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EC.1. Proofs of Lemmas 5, 6 and 7

Proof of Lemma 5.
Part 1.

For any v € [v*, V), we have

vw(v)
W (v)

w(v) =W () — (v—g,)ww)=W(v) (1 — ) + g,w(v) > 0.

The inequality holds due to the following reasons. First, Assumption 1 Part 1 assumes W (v) >0

for all v € [0,V). Second, Assumption 1 Parts 1 and 3 imply 1;;/”((;’)) < 1. Third, the properties that

gy is strictly increasing in v and g, =0 imply g, > 0 for v € [v*, V). Fourth, Assumption 1 Part 3

that W (v) is non-decreasing in v implies w(v) > 0.

For any v € [v*, V), we have

F(v)
0, =W(v)— <W(v) <W(V
W) =7 ) (v) <W(v) <W(V)
The first and the second inequalities follow from Assumption 1 Part 3 that W (v) is non-decreasing
in v.
Part 2.

For any v,v" € [0,V) with v’ > v, we have

The inequality holds due to the following reasons. First, Assumption 1 Part 3 that W (v) is non-

decreasing and concave in v and condition v > v imply W (v') > W(v) and 0 < w(v') < w(v).
F(') ~ F(v)
F@) = f)°

Second, Assumption 2 and condition v’ > v imply
Part 3.
Consider the first case that K =0.

We have g, — 6,K = g,. Note that g, is strictly increasing in v and g, = 0. Hence, for any
v*<v<v <V, gy >g,>0.
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Consider the second case that K > 0.

We notice that g, —0,« K = —6,« K <0, where the inequality follows from Part 1 in this lemma
that 6, > 0. Hence, to prove the statement in this part, we only need to consider v,v’ € (v*,V)

with v <v’.

Consider any v,v’ € (v*,V) with v <v'. Suppose g, — 6, K > 0. We notice that

L (o L (R T

First, we note that Assumption 1 Part 1 assumes that W (v) >0 for v € [0,V'), Assumption 1 Parts

vw(v)

W(v)

1 and 3 imply <1, and K > 0. Hence, the second term on the RHS is strictly positive. Second,
we note that the properties that g, is strictly increasing in v, g, =0, and condition v > v* jointly

F(?) & > 9;: = 0. Therefore, 1 —w(v)K > 0.

imply 1—

For v', we have

X > )
> 0.

The first inequality holds due to following reasons. First, Assumption 2, condition v’ > v > v*, and

the property that g, is strictly increasing in v with g, = 0 imply 1 — l,?(v 7> 1- vf(vv)) > ot >,

Second, Assumption 1 Part 3 that W (v) is concave in v and condltlon v'>v imply 1 —w(v')K >
1 —w(v)K > 0. Third, Assumption 1 Part 1 that W(v) >0 for v € [0,V) and the property that

Assumption 1 Parts 1 and 3 imply 1;;,”((”) <1 jointly imply £ Wv(”) V[:J(;’) <1 — 1;;,”&) < 0. Hence,

condition v" > v implies (“ ) < “) . Fourth, the property that Assumption 1 Parts 1 and 3 imply

UV;/”(S) <1, Assumption 1 Part 4 that ”w((;’)) is non-decreasing in v and condition v' > v jointly imply

v w(v _vw(v)
0<1—oul) < p pul),

To summarize two cases above, for any v,v" € [v*, V) with v </, if g, —0,K >0, then g,, — 0, K >
0.

Part 4.
Consider any K >0 and any v € (0,V). Suppose v — W (v)K > 0.

Consider the first case that v' € (v, V].
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We have

/

K) — (- W()K) > (” - 1) (v—W(v)K) > 0.

v

UW(’U/)

,U/

The first inequality holds due the following reasons. First, Assumption 1 Part 1 that W (v) >0

for v € [0,V) and the property that Assumption 1 Parts 1 and 3 imply v;/U((:j)) < 1 jointly imply
<1 — 1;;,”((;’))) < 0. Hence, condition v" > v implies %}’,) < @ Second, we have

d W) . W(v)
dv v v2

K > 0. The second inequality follows from condition v' > v and property v — W (v)K > 0.

In addition, we have
W =WW)K)—(v-WWK)=v—v—W({)-W(k))K <v' —wv,

where the inequality follows from Assumption 1 Part 3 that W (v) is non-decreasing in v, condition
v’ > v, and condition K > 0.

Consider the second case that v € [0, v).

If v/ > 0, then we have

v’ -

W — WW)K) - (v — W)K) =~ (v _ ) K) — (- W)K) < (7; - 1) (v—W(@)K) <0.

The first inequality holds due the following reasons. First, Assumption 1 Part 1 that W(v) >0

vw(v)
W (v)

for v € [0,V) and the property that Assumption 1 Parts 1 and 3 imply < 1 jointly imply

d W) _ W (v) vw(v) W (v')
v v 02 <1 T W) v’ >

) < 0. Hence, condition v < v implies @ Second, we have

K > 0. The second inequality follows from condition v’ < v and property v — W (v)K > 0.

If v =0, then we have
(W =WO)K)—(v-WWK)=-W(0)K —(v-W(w)K)<-W(0)K <0,

where the first inequality follows from the assumption that v — W (v)K > 0, the second inequality
follows from Assumption 1 Part 1 that 1 (0) > 0 and the condition K > 0.

The analysis of three cases above completes the proof of this part.

Q.E.D.

Proof of Lemma 6.

Part 1.
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Because g, is strictly increasing and continuous in v, we have v!' = g~! (min{ht, gy }), which
is non-decreasing and continuous in ¢ € [0, L], with v} = ¢7'(0) = v* and v} > g~*(0) = v* for all

te(0,L].
Part 2.

Consider any t,t" € [0, L] with ¢t > t'. For any v € [v*,V), if g, —0,(L —t) <0, then g, —0,(L—1t') =
g —0,(L—1t)—0,(t—t') <0, where the inequality follows from Lemma 5 Part 1 that 6, >0 for

v € [v*,V) and condition ¢ > ¢'. Therefore, v! is non-increasing in ¢ € [0, L].
Because g, is strictly increasing in v and g, = 0, we have v{ =sup{v € [v*,V):g, <0} =v".

Suppose there exists ¢t € [0, L), such that v? = v*. Hence, the definition of v¢ and the property
that g, — 6,(L —t) is continuous in v imply 9uo — 0,0 (L —t) > 0. We note that the condition v/ = v*
implies g,0 — 0,0 (L—t) =gy —0,(L—t)=—0,+(L—t). Thus, 6, <0. This contradicts with Lemma
5 Part 1 that 6, > 0 for v € [v*, V). Therefore, we have v! > v* for all ¢ € [0, L).

Next, we prove that v? is continuous in ¢ € [0, L].
First, we prove that v! is right-continuous in ¢ € [0, L].

Consider any ¢ € [0,L). Because t < L, v! > v*. Consider any € € (0,v) —v*] The defini-
G(L — t) <

Ut

tion of v/ and the property that g, — 6,(L —t) is continuous in v imply 9uo — 0
0. Hence, Lemma 5 Part 3 implies that for any v € [v*,v?), g, — 0,(L —t) < 0. Define A £
—SUD,¢(ye 0 —g (9o — 0o (L —1)) > 0. Define § = #(V). Note that Assumption 1 Part 1 that W (v) >0
for all v €[0,V) and the condition V' < oo imply W (V') € (0,00). Hence, 6 € (0,00).

Therefore, for any ¢’ € (t,min{t +d, L}] and any v € [v*,v! — €],
/! / A
go—0,(L—t)=g,—0,(L—t)+0,(t —t) < —A—i—W(V)é:—E <0,

where the inequality follows from Lemma 5 Part 1 that 6, < W (V). Therefore, v¢ is right-continuous

in t.
Second, we prove that v! is left-continuous in ¢ € [0, L].

Note that v! is non-increasing in ¢ and v/ < V. Hence, if there exists ¢ € [0, L], such that v/ =V

Then for all ¢’ € [0,t), v% = V. This implies that v is left-continuous in ¢.

Now, we consider ¢ € (0, L] with v/ < V. Consider any € € (0,V —v?). The definition of v¢ and
the property that g, —6,(L —t) is continuous in v imply 9u0 — Gyf (L —t) > 0. Hence, Lemma 5 Part
3 implies that for any v € (v?,V), g, — 0,(L —t) > 0. Define A £ infer04c vy (9o — 0u(L —1)) > 0.
Define § = 2WA(V). Note that Assumption 1 Part 1 that W (v) > 0 for all v € [0,V) and the condition

V < oo imply W (V) € (0,00). Hence, § € (0,00).
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Therefore, for any ¢’ € [(t —o)* ,t) and any v € [v! +¢,V),

A
9o = 0u(L=t) =g =0, (L—=1) = 0,(t =) = A=W (V)o = 5 >0,

where the inequality follows from Lemma 5 Part 1 that 6, < W (V). Therefore, v! is left-continuous

in ¢.
Because v? is both right-continuous and left-continuous in ¢, it is continuous in t.

Q.E.D.

Proof of Lemma 7.
Part 1.

Define s £ sup {¢ € [0, L] : v{ = V' }. Following from Lemma 6 Part 2, we have that v{ € (v*, V) for
all t € (s,L), and v/ =V for all ¢ € [0, s). Following from the definition of v/ and the property that

go—0,(L—t) is continuous in v, we have that for all ¢ € (s, L), v¢ satisfies condition 9uo = 0,0 (L —1).

Therefore, for any ¢ € (s, L), we have

oo Uf—F(“g) Fut) 1_vfw(1(;f)

0 0 _ 0 o7V _ 0 flog) 4\ W(vy)

Uy -Ww (Ut) (L—t) = w (’Ut) va = Uy B F(Ug) “’(Utge) - f(Uf) L F(Ug) w(”fg) .
f(”t) W('Ut) f('“t) W(Ut)

The RHS term is non-decreasing in ¢ € (s, L) due to following reasons. First, we have Assumption 2

vw(v)
W (v)

< 1. Third, following from

that 2% is non-decreasing in v. Second, we have Assumption 1 Part 4 that

F(v) is non-decreasing

vw(v)
W (v)

Assumption 1 Part 1 that W (v) > 0 for all v € [0,V) and Part 3 that W (v) is concave in v, we

/ 2
have %;"/((?) = W(”)lgv((?)gw(”) < 0. Fourth, Assumption 1 Part 1 that W (v) >0 for all v € [0, V) and

in v and the property that Assumption 1 Parts 1 and 3 imply

F(Uf) w(vte) _ evf
F@)) W(f) — W)
have Lemma 6 Part 2 that v¢ is non-increasing in t. Therefore, all properties above jointly imply

that v? — W (v?) (L —t) is non-decreasing in t € (s, L).

Lemma 5 Part 1 that 8, > 0 for all v > v* imply that 1 — > 0 for v > v*. Fifth, we

For t € [0, s), because v? =V and Assumption 1 Part 1 assumes that W (v) >0 for all v € [0, V),
we have that v/ — W (v)) (L —t)=V — W (V) (L —t) is non-decreasing in t € [0, 5).

We also note from Lemma 6 Part 2 that v{ is continuous at ¢ = s and L. Therefore, all results

above imply that v? — W (v?) (L —t) is non-decreasing in ¢ € [0, L].

Part 2.

Following from Lemma 6 Part 1 that v is non-decreasing in ¢ and Part 2 that v is non-increasing

in ¢ and the definition of ¢;, we have that v/ <V for all ¢t € (¢;, L]. In addition, we have Lemma 6
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Part 2 that v/ > v* for t < L and Lemma 1 that ¢, < L. Hence, v/ € (v*,V) for all t € (¢;,L). The
definition of v? and the property that g, — 6, (L —t) is continuous in v imply that v? satisfies the
condition g,0 — 0,0 (L — ) =0.

‘We notice that

g = 0L 1) = g (of = Wiet)E 1) = TP (1) 1,

We note that the properties that g, is strictly increasing in v and g, = 0 imply 9o > 0. In
addition, we have Assumption 1 Part 1 that W (v) >0 for all v € [0,V) and the property that

Assumption 1 Parts 1 and 3 imply ”V;,”((;})) < 1. Therefore, for any t € (¢t;,L), v — W (v!)(L—t) > 0.

Following from Lemma 6 Part 2 that v? is continuous in ¢, we have va -W <v§L> (L—t;)>0.

Q.E.D.

EC.2. Proof of Proposition 1
We provide the proof of the main result in §3.1, Proposition 1. We begin with proving the first
inequality in Proposition 1.

LEMMA EC.1. We have

Proof of Lemma EC.1.

Proving this lemma requires us to compare the policy defined in §2 and the mechanism design
problem defined in §3. Note that some notation that appears in both contexts have different
definitions, such as z4. Therefore, to distinguish the differences of the same notation that appears
in both contexts, throughout this proof, we add ‘A’ on the notation that appears in the mechanism

design context.

We use the seller’s any feasible policy 7 € II and customer corresponding purchasing rules z™ =

(77,p™, s™) to construct the following mechanism (2”, QAOO”T,(}”):
Q™ = QOO Zy=25V 0, 4 =qf Vt=>0.

Because mechanism (2”, QT cj“) replicates the seller’s decisions and customer purchase decisions

under 7, we have (2”, Q“’”,(j’“) €M and II (2”, Q”’”,Q”) =Jm",

Now, we show (2“, Q“’”,Q“) satisfies the (IC) and (IR) constraints in (2).
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For any ¢ and ¢,/, we have

U(¢,25) =U(¢,25) 2 Ul9, 25 ,) =U(6,4] ),

where the first and the second equalities follow from property 2™ = 2™, the inequality follows from
the property that z} is the optimal solution of customer ¢’s optimization problem. Therefore,

mechanism (2”, QA‘”’”,Q”) satisfies the (IC) constraints in (2).

For any ¢, define 20 = (t,,p), s)). We have
U(¢,25) =U(6,25) > U(d,24) =0,

where the first equality follows from property 2™ = z7, the first inequality follows from the prop-
erty that 27 is the optimal solution of customer ¢’s optimization problem. Therefore, mechanism

(2”, Q“’”,d“) satisfies the (IR) constraints in (2).

Therefore, for any 7 € II, we have J™*" =TI <2’T, Q“’”,(j“) <J. Q.E.D.

Next, we prove a series of lemmas that will jointly imply the second inequality in Proposition 1.
To lighten the notation in presenting and proving Lemmas EC.2-EC.5, we introduce the following
notation

ap = 1{ss < oo}.

We begin with establishing the following two lemmas.

LemMmA EC.2. If (IC) and (IR) hold, then for any ¢,

vg
po = (0= W (@) (50—t a— [~ (1= (s0, ~to,)) as, 0"
v/'=0
Proof of Lemma EC.2.
First, we show that (IR) implies that
U (o, 2¢,) = 0. (EC.1)

To see this notice that by definition and Assumption 1 Part 1 that W (0) >0,

U ((bOa Z¢0) = (O — Py — W(O) (5¢0 - td)o)) Qg <0.

But since (IR) requires U (¢, z¢,) > 0, we must have (EC.1).
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Now, define u(¢, z) = a§¢U (¢, 2). Applying the envelope theorem, we have:

Yo

U(p,z) = / U (gbv/,zd,v,) dv' + U (o, 24,

=0

v
- /,0 (1 - ’U)(’U/) (S¢U/ - t¢v/)) aqbv, dv’' +U (¢07 Z¢0)
= /% (1 —w(v') (sd,v, — t¢v,)) a¢v,dv'. (EC.2)

=0

The first equality follows from Fubini’s theorem and the envelope theorem (specifically, Theorem
2 of Milgrom and Segal (2002)). The second equality follows from the definition of u(-), and the
final equality follows from (EC.1). Consequently,

po=(vy =W (vy) (55 —t5)) ap — U(9, 25)
= (vy — W (vy) (86 —ty)) ap — / ’ (1 —w(v') (de — t%,)) ag,,dv’.

v/'=0

The first equality follows from the definition of U(-). The second equality follows from our appli-

cation of the envelope theorem above. Q.E.D.

The next lemma establishes a second implication of the constraints (IC) and (IR).

Lemma EC.3. If (IC) and (IR) hold, then for any ¢ with vy >0, we have:
(1 —w(vy) (55— ts)) ag > 0.

Proof of Lemma EC.S5.

Consider any ¢ and any v,v’ € [0,V). (IC) implies

U(¢vaz¢v) >U (¢’U’Z¢v/) )
U (¢v’az¢v/) > U (¢UI’Z¢'U) .

Adding these two inequalities, and writing them explicitly (using the definition of U(-)), yields:

Vv

(W () = W) (56, = ts) ag, = (W(v) =W () (54, —ts) as,,

w(v) (v =0") (84, — tg) g, —w(V') (V=0") (54, —ty) ag,,

(U - U/) (a¢u - a%/)

v

= (v =0") (W(v) (s4, —ty) ap, —w(V') (54, —1s) ag,,) ;

where the second inequality follows from Assumption 1 Part 3 that W (v) is concave in v. Thus,

(v=2") (1= w(v) (54, —ts)) g, — (1 —w(v) (54, —ts)) as,,) >0.
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Therefore, (1 —w(v) (s, —ts)) Gy, is non-decreasing in v. But (EC.2) and (IR) imply that for any
Vg Z Oa

v
U (¢, zy) :/ (1—w(v') (sg,, —ty)) ay,,dv" >0,

! =0
which with the fact that (1 —w(v) (s, —ts)) a4, is non-decreasing in v immediately lets us conclude

that
(1 —w(v) (sy, —ts)) ap, >0

for all v > 0. Q.E.D.

Now, we use Lemmas EC.2 and EC.3 to establish an upper bound of the optimal mechanism
design problem (2). This upper bound only requires us to solve a pure dynamic optimization

problem without (IC) constraints.

LEmMMmA EC.4. If (IC) and (IR) hold, then

II(z,9,q) SliTniior;f% </¢

Proof of Lemma EC.4.

T

(G, = Oy (56— 1s)) ag — h/

t=0

Itdt—K\QT|> .

eHT

For any T > 0, we have

/ psl{Ty <T}
PpeHT

< / Py
PpeHT

Ve Vg
— / ((% — W (vg) (s —ts)) ag — / a%,dv' +/ w(v') (s%, — t¢v,) a%,dv’) (EC.3)
peHT v/=0 v

I — =)

where the inequality follows from the properties that ps > 0 and 7, > t,,, the second equality follows

from Lemma EC.2.

For the third term in (EC.3), we have

Vg T 1% v
/ / a, ,dv' = )\/ f(v)/ oy dv'dodt
peHT Jour=0 ° t=0 Ju=0 o' =0

V= F ’U/
- /t—o g /v’—O !}‘é)’))a(t’”’)f(”/)dv’dt
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Here the first equality follows from the fact that v, is independent of ¢4, the second equality follows
from an exchange in the order of integration, and the fourth equality again employs the fact that

v, is independent of .

Following the similar analysis, for the fourth term in (EC.3), we have

F
/¢EHT/ (86, —ts,,) ag,,dv' = /¢EHT f((;)z))w (vg) (8¢ — ty) ap.

Therefore,

T

... 1
11(:,0.0) < mint 7 [ et ot [ e KlQ").

t=0

Q.E.D.
We denote by J the optimal value of the following optimization problem:
MaX(;,0,q)eM hmmfl </ (g —0,, (Se —t¢)) ap— h/T Ldt—K!QT\)
= Tooo T\ Jyepr 7 7 =0 (EC.4)

subject to (1 —w (vy) (Sp —t4)) ap >0, ¥ ¢ with v, > 0.
Therefore, Lemmas EC.3 and EC.4 immediately imply J < J.

In the next step, we establish an upper bound of J. We introduce the following notation. We
denote by L, (Q>) the n-th inventory replenishment time in the replenishment schedule Q.
We make a convention that Ly (Q>) = 0. We denote by H,, = {¢:ts € [L,_1(Q>), L, (Q%))} the
collection of customers who arrive between the (n — 1)-th and the n-th inventory replenishment
times. To ease notation, in the rest of this paper, unless we cause confusion, we suppress the

argument Q> in L, (Q>).

LEMMA EC.5. We have

where

g Ahmmf<z/¢7-[ g%min{h(t¢,Lnl),G%(Lnt¢)})+1{v¢2v*}KN).
EHn

N—00

Proof of Lemma EC.5.

We complete the proof by taking the following steps.
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First, under the demand fulfillment commitment, for any N € N, we have

Ly

/ Ldt > / (s¢ = Ln—1)1{sy < L,}.
t=LN_1 PEHR

Second, we show that for any v, € (0,v*), under the constraint that (1 —w (vy) (54 —ts)) ap >0,

we have

(go, — Oy, (55— t4)) ay < 0.

Suppose this statement is not true for some ¢ with vs € (0,v*). Hence, we have

(000 = By (50 = 000 20 = 90, (1= 0(00) (50 = 1)) g = W () (1= 5280 ) 3~ 1)

> 0.

Note that we have the following properties. First, following from Assumption 2, we have that g, s
is strictly increasing in vy. Hence, for vy, <v*, g,, <0. Second, Assumption 1 Part 1 that W (v) >0
for v > 0 and the property that Assumption 1 Parts 1 and 3 imply 'U“Z,uzg:‘l;) < 1 jointly imply
W (vy) (1 — U‘fvuziv‘z; ) > 0. Hence, the two properties above imply (1 —w (vy) (8¢ — t4)) ag < 0. This

contradicts with the property (1 —w (vy) (s¢ —ty)) ap > 0. Therefore, for any vy € (0,v*), under the
constraint that (1 —w (vys) (s —ts)) ag > 0, we have

(gv¢ _9v¢ (S¢—t¢)) Qg SO

Third, following from the results that we derive from the previous two steps, under the constraint
that (1 —w (vy) (sg —ty))ay >0 for any v, >0, we have

T

JQoo—hmmf</ Gu, — O, (56 —ts)) a —h/ Idt—KQT\)
Treo ¢eHT( o = bup (30— te)) 0o o

Ly
= hmlnf— / g% (s¢—t¢)) as—h I,dt — KN
N—00 SEHR

t=Ln_1
N—oc0

< hmlnf— ( / gv¢ (8¢—t¢)) a¢—h(s¢—Ln_1)1{s¢<Ln}—KN>
$EHn

< hmlnf( ( 9%—9% (86 —ts)) ay
N—oo ¢€Hn
—h(Sp — Ly )1{s¢<L}>1{v¢zv*}—KN>

— hNHLIOI})f< e, ( 9o, —9%} (S¢ —t¢)) a4
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—h(sy—Lnp_1)1{sy <Ln}>1{v¢ ZU*}—KN)

1 N
< liminf — / < v, — 0y, (84 —1s)) a
im in LN(; n (90, = 0, (50 —ts)) ay

—h(sg—Ln_1)1{sy <Ln}>1{v¢ Zv*}—KN)

< h]\rfnlnf— (Z/ g% —min{h(%—Ln,l),HU(zS (Ln—t¢)})+1{v¢ Zv*}—KN> .

The first inequality follows from the result that we derive in the first step above. The second
inequality follows from the result that we derive in the second step above and property h > 0. The
third equality follows from the law of total expectation. The third and the fourth inequalities follow
from Lemma 5 Part 1 that 0,, >0 for v, >v* and the property a, € {0,1}.

Q.E.D.

We notice that J2~ is the function of the inventory replenishment time schedule, Q. Next, we

explore an inventory replenishment time schedule that maximizes J*

LEMMA EC.6. For any 9>, we have

Je SmaxJL:JL*.
L>0

Proof of Lemma EC.6.

For any 9>, we have

Mz

N—oc0 L>0

Jew —hmlnf< JL" Ln— 1) SmaXJL:JL*.

n=1

Q.E.D.

EC.3. Proofs of Lemmas 1 and 2 and Proposition 2

Proof of Lemma 1.

Following from Lemma 6 Parts 1 and 2, we have that v} —v? is non-decreasing and continuous

in t €[0,L], with v —vf =v* — vl <0 and v} —v§ = v} —v* > 0. Therefore, the definition of ¢,
implies
vh<o? iftel0,t,)
€(0,L), =0l ift=t,
o>l ifte(t;, L]
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Following from Assumption 1 Part 1 that W (v) >0 for v > 0 and the property V < oo, we have
W (V) € (0,00). The definition of ¢; and the properties that h, W (V) € (0,00) imply ¢, € [¢t;,L).

Next, we characterize the properties of v;.
First, we show that v} <v? implies 0; < v},

Following from the definition of ¥, condition v} < v¢ implies 0; = sup {v € [v*, V) : 0, (L — t) < ht}.
Consider any ¢ with v} <v?. Consider any v € (v}',v?). The definition of v/ and the property that
go is strictly increasing in v imply g, — ht > 0. The definition of v?, property v! > v > v*, and
the property that g, — 0,(L — t) is continuous in v imply 9uo — b0 (L —t) <0. Hence, condition
v <v! and Lemma 5 Part 3 imply g, — 0,(L —t) < 0. Therefore, for any v € (v!*,v?), 6, (L —t) > ht.
Following from Lemma 5 Part 2 that 6, is non-decreasing in v, we have that 6,(L —t) > ht for all

v € (v, V). Therefore, v, < vl
Second, we show that v > v? implies v, > v},

Following from the definition of ¥, condition v} > v? implies ¢, = sup {v € [v*, V) : 0, (L — t) < ht}.
Consider any ¢ with v > v?. Consider any v € (v?,v!'). The definition of v and the property that
v is strictly increasing in v imply g, — ht < 0. The definition of v¢ implies g, — 6, (L —t) > 0. Hence,
0,(L —t) < ht for all v € (v?,v). Therefore, v; > v/

Third, we show that for any ¢ € (1, L], v, = V.

Consider any ¢ € ({1, L]. Because ¢;, >t;, we note from the result that we prove earlier in this
lemma that v} > v? for t € (1, L]. Following from the definition of ¥, condition v < v? implies

oy =sup{v e [v*,V):0,(L—t) <ht}.

Consider any v € [v*,V), we have

0,(L—t) —ht <Oy (L —t) —ht =W (V)(L—t) — ht

—W(V)L— (h+W(V)t<W(V)L—(h+W(V))E, <0,

where the first inequality follows from Lemma 5 Part 2 that 6, is non-decreasing in v, the second
inequality follows from Assumption 1 Part 1 that W (v) > 0, property h > 0, and condition ¢t > ¢,

the third inequality follows from the definition of ¢;. Therefore, for t € (¢, L], we have 0, =V.

Q.E.D.

The following lemma will be used to prove Lemma 2.
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LemMmA EC.7. For any customer (t,v) € [0,L) x [v*, V), we have

g, — ht iftel0,t,],vevl, V), orte(t,,tr],velv,V)
(gv_min{htvev([’_t)})+: gv_HU(L_t) Z.fte@Lat_L]ave[vaﬁt)v OT’tE(t_L,L),'UE[Uf,V) .
0 otherwise

Proof of Lemma EC.7.
First, we analyze the order relation of g, and ht.

Consider the first case that v € [v]!, V). Following from the definition of v" and the property that

g, is continuous in v, we have g, > ht.

Consider the second case that v € [v*,v!"). Following from the definition of v and the property

that g, is strictly increasing in v, we have g, < ht.
Second, we analyze the order relation of g, and 6,(L —t).

Consider the first case that v € [v/, V). Following from the definition of v/ and the property that

g, and 6, are continuous in v, we have g, > 0,(L —t).

Consider the second case that v € [v*,v?). Following from the definition of v/ and Lemma 5 Part

3, we have g, < 0,(L —1).

Third, we analyze the order relation of 6,(L —t) and ht.

We analyze two scenarios that v # v/ and v =v?, respectively. Consider the first scenario that

vl £ v?. Following from the definition of ¥, we have ¥, = sup {v € [v*,V):0,(L —t) < ht}. In this

scenario, we consider two cases that v € [0y, V') and v € [v*, 0;), respectively.

Consider the first case that v € [, V). Following from the definition of ¥, and the property that

0, is continuous in v, we have 6,(L —t) > ht.

Consider the second case that v € [v*, 7). Following from the definition of ¢; and Lemma 5 Part
2 that 0, is non-decreasing in v, we have 0,(L —t) < ht.

Consider the second scenario that v} = v? £ v**. If v** =V, then the analysis in this proof above

implies that for any v € [0,V), (g, — min {ht, 8, (L —t)})" = 0. Therefore, we only need to analyze
the case that v** < V. Following from the definition of 9;, we have v, = v**. Following from Lemma
6 Parts 1 and 2, we have v** > v*. Therefore, the definition of v, the property that g, is continuous

in v, and property v** € (v*,V) imply g,« — ht = 0. The definition of v, the property that g,
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and 6, are continuous in v, and property v** € (v*, V) imply g, — 0,5« (L —t) = 0. Therefore,

0.+« (L —t) = ht. Therefore, following from Lemma 5 Part 2 that 6, is non-decreasing in v, we have

0,(L—1t)>ht if vel[d,V)
0,(L—t)<ht ifvev*,o,)

Therefore, all results above complete the proof.

Q.E.D.

Proof of Lemma 2.

Following from the definition of J, (3), we have

A LoV K
=2 / / (oo min{ht, 0, (L= 1)})" Flo)dvdt —

— 2(]:) / :ﬁ (g, — ht) f(v)dvdt
i / "’ ( | (9o = 1t) f(0)do+ [ (90— 0.(L—1)) f(v)dv> dt
/”L/u Lo —t))f(v)dvdt)—IL(
_ 2([_0 (v — ht) F (u]) dt+/:L ((@t—ht)F(ﬂt)
+

of —W () (L= 1)) F (o)) — (& — W (8,) (L)) F (5 ))dt
K

(
o (vf—W(vf)(L—t))F(vf)dt)—L
:2</ F (o )dt+/:;((vf—W(vt)(L—t)JrW( 3) (L—t) = ht) F (3,
(W (o) (L— ) (F (o) — F (3) )dt
+/L ")(L—t))F(vf)dt)—IL{
- 2(/ F(ol)dt+ :L ((pr" = ht) F (3,) +p;° (F (v)) = F (3,))) dt
+/ OF (of dt> [L{

The second equality follows from Lemma EC.7.

Q.E.D.
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Proof of Proposition 2.

Following from the definition of J¥, (3), we have
\ [PV
L Ji—o Jy=o L

Therefore,
o*Jr 1

=—2>0.

OLOK L2~

Therefore, following from Topkis’s theorem (see Topkis (2011)), we have that L* is non-decreasing

in K.
Consider one extreme case that K =0.

For any L > 0, we have

/to/v - (9o — min {ht, 0, (L —)})" f(v)dvdt

The inequality holds due to following reasons. First, the properties that g, is strictly increasing in
v and g, =0 imply g, >0 for any v € [v*, V). Second, we have h > 0. Third, we have Lemma 5
Part 1 that 8, > 0 for v > v*.

Consider the other extreme case that K — oo.

Define 7' = max {‘;, 5 } Hence, if L > 2T, then for any t € [T, L — T and any v > v*, we have

(g —min {ht,0, (L —t)})" < (V —min {hT,0,T})" < (V —min {hT,0,-T})" =

where the first inequality follows from property g, = v — ?((Z)) <wv <V, condition t € [T, L —T],

property h >0 and Lemma 5 Part 1 that 6, > 0 for v > v*, the second inequality follows from

Lemma 5 Part 2 that 6, is non-decreasing in v and condition v > v*.

For any L > 0, define

GLé)\/L /V (gu — min {ht, 0, (L — )))* f(v)dudt.

Hence, for L > 2T, we have G* = G?7.
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Consider any K > G*T.

For L < 2T, we have J' = 1 (G* — K) < 1 (G*" — K) < 0, where the first inequality follows from
the property that G* is non-decreasing in L.
For L > 2T, we have J- = 1 (G* — K) = 1 (G*" — K) < 0, where the second equality follows from

the property that G = G?* for L > 2T.
In addition, we note that lim_,. J* =lim;_, + (G*T — K) =0.

Therefore, for K > G?*, L* = cc.
Q.E.D.

EC.4. Proofs of Lemma 4 and Theorem 2

Proof of Lemma 4.

Due to the cyclic nature of policy 77, without loss of generality, we only need to characterize

the equilibrium behaviors of customers who arrive during the first cycle [0, L).

In this proof, we introduce notation ¢, = (#,v4). We extend the definition of pE™ to the support
t € (ty, L) as p;" £ py " + W (&) (L—1).

We make the proof by taking the following steps.
Step 1: We show that for any customer ¢ € (0, L) x [0, V), if at time ¢, Qfdf = {(péfx{t¢7;L}>L) },
then for any z, with 74 € [t,, L), U (¢, 24) <U (qb,z;rL).

In this scenario, at any time ¢ € [t4, L), the seller only offers the delayed delivery option O =

{(pL’g L) } This entails that either ¢, € (0,¢.] and I;, =0 or ¢, € (1, L). Therefore,

max{t,ty }’

+
Ul(d,z4) = (% ~ Pty — W (06) (L= t¢)>
+
< (v = Piipay) = W (0) (L= 1))

The inequality follows from Lemma 7 Part 1 that p;’ =v? — W (v?) (L —t) is non-decreasing in t.

Now, we show that the RHS is equal to U (qﬁ, sz> We prove this result by taking the following

steps.
Step 1.1: Consider the case that ¢4 € (¢,,L).

We have

Vg —Pi’fx{%@} —W(vy) (L —14) = vy —pff — W (vg) (L —ty)
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= (05— W (v) (E—1,)) = (vf, =W (0], ) (L—t,))
>0 ifv¢2vf¢
<0 if vy <vf,

where the first equality follows from condition ¢, > ¢, , the second equality follows from the defini-
tion of p=?, the inequality follows from the property that Lemma 7 Parts 1 and 2 and condition

ty >t; imply vf¢ -W (Uf¢) (L —t4) >0, condition L —t, >0, and Lemma 5 Part 4.

Hence,

Jr
(06 =Pty =W @) (L=10)) " = (w0 =0k =W (03) (=) ) 1 {vs 20, |

Step 1.2: Consider the case that ¢4 € (0,¢,] and vf¢ € (v, V).

Following from the definition of v?, condition vf¢ € (v*,V), and the property that v — W (v)K
is continuous in v, we have Uf¢ -Ww (Uf¢> (L—ty) = pr’a. Following from Lemma 7 Part 2 that

pLLL"9 =v! —-W <ng> (L—t;) >0, we have vf¢ -Ww <vf¢) (L—ty) :pr’e > 0.

=L

Therefore,

Vg —pﬁ{fx{%,;L} — W (vg) (L —ty) = vy —p” = W () (L — ty)
= (v = W (v) (L= 15)) = (vf, =W (v}, ) (L—t))

>0 ifv¢2vf¢
<0 if vy <uvp, ’

where the first equality follows from condition ¢, <t,, the inequality follows from property vf¢ —
w <vf¢) (L—t4) >0, the property that Lemma 1 that ¢, < L and condition ¢, <t jointly imply
L —t,>0, and Lemma 5 Part 4.

Hence,

+
(06 =Pl =W @) (L—t0)) = (s =" =W (v3) (L—15) 1 {v, 201, |

Step 1.3: Consider the case that t, € (0,¢;] and vy, =V

Following from the definition of v?, condition UZ» =V, and the property that v — W(v)K is

continuous in v, we have vy, — W (vi’d)) (L—ty) <p.’.
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Suppose there exists ¢ with t, € (0,%,], such that vy, — W (vy) (L —1t4) > pﬁLL’H. Following from
Lemma 7 Part 2 that szL’e =v, W UfL> (L—t;) >0, wehave v, —W (vy) (L —tg) > 0. Therefore,

of, =W (vh, ) (L=te) = (V=W (V) (L~ 1,)
> (vy — W (vg) (L —ty))

L,0
> ng ’

where the first equality follows from condition vf¢ =1V, the first inequality follows from property

vy — W (vg) (L —1t4) > 0, the property that Lemma 1 that ¢; < L and condition t, <, jointly
imply L —t, > 0, property v, <V, and Lemma 5 Part 4. This result contradicts with property
v, =W (vfd)) (L—ty) <p.’.

Therefore,

+ +
<v¢ ~ Dty — W (vs) (L= t¢)) = (vy =" =W (vy) (L —t,))

0
= (vp =" =W (vg) (L —t4)) 1{vs =V}
(vs =" =W (06) (L= ) 1{v, 20}, }
= U (6.2"),
where the first equality follows from condition ¢4, <t,, the second equality follows from the property

that we prove above that v, — W (vys) (L —t4) < pr’G if t, € (0,¢,] and de, =V, the third equality

follows from property vy, <V, the fourth equality follows from condition Uf¢ =V.
Step 1.4: We show that if ¢4 € (0,¢,], then we must have vf¢ > v*.

For any t € (0,%,], we have
v =W (") (L—t) Sv" =W () (L—t,) <vf —W (va) (L—t,)=pt",

where the first inequality follows from condition ¢ <¢; and Assumption 1 Part 1 that W(v) >0,
the second inequality follows from Lemma 7 Part 2 that va -w (’ugL> (L—t;)>0, Lemma 1 that
t; < L, Lemma 6 Part 2 that v¢ > v* for t € [0, L), property v* > 0, and Lemma 5 Part 4(b).

Therefore, this property, the property that v — W (v)(L —t) is continuous in v, and the definition

of v? jointly imply vf¢ > v*.

Therefore, all results in Steps 1.1-1.4 jointly imply U (¢, z4) <U <¢,22L>.
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Step 2: We show that for any customer ¢ € (t,,t,] x [0,V), if at time t,, Qfdf =
{(p,f(;h,%) , (pff,L)} then for any z, with 74 € [t,, L), U (¢, 24) <U ((b, )
In this scenario, because the seller is able to offer a purchase option with the instantaneous

product delivery, (ptL d;h, t¢), following from the definition of 7y, we must have I, o— > 0.

‘We have

U (QZ)’ Z(b)

IN

max { (v¢ _pf(f;h =W (vg) (1 — t¢>))+ , (W —Pff — W (vg) (L — t¢))+}
w

= max { (v = P =W (5,) (B =) =W () (s — 1)) (s = P =W () (2 —t¢>)+}

- { (v =52 =W (1) (L= 1) = W (v00) (1 — 1)) i 0y > 5,

(ot W) (L 10)) if v, <,
{<v¢p£(;9W(ﬂT¢)(Lt¢))+ if v, >,

" (v pt - W) (2 7s¢))+ if v, < 3,

= (v —pb" =W (11,) L= 10)) 1 {vp 20,1+ (00! W () (L 1)) 1 {wy <, )

= <U¢—pf¢;9—W(@t¢) (L—t¢))1{v¢2®t¢}+(v¢—pt¢’ —W (v )(L—t¢)) 1{v¢€ [vf¢,ﬁt¢>}

= v¢—pt¢ > {U¢>Uf,¢}+ (Uqb pt¢ _W(v¢) (L_t¢)>1{v¢€ [vf¢76t¢)}

The first equality follows from the definition of ptL’h. The second equality, the second inequality

and the third equality follow from Assumption 2 Part 1 that W (:) > 0, Part 3 that W (v) is non-

decreasing in v, and the property that t, <7, < L. The fourth equality follows from the property
o . L0

that Lemma 7 Parts 1 and 2 and condition t, > ¢, imply p,;" = vf¢ -Ww (Uf¢> (L—t4) >0, the

property that Lemma 1 that ¢, < L and condition ¢4 <ty imply L —ts > 0, and Lemma 5 Part 4.

The fifth equality follows from the definition of p/".

Step 3: We show that for any customer ¢ € [0,%,] x [0, V), if at time t,, Qt_qﬁ = {(pt¢ , )} then
for any z4 with 7, € [t4, L), U (¢, 2z4) <U ((b, )

In this scenario, because the seller is able to offer a purchase option with the instantaneous

product delivery, (ptL d;h‘, t¢), following from the definition of 7z, we must have I;,_ > 0.
We prove this result by taking the following steps.

Step 3.1: Consider the case that 7, € [t4,1;]-
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We have

U (0.20) < max{ (00 = 5" = W (00) (70~ 0)) " 0= 0 = W (w0 (£ 1) |
_ max{(% W () (s — t¢,))+ (vg—PE" — W (vg) (L — t¢))+}
< max{(% o) (o= ok~ W () (L—t¢>)+}
:max{<v¢—vf¢>+,((v¢—W(v¢)(L—t¢))— o —W(vf)(L—tL)>)+}
<maxf (vo o) " (0o W @) @ -1~ (o8, - (o8, (- 2)) '}
< max{ (vo—ot,) " (v0-ot,) "}
wac{ (o0 =) (vo-ot,) )

The first equality follows from the definition of p;”". The second inequality follows from Lemma 6
Part 1 that v is non-decreasing in ¢, property 7, > t,, and Assumption 1 Part 1 that W(v) > 0. The
second equality follows from the definition of p,” L% The third inequality follows from Assumption
1 Part 1 that W (v) >0 and condition ¢4 <t,. The fourth inequality follows from Lemma 7 Part 2
that v —W (vf > (L—t;)>0, Lemma 1 that L —¢; > 0, and Lemma 5 Part 4. The third equality
follows from Lemma 1 that vf = Uf The fourth equality follows from Lemma 6 Part 1 that v is

non-decreasing in ¢ and property t4 <t;.
Step 3.2: Consider the case that 7, € (t,,L) and t, =1,.

For any t' € (t;,74], we have

U (6,20) = U (9s25) =W (v5) (' ~1,)
< U (60,235) = W (09) (¢ 1)
< U (60,275)
< max { (v, —pi") " (va =P =W (va) (L))"

— max { (vg = =W (5) (L =), (vy — pl® = W (v,) (L — t’))+}
< max { (v¢ —pﬁ’e —-W (vt}?) (L— t’))+ , (v¢ —ptL,"g — W (vg) (L — t’))+} .



ec22 e-companion to Chen and Shi: Joint Pricing and Inventory Management with Strategic Customers

The first inequality follows from results that we prove in Steps 1-2 above. The second inequality

follows from Assumption 1 Part 1 that W (v) > 0. The second equality follows from the definition

L

of pF". The fourth inequality follows from Lemma 1 that o, > vl if t > t; and Assumption 1 Part

3 that W (v) is non-decreasing in v.

Therefore,

U (¢, z4) < limsupmax{(vd, —pi" =W (v}) (L—t'))Jr (v — 1" — W (vy) (L—t'))+}

t'—tr+

+ +
= max { (v0=pl? =W (41, ) (L =) (00 =0 =W (0) (L= 1)) }
R\ " 0 9 *
— max (% - %L) , ((% — W (vg) (L —t,)) — (%L W (%L) (L— m))
+ +
< max { <v¢ - UQL) , (% - ng) }
+ +
_ m{( —ot) (vt }
Jr
= (v i)
—U (¢,Z;TL) .
The first equality follows from Lemma 6 Part 1 that v} is continuous in ¢, Part 2 that v! is
continuous in ¢, and Assumption 1 Part 2 that W (v) is continuous in v. The second equality follows

from the definition of pr’o and Lemma 1 that ’U?L = UEL. The second inequality follows from Lemma

7 Part 2 that ng -w (’UEL> (L—t;)>0, Lemma 1 that L —¢; >0, and Lemma 5 Part 4(a). The

0

third equality follows from Lemma 1 that va =y, -

Step 3.3: Consider the case that 7, € (t,,L) and t4 € [0,%,).

We have

U(¢,25) =U (b1, 25) =W (vg) (t, —ts)
<U (61,208 ) =W (0a) (b~ 1) = U (0201 ) <U (6,27).
The first inequality follows from the result that we prove in Step 3.2 above. The second inequality
follows from the result that we prove in Step 3.1 above.
Therefore, all results in Steps 3.1-3.3 jointly imply U (¢,z4) <U <¢,z§L>.

Step 4: We show that for any customer ¢ € [0,L) x [0,V), for any z4 with 75 = L, U (¢, z,) <
U (qs,zj;fL).



ec23

e-companion to Chen and Shi: Joint Pricing and Inventory Management with Strategic Customers

We have

. " L.h
hILn_pt tl_lgl_vf_w(vf) (L-t)=v :U(})I:po )

where the first equality follows from the definition of p=?, the second equality follows from Lemma
6 Part 2 that v? is continuous in ¢ and v = v*, the third equality follows from Lemma 6 Part 1,

the fourth equality follows from the definition of pOL us

Therefore, this result, the definition of 77 that Q” = (pg o L)}, and all results that we prove
in Steps 1-3 jointly imply U (¢,24) <U <¢,z¢ )

Step 5: We show that for any customer ¢ € [0, L) x [0,V), for any z, with 7y =nL+7 for neN
and 7€ (0,L], U (¢,2,) <U (¢, Z;TL).

First, for any n € N, we have

U (6,26) = U (6nzs20) + W (v)nL SU (ur, 255, ) +W () nL=U (6,257, ).

where the inequality follows from all results that we prove in Steps 1-4 above.

Second, for any n € N, we have

((;5’ o(n +1)L) - (¢”L’ o (n +1)L> +Wi(vy)nL<U (¢”L’Z¢ L) + W (vg)nL = U(d)’% L)’

where the inequality follows from the result that we prove in Step 4 above.

Therefore, for any 2z, with 7y =nL+ 7 for n € N and 7 € (0, L], we have

U(¢,z¢)gU(¢,z§5L> <U<<z5,z¢ ) <U<q§,z¢ )

where the first inequality follows from the first result that we prove in this step, the second inequal-
ity follows from the second result that we prove in this step, the third inequality follows from the

result that we prove in Step 4 above.
All results that we prove in Steps 1-5 complete the proof of this lemma.

Q.E.D.

Proof of Theorem 2.

We use the mechanism design methodology to prove the first inequality of this theorem, J* <
JL". The mechanism design problem used in this proof is very similar to the mechanism design

problem (2) studied in the deterministic setting, except that we replace every customer’s dominant
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ec24
(IC) and (IR) constraints by his Bayesian (IC) and (IR) constraints that are only conditional on

this customer’s type and all public information at time 0. The proof is analogous to the proof of

Theorem 1. Therefore, we omit the proof.

Now, we prove the second inequality of this theorem.
Consider policy 7y, with any L > 0. Due to the cyclic nature of policy 7, the seller’s long-run
average expected profit under policy 77 is the same as her average expected profit over [0, L)

Therefore, without loss of generality, we only need to compute the seller’s average expected profit

over the first cycle [0, L).

For each t € [0,71], we denote by

Nhé{z¢1{t¢e 0,8],v5 > 0l'}
e

Do l{ts €0, t,]vs >0l f +1{ty € (L t],vs 20} i LE (g, 1]

the total number of customers who arrive no later than time ¢ and choose the instantaneous delivery

option, assuming that the seller has inventory on hand up to time ¢. Thus, N/ is a Poisson random

variable with parameter

N Aft, F vt ) dt’ if €0t ‘
! Aft/:o (p)dt' + X [,_, F(og)dt' ifte(t, t]
For each t € (¢;, L), we denote by
ifte (t[,;EL]

{ {t¢€ (tr,t], vy € vt,vt}
;=

04
1{ty € (t,,tr] vy €[V, 5} +1{ts € (tr,t], vy > 07} ifte (L)
the total number of customers who arrive after time ¢, and no later than time ¢ and choose the

delayed delivery option, assuming that the seller has inventory on hand up to time ¢. Thus, N/ is

a Poisson random variable with parameter

{Af:,_tL (F () — F (3y)) dt’
A (F(h) —F (3 ))dt’+)\ft_t

t'=ty

N ifte(t,,tr
L (o) dt' ifte (t,, L)

Therefore, under policy 7, given customer behaviors characterized by Lemma 4, we have
i 1 fLth h )\ " b e e L R\ "
Jb > —E pt’dNt—V<Nt—L—q0L> v [ pPaN® —h (qOL—Nt> dt
L t=0 t=tg t=0
_ - + K
)]

1 f L,h 7\ h h 71 + v L,0 7\0 r 7, r\ T
= 2| [t v (N —at) [ pbtaxon [ (a - NE)
t= tr, t=

t=t
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()]

1 tr, L tr +
= LE[/ prtANE —V (N 28T / pf’od)\f—h/ (Ar = N[)"dt
t=0 t=ty t=0
_ K
Ch(L— ) (N _thf} S

L

The first inequality follows from the property that the RHS of this inequality does not take into
account the revenue from those customers who intend to select the instantaneous delivery purchase
option but eventually select the delayed delivery purchase option due to inventory unavailability.
The first equality follows from Brémaud (1981) Theorem II. The second equality follows from
property ¢p* = A7

We establish upper bounds of the second, fourth, and fifth terms on the RHS. For the second

term, we have

X
e[l ] < Vos

2

I
h

where the first inequality follows from Gallego and Van Ryzin (1994) Equation (18).

For the fourth and the fifth terms, for any t € [0,%.], we have

[l ) ol ) el ) o

2 A\h
<1 <\//\h (v =x) = (o —A?)) A A< A T g

where the first inequality follows from Gallego and Van Ryzin (1994) Equation (18) the second

,/2+K2 0,2_0

i i > > —=.
inequality follows from the property that for K >0 and 0 > 0, Y———— 2( \/mﬂﬂ =32
Therefore,
~ 1
Jb> =
- L

L K hL
( R OVNE / LOANY —h / (A2 =AY dt) A
t=ty L
L /)\ /
Lhaxh 4 / LOAN0 —h, / td\' | - = — = =z
= t=§L t=0 L
1 f - L) K V+hL/
L( — ht) d\} /t_t prld\ o A 7
L
V+hL [)
_ gL -
=7 2 L’

where the first equality follows from the formula for integration by parts.

=




ec26 e-companion to Chen and Shi: Joint Pricing and Inventory Management with Strategic Customers

Therefore, ~
JU VAL X
JEE 2JL" L
Now, we consider the sequence of instances defined in this theorem. Because A =i\ and K =

iK, for any L >0, J©@ =iJ*. Hence, L*Y) = L*. Therefore,

iyeno(3)

Q.E.D.





