A Appendix: Moment Matrices for Common Uncertainty Sets

This appendix elaborates on the calculation of the moment matrix ¥ 4 in the dual problem P(Eg).
We first present the moment matrices 3 4 of several commonly used primitive uncertainty sets in
Section A.1. Afterwards, Section A.2 shows how a moment matrix changes if particular classes of

transformations are applied to an uncertainty set.

A.1 Primitive Uncertainty Sets

In the following, we list the moment matrices ¥ 4 of several commonly used primitive uncertainty
sets. Since the derivations are basic but tedious, we omit them for the sake of brevity. In the
following, we denote by |x| and [x] the largest (smallest) integer less than or equal to (larger than

or equal to) = € R.

A.1.1 1-Norm Ball Uncertainty Sets

For a 1-norm ball uncertainty set of the form

N

=={¢er : |igl <1},

the set of extreme points satisfies

k
ext {SGR’“ : ||$||1§1} — ext {56Rk : Z|5i|§1} — {ieiERk : z:lk}
=1

and we therefore obtain the moment matrix

2k 0"
0 2-1

A.1.2 oo-Norm Ball Uncertainty Sets

We now consider an co-norm ball uncertainty set of the form

=={ecr": g <1},
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Uncertainty sets of this type are commonly employed to describe the demand in operations man-
agement applications [8, 34] or when the uncertainty underlying the parameters £ is described by

a factor model [35]. The set of extreme points satisfies
ext {geRk : 1€ ]loo < 1} — ext {g eRF: max_ &) < 1} = {-1,1}",
=1,..,

and we therefore obtain the moment matrix

ok 0T
S =
0o 2F.1

A.1.3 (1Noo)-Norm Ball Uncertainty Sets

We now consider an uncertainty set that emerges from the intersection of a scaled 1-norm ball and

an oo-norm ball:

s={¢cR gl <k, gl <1]

For k < 1 and kK > k, the uncertainty set reduces to a scaled 1-norm ball and an oc-norm ball,
respectively. We therefore assume that € (1, k). Uncertainty sets of this type are commonly used
as polyhedral outer approximations of ellipsoidal uncertainty sets [29, 35].

If k € N, we obtain the moment matrix

() o
Y4 = _
4 0 o (’ﬁ 1) T

k—1

For fractional k, on the other hand, the moment matrix is

2511k (“’fﬂ) o'
4= 0 2W<’“_1>(LHH(F;—LHJ)?).I

A.1.4 Budget Uncertainty Sets

We next consider a budget uncertainty set of the form

E:{ge[o,uk ; engB},
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where B € Ny. Note that B = 0 and B > k correspond to the cases = = {0} and Z = [0, 1]
(the latter being a translation of the oo-norm ball, which can be calculated using the results of
Section A.1.2 and the transformations from Section A.2) and can therefore be omitted. Budget

uncertainty sets have been popularized by [21] and have since been applied widely across domains.

L_l (’ff)] o7
SC-ECO) B

=0 A A

For B € {1,...,k — 1}, the moment matrix is

()

()

A.1.5 Central Limit Theorem-Type Uncertainty Sets

o

Il
o

DIPEES

e I+

We finally consider a central limit theorem-type uncertainty set of the form
= - {g e[-L1F: T <le'g| < +r},

where T" € (0, k) [7]. In this case, we have |ext Z| = 1 + n2 + 13, where

<>+22<k ) if k is even,
=1 2

m r1)

2 Z (,m ) if k is odd;

kE—1
2l<:< ) if k£ is even and I is odd, or vice versa,

E+I—1
UPR 2
0 otherwise;
r
2<k k r ) . (k — {J) if k is even and I is fractional,
5+ (3] 2 |2
= k k—1 r-1
3 2<k+1 r—1 ) . < — { J) if k£ is odd and T is fractional,
5+ 2 2
0 otherwise.
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Due to the symmetry of =, the sum of first moments satisfies deextz & = 0. The sum of second

moments, finally, satisfies } ¢coyi= €€ =w-(ee') + (6§ —w) - I, where § = &1 + 0y + 63 with

k
> if k£ is even,
+1

51 = i=1
! =,
2 <k+1 ) if £ is odd;
i—0 o +1
k — e . .
2(k—-1) <k+F—1> if k is even and T is odd, or vice versa,
52 = 2
0 otherwise;
( 2
r -1 1 r
2<k kr)(§_{2J> [kk—kk'<1—[lﬂ—2{2ﬂ> if k£ is even and
2t bJ I' is fractional,
_ -1 |T'—-1 -1 1 r—1]\?
03 =992 K _ i — F +--(2-T+4+2|—— if k is odd and
By |52 2 2 ko k 2

2 2 I' is fractional,

0 otherwise,

as well as w = w1 + wy + w3 with
min{3, [ 5|} min{5—1,[ 3|}
-2 -2
2 > kk, ) > kk, if k is even,
: Nz ti—2 F o Nzt
i:maX{2—§7—|_§J} i:max{1—§7—L5J}
w1 =
min{3 -3, [ 55H] -1} min{5 -3, [ =5+ |}
k—2 k—2
2 -2 if k is odd;
1 kz -1 <k21 + /L> 1 kz r—1 <k21 + Z> : "o
i=max{5 -5, - [ 5|2} i=max{3 -5, - [ 5|1}

wo = Wao1 + wog + wog if k is even and I is odd, or vice versa, and w9 = 0 otherwise, where

2(k—2)(m> fE+T>5 k>T+1,
w21 = 2
0 otherwise;
2k — 2)(5_}_1) ifk>T 45, 4 (k- 2)<f+;_?§,) ith>T 43,
W = 2 w23 = 2
0 otherwise; 0 otherwise;
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and finally ws = w31 — w3z + w3z — wsyq if k is even and I' is fractional, where

o P2 Gl ) -5 2) oz )

0 otherwise;

k—2 k T k—2 k T
4( ) if 2{J+2, 4( > if E{J—Fl,

0 otherwise; 0 otherwise;

as well as w3 = w35 + w3 — w3y + w3s — wsg if k is odd and I' is fractional, where

Pl (1)) = [

0 otherwise;
k—2 k—5 r-1 . k=5 r—-1
e e )\ T R R
w36 = 2 2
0 otherwise;
k—2 k—3 r-1 . k—3 r—-1
(') (5 157) o= 5
w37 = 2 2
0 otherwise;
4 k—Sk_?‘—l " l<:—52 r-1 ’ 4 k_gk—?_l . k_32 r-1 7
_ e 2 2 _ e N 2 2
w3g = 2 2 w3y = 2
0 otherwise; 0 otherwise.

A.2 Transformations of Primitive Uncertainty Sets

—

In the following, we show how a moment matrix ¥4 for an uncertainty set = changes if E is
transformed by an injective affine map, or if = is composed of the cross product of primitive

uncertainty sets =; with known moment matrices 3 4 ;.
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A.2.1 Injective Affine Maps

It follows from Theorem 9.2.3 in [48] that extreme points are preserved under injective affine maps.

Let us assume that =/ = f(Z) for an injective affine map f : R¥ “ R¥'. We then obtain that

lext =| ST

2/ — E€ext =
> fE) PG GE
fcext 2 fcext =

Let us now additionally assume that f(§) = F& + f. From the previous assumption that f is

injective, we conclude that the matrix F' has full column rank. We then have

Y€ = > (F&+f) = F| > & +F+extE|f.

£cext 2 £cext = £cext =
In other words, we can calculate ) ¢y = f(£) efficiently from the quantities [ext Z| and 3 ¢cori = €
In a similar way, we obtain that

T

SoFOreT = > (Fe+HWFE+HT = [F| D el fT+|F| D €l f

E€ext E Eecext = Eecext = Ecext =

+F | > 7| FT+lextE[ffT.

£cext =

In other words, we can calculate } J¢co = f(&)f(&)T efficiently from the quantities |ext Z|, D tcextz= &
and Zﬁeext = €£T
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A.2.2 Cross Products

Assume that = = Z; x Z9 with Z; C R¥ and =5 C R*2 such that k; + ko = k. We then have

lext Z| = |ext Z1| - [ext Za],

lext S| > &
Z EZ £1€ext =, ’

£cext = ’eXt E1| : Z 52
Ex€ext Eg
T
extZal - D> &kl Y oa| X &
¢1€ext =, £1€ext 2y €o€ext =o

sezt:w: .
> & Y & lextZy|- > &by

£Ex€ext Eg £1€ext 21 Ex€ext Eg

In other words, we can calculate |ext Z|, deextz £ and deextz £€7 efficiently from the quantities

‘eXt Ei” Zﬁeext E; § and ZﬁeextEi EgT’ i=1,2.
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