
2

+λht̄L −λ
h
t ,

where the first inequality follows from Gallego and Van Ryzin (1994) Equation (18), the second

inequality follows from the property that for K ≥ 0 and σ≥ 0,

√
σ2+K2−K

2
= σ2

2(
√
σ2+K2+K)

≤ σ2

2σ
= σ

2
.

Therefore,

J̃L ≥ 1

L

(∫ t̄L

t=0

pL,ht dλht +

∫ L

t=tL

pL,θt dλθt −h
∫ t̄L

t=0

(
λht̄L −λ

h
t

)
dt

)
− K
L
− V

2

√
λ

L
− hL

2

√
λ

L

=
1

L

(∫ t̄L

t=0

pL,ht dλht +

∫ L

t=tL

pL,θt dλθt −h
∫ t̄L

t=0

tdλht

)
− K
L
− V

2

√
λ

L
− hL

2

√
λ

L

=
1

L

(∫ t̄L

t=0

(
pL,ht −ht

)
dλht +

∫ L

t=tL

pL,θt dλθt

)
− K
L
− V +hL

2

√
λ

L

= JL− V +hL

2

√
λ

L
,

where the first equality follows from the formula for integration by parts.
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Therefore,
J̃L
∗

JL∗
≥ 1− V +hL∗

2JL∗

√
λ

L∗
.

Now, we consider the sequence of instances defined in this theorem. Because λ(i) = iλ and K(i) =

iK, for any L> 0, JL,(i) = iJL. Hence, L∗,(i) =L∗. Therefore,

J̃L
∗
(i)

JL∗(i)
≥ 1−O

(
1√
i

)
.

Q.E.D.




