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Online Appendix
This appendix contains proofs of the theoretical results, additional simulations testing the robust-

ness of LASSO Bandit, and new results for the OLS Bandit.

EC.1. Proof of LASSO Tail Inequality for Adapted Observations

Recall the setup of §3.1. Let X, denote the ¢! row of X and Y (¢) denote the ¢ entry of Y. The
sequence {X;:t=1,...,n} forms an adapted sequence of observations, i.e., X; may depend on past

.- We also assume that all realizations of

regressors and their resulting observations { X, Y (t')
the random variable X, t € [n], satisfy || X;||occ < Zmax-
Before proving Proposition 1, we state and prove some lemmas, starting with the Bernstein

concentration inequality for adapted sequences.

LEMMA EC.1 (Bernstein Concentration). Let {Dy,S;}3°, be a martingale difference
sequence, and suppose that D, is o-subgaussian in an adapted sense, i.e., for all a € R,

E[e*Pk |Gy _1] < e**/2 almost surely. Then, for all t >0, Pr|| Sor_ Di| > t] < 2exp[—t?/(2no?)].
Lemma EC.1 is from Theorem 2.3 of Wainwright (2016) when a,, = a;, =0 and v, = o for all k.

LEMMA EC.2. Define the event

Fo() = {max (207 X0 /n) < Aom} ,

reld]

where X is the r'" column of X and Ao(y) = 20Tmaxy/ (V2 +2logd)/n. Then, we have
Pr[F(Xo(y))] 21— 2exp[—?/2].

Proof of Lemma EC.2 Let &, be the sigma algebra generated by random variables Xy, ..., X; 1,

and Y(1),...,Y(t—1). First, using a union bound, we can write

Pr[F(Xo(7))] >1— ZPr [[eT XM >nAo(7)/2] .

r=1
Now, for each r € [d], let D, , =¢,X,, and note that D, ,,...D, , is a martingale difference sequence
adapted to the filtration &, C ... C &,, since E[¢,X;,|6;] = 0. On the other hand, each D,, is a

(Zmax0)-subgaussian random variable adapted to {&,}},, since
E[eaDt,'r ‘615—1] S EXt [ea2X37702/2 ’6t—1] S €a2 (Imaza)Q/z .

Then, using Lemma EC.1, Pr[F(A\o(7))] > 1—2dexp [—(7v*+2logd)/2] =1—2exp[—?/2]. O

LEmMA EC.3 (From page 105 of (Biihlmann and Van De Geer 2011)). For anly Ay €
R*, when A\ >2\g, on event F(\y), we have

21X (8 = B)II2/1 A+ M Bsuppisre 1t < 3M Bsupn(s) — Bsupns |1 -
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Now we are ready to prove Proposition 1.

Proof of Proposition 1 Let Ao(7y) =20 % pax \/(72 +2logd)/n and let A be an arbitrary constant
such that A > 2X\o(7). If both events F(Ao(7y)) and {2(X) € C(supp(B), $)} hold, then

2|X (8- B)lI3/n+ AllB = Bllr = 2[1X(8 = B)II3/n + All Bsupp(s) — Beupp(s) 1 + All Beupp(are
< 4X|Boupp() — Boupp( 1
<AN50[|X (B = B)ll2/v/ng?
<X (B = B)l3/n+4Ns0/¢”.

Here the three inequalities use Lemma EC.3, the definition of C(supp(3),¢) (Definition 2), and the
inequality 4uv < u? 4 4v?, respectively. Thus, for A\ > 2Xy(v),

pe{ 1581 < 50 b= Pr [Fu() 0 (200 € Counn(3),6))

9]
> Pr[F(ho(7))] = Pr |£(X) ¢ C(supp(8 >,¢>}
> 1-2exp[—1?/2] ~ Pr | 9(X) ¢ C(supp(8), 6)]

Summarizing, we have shown that,

Az 2000) = Pr{ 13- Bl > 530 b < 20p [92/2] + Pr [E00 ¢ Cloupp(). )] . (EC)

Now we choose v =~(x) =+/2nC,x? —2logd for a suitable constant C,, to be determined. Then,
the exponent of the error probability becomes —7y(x)?/2 = —nC,x? +logd. We will now show that
C, = C1(¢) will guarantee the condition \(x, @) > 2Xo(7(x)). In particular,

16 max 2

220(7(x)) = 40TmaxV/[Y(X)2 +2logd] /1 = 40Zmax /20, = 022 %0 iif V20,
0
~—

A(x,9)

Therefore, for the inequality A(x, @) > 2X\o(7(x)) to hold, we need ¢* > C,(512s20%22,, ), which is

satisfied by C. = C1(¢). Now, we can invoke (EC.1) for A = A(x, ¢), and use the inverse relation
X =4X(x, 9)s0/P? to finish the proof. [

EC.2. Proof of LASSO Tail Inequality for Non-i.i.d. Data

Recall the setup from §4.1 as well as assumptions of Lemma 1. The proof involves showing that
|5(A’) — ||s is small with high probability using random matrix theory. Next, we use the Azuma-
Hoeffding inequality to show that 3(A) € C (supp(8), ¢14/p/2) with high probability. This result
provides a tail inequality for LASSO estimates B(.A, A), even when part of the data is not generated

i.id. from Py.
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EC.2.1. Empirical covariance matrix via random matrix theory

LEMMA EC.4. Given i.i.d. observations Zi, ..., Z,, € R? from the distribution P, such that all real-

izations of Zy satisfy || Zi||co < Tmax for all t € [n], then for all w >0,

. 2 2
Pr|[|2 — 3| > 222 <w+v2w—|— 2log(d* +d) +log(d +d)> <e "™
n

— )

max
n

where S=Ep [ZZT] and S=3" | Z,Z] n.

Proof of Lemma EC.4 First, define the family {v,}1<j<x<a of real-valued functions that take
as input random variables Z ~ P. Precisely, for all 1 <j <k <d,

Z(j)Z(k) —E[Z(j)Z(k)]
222 ’

max

Vir(Z) =

where Z(j) refers to j' coordinate of vector Z. It is easy to see that each such v, satisfies

E[vjx(Z)] =0 and

1 n
EZEWM(Zt)\m <1, m=2,3,...,
t=1

implying that the family {v;x}1<j<r<q satisfies condition (14.5) in page 489 of Biithlmann and Van
De Geer (2011) with K = 1. Therefore, we can apply Lemma 14.13 from page 490 of Bithlmann
and Van De Geer (2011) and obtain, for all w > 0,

1 & —  [2log(d®+d) log(d®>+d
t=1

Now, the result follows from the fact that || — %o /(222,,) = maxi<j<x<a| Sory Ve (Z)| /0. O

< e—nw

1<j<k<d

Pr [ max

EC.2.2. Compatibility condition for non-i.i.d. samples

Recall A, A’, 3, B, Z, W, and the corresponding assumptions on them from §4.1. We will first
show that ﬁ](.A’ ) satisfies the compatibility condition (with respect to supp(f) and an appropriate
constant) with high probability.

LemMA EC.5. If 3 € C(supp(B), 1) for constant ¢1 >0 and || X — X' < ¢2/(3250) holds, then
5 € C(supp(B), d1/v/2).

Proof of Lemma EC.5 The proof follows directly from Corollary 6.8 in page 152 of Biihlmann
and Van De Geer (2011). O

LEmMmA EC.6. If the assumptions of Lemma 1 hold, then

Pr | S(A) € C(supp(B), 25)| = 1 e=Catn™ .

5|2
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Proof of Lemma EC.6 Given the assumptions of Lemma 1, we have |A’'| > 3log(d)/Cs(¢1)>.
Together with d > 1, this implies that log(d® + d)/|A’'| < C3(¢1). Therefore, for w = C3(¢;), we

have,

2 (w n \/—_I_ 210g(d2 =+ d) + 10g(d2 =+ d) ) < 437?113)( [Cg(¢1)2 + \/502(¢1)

| Al |A|
12113.)(02 (¢1)
¢2
3250

where the last two inequalities follow from the definition of Cy(¢1) = min[1/2,¢3/(256s0z

)]

Thus, it follows from Lemma EC.4 that

- 7 o)A
P YDA > | < Ca(d1)7|A'|
{18 =S | 2 | <e

The result then follows directly from Lemma EC.5. [

LEMMA EC.7. Given the assumptions of Lemma 1, if we have S(A') € C(supp(B),d,) for some
constant ¢, >0, then 3(A) € C(supp(B), ¢, /| A/ A]).

Proof of Lemma EC.7 By definition, we can write

op - A

oA,

Al
S(A) +— AV Al s +
ST 2 A SR

Then, for all v satisfying ||Vsupp(s)e|l1 < 3||Vsupp(a) |15

S ’A/| o7
by
A

ANAY -
Al

|-A/’ ¢I12 Hvsupp(ﬂ)H%
|-A| S0 ’

S(A)o +

S(A\ Ao >

using the fact that 3(A\ A’) is positive semi-definite.  [J
Now we have all the ingredients to complete the proof of Lemma 1.

Proof of Lemma 1: Applying Lemmas EC.6 and EC.7 implies that

¢ ¢ A
3(A) eC | supp(B), — ,
with probability at least 1 — exp[—Cy ()| A’|]. This implies that 3(A) € C(supp(8), ¢ V/P/2) with

probability at least 1 — exp[—p Cy(¢1)?|A|/2]. Applying Proposition 1 with compatibility constant
¢ = ¢1,/p/2 yields the result. [
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EC.3. Proof of LASSO Tail Inequality for Forced-Sample Estimator

In this section, we prove a tail inequality for the forced sample estimator B (Tit, A1) by applying
Lemma 1. Recall that at each t € T;;, we draw a random covariate vector X,, sampled i.i.d. from
Px, and play arm i. Moreover, we assumed that 3; € C(supp(f;), ¢o) where X; = Ex~pyixe, [(XXT]
and also that Pr[X; € U;| > p..

LEMMA EC.8. Ift > (Kq)®, then (1/2)qlogt < |T;.,| < 6¢logt.

Proof of Lemma EC.8 Define the n'* round of forced sampling of all the arms
L,={2"-1)Kq+1,...,(2")Kq},
for n > 0. By construction, arm i is sampled |7; N L,,| = ¢ times during L,,, so

n—1
(i)
r=0

Then for each t € L,,, nqg <|T;:| <(n+1)q. To show the lower bound, note that for ¢t € L,,, we have
t<(2")Kgq, i.e., log, [t/(Kq)] <n. Therefore, using t > (Kq)?,

=ng.

t
|Titl >ng>q 10g2K7q > q(logt —log Kq) > (1/2)qlogt.

To show the upper bound, note that for t € L,,, t > (2" — 1) K¢, i.e., n <log, [1 +t/(Kq)], so

log (2t +2v/1)

<6qglogt. 0O
log 2 1= 0g¢08

t
Tiel <(n+1)g< [logg <Kq+1) +1] q<

LEmMMA EC.9. Let T/, CTiy be the set of all r € Ty such that X, € U;. Then for each r € T,
we have r € T}, independently with probability at least p.. In addition, {Xr}reTi’t are i.i.d. from

Px|xev;-

Proof of Lemma EC.9 By construction, for each r € 7;;, X, is drawn i.i.d. from Px and there-
fore with probability at least p., X, € U;, i.e., s € T/;. Also, note that the events X, € U; are
independent for different values of r since the original sequence {X, }c7;, is i.i.d., implying that
each r € T/;, X, is an i.i.d. sample of Px|xcy,. 0O

Using Lemma EC.9 we see that the inclusion of each member of 7;; in T/, is a Bernoulli i.i.d.

random variable with mean at least p,. Therefore, we get the following result using Chernoff bound.

LEmMMA EC.10. Ift> (Kq)z, for Tiy and T/, defined as in Lemma EC.9 the following holds

77|
Pr :
[ |7l

Ps 2
>— | >1——
= 2]_

4
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Proof of Lemma EC.10 We use the following version of the Chernoff inequality (Corollary
A.1.14 in page 268 of Alon and Spencer 1992, for ¢ =1/2 and c. ~ 0.1082): Letting y be the sum

of mutually independent indicator random variables with u =E[y|, we have that
Pr(ly —p|>p/2] <2exp[-0.1p] .

Applying this to indicator random variables I(r € 7/;) for all r € 7;; and using

ILL:E Z H(Telﬁlt) Zp*’,];t‘7

T‘G’Tiyt

we can write that

Pr (|77, < (p./2)| T ] < 2e~ 5617l

Next, using Lemma EC.8, t > (Kq)?, ¢ > 4qo, and the definition of ¢ from §3.3 we have

2
Pr [[T7,] < (p./2)|Tr.|] < 26~ /D0lost < .

Now we are ready to prove Proposition 2.

Proof of Proposition 2 By construction, and the definition of ¢y from §3.3,

6log(d)
p- Ca(o)?

Then combining Lemma EC.9-EC.10 and Lemma 1, with P; = Px|xecv;; X = h/(4%max), D = Px,
and Ay = A(h/ (4% max, Po+/P+/2) We obtain

|Ti:] > (1/2)qlogt > 2qglogt >

b0v/Px 12 '
A -C 2qo log t +logd B 2 2
Pr |18 (Tosh) — Bl > | 2™ @ P20 0st g bt opatonavront 4 2
A% max t
2
§26—p201<¢o>qologtm£ﬁ+logd %th%
5
<—.
S

The last two inequalities use the definition of ¢y and the fact that ¢t > (Kq)? to show that the

exponent of each term on the right hand side is at most —4logt. [

EC.4. Proof of LASSO Tail Inequality for All-Sample Estimator

In this section, we prove the tail inequality for the all-sample estimator B(Siyt,)\th) for arms in
Kopt- The approach mirrors the steps taken in Appendix EC.3. However, there is an additional
complication due to the correlation between rows of X(S; ;) that was discussed in §4.3. Recall the

events A; defined in Eq. (3).
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LeMMA EC.11. For each i € [K], if the events X, € U; and A;_y hold, and t ¢ UjcikiT;+, the
LASSO Bandit uses the forced-sample estimator B(ﬁt,l, A1) to arrive at K= {i}, implying that it

plays the optimal arm at time t.

Proof of Lemma EC.11 Since X, € U;, we know
X Bz h+max X/ B;.
FES)
Then, for any j € [K]\ {i}, since A;_; holds,

X [B(To) = BT = X7 [B(Toin) — B = X[ [B(Tum) - 8] + X[ (8- 8))
h h

Z _xmax47

. - xmaxﬁ
>h/2.

Thus, at time ¢, K = {i}, i.e., the LASSO Bandit will play arm i. O

LeEMMA EC.12. For all t with t > (Kq)* the event A; occurs with probability at least 1 — 5K /t*.
Proof of Lemma EC.12 TFor each i € [K] and all t > (Kq)?, we have from Proposition 2,

b5

<2,
4T max 4

Pr || B(Tie, M) = Billy >

Taking a union bound over all K arms gives us the result. [

LemMA EC.13. Let i€ [K]. Recall from §4.3 that S] , C [t] is the set of all time periods r such the
events X, € U; and A,_; hold and we are not forced-sampling any arm j € [K]. Then the following
properties are satisfied.

(1) The set of random variables { X, |r € S],} are i.i.d. from distribution Px xcuv,-

(2) For each r € [t]\ Ujex T, we have r € S}, with probability at least p, /2 when t > (Kq)®.

(3) 8, CSis.

Proof of Lemma EC.13 For (1), since A,_; is only a function of samples in 7, 1, A,_1 is
independent of X,.. Therefore, random variables {X,|A4,_; holds} are i.i.d. samples from Px. Now,
the presence of each X, in U; is simply rejection sampling; thus, using the fact that r ¢ U; ., 7, ; is
deterministic, for each r € §};, X, is distributed i.i.d. from Px|xer,. For (2), we know that X € U;
with probability at least p, and Lemma EC.12 implies that A, ; holds with probability at least
1—5K(r—1)"* when (r —1) > (Kq)*. Note that (r —1) > (K¢)?> > 16K? (since q > 4[qo] > 4),
which implies that A,_; holds with probability at least 1 — 5K (r —1)~* > 1/2. Then, r € §], with
probability at least p,./2. Finally, for (3), from Lemma EC.11, we know that for X, ~ Py, if events
X, €U; and A,_; holds and r € Ujc(x) T}, then r€S;4, 50 S;, € S;p. O



ec8 e-companion to Author: Online Decision-Making with High-Dimensional Covariates

LemMa EC.14. Ift > Cs, for S, defined as in §4.3 the following holds
Pr[|S;,|>tp./4] >1— otP2/36

Proof of Lemma EC.1/ Note that we need to take a more refined approach than in Lemma
EC.10 since the events r € S}, r € [t], are not independent. By definition of S;, we have for all
r€[t]/Tis,

I(res;,)=1(A_1) (X, €U;)-I(r & Ujeix)Tjt) -

Note that by construction of the forced-sampling sets, for each round of forced-sampling
n € {0,1,2,...}, the time periods t € [2"Kq + 1,(2""' — 1)K¢| are played contiguously without
any forced-sampling (or updates to the forced-sampling estimators). Then, for any time ¢ ¢
{T;.v}jerx)veir) where we do not perform forced sampling, let n, be the largest integer satisfying

t > 2"+t Kq. Given arm 4, we can define

Mt _1)Kq ¢ ¢
M, = Z I(resi,)+ Z I(resi,) < ZH(T €S[) =18l
r=2"t Kq+1 r:2"t+1Kq+1 r=1

In other words, M, is strictly smaller than |S, |, because it only considers the time interval
V,=[2"Kq+1,2"" —1)KqU[2" "' Kq+1,t] C [1,1].

By construction, the time interval [2™ K¢+ 1, (2"*! — 1) K¢| contains no forced-sampling, and thus
the forced-sample estimator is never updated in this period; the same holds for 2T Kq+1,¢]. As
a result, note that the event A, = Agn; g, for all times 7 in the first interval, and A, = Ayny+1, for
all times r in the second interval. Thus, we can expand

(2nt+1—l)Kq

M= S WAsmry) - IX, € U)-Ir ¢ Usepn Tio)
r=2"t Kq+1
t

+ Z [(Agnit1gq) (X, €Us) - I(r ¢ Ujere) Tit)

r:2nt+1Kq+1

> 1(Agnercg) I Agnirineg) - > LX, €T,

revi
We are then left with a sum over independent random variables drawn from Px, each occurring with
probability p, by Assumption 3. The definition of n, as the largest integer such that ¢ > 2"t™1 K¢
implies that
Vi|=(t—-2""Kq)+ (2" " Kq— Kq—2"Kq) = t—2"Kq— Kq
>t—t/2—Kq = t/2—Kq
> 3t/8,
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where we note that ¢ > 8K q for ¢ > C5. Next, note that since t > Cs > 4(Kq)? and t < 2" "2 Kq by
definition of n;, we can write

2" Kq> /4> (Kq)?,

allowing us to apply Lemma EC.12 for r =2 Kq and r = 2" "' Kq. A simple union bound yields

5K K
Priderescs and A 21 = Gz = Gy
100

by the definition of ¢. Then,

]E[Mi,t] 2 PI’[AQnth and A2nt+1Kq] p*|‘/t|

tDx
3 )

v

Applying the Hoeffding inequality, we have that

Pr[M,, < E[M,,] —n] < e 21"/l

<e i,
Plugging in n =tp, /12, we have
Pr[M,, < tp,/4] < e 2/36

Applying the fact that M;, <|[S],[, we have that

Pr [|S{t| < ti* } < e tPi/36

O

Now, we are ready to prove Proposition 3.

Proof of Proposition 3: From Lemma EC.14, for t > C5 we have |S],| > p.t/4 with probability
1 —exp[—t p?/128]. Therefore, using a union bound, we can apply Lemma 1 with p=p, /2, A=S;,,
A =S8/, and A = x$gp./(32s0) to arrive at,

Pr [HB(Si,t,)\) —Bill > X}
- (W> %X2+logd +exp [—W] +exp [—tﬁ]

<9
= 4€XP 2 1 16 36

tp2Ca(¢o)?
32 ’

tp3Cy (o)

< Zexp [_ 256

x> —l—logd] + 2exp [—
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where the last inequality uses Cy(¢y) < 1/2. Note that the condition |A’|/|.A| > p./4 holds when
IS} ,| > p.t/4 (since |A| <t). Also, the condition |S;,| > 6log(d)/(p.Ca(¢o)?) is satisfied, using
1Sit| > S| > p.t/4, t > Cs, ¢ > 4qo, and the definition of go. Taking

_16 logt+logd
X tp3Ci(¢o)

gives us the desired result. Note that this choice of x implies A=X;,. O

EC.5. Bounding the Regret in the High-Dimensional Setting
Recall from our proof strategy in §4.4, that we divide our time steps [T'] into three groups:
(a) Initialization (¢t < Cj) or forced sampling (¢ € T; r for some i € [K]).
(b) Times t > C5 when the event A;_; does not hold.
(¢c) Times t > C5 when the event A;_; holds and we do not perform forced sampling.
These groups may not be disjoint but their union contains [T7].
We now compute an upper bound on the regret for time periods in each group (a)-(c) and sum

the results. First, the following lemma gives the worst-case regret for time periods in (a).

LEMMA EC.15. The cumulative expected regret of the LASSO Bandit from initialization (t < Cs)
and forced sampling (t € T;, for some i € [K]) up to time T is at most

2K qbxax (6log T + Cs) .

Proof of Lemma EC.15: From Lemma EC.8, at most 6 K glogT forced samples occur up to time
T. We also have Cj initialization samples. Using Cauchy-Schwarz, we can bound the worst-case
regret in each time period by max; ; X T8 — B;) < 2bZpmax. The result follows directly. O

Before moving to time periods in (b)-(c), we state the following helpful lemma:

LEmMA EC.16. If f is a monotone decreasing and integrable function on the range [r —1,s|, then

Srws [ s

Proof of Lemma EC.16:

Next, we find the worst-case regret from time periods in (b) at time 7.

LEMMA EC.17. The cumulative expected regret of LASSO Bandit from time periods Cs <t <T

where A,_; does not hold is at most 2K b, .
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Proof of Lemma EC.17 From Lemma EC.12, the probability that A; ; does not hold is at most
5Kt~* < Kt=3 since t > C5 > 5. Now we can sum this quantity for ¢ € [C5,T — 1]. Using Lemma
EC.16,

T-1 T
K 1 K 1

E — <K | =dt<—(1-—=)<K.
(A0 /1 B T2 ( T2) -

t=Cpy

As before, the worst-case regret at time t is 2b Zyay, and the result follows. [

Before analyzing the regret from group (c), we show that if the event A, ; holds, then the set
K chosen by the forced-sample estimator has two desirable properties: (i) it contains the true
optimal arm, and (ii) it does not contain any sub-optimal arms. Thus, we can apply the convergence
properties of the all-sample estimator (which only hold among optimal arms) to analyze the regret

from choosing an arm within .

LEmMA EC.18. If A;_1 holds, then the set K contains the optimal arm i* = arg max,cx X, ; and

no sub-optimal arms from the set K.

Proof of Lemma EC.18 To simplify notation, we call our forced-sample arm estimators

ﬁ(ﬁt_l, A1) at time t as B;. Since A,_; holds, we have that for any pair of arms i, j € K],

X=X By = X (Bi = B:)+ X[ (8= ;) + X T (B: - B))
<h/2+ X, (B - B;).
Thus, if we let 4 = arg max,¢ g X, B and j = i*, we see that X, (6, — B+ ) < h/2 since X, (8; — i) <
0 (by definition of i*). Then, the optimal arm i* € K.

On the other hand, consider i = arg maxe(x X, /Bg and any sub-optimal arm j € K,,,. Then,

X, B — X[ B; > X Bi» — X, B;, and furthermore, since A,_; holds:

X[ B — X[ By =X (B — Bix) + X (B; — B;) + X (B — B))
>—h/2+ X, (Bi- — B;) .

Recall that for every sub-optimal arm j € Ky,;, we have X,' 8; < X, B;+ — h. Then, we can write

X (Bi—B)) > X, B — X[ B;
>—h/24+h = h/2.

Thus, j ¢ K for every sub-optimal arm j € Kypp. 0
Finally, the next two lemmas bound the regret from time periods in (c) by separately summing
over expected regret when the all-sample tail inequality does and does not hold. We simplify

our notation by calling our all-sample estimators /3’ (Sit—1,A24-1) at time ¢ as ﬁi, where we recall

Aoy = [02/(250)]/(log t +1logd) /(p.Cht).
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LeMmMA EC.19. If t > C5, A, holds, and we do not perform forced sampling, then the expected
regret at time t+ 1 is bounded by

(8KbTiax) [t + 8K bZmax exp [—(p2Ca(¢0)?t) /32] + C3(o, ps) - (logt +logd) /t

where C3(¢o,p.) = 1024K Coz2 ./ (p2C1(¢o)).

Proof of Lemma EC.19 Without loss of generality, assume that arm 1 1is optimal:
argmax;e(x] X, |1 0; = 1. Then, the expected regret at time ¢ +1 is given by

Tip1 = z e ( ;)[[choose arm i] | <E Z e ( )1 [X;l ;> X+161} ,
iek iek
where the last inequality uses the fact that event {i = arg max;e(x X, , BJ} is a subset of the event
{X,EJrl ;> tll/él}, and that X\, (81 — ;) > 0 (since we have assumed that arm 1 is optimal).
Thus, we can bound 7;,; through the regret incurred by each arm in K with respect to the optimal

arm independently of the other arms. We now define the event B; = {X;l(ﬁl —Bi) > 25$max} ,

where we take 6 = 161/(logt +1logd)/(p3C,t). Then, we can write
Ttr1 S E ZX;—,’_l(/Bl — /BZ)H |:(X;|_—’_1B,L 2 Xt—z_lél) N Bl]
i€k

LI DIPANCETCANES A SILEA N B

iek

which by definition of B; and using X, (81 — ;) < 2bZyax gives

Tt S 202w | Y I[(X) 8> X[, 51) N B | +20 2 | Y L(BY) | (EC.2)

iek iek

Note that the intersection of event B; and the event of choosing arm i # 1 implies that
0> thlﬂl - XtTH 3 > thl (31 - 51) + th.l (52‘ - Bz) +20 Trnax -
Thus, it must be that either X\, (Bl — 51) < =0 Tppax OF X, <ﬂi — Bz> < —0 Zmax. Therefore,

Pr| (X182 X180 N B <Pr |18 = Bl > 6] +Pr [[18: = Bl > 9]

4 piC;
< - .
_t+4exp[ 5 t] (EC.3)

using a union bound and the tail inequality for the all sample estimator.
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We can also bound Pr[B§] using Assumption 2 on the margin condition: Pr[Bf] =

Pr [X;l (81— Bi) <25 xmax] < 2C)0 Tax. Using this and Eq. (EC.3) in Eq. (EC.2) we obtain

b max 2 2
T <K { s :1; + 8D max €XP [—p*é? t] +4Co5296,2nax}
Kb 202 logt + logd
< 8% 8K iy exp [_pgg’z t] e w O

LEMMA EC.20. The cumulative expected regret from using the all-sample estimator up to time T

1 bounded by

[SKbxmax + C3(¢07p*) logd] IOgT+ C3(¢07p*) (10gT)2 + C4(¢07p*) )

where Cy(do,p.) = (8K b2max) /(1 — exp [_m} ).

32

Proof of Lemma EC.20 We sum regret from Lemma EC.19

T-1 20 9

3 {(8Kba:max) Jt+ 8K by XD [—p*;(jo)t] + C5 (o, p) (log t + log d) /t
t=Cpy

S [SKbxmax + CS((bO’p*) lOg d] lOgT—|— C3(¢07p*) (10gT)2 + C4(¢07p*) . D
EC.6. Additional Simulations
EC.6.1. Dependence on K, d, and sg

First, we study how the LASSO Bandit’s cumulative expected regret scales as a function of each

parameter K, d, and sy. The results (see Figure EC.1) show that the regret appears to grow
logarithmically with d, but almost linearly with K and s,.

160 7000 25000

140 20000
120 P
& & 15000
= =
S 100 ]
& 550 10000
" g0

60 5000

40 0

0 200 400 600 800 1000 0 200 400 600 800 1000 1200 0 20 40 60 80
d K 50
(2) K =10, 59 =2 (b) d =20, so=2 (¢) d =500, K =2

Figure EC.1 These plots show how the regret of the LASSO Bandit scales as any single parameter d, K, so is
varied while the others are fixed.
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EC.6.2. Robustness to Algorithm Inputs

We now study the cumulative expected regret of the LASSO Bandit while varying any one of: (i)
the forced sampling parameter g € {1, 2, 5}, (ii) the localization parameter h € {1,5, 25}, and (iii)
the regularization coefficient ¢ € {0.02, 0.05, 0.1, 0.2}. We only focus on scenario (a) from above.
The results are computed over 7'= 10,000 time steps and averaged over 30 trials (see Figure
EC.2). We find that the cumulative regret performance is not substantially impacted despite exper-
imenting with the parameters by up to an order of magnitude; this suggests that the LASSO Bandit

is robust, which is important since input parameters are likely to be misspecified in practice.

20 20 20
—q=1 —h=1 —c=0.02
- —q=2 - -h=5 - -c=0.05
15 --q=5 15 --h=25 15+ —-c=0.1
= = = —-c=0.2
+ + +
£10 £10 g
20 o0 j=10)
Q ) Q
= I === = ~
5 HE== 5
0 0 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

t t t

(a) (b) (c)

Figure EC.2 Cumulative regret for the LASSO Bandit for varying values of (a) the forced sampling parameter
g, (b) the localization parameter h, and (c) the coefficient ¢ of the regularization parameters.

EC.6.3. Nonlinear Reward Function

Another interesting direction is considering nonlinear reward functions. The LASSO Bandit can
be used in conjunction with basis expansion methods from statistical learning to approximate any
nonlinear function (Hastie et al. 2001). Specifically, given a covariate vector X = (xy,...,x4), we
can consider a large vector with length O(d™) consisting of all distinct monomials of maximum
degree at most n, denoted by X®,,. Then we can use a linear model with covariate vector X®,, to
approximate a reward function that is up to a n‘*-degree polynomial in X. Assuming that the true
model is a sparse function of these monomials (i.e., the reward only depends on s, entries of X®,,),
the LASSO Bandit algorithm could be employed. From a theoretical perspective, one has to study
the behavior of the constant ¢, for the compatibility condition of the covariance matrix of X®,,
in order to prove theoretical guarantees for this approach; however, such an analysis is beyond the
scope of this paper and we simply empirically test the approach. We repeat scenario (a) from above

(K =2, d=100, sy =5) where the true reward function of each arm is a (distinct) polynomial of
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degree n =3. We compare two versions of the LASSO Bandit: (1) naive-LASSO Bandit that uses
only the raw covariates X and does not expand them to X®j, and (2) NL-LASSO Bandit that
uses X ®3. For comparison, we also include a nonlinear version of the other bandit algorithms that,
similar to NL-LASSO Bandit, use the expanded covariate vector and refer to them by NL-OLS-
Bandit, NL-OFUL-LS, and NL-OFUL-EG respectively. Figure EC.3 shows the results. NL-LASSO
Bandit outperforms all other methods. It is interesting to see that the naive-LASSO Bandit is
competitive for small ¢ since it avoids overfitting more effectively with a smaller covariate space;
however, the regret is linear since its model is misspecified, and it loses to the other approaches as

T grows.

--NL-OFUL-EG
150 ¢ s—naive LASSO Bandit
- =NL-OFUL-LS
—— NL-OLS Bandit
— —o—NL-LASSO Bandit
100
=
<= Y N e
T Y A =
5 =
9
~ 0
501
0 —0—0—0—¢—0—0—0—0—0—0—0—¢ |
0 2000 4000 6000 8000 10000

t

Figure EC.3 Comparison of all methods with parameters as in Figure 1(a), but the reward functions are poly-
nomials of degree 3. The suffix NL means that the algorithm uses the expanded version of the
covariate vector that contains all monomials of degree at most 3.

EC.6.4. When Assumptions 2 and 3 Fail

We now study two settings where some of the assumptions required by our theory fail. First, we
look at Assumption 3 (arm optimality). We consider K =3, d =100, sq =2, 5, = [1,1,0,...,0],

»=10,0,1,1,0,...,0],and B3 =r(B1+32)/2 for r € {0.9,.99,1,1.01,1.1}. In this situation, when r is
close or equal to 1, the arm optimality condition fails for arm 3. Figure EC.4 shows that performance
of the LASSO Bandit is robust as r varies around 1. However, there is a small but noticeable loss
when r = 1.1, which is due to the failure of the arm optimality condition. In particular, there are
cases where arm 3 is the optimal arm and we incur regret if it is not played; however, the magnitude
of this regret (relative to pulling the second best arm) is small, making the overall loss from the
assumption’s failure small. This simulation suggests that Assumption 3 could possibly be relaxed

at the expense of a more cumbersome regret analysis.



ecl6 e-companion to Author: Online Decision-Making with High-Dimensional Covariates
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Figure EC.4  Performance of LASSO Bandit when arm optimality condition fails (when an arm is r times a
convex combination of the other two arms).

Next, we study Assumption 2 (the margin condition). We consider K =2, d =10, so =3, ; =
[1,0,1,0,...,0] and By =[1,1,1,0,...,0]. The covariates are generated according to the following
procedure. First, a (d — 2)-dimensional vector X is sampled from the truncated normal (as above).
Then, we add two coordinates at the beginning based on sampling a random variable U from the

uniform distribution on [—1,1], independent of X. Then, our d-dimensional covariate vector X is

given by
1 ifr=1
X(r)={ sign(U)[U[**e ifr=2
X(r) if r>2.

Now, note that

Pr{0<|XT(8—B)|<k|=Pr[0<|X(2)] <k]

—Pr[0<|U|"* < k] = 2(k) T > KT,

which implies that the margin condition fails for any e > 0. We simulate the LASSO Bandit for
€ €{0,1} and the results are shown in Figure EC.5. When € = 0 (margin condition holds) the regret
grows at a slower rate than when e =1 (margin condition fails). In fact, when d = 1, Goldenshluger
and Zeevi (2009) prove a lower bound that the regret scales as O (Tﬁ) for € > 0. Generalizing

a variant of their result to d > 1 is an open direction, but matches our simulation results.

EC.7. OLS Bandit Algorithm and Analysis

In this section, we propose the OLS Bandit, which is a variant of the algorithm by Goldenshluger
and Zeevi (2013) for the low-dimensional setting. We then apply the analytical tools we developed in
the proof of the LASSO Bandit to prove an upper bound of O <d2 10g% d-log T) on the cumulative
expected regret of the OLS Bandit; this is an improvement over the existing O(d*logT) bound.
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Figure EC.5  Performance of the LASSO Bandit when the margin condition holds (e = 0) versus when it fails

(e=1). In the latter case, the probability of observing covariate vectors that lie within a margin
of the decision boundary is of order /.

REMARK EC.1. Our analysis yields a better bound because we employ matrix martingale concen-
tration results (Tropp 2015) to bound the difference of the true and sample covariance matrices,
ie., |2 — 2|le; in contrast, Goldenshluger and Zeevi (2013) rely on applying the union bound,

which contributes an extra factor of d.

Assumptions. We make similar but weaker assumptions on the problem formulation as Gold-
enshluger and Zeevi (2013). In particular, prior work only allowed for two arms and required each
arm to be optimal for some subset of users; in contrast, our formulation tackles the K-armed bandit
and further allows for some arms KC,,; to be uniformly sub-optimal.

Consequently, we make the same assumptions as that of the LASSO Bandit (including Assump-
tions 1-3 in §2.1) but we replace Assumption 4 on the LASSO compatibility condition with the

following stronger requirement of positive-definiteness:

AssumpTiON EC.1 (Positive-Definiteness). Define ¥, =E[XX T | X € Uj] for alli € [K]. Then,
there exists a deterministic constant ¢o € R such that for all i € [K] the minimum eigenvalue
Amin (2:) > ¢ > 0.

OLS Estimation. Recall the notation we established in §3.1. Consider a linear model Y =

X3 + ¢, with design matrix X € R"*?, response vector Y € R", and noise vector ¢ € R" whose

entries are independent o-subgaussian random variables.

DEFINITION EC.1 (OLS). If ¥(X) = X"X/n is positive definite, the OLS estimator for the
parameter 3 is defined by:

Bxy=(X"X)"'XTY. (EC.4)

The OLS estimator converges with high probability according to the following tail inequality.
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PROPOSITION EC.1 (OLS Tail Inequality). Let X; denote the t' row of X and Y (t) denote the

t' entry of Y. Also, assume that {X;:t=1,...,n} forms an adapted sequence of observations, i.e.,

t—1

v—1- If all realizations

X; may depend on past regressors and their resulting observations { Xy, Y (t')

of random wvariables X; satisfy || Xi|loo < Tmax, the following tail inequality holds for all x >0 and
all constants ¢ > 0:

Pr (13— 8ll: < x| = 1= exp | =Ci(@)nx’ +log2d| = Pr | Ain (£(X)) < 7] |

where we define Cy(¢) = ¢*/ (24222, 0?).

max

Algorithm. We introduce the OLS Bandit algorithm below (Algorithm 2), which proceeds
analogously to the LASSO Bandit (Algorithm 1). In particular, we define and use the forced-sample
sets 7; ; and all-sample sets S, ; in the same way. The key difference is that we now use OLS instead

of LASSO estimation (note that we no longer require a path of regularization parameters).

Algorithm OLS Bandit
Input parameters: ¢, h R .
Initialize 7; and S; by the empty set, and 3(7;,) and 3(S;o) by 0 € R? for all 4 in [K]
Use ¢ to construct force-sample sets 7; using Eq. (2) for all ¢ in [K]
for t € [T] do
Observe X; ~ Px
if t € 7; for any ¢ then
T 41
else . A
K={i€ K | XTB(To1) 2 max;ep X7 B(Tur) — b2}
Ty = argmax; g XJB(Si,t_l)
end if
Sﬂ—t’t — Sﬂt,t_l U {t}
Play arm 7, observe Y (t) = X, B,, +¢€i
end for

EC.7.1. New Upper Bound on Regret of OLS Bandit

THEOREM EC.1. When q¢>4[q]|, K >2, d>2, and T > (Kq)?, we have an upper bound on the
expected cumulative regret at time T':

8K max(Cy, 1)z, [log(12d)]3/?

max

Cs

Ry < 2qK b (6log T + Kq) + 2K b2 oy + log T 4 Cy Kb pax
=0 (d*[logd)*’* - 1ogT) ,

where constants Cy = C1(¢o), Co = Co(), Cs = Cs(¢o,p.), and Cy = Cy(¢o,p.) are defined by

= ¢3 A . ¢’(2) A Psél A 8
Ci=——>——, Cy=min(=, ), C3=—"—+, and C, = _ ,
282?02 2 8a2 256 | oxp [_02% ]
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Cy is defined in Assumption 2, and we take
20 8logd 1024 log 2d
Go = max{ 0 8logd 1024z, log }:(’)(dQIOgd) .
D+« p*CQ h2 *Cl

Key Steps. The proof strategy is similar to that of the LASSO Bandit. First, we prove a technical

lemma (analogous to Lemma 1) that shows a tail inequality holds for the OLS estimator if only
a constant (but unknown) fraction of the rows of the design matrix are independent (Lemma
EC.21). We use this lemma to prove analogous tail inequalities for the forced-sample estimator
(Proposition EC.2) and the all-sample estimator (Proposition EC.3) in §EC.7.4. Finally, we use
these tail inequalities to sum up the expected regret contributions from the three groups of time
periods:

(a) Initialization (¢ < (Kgq)?) and forced sampling (¢ € T; 7 for some i € [K]).

(b) Times ¢ > (Kq)? when the event A; ; does not hold.

(¢) Times t > (Kq)? when the event A, ; holds and we do not perform forced sampling, i.e., the

OLS Bandit plays the estimated best arm from K using the all-sample estimator.

Summing the results concludes the proof of Theorem EC.1. The proof is given in §EC.7.5.

EC.7.2. OLS Tail Inequality for Adapted Observations
Proof of Proposition EC.1 For simplicity, we start with the £, norm. Note that, if the event
Amin (2(){)) > ¢ holds,
18 = Bll2 = |(XTX) "X el
<IXTX) T2 X el

X7l

Then, for any x > 0, we can write
Pr (|13~ . < x| = Pr [(HXTeuz <n%6?) 1 (i (£X)) > ¢*)]
>1— ZPr [|5TX“")| > \’;qf ] _Pr [)\min (i(X)> < ¢2] :

where we have let X (™ denote the r*" column of X. We can expand ¢ " X (") = >t (1) Xi(r), where
we note that D, . =¢(j)X,(r) is a (xmax0)-subgaussian random variable by Definition 1, conditioned
on the sigma algebra &, ; that is generated by random variables X,..., X; 1,Y(1),...,Y (¢t —1).
Defining D, , =0, the sequence Dy ,, D ,,..., D, , is a martingale difference sequence adapted to
the filtration &, C ... C &, since E[a(t)X (r)|&;-1] =0. Using Lemma EC.1,

[Hﬂ ﬁl!2<x} >1—ZP1" [y X0 > ”\’;g ] —Pr [Amm (g(x)> Sqﬂ

1—2dexp [ 2;”22‘254} ~Pr [)\min (ﬁ](X)) < qﬂ :

max
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Now, to bound the #; norm, we can use Cauchy-Schwarz to write (for ¥ = x/v/d)

Pr[Il3 Bl <x| = Pr[I8 - Bl < 7]
nyo!

2dx2 . o2

max

>1—2dexp [— } —Pr [Amin (E(X)) < qﬂ

4

—1—exp |- % nx? +log(2d) | — Pr [Amm (i(X)) < ¢2] .0
Zmax

max

Ci(9)
EC.7.3. Positive-Definiteness for non-i.i.d. samples

In this section we prove a tail inequality for OLS with non-i.i.d. data, analogous to the result of
§4.1. In particular, consider a linear model Y = Z3 + ¢, with random design matrix Z € R"*? such
that all realizations of Z satisfy ||Z||occ < Zmax, response vector Y € R", and noise vector € € R™
whose entries are independent o-subgaussian random variables. Consider a fixed subset A of [n],
and if A’ C A is such that {Z, |t € A’} is an i.i.d. subset of random variables with distribution P
with Apnin(E[ZZ7]) = ¢? and |A'|/|.A| > p/2 for positive constants ¢; and p. Similar to §3.1, we use
the short notation 3(A) and 3(A) to refer to the OLS estimator and sample covariance matrix
on the set A. In this section, we will show that f](.A) is positive-definite with minimum eigenvalue
bounded below by ¢?p/4 = ((;51 VP/ 2)2 with high probability, and then apply Proposition EC.1 to

obtain the following result.

LEmMMA EC.21. Under the assumptions above, the following tail inequality holds for all x > 0:

Pr |[|B(A) - Bl ZX] <exp [—61 <¢1£/ﬁ> |A|X2+log2d} + exp {—pCN'Q(gzbl)|A|/2+logd ,

where Cy and Cy are defined in §EC.7.1.

Before formally proving Lemma EC.21, we state and prove some results.

First, we will show that 3(A’) has minimum eigenvalue bounded below with high probability.

LEMMA EC.22. The minimum eigenvalue of fJ(A’) is bounded below by ¢3/2 with probability 1 —
exp [—(:*2(¢1)|A’\ +log d] .

Proof of Lemma EC.22 First, note that

Amax (E(A’)) = max qu](A’)u

flull=1

1
= max Z u)? < 22
flul|=1 ’A/| tGZA/( t ) — max




e-companion to Author: Online Decision-Making with High-Dimensional Covariates ec21

Then, it follows from the matrix Chernoff inequality, Corollary 5.2 in Tropp (2015), that
2 1 42
PI‘ mm( (A/)) ¢1:| zl—dexp[ |~A|¢

Q2
, if we take § =1/2 and R=x? O

] > 1 - exp [~Ca(60)| 4| + logd

max
max*

LEmMMA EC.23. If the minimum eigenvalue of i](A’) is bounded below by ¢}?, then the minimum
eigenvalue of 32(A) is bounded below by ¢?|A'| /| Al.

Proof of Lemma EC.23 From our definition, we can write

. A’ | T

S(A) = 7,7
ERSEr Y
|A’| , |A\A’| ,
= lsun + A s,

Now, using the fact that the minimum eigenvalue is a concave function, it immediately follows that

Mo (84)) 2 A (800) + AL (50400)

[A] Ani Al
|'AI‘ /2
— Al

where the last inequality relies on the fact that 2(A\ A’) is always positive semi-definite.  [J
Now, we are ready to prove the main result of this section.
Proof of Lemma EC.21 Combining Lemmas EC.22 and EC.23, and using |A’| > p|.A|/2 implies
that ,
Pr [Amin (2(.,4)) < jlp} <exp {—pég(qﬁl)]A\/Q +logd| .
Now, we can apply Proposition EC.1 with ¢ = ¢1,/p/2 to obtain the result. [

EC.7.4. Proof of Tail Inequalities for OLS Force-Sample and All-Sample Estimators

PRrROPOSITION EC.2. Whent > (Kq)?, the forced sample estimator B(ﬂt) satisfies the tail inequal-
ity
. h 4
P 1) — i —.
(1670 - s> 2| <

Proof of Proposition EC.2 Since forced-sampling schedule is the same as LASSO Bandit, using

Lemma EC.8, |T;:| > (¢/2)logt > 2g,. Also, by Assumption EC.1, ¥; has minimum eigenvalue
bounded below by ¢3. If |T/,|/|Ti+| > p./2, Lemma EC.9 allows us to apply Lemma EC.21, with
X =h/(4Znax), to show that

R h
Pr |:H,3(7;,t) _6i”1 > 4xmax:|

x h? ~
<exp [ C, <¢0\/IT> | T |16 5 +10g2d] +exp [—p*C2(¢O)]7Z,t|/2+logd}

max

p2C1 (o)1
12822

max

<exp [—(jo logt- +log2d| + exp [—p*é’g(gbo)(jo logt—i—logd} .
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Combining this with the probability that |77,[/|Ti.| > p./2 (Lemma EC.10), and using a union

bound gives

A h
Pr |17 - Bl > }

4 max

<exp [ Gologt - 128(¢20) +log2d| + exp [—p*éz(qﬁo)cjo logt + log d] +2/tt.
Now, using definition of ¢y, in particular
logd 1024 log 2d
do > 5 = and  go > 0 xmax o8
p*CQ *Cl

and the fact that d > 2 and ¢ > (K¢)?, the result follows. [
We again define the event A; in the same way as (3) in order to prove the tail inequality for the

all-sample OLS estimator.

PROPOSITION EC.3. When t > (Kq)?, for i € Ko, the all-sample estimator 3(S;,) satisfies the
tail inequality

2

(¢0>+log2d] —Qexp{ 02(¢0) “t+logd| .

3 . — M. < > _ _ 2p*
Pr[llﬁ(&,t) lell_x}_l eXp[ e

Proof of Proposition EC.3 First, we note that Lemma EC.12 holds for the OLS estimator as
well since the forced-sample tail inequality for the OLS estimator (Proposition EC.2) is slightly
stronger than the forced-sample tail inequality for the LASSO estimator (Proposition 2), 5/t*
versus 4/t* error bound.

From Lemma EC.13, we have that at time ¢ > (K¢q)?, each of {1,...,t} \ U, T, belongs to S/,
with probability at least p./2. Applying Lemma EC.14 and Lemma EC.21 with p = p./2 and
|A| > p.t/4, we get, using a union bound,

Pr[18(50) — Billi > x]

Por/P+/2 \ tp. 2(¢0)p*t P2
< _
exp ( 5 4 “Zx?+log2d| +exp 16 +logd| + exp 128t
3 2
<exp [—tXQW +log2d| +2exp { 02(d>0) t + log d]

where we have used Cy(¢) <1/2 in the last step. [

EC.7.5. Bounding the Regret in the Low-Dimensional Setting

We can now use the above tail inequalities to sum up the expected regret contributions from the

three groups of time periods:
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(a) Initialization (¢ < (Kq)?) or forced sampling (¢ € T; r for some i € [K]).

(b) Times t > (Kq)? when the event A; ; does not hold.

(¢) Times t > (Kq)? when the event A, ; holds and we do not perform forced sampling, i.e., the

OLS Bandit plays the estimated best arm from K using the all-sample estimator.
We first note that the regret bounds of §EC.5 for groups (a) times where t < (Kq)? or we are
force-sampling, and (b) time periods where A; ; does not hold can be re-used. This is because the
forced-sampling schedule is the same and the tail inequality we prove for the OLS forced-sample
estimator is strictly stronger than the tail inequality for the LASSO forced-sample estimator. We
now focus on bounding the regret from time periods (¢) when ¢t > (K¢)?, we are not force-sampling,
and A;_; holds.
In this section, we simplify our notation by letting Bl = B (S;+) for all i € [K]. We also define the

constant Cs (¢, p.) = p>C1 (o) /256, but to simplify the notation, drop the references to ¢, and p,

in all constants Cy,Cs, ... since the values for ¢ and p, will be fixed in the remaining.

LEMMA EC.24. If Algorithm 2 does not use the forced-sample estimator and A,_; holds, then the
expected regret at time t is bounded by
8K max(Cy, 1)z, [log(12d)]*/2
tCs
Proof of Lemma EC.2j Recall from Lemma EC.18 that since 4, ; holds, the set K contains

2
0, P
+ 8K b yaxe” C261L .

the optimal arm " = arg max;c(x; X, B; and no sub-optimal arms from the set K,,;,. Without loss

of generality, assume that arm 1 is optimal, i.e., 1 = argmax;c1, ..k} X, B;. Then, the expected

.....

regret at time ¢ is given by

E[r,]=E Z X, (B —B)-1T [z =arg _max X;Bj]

. 1,...K}
ieK,i#1

<E[ 3 XT(B-B1[XT 6> X/ 6]
i€k, i#l
subset of the event X, 3; > X7 31, and that E[X,” (8; — ;)] > 0 (since we have assumed that arm
1 is optimal). Thus, we can bound 7, through the regret incurred by each arm with respect to the

optimal arm independently of the other arms. We now define, for each r=0,1,2,3,... the event
B:ﬂ = {meaxr5 S XtT(,Bl - /87,) < 2xmax(r + 1)5}

where 0 is a parameter we will choose later to minimize regret. Note that, since XtT (81— Bi) <
2T maxh, B! is empty for r+1>b/d. Then, we can write

[b/6]—1
Elr] < 220u0E | S (r+1) S H[(XJ B> X Bl)ﬂBf} (EC.5)

r=0 i€k, i#l
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by the definition of B!.
Note that the event (X, 3; > X, 8;) N B for i # 1 implies that

0>X, "8 — X, B;
= [ XA - X[ 8] + | X7 B X[ 8] + [X] 81— X[ 8]
> | X (Bi=80) |+ [XT (8= 8:) | + 20mar.

Thus, it must be that either X, (Bl - 51) > TaxTd or X1 (ﬁi - BZ> > TmaxT0 which means, using

a union bound,

P [(XT 3> XT ) ﬂBﬁ} <Pr {(X: <31 - 51) > Tonax?0) mBi} +Pr [(XtT (6 - B) > TinaxT6) mBi]
<Pr[(18: = Aill > r9) B+ Pr (16— 5l > r) 0 3]

—Pr [Hﬂl — Bl > 7“5} Pr[Bi] + Pr [”Bi — Bill > ra} Pr[B] .

Note that the last equality uses the fact that event B! depends on the randomness of X; that is
completely independent of past samples that impact the randomness of 31 and Bi.

Next, recall that the tail inequality (Proposition EC.3) implies that for all j € K, and all 7,6 > 0,
A~ ~ ~ p2
Pr [Hﬂj — Bl > 7“6} < min {1, exp [—037“25275 + log 2d} +2exp [—026;123] } )
Combining this with the fact that, via Assumption 2 on margin condition,
Pr[B!] <Pr [X," (81 — i) < 2@max (1 + 1)0] < 2Co@max(r +1)3,

we get,

~ .2
Pr [(X:Bz > X, 61)N Bi} < 2Pr[B!]min {1, ¢~ Cor*dttlog2d | 26C22<*1t}

. 2
< 2Pr[B!]min {1, 6703”252”1%%} + 4Pr[Bi]e*C2%4t

- ' . p2
< 4001:max(r + 1)5 min {17 6—C3T252t+log2d} + 4PI‘[B:,]6_CQ gjt

- 2
<ACH T pax (r + 1)d min {1, e‘c3r252t+1°g2d} + 4e=Cait | (EC.6)
Note that, for a large r the term e~ Catr?6®+1082d wil] he small. Therefore, we will use the term 1 for

small 7 and the second term for large r. Combining (EC.5) and (EC.6), setting 6 = 1/+/Cst, and
defining

R=R(d,t,0)= L\/WJ ;
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we have
[by/ C’gtjfl b/ égtjfl
8K Cya? & , SK b2 max -\ o2
E[r,] < S0 max E (r+1)*+2d E (r+ 1)26_72 + i E (r+ 1)6—02%4t

tC3 r=0 r=R+1 \% é3t r=R+1
lby/ C3t]—1

8K Cox?  [log(12d)]*? 16K dx? -
< 0T [Nog( )] + ~xmax Z <T+1)2€_T2+8Kbl’max€_c2%ft.

max

tCs tCs By
Now, note that
Z (r+ 1)267T2 <4 Z r2e"
r=R+1 r=R+1

< 4/ u267“2du

R

—2Re + 2/ e du

R

where the second inequality follows from Lemma EC.16 and the equality is via integration by parts.
Therefore,

oo fe'e)

r+1)2e " <2Re M 42 [ (Z) e du
R
r=R+1 R
_R?
= 2R -R? 67
e =+ 7
~ Vlog(12d)
- 3d
Summarizing,
2 3/2 2 1/2 _ 2
Efr] < SKC’oxmaX[{og(IQd)} N 6meax[lo~g(12d)} 8K b, -Gl
tC3 tC3
2 3/2 _ 2
< 8K max(Cy, 1)z2, [log(12d)] +8Kbxmaxe_02%lt, -

tCy
LEmMA EC.25. The cumulative expected regret from the time periods in group (c), times t € [T]\
[(Kq)?] when the event A;_1 holds and we do not perform forced sampling, is bounded by

SK maX(007 1):1:12112( [10g(12d>]3/2 IOgT =+ O4Kb$max )
3

where
8

1—exp [—ég %2%1]
Proof of Lemma EC.25 Using Lemma EC.24,

04:

T
8K max(Cy, 1)z [log(12d)]*/?logT SKbTpax
Z ]E[Tt] S X( 0 ) mg([ g( )] g + <~ - ) |:|
t=(Kq)2+1 3 1-— exp |:_C227f1:|

Summing up the regret contributions from the previous subsection gives us our main result.
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Proof of Theorem EC.1 The total expected cumulative regret of the OLS Bandit up to time T’
is upper-bounded by summing all the terms from Lemmas EC.15, EC.17, and EC.25):

8K max(Cy, 1)z, [log(12d)]*/?log T

max

Cs

Ry < 2qK b yax (6108 T + K q) + 2K b oy + + Cu Kb oy . O



