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Proofs and Derivations

EC.1. The Dynamic Choice Model
EC.1.1. Individual customer’s sequential decisions.

Given price trajectories and personal preferences, each individual customer solves her own dynamic
program (DP) and behaves according to the corresponding optimal policy. The individual cus-
tomer’s DP model consists of a state variable s;, a control variable a;, the Markov state transition
probability p(sy|s:,a;), the instantaneous utility function r;(s;, a;), and a discount rate p > 0. The
individual optimal policy is given by §* = argmax; IE(;( fOTe_ptrt(st,at)dﬂsO), where the expec-
tations [E; are taken over the state-control realizations induced by d. We introduce the choice
set A, ={n,p,i} for non-passholder customers and A, = {n,r,i} for passholders, where p,r,i,n
stands for pass purchase, redemption, individual purchase, and do nothing, respectively.

Now we derive the customer’s DP by considering what happens in a small time interval [t,t 4+
h) based on the Bernoulli approximation to the Poisson process. Such an approximation disre-
gards o(h) terms and is standard in stochastic models. When doing so, the resulting dynamic
equations are effectively in discrete time with the step (time unit) of length h. The paper is focused
on the case in which A — 0, and the stated discrete-time dynamic program provides an intuitive jus-
tification of the utility evolution process. A decision opportunity arises with probability Ak + o(h),
the probability of no decision opportunity is given by 1 — Ah+ o(h), and the probability of having
more than one opportunity is o(h). If no decision opportunity arises in this interval, the situation
is not different from choosing the do-nothing action (a; =n). Therefore, the Bellman equation for

a customer at state s, is

Vils:) = max { M [ri(se, ) + € E(Vin (s10) 31, )] (EC.1)

+ (1= AR [ry(50,m) + € PE(Visn (04n) 50, m)] + o(h)}.

The individual’s state variable, s;, may involve many factors such as the number of pass credits
at one’s disposal, demographic attributes, personal preferences, loyalty, and consumption needs.
The customer can take all factors into account but not all are observable by the firm. From the
firm’s perspective, the number of remaining credits (credit balance) is perhaps the easiest factor
to observe, sometimes the only one. For example, many passes are sold in the form of anonymous
chip cards that only store the credit balance. Some passes track the credit balance by stamping
on the pass. Since these passes do not store personal information, the credit balance is the only

state variable observable to the firm. Therefore, it is plausible to partition the state variable into
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two components, namely, s, = (2, ¢;), where x, € {0,1,...,k} denotes the number of remaining
credits, which is observable to the firm, and €, represents the myriad of information observed by
the customer but unobservable to the firm.

The discount factor p is related to the level of strategic behavior: when p — 0o, we have e=?" — 0
in (EC.1) meaning that the customers disregard future outcomes and solely focus on the present.
That is, they are myopic. When p — 0, we have e ”" — 1, in which case future utility is not
discounted and impacts the present with full strength. In this case customers are fully strategic.
For 0 < p < o0, the customers are partially strategic, which is the most realistic case. In general, a
lower p is associated with more strategic customers.

We make two standard assumptions in dynamic discrete choice models: additively separable
utility and conditionally independent state components. These assumptions are required to make

the problem tractable and amenable to statistical inference.

AssumpTiON EC.1 (Additively Separable). The instantaneous utility function is additively
separable in the observable and unobservable components, namely, ri(s;,a;) = ui(ws,a:) + €:(as),

where €,(a;) is a random variable representing the unobservable component related to action a.

For non-passholder customers (x; = 0), the choice set is A,, = {n,p,i}. Let a denote the average
value generated by each consumption. Then the observable components are given by u(0,n) =0,
ut(0,p) = a— p;, and u;(0,7) = a— f;. The unobservable components are included in the vector €, =
(e:(n),€:(p), €(7)). Similarly, for passholders (z; =k > 1), the choice set is A, = {n,r,i} and the
observable components are u(k,n) =0, u,(k,r) = a, and u,(k,i) = a — f;, where k=1,...,k. The
unobservable component vector is €; = (€,(n), (1), €,(2)). Let g(€;) denote the joint density function,
and according to the standard practice in discrete choice model, we normalize it so that the marginal

mean is zero, i.e., Ele;(a;)] =0 for all action a;.

AssumpTION EC.2 (Conditional Independence). Conditional on x; and a;, the density for
Ty, does not depend on the unobservable component €,. Further, €, is independent and identically

distributed. This assumption can be summarized as p(Tiyn, €ran|Te, €y as) = p(Tian|Te, ar)g(€rin)-

The concept of Assumption EC.2 is illustrated in Figure EC.1. Intuitively, it assumes that e, is
noise superimposed on the main dynamics that are described by p(x;yn|x:, a;). Note that each action
impacts the credit balance with certainty. For example, if a non-passholder customer purchases the
pass, her credit balance jumps from zero to k with probability one. If a passholder redeems the kth
credit, the credit balance becomes k — 1 with certainty, otherwise it remains unchanged. Hence,

the conditional distribution p(z;,|x¢,a;) is degenerate.
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Figure EC.1 Structure of dependence implied by the conditional independence assumption.

Under Assumptions EC.1-EC.2, the individual customer’s Bellman equation (EC.1) becomes

Vt(It, Et) = H}I{;LX {)\h [Ut(It, at) + Et(at) + 6_phE(‘/t+h(.Tt+h, €t+h) |xt, at)} (ECQ)

(1= AR) [, ) + €(0) + € B (Ve (@osnsern) 2, m)] +0(R) }, w0 =0, .

EC.1.2. Expressing the expected utility.

Since ¢; is the noise superimposed on the number of credits, we calculate the expected utility of k

credits by integrating ¢, out, namely,

Uy(k) 2 / Vi(k, e)g(e)der,

which is called the integrated value function in the dynamic choice literature. For simplicity, we will
call it the expected utility function in this paper. Intuitively, it is the continuation value of having k
credits, just before €; is revealed. This utility function plays a central role in dynamic choice
modelling. Since it captures the long-term utilities, it must be distinguished from the instantaneous
utilities.

We now begin to derive the system of differential equations that characterize this function.
We integrate the unobservable components out from both sides of (EC.2) to obtain the following

integrated Bellman equation :

Ut(k) =\h / IILEtLX {ut(k, at) + Et(at) + e_phUt+h(xt+h|k, at) }g(ft)det
+ (1= Ah)e ""Uyn(k)+o(h), k=0,... k. (EC.3)
The derivation of equation (EC.3) is based on two facts (i) unobservable component has zero
marginal mean, i.e., E[e;(n)] =0, and (ii) the state transition probability distribution p(z,i|z:, a:)

is degenerate.

For non-passholder customers (k= 0), the integrated Bellman equation becomes

U,(0) = / max{ul,, u, u Yg(e)des + (1 — Ah)e=" Uy (0) + o(h), (EC.A4)
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Non-passholder customer
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o Buy individual item . B
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No decision opportunity er(n) + e’phUHh(O)
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EC2.pdf t t+h

Figure EC.2  Illustration of integrated Bellman equations for (a) non-passholder customers and (b) passholders.

where uf),, uj, and uj, are given in Figure EC.2-a. The optimal action is the one that gives the
maximum utility. For example, it is optimal to purchase the pass if uf, = max {uf)’t, ud,, u(}t}. There-
fore, the corresponding purchase probability is given by wf, = Pr(uf, = max{uf,, ul,,uy,}). In the

same vein, the integrated Bellman equation for passholders with k& credits is
Ui(k) = )\h/max{uzt,u};t,uzt}g(et)det + (1 =Ah)e P"Uppn(k) +o(h), k=1,...,k, (EC.5)

where uj,, ui, u}, are shown in Figure EC.2-b. It is optimal to redeem a credit if u}, =

max {u},, u},,u}, }, and hence the redemption probability is 7}, = Pr(uj,, = max{uj,, u,, uf, }).

EC.1.3. Expressions for the choice model

We make another standard assumption on the joint distribution of the unobservable components

that corresponds to the nested logit model (McFadden 1978).
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AssumpTION EC.3 (GEV Distribution). The joint density function g(€;), or g(€y, €a, €3¢), fol-

lows a generalized extreme value (GEV) distribution with the following joint distribution function:
Pr(ey < y1,€2 < Yo, €3 < Y3) =e€xp {e%m[—e_y?l — (e_ﬁ% + e_%}/)“’]}, (EC.6)

where Ye,, = 0.5772 is the Fuler-Mascheroni constant used for normalization.

The parameter p > 0 measures the variability in unobserved components, and the parameter v €
(0,1] measures the degree of independence between the idiosyncratic terms €y, (consume individ-
ually) and €3, (consume with the pass), which belong to the same nest. A larger v represents
greater independence. For example, v =1 means €5; and €3; are independent, v — 0 means they
are perfectly correlated. In reality, v is usually somewhere in the between: €5, and e3; are generally
correlated because both individual items and passes relate to consumption, but the correlation is
not perfect.

To simplify the notation, we write U;(k) as Uy, from now on. By taking the limit A — 0 (see
Appendix EC.2, the formal derivation follows from Chapter 2.3 of Githman and Skorohod (1979))
and making use of the properties of the GEV distribution in (EC.6), the integrated Bellman
equations can be written as a system of ordinary differential equations, and the choice probabilities

take the form of a nested logit model as shown in Theorem 1.

EC.2. Proof of Theorem 1

Proof: The expressions of choice probabilities are based on Theorem 1 in McFadden (1978).
We focus on the derivation of utility expressions. For sake of brevity, we only cover the case for
non-passholder customers, but the passholder case can be derived in the same way.
Based on the integrated Bellman equation for non-passholder customers (k =0), we have

. Uit (0) = U (0

= —)\{ /max [a—pt +e(p) e "Upn(k),a— fi +e(s) + e ""Un(0),

1—ePh

e(n) + €7phUt+h (0)|g(er)der — pyem — 67phUt+h (O)} + }ng(l) TUt—&-h (0)

—-{ / max [a = py+ €(p) + Uy(k),a — fi+ (s) + Un(0), er(n) + Us(0) | g(€r)der = pryem — Ur(0) } + pU(0).

The integral on the right-hand side is the expected maximum utility. Based on the corollary of

Theorem 1 in McFadden (1978), we can verify that

/max [a*pt‘i‘ft(p)+Ut(k)aa*ft+€t(5)‘f‘Ut(O)aft(n)‘*‘Ut(o)}g(ﬁt)det

a*ft> +exp (a*ptﬂ'Ut(k) —U(0)
2 2

:uln{l—i-exp( )}+/~L’Yem+Ut(0).
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Therefore,

U,(0) = —)\Mln{l—i-exp (a;ft) Fexp (a_thrUt/Ek) _Ut(o))}+pUt(0).

The equations for U,(k) can be derived in the same way.
Now we prove the uniqueness of the solution. Note that function on the right-hand sides of (2)
are measurable and global Lipschitz continuous with the constant A + p. Then, by Corollary 2.4.5

of Vinter (2000), the solution to the terminal value problem is unique. [

EC.3. Properties of the expected utilities

To gain a deeper understanding of the integrated Bellman equations, we use the example of k =1 to
highlight some important properties of the expected utilities. First, the expected utility of having

one credit is always higher than having no credit:
COROLLARY EC.1. When k=1, we have Uy, > Uy >0, for 0 <t < T.

This illustrates the expected utility’s dependence on the number of remaining credits. Intuitively, we
can understand the monotonicity result by a relaxation argument. The monotonicity in k suggests
that the utility of having k£ + 1 credits is higher than the utility of having only k credits. For a
customer with k + 1 credits in hand, she can “throw away” one credit and consume the rest as if
she had only k credits. Hence, the value of holding k + 1 credits is at least as high as holding k
credits, namely, U1y = Upe.

Second, the expected utility is not fixed and generally decreases as one approaches the end of

horizon:

CoOROLLARY EC.2. When p < 0o, we have Ukt #£0, for 0<t<T. When p=0, we have Ukt <0,
for0<t<T.

This illustrates the utility’s time-dependence. Because one has fewer decision opportunities near
the expiration date, the utility of the credit is also lower. We also note that the expected utility
of the no-purchase option is not always zero because, by choosing the no-purchase option now,
the customer is also waiting for future purchase opportunities that may generate positive utilities
(except at the end of the horizon when no future opportunity is available). Third, the credit’s

marginal utility is higher when customers are more strategic (p is smaller):

COROLLARY EC.3. When k=1, let {U;,,0<t<T,k=0,1} denote the utility path associated with
the discount factor p;. Then, py > py implies that U, — Uy, <UZ —UZ,, for 0<t<T.
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EC.4. Proof of Corollary EC.1

Proof: We first transform the problem using the reversed time index ¢’ =T — t. Clearly,
all utility and price paths can be written in the reversed time as Uy, = Uygr—vy, fi = fr—v, and
pe = pr_y. We define the time-reversed utility path as Vi = Upr—vy for k=0,1. Similarly, define
time-reversed price path as f}, £ fr_y and p}, = pr_y, respectively.

Note that dUy/dt = —dUyr—y/dt' = —dVyy /dt’ and Viy =0, for k=0, 1. Then the state equation

for utility can be rewritten as

Wir _ 3 {1 n [exp (M) +exp (ﬂ)]”} Vi (BC.7)
dt Y Wy

dVor a—pl+Vie — Vou a—fiN?

o —/\,uln{1+[exp< e )+exp( o )} }—pVOtl. (EC.8)

with initial value Vo =0, for k= 0,1. Define V, £ et Vi and V), & e” Vi, then according to

t
(EC.7) and (EC.8), we obtain

av’, , _ —pt ' —pt’ ' —
Vvl/t — Pt )\/Lln{l—}-[exp(a € ‘/M +e %t )+exp (%)}V}7 (ECQ)
dt wy Ky
’ , —q, —pt’ ' —pt’ ' —f
dVvOt’ :ept Auln{1+[exp<a pt —|—€ ‘/11‘, € %t )+6Xp<a ft )]W} (EClO)
dt’ oy oy

It is clear that the log terms on the RHS. of the equations above are nonnegative, the Barrow’s
formula (Arnol’d 1992) suggests that V), >0, for k=0,1, which implies that Vi >0 and then
Ui 20, for k=0,1.

Next, we prove Uy, = Uy, for 0 <t <T. Define AV} £ Vi — V. Subtracting (EC.10) from
(EC.9) leads to

afe_Pt,AVl, a*f// v
Lt [oxp (252 e ()]
dAV, o \iln + |exp = +exp | —5
/ a—p' t+e—pt / a—f! v
dt 1+ [exp (—pﬁ ’ AV“) +exp( ft’)}

wy Y

Because the pass price is assumed to be nonnegative, i.e., pj, > 0, the RHS. of the equation above
must also be nonnegative. Again by the Barrow’s formula we have AV}, > 0, for 0 <t < T, which

implies that V/, >V, then Viy > Vi and finally Uy, > Uy, for 0<t<T. O

1t/ ot
EC.5. Proof of Corollary EC.2

Proof: We prove the corollary by contradiction. Suppose we can find that Uy =0for0<t<T.
Then we must have Uy, =0 for 0 <t < T because the terminal condition requires that Uy = 0.
This would further imply

/\,uln{l—i— [exp <a— Ukt::yU(k_l)t) + exp (a;yft>r} =0, ifk=1,... k,

Auln{1+ [exp<apt+ugktU0t> +exp (a*ftﬂv}:o, if k=0
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Since both of the above equations are impossible for finite prices, we obtain a contradiction. There-
fore, it is impossible to have Uy, =0 for all 0 <t <T. An exception is the limiting case of p — 00,
which represents the myopic-customer scenario with all utility being zero.

When p =0, the utility state equations (2) become

Ukt:—)\uln{l—i- [exp (aUkt;yU(kl)t) —i—exp(a';yft)r}, k=1,....k,
UOt:—)\/An{lJr [exp(a_pt—i_UEt_UOt) + exp (a_ft)]v}.
By By

It is clear that the left-hand sides of above equations are both negative, therefore we have shown

that Uy, <0, for k=0,1,...,kand 0<¢t<T. O

EC.6. Proof of Corollary EC.3

Proof: We consider the problem in the reversed time frame ¢’ =T — t. Then, similar to the
proof of Corollary EC.1, we have Uy, = U} , for i=1,2, f; = fr_y, and p; =pr_y. The time-
reversed utility paths are defined as Vji, £ Upir—y With initial values Vi, =0, for k=0,1 and
i =1,2. The time-reversed price path are f;, £ fr_y and Dy £ pr_y, respectively.

We define AV} £V, — V!, and AV} £ V32, — V2, then by Theorem 1, we have

a—A 1, a—f!, v
Lt fexp (550) exp (5

a— / A 1 a— ’
1+ [exp <4sz’; Vt’) +exp< ft’)}

AV}
dt’

= Auln = —pAVy

Ky

a—AVt% a— tl’ v
1+ [ep (55 e (51

a—p',+AV] a—f!
1+ [exp (%) +exp (Tﬁ)}

the inequality follows from p; > p, and AV,; > 0 (Corollary EC.1 implies that AU} > 0, which then

< Apln

= — p2AVy, (EC.11)

implies AV} > 0). Next, we will derive an upper-bound solution for AV,;. We use the RHS of the

inequality in (EC.11) to construct a new differential equation as follows

a—AV,, a— // v
= =Auln pr T~ AV, (EC.12)
dt 1 t t t
+ [ (557 ) e (53]

with initial value AV, = 0. Then, we must have AV} <AV, That is, AV, is an upper bound for
AV,}. One can further recognize that (EC.12) is actually the differential equation that determines
AV;7. Therefore, AV, = AV;?. Now we have AV,; < AV7, which suggests that V}}, =V}, <V, =V,

and finally U}, — Uy, < U}, — U3, thereby completing the proof. [
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EC.7. The Optimality Conditions

We apply Pontryagin’s maximum principle to derive the necessary conditions for the optimal pricing
policy (Sethi and Thompson 2000). The control variables are prices, f; and p;; the state variables
are population distribution over credits, wy:, and the expected utilities, Uy;. According to the
classical interpretation, the Hamiltonian function combines the direct instantaneous contribution

to the objective with the indirect contributions of the state variables:
k k
H =X(p: — c)wormg, + Z Afe = Qwremy, — Z ACWt Ty

k=0 k=1

+ Apln(l —mf, —71,) — ApIn(l — 75, — mg,) + pAULny;

k
+ Z[)\M In(1 —my, —mp,) — Apln(l - Wfk—m - W(sk—m) + pAUk ]y
k=2

bl

—1

+ (Awemryy — Adwo, 6 )1, + ()‘w(k+1)t77(rk+1)t — AWk T )y + (AWor TG, — AWg T, )05
1

=~
Il

where the adjoint variables 7y, and 7}, are interpreted as the shadow prices for the population dis-

tribution and utility, respectively. The adjoint variables n}, satisfy the following adjoint equations:
OH

Tor = _m = _)\{ptﬂgt + fimo: — Wgt(n(l)};, - 7717':;) - (Wgt + ﬂ-gt)c}a
- W 8H s r 1.
let:—awkt A{fmkt—l—ﬂkt(n —ng) — (ﬂkt+7rkt)c}, k=1,...,k.

The terminal values 7% = 0,k =0,...,k imply that the population distribution has no indirect
effect on the objective at the end of the sales horizon. From this point on, we introduce new
Valiiables for the credit’s marginal shadow price, An}, = Ne—1ye — Mt fork=1,...,k, and let Any =
Z:Zl An, =ng — 03, Then, the new variables satisfy the following equations:

Aty = =Mt (v ZA% )+ (i = ) = [ (o — )+ whu (At — ), (EC.13)

Anlqcﬂt = _)\{ﬂ-ﬁkfl)t(ft - C) + Tr(lcfl)t(AnEl;ffl)t - C) - [ﬂ'lzt(ft - C) + Trl:t(AnI:)t - C)] }7 k=2,... .k,
with terminal values An%, =0,k =0,...,k. To make the presentation more concise, let us define

fyé'Y(l_Wgt_Wgt)_l & év(l—ﬂﬁt—ﬂit)—l =1 2
o o + o T Tt + Thy ’ Y

Then, the adjoint variables 7, for marginal utilities satisfy the adjoint equations:
Wgtﬂgt
My

k
» Lt
Mt = _OTUM = —)\th{ ,UO; (1+70.00:) (P ; Mot — b0 (fe — C)}

T T T , w
— A { = PR G (= o) — T (1L, 60, ) (A, — )}
wy g
u u A —ne ), k=1,...k—1.
— Aoy — Py + { (;’(k—H )i b T (EC.14)
771«5 kt? W
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with initial values n{, =0,k =1,...,k. Note that the equation for n{, has an initial value, which is
opposite to the standard adjoint equation with terminal values. With terminal values, a positive
adjoint variable represents a positive contribution to the objective. But with an initial value, a
negative adjoint variable represents a positive contribution.

One of the first-order conditions for the Hamiltonian is given by 0H/0p; =0, more specifically,

P

k
~ =2 (1 + 70, (p Z Mie =€) + Mgy —
k=1

7r0t7T0t

)\wm{ Gor(fi — )} — Anym, = 0. (EC.15)

The other first-order condition is given by 0H/Jf; =0, namely,

7T s s .
/\wm{ ot 0t¢ ZMM ¢) + 7, — p(’))t/(l s dl) (f — c)}
)\ s WZtWZt ¥ A wo_
+ ZUHct 1+7rkt¢> D(fi—c)+ 7, - 1 (At —¢)
e
— Mo — Z Mesye = Mie) The + Mgy, = 0. (EC.16)

k=1

The conditions above correspond to the maximization of the combined direct and indirect instan-

taneous contribution to the objective at every point of the optimal price paths.

LEmMA EC.1 (Optimality Conditions). For any optimal controls (i.e., the pass and individ-
ual price paths py, fi) and the corresponding state trajectory (i.e., wf, AU} ) satisfying the state
equations (1), (7), and their boundary conditions, there exists an adjoint trajectory (i.e., N, nix

satisfying the adjoint equations (EC.13), (EC.14), together with their boundary conditions, such
that, at each t, the values of purchase probabilities deliver the global mazimum of the Hamiltonian,

with the first-order conditions given by (EC.15) and (EC.16).

The conditions stated in Lemma EC.1 provide a characterization of the optimal prices and the
corresponding state and adjoint trajectories. It is a boundary-value problem for a large system of
nonlinear differential and algebraic equations. Problems of this size are generally prohibitive to
solve analytically and almost always require numerical studies to gain deeper understanding.

Our numerical solution to optimal control problem is based on nonlinear programming (NLP).
We use the direct transcription formulation (Section 4.5 of Betts (2010)) for the computation,
with the trapezoidal method as the Runge-Kutta scheme. The values of the state and control
variables are treated as NLP variables, and the differential equations are replaced by a finite set of

constraints. The implementation is performed under AMPL with solver Knitro (ver. 11.1.2).
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EC.8. Derivation of Optimality Conditions

We provide some details omitted in Section EC.7 as a supplement. After introducing the new

adjoint variables An}, the Hamiltonian can be rewritten as the following

H =Xwor(perhy + fimy) + A frwgemy + ApIn(1 =77, —78,) = Auln(1 —7h, — 75,) + pAUw I,
k=1

k
+ Z [ApIn(1 — ) — ApIn(l — 71'(Tk—1) 7T(k 1)t ¢) + AUk,

k

=2
k
+ A (wiemh, — wormh ) Ay — [Mwo (7, + ) + A Y wi (g, +73,)]e,

k=1 k=1

which can be further simplified as

H =X\wy, [WOt Z Any, —c) + 7, (f ] +A Z Wit [Wkt —c)+ 1, (Ang, — c)}
k-1
—ApIn(1 — 7, — WSt)ant =+ Z { —ApIn(l — 7y, — WZt)(nELk+1)t - nZt)}
k=1
k
+ Apln(l — g, — 73 )5, + o Z AUjtnjy-
k=1

The adjoint variables 7}, satisfy the adjoint equations:

8H k 87’(‘5
Mkt (9AUkt 8AUkt ; nkt aAUkt (ft C)
877' 871'7"
A [ kt kt Ap — ]
Wit OAU,, (f C) * 0AU}, ( kt C)
e R S e S
1t kt M. 3(7‘( +7L )
OAUy,; +)\H1_”£ft_”ra akAtUktM  k=F,

with initial values ¢, =0,k=1,..., k.

The first-order conditions for the Hamiltonian are

O0H g, { 87r0t Z Al — ¢) + 8, + o, (f— c)} Y ni, (87rgt N 67r3t) o,

apt Opy L —7g, — 75, \ Opy Opy
oH orb, ong ony, w
aift :)\wot{ o Z Amy, — c)+ Tot 8f } + )\Zwkt { —c)+ T T a7, (A Mt —

Uit O g, n(k+1)t Mkt Oomy, | Oy,
+A + + A +
“1—7rgt—7rgt<aft 8ft) Z wkt—ﬂkt<aft aft)
77kt (8#—” +87r;—:t):0‘
1 - — 7T 8ft (9ft

c)
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The full expression of the derivatives are

oy, orb, r ., [ b,
— = =——7b |14+ (vy—1)——"— —~v7b |,
OAUy  Op, py ( )Wé’t + 78, o
or, 1 [ T
=——ai |1+ (y—1)—"— — 7. |,
a7, 1y ot (7 )Wgt ey TToe
_ Omg _ omg, _ omgy _ _iﬂ,p o [7(1 — ot — Toe) — 17
aAUkt 8pt 8ft 0ETot 7T0t =+ 7T0t ’

_(87r§t+87r§t>:_<8775t 87r8t)_1 p(l_ P _ 8)

=7 T To: ),
Opy Of: Op, Opy or o o
ors, Oy, ony,  Omg, 1
- + >:_< +7):*5 1 —mG, — 50),
( 3]% aft aft aft Ot( 0t Ot)
and
ony, 1 [ T
S Y FRA L TR |
aAUkt Ly kt (’7 >7T£t +7th i kt
o3,

1 [ o
—— 1+ ")/—1 ﬁ—’yﬂ's},
of Hry M ( )ﬂ-kt—l_ﬂ-kt M

oMy Ompy i r s (YA = —mg) —1
OAUy — Ofr  py KR r !
kt i wy Tt T Tt

ony, ~ Om 1 . s
8]‘{? afit:_ﬁﬂkt(l_ﬁkt_ﬁkt),
ony, ony, 1

= ——mp, (1 =7 —7},).

8AUM 8AUkt N 1%
By substituting the derivatives back to the adjoint equations for 7}, we obtain (EC.14). Substi-

tuting the derivatives to the first-order conditions gives (EC.15) and (EC.16).

EC.9. Turnpike Equations

The turnpike customer-flow equations are obtained by setting the derivatives in (1) to zeros:

0 = AO(t1) T (jp1) — AOLTY,  k=1,....k—1, (EC.17)
0 = A\MwoT§ — ANwgTy, (EC.18)
0 = Ay 7] — AWy (EC.19)

The turnpike marginal utility equations are obtained by setting the derivatives in (7) to zeros:

(1 =7, 4y =75 qy) —In(1 =7 —7})] = pAU, k=2,... .k, (EC.20)
M[ln(1 =78 —75) —In(1 — 7} — 7)) = pAU,. (EC.21)

By setting the derivatives in the adjoint equations (EC.13) to zeros, we obtain the following turnpike

adjoint equations for customer flows:

k
- S AR - o)+ m(f - ) =7 — o)+ AAGY — o), k=1....k (EC.22)
k=1
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The steady states of the adjoint equations for utility (EC.14) are given by

0= Aoy~ { E:Am,— ﬁ_ )_1[ (- ﬁ?AMM_)+ﬁﬁf—@”

+7T0

yl—-7,—7)—11_,, = A
o {o 7i(F oy mion o]
+ wk“ku My —c+ 7 T (f — o) + T (Af — o)
A —gay, k=1,...,k—1
_ )\ﬁgﬁ? _pﬁZ+ ("7(1?12 77/9)71-14:7 - ) ) (E023)
AR, k=k.
One of the turnpike first-order conditions is given by the steady state of (EC.15):
: Y1 =7 -7 : 1
5= 3" A -y + LT —T0) -3 anp o)+ ms(F - >}+m*1=0- (EC.24)
k=1 o + 7 k=1
The other turnpike first-order condition is given by the steady state of (EC.16):
1 - vyl =78 —75) -1 -
/\—u‘m‘rs{f—c—,wy—i— 0= 75) [ Ay —c)+7 f—c]}
wy oo o + 75 Z g ol )
k _ _
L~ ol VA =m —m) =17 7 A
+A— wﬂs{f—c—,u'y—i— — [ﬂsf—c + 7 Anw—c}}
2 SLID w0+ iy o)
k—1
== M T =AY N1y — e )Tr + AT (EC.25)
k=1

To complete the system of equations, we also need the following turnpike choice probabilities:

a—p+F_| AT, a—p+3F_ AT, aef
exp ( Hy ) [exp ( Hy Texp 5

)
T = 4 [exp (aprrZE:lAUk) +exp < = )}’Y 5 (EC.26)

Y

_ . k& — _ v—1
exp (‘;’C) [exp (7‘1 p+szlAU’“) +exp (a_y' ﬂ
T = 5

s = — - , (EC.27)
1+ [exp (7(1_”%’;:1 Uk) + exp (al;/f }
eXp (a—AU;C) {eXp (a—AUk) + exp (af‘f)]'y—l

AT Yy ] e N Y 7 (EC.28)

k a—AU a—f v

1+[exp< W’f)+exp(w>
_ _ _ ~y—1

o () (52 w0 ()

7= A — (EC.29)

1+ [exp (“ AUk) +exp(

ny
These turnpike choice probabilities are derived from (3), (4), (5), (6) by replacing the utility paths
with the corresponding turnpike marginal utilities. The equations (EC.17) -(EC.29) constitute a

closed system that fully characterizes the turnpike.
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EC.10. Proof of Lemma 1

Proof: Consider the full expression of the turnpike utility equation (EC.20)

1+|:€‘Xp(a AUk)jLexp</w )F
L e (=532 e (1)
1+ [exp (“ fUl) —i—exp(

Wy

Apln = oAU, k=2,... .k, (EC.30)

\

] =~ = pAU;. (EC.31)
)

Note that (EC.30) has a special structure that leads to the following equivalence for all k=1, ..., k:

Apln

‘h I

AU, > AU, < AU, <0,

AU, =AU, = AU, =0,

AU, < AU, & AU, > 0.
which implies that, for all k, if AU, <0, then AU,_, <0 because 0 > AU, > AU,_;. By the same
argument, if AU, =0, then AU,_; =0. If AU, >0, then AU,_; > 0 since 0 < AU, < AU,_;. In
summary, the signs of AU,’s must be the same.

Next, we will prove the lemma by contradiction. Note that signs of AU, are the same for all k,

we suppose that AU, <0,k=1,... k. Note further that (EC.31) suggests that
k
AU, >p—Y AU, < AT, <0.
k=1
Therefore, we have 0 > AU, > p — Zk 1AUk, which contradicts with p > 0 and AU, < 0,k =
k. Thus, AU, >0,k=1,....k. O

EC.11. Proof of Proposition 1

Proof: According to (3), (4), (5), (6), one can verify that the following equations hold:

( o + 7 )i 5 :< e & T )% T k=1...k (EC.32)

— — — — — — — — )
1—7ab—7ms/) 7h+7s 1—7r =7/ 7L+

Since AU, >0 by Lemma 1, the turnpike equations (EC.20) implies that

—r —s —D —s
T+ 2T+ T

AT 2 Wy + T k=2, k (EC.33)

We observe that the R.H.S. of (EC.32) is invariant w.r.t. k, we have

1

v 1—7P — T 1\ 5 Tr 4 s 11 _
(k71):< (k—1) (k 1)>v< T, + Ty )v >1, k=2 k (EC.34)

7 1- 7 — 7 Ty + T
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in which the inequality follows from (EC.33) and 0 < < 1. Using similar technique, we have

s 1— ’ﬁ'p _ s 1 7T s 1_4
Toz( To 70>”(ﬁ+})” >1. (EC.35)
i 1—7my —m T + TG
Thus, we have proved that 75 > 7] > --- > Ty ZTh 2 2T, W which together with (EC.33) lead
to mh < W+ 7 — 7y < 7y and Mooy ST+ =Ty ST for k=2, k. Therefore, we have also

established the ordering 7 <77 <--- < Ty ST < <7

EC.12. Proof of Proposition 2

Proof: Consider the redemption probability at the turnpike

o () o (22) ()]

1+ [exp (2222 ) +exp ( M’)r

Note that the RHS of the above equation is decreasing in AU, because

L
T =

[-(1-%;—%;)@—%}<0.

or, 1 @
OAU,  uw+7

Suppose that AU(k+1 > AUy, then (1) < Tg» which contradicts with Proposition 1. Therefore,
we must have AU(k+1) AU, thereby proving the first part of the proposition. To prove the second
part, note that

1+ [exp (%) +exp (au_w )r NS (EC.36)

Apln ~ NG o

ny

and AU; >0 by Lemma 1. Therefore, we must have a — AU; >a —p + 22:1 AU, which implies
the second part of the proposition. [

EC.13. Proof of Proposition 3

Proof: The proposition follows from the turnpike equation (EC.22).

EC.14. Proof of Proposition 4

Proof: When customers are fully strategic, i.e., p = 0, the turnpike equations for utilities

become

Aln(1 =7y =75 qy) —In(1 =7, —72)] =0, k=2,...,k,

Aalln(1 — 7 — 75) — In(1 - 7] —73)] =0,
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which imply that 75 + 75 = 7} + @5, for k=1,...,k. Note further that the choice model (3), (4),

(5), (6) give rise to the following equations:

— — 1 — — — 1 —
( T+ )? 7 _( T+ T )? 7 P 2
1—7g -7/ wp+7ry \l—ap—may/) 7 +7

Therefore, we have 75 = 7§, for k= 1,...,k, which then imply that 75 =7}, for k=1,...,k. For
simplicity, we will denote #* = 75, for k=0,...,k and 7 2 7} =7}, for k=1,..., k. It then follows

from (EC.22) that A7y is invariant w.r.t. k (hence we can denote it as Aj*) and
p=(1+k)Aq". (EC.37)

Note that the probability ratio of pass to individual purchase takes the following form:

L, S AT T
Qzexp( PF 2 U”f). (EC.38)
7 [y
We now combine (EC.22) and (EC.25) to obtain the following result:
_ 1-7 —7%)—1
f—c—u7+7( - _W) a=0. (EC.39)
P 478
The combination of (EC.22), (EC.24) and (EC.37) leads to
17 —7%) — 1 7
Aﬁw—c—,wy+7( S ) a:—,wy?—l. (EC.40)
7P+ s Wy
From (EC.23) and (EC.37) we obtain
_ AAe =), k=1,...k—1
0=—A7jy (bt1) D o EC.41
n +{—>\77;;, k=F, (EC.41)
which implies that 7y =75 — 0} =705 — 75 =--- =0 —n¢_, = —n¢. That is, 7} = ki and 7 = -7}
Therefore, 7 =7 =0 for k=2,...,k. Substitute this result back to (EC.40) we obtain
1-77 —7%)—1
AnY —c—puy+ M Cnkiindisd a=0. (EC.42)

7P 47
It is obvious from (EC.39) and (EC.42) that f = A#*. Then, by (EC.37) we obtain p= (1+k)f.

According to the expressions of choice probabilities and the fact that @f + 75 =7}, + 7}, for k=

1,...,k, it is easy to see that ,
p=AU,+ Z AUy,
k=1
for all k=1,...,k. This suggests that AU, is invariant w.r.t. k£ and hence can be denoted as AU.
Since we have just shown that p= (14 k)f, it is easy to see that f = AU. So, p= (1 +k)f =
(14 k)AU. Substitute it back to (EC.38), we get 75 = 75 = 7} = @}, for k=1,..., k. All choice

probabilities are identical. For convenience, we denote all of them as 7. An immediate consequence
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of identical choice probabilities is that wy =w, = 1/(1 + k), for k=1,...,k. Note in (EC.37) that
p=(1+k)An". Hence, we have Aq* = AU = f.
Substituting p = f + kAQY, 75 =7 = 7}

7, =, and 7} =0 into the equation (EC.24), we
obtain
f—c
— = [
1+27exp (%)

(f—o)(1-27)= (EC.43)

The solution to the above equation is the optimal turnpike individual price:

fZ,u—i-c—i-uWP”eXp (%)],

where W stands for the Lambert-W function. The optimal turnpike price for the pass is given by

7 (1+7§:){,u+c+uW[27eXp (%)]}

The choice probabilities are given by

=S _ =P __ =8 __ =r __ — __
To=Ty =T, =T, =T =

W27 exp (2222 ) | -
2 4+ 2W [2v exp (H*C)} ’

o

The full solution is complete. [

EC.15. Proof of Proposition 5

Proof: We first derive the turnpike equations for myopic customers. When customers are
myopic (p = 00), we have Uy =U, =0, for k=1,... k. The choice probability model (3), (4), (5),
(6) imply that 7 = 7* and 7y =7, for k=1,..., k. More specifically,

_ _ A\ 171
exp (5) [exn (537) +exp ()
7= m - ff” A (EC.44)
1+ [exp <Tf> +exp( = )}
o () [ (58) o (55)]
Ty = N1 (EC.45)
1—|—[exp p)—l—exp(M }
AV
exp (35) [exe (35) +ewp ()
,ﬁ_r — Ky Yy ;’Y . , (EC46>
1+[exp (ﬂ +e-xp(M }
a—f n af\]" "
exp () [exp (i) +exe ()
7 = - -l f“” N (EC.47)
1+[exp H)—Fexp(M }
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Therefore, by (EC.17) we obtain w;, = w, for k = 1,... k. Further, the turnpike adjoint equa-
tion (EC.22) implies that A7’ = Aj*. So (EC.22) can be rewritten as

(P — kAR —c)+75(f —c)=7°(f — ) + 7" (A" —¢), (EC.48)

Note that price is positive (p > 0), the expressions for the choice probabilities also suggest that 7§ >
7o, mp <" and

T AT < T A (EC.49)

There is no utility equation for myopic customers. The first order condition for the Hamiltonian

are

V(1 =7 —7g) — 1

p—kARY —c— pry + [ﬁg(ﬁ—l}Aﬁ“’ —c)—l—ﬁg(f—c)} =0, (EC.50)

7_Tg + 75
and

V(1 —7g —m5) — 1

0=womy{ f =yt T 2 [ - RAT ) +7i(f - o) |
y1—-7"—7%)—1
T

+(1—u70)7_r5{f—c—,u’y+ [frs(f—c)—i—frr(Aﬁ“’—c)}}. (EC.51)

Now we start proving the proposition. This is essentially solving the myopic turnpike equa-

tion (EC.44) -(EC.51) for the case of v =1. First, define
a=7h(p—kARY —c)+75(f —c) =7 (f —c) + 7T (AR" —c). (EC.52)

When v =1, we have (y(1 -7 —75) —1)/(7h + 75) = —1, then the first-order condition (EC.50)

can be reduced to
p— kAR =c+p+a. (EC.53)
The other first-order condition (EC.51) becomes
0=wom(f—c—p—a)+ (1—w)7* (f—c— p—a) (EC.54)
Because wom§ + (1 —wo)7® > 0, (EC.54) suggests that

f=ct+pt+a (EC.55)

Combining (EC.53) and (EC.55), we get p = f +kAn*. Then, substitute (EC.53) and (EC.55) into
(EC.52), we have

as (ﬁg+ﬁ-8)(ﬂ+0¢) :ﬁs(u+a) +ﬁT(AﬁU) —C),
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from which we obtain

_ (®@
1—7p =7
1— 75 =P =S =S _ a—p a— T
AfY = ( _ il )(zrg—i-iro),u —//_Lﬂ—c:u(e_% +eT +e Hf> +c>0. (EC.56)
7 (1 —7h —75) 7

Because we have just shown that p= f 4+ kA7, it is obvious that p > f and

qu(e_f:%—ea? —I—e%f> +c (EC.57)

Substitute p = f +kAn™ into (EC.50), we obtain (1 — 7} —73)(f — ¢) = u, or

fzy(l%—ea%ﬁ —i—ea;f)—i—c. (EC.58)

Subtracting (EC.57) from (EC.58), we get
p=(1+k)f — pk[l — exp(—p/p)]. (EC.59)

Thus we have obtained two equations, (EC.58) and (EC.59), that fully specify f and p. Since p > 0,
it is clear that p < (14 k)f. Because p > 0, we have exp(—p/u) < 1, then by (EC.56) and (EC.58)
we have Afq® < f.

By Proposition 5, we can express p in terms of f as the following
k(f—p)+ [

ﬁ:uW[Eexp(— p

N +RT =)+ 7, (EC.60)

where W is the Lambert-W function. Note that f > y, again by Proposition 5, then it can be
verified by differentiation that the RHS of (EC.60) is increasing in both & and f.

Next, consider the second equation given in Proposition 5,

f=n(1+exp[(a—p)/u] +expl(a—f)/ul) +c.

The LHS of the above equation is clearly increasing in f. By (EC.60), we also know that p is
increasing in both k and f, so the RHS of the above equation is decreasing in both k and f. Hence,
the solution to the above equation is unique and it is decreasing in k. However, the RHS of the
above equation is increasing in both a and ¢, its solution therefore is also increasing in a and c.
When v — 0 and k = 1, the closed-form solution comes from Section EC.18. Since p — 0o, we

have AU, — 0, therefore (EC.68) becomes

o Ldexp(3) a—c—p
A?’]l = MWW[eXp (T)] +c.
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Because f=c+ p+puW(exp[(a —c—u)/p]) and p= AjY¥ + f, we have

1—|—exp(%) a—c— [
T@W[exp (7M )]+c

=2c+ p+p2+exp(—a/p)|W(exp[(a —c—p)/p).

p=c+p+uW(exp[(a—c—p)/u]) +p

Note further that p — 2f = u{e=**W(exp[(a — c — p)/p]) — 1}. Because

e~ /"W (expl(a—c—p)/p]) < exp(—a/pn)Wlexp(a/p)] < 1
where the last inequality follows by definition, therefore p—2f < 0, completing the proof. [

EC.16. Proof of Proposition 6

Proof: By Proposition 4, f, is the solution to the following equation when ~ = 1:

f—c:u[l—i—?exp (a;f)] (EC.61)

By Proposition 5, f. is the solution to the following equation

f-c=plt+exp (L P exp( _f)]. (EC.62)
1 I

Because (EC.60) and Proposition 5 suggests that p., > fs, one can easily see that the RHS

of (EC.62) is less than the RHS of (EC.61). Therefore, f., < fo, for the case of v = 1. Note further

that po = (1+k)f, and

Poo = (1+k) foo = pk[1 — exp(—Poc/p)] < (L + k) foo < (1 +K) fo = Po-
Thus, we have proved part 1 of the proposition.
Now we prove part 2. By Proposition 4 and Proposition 5, the expressions of all choice proba-

bilities, when v =1, are

L exp (“L2) , exp (*=7=)
o 1+exp (=L f°)+exp(“ fo) = 1+exp(“ f°")—|—exp(a*ﬁ°")7
I 1C Ul el
1+exp(“ O)—i—exp(a 0) 1+eXp( )—l—exp( )

. exp (“7°) . exp (*1=)

us = = b
Y T () Fexp ((50) YT e (=) e (3)

a—fo a

A= exp (=0 p ) . exp(u)

L+exp (552) +exp (4522) Lexp (1) +exp (2)
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Note further that

fo—c:,u{1+exp(a;f0)—i—exp(a_ufo)}

2 )+exp(a_f°°)}.

L

Because fo > fw, we have exp (2=L2 fo) < exp (&L= f°°) and 1 + exp( ) + exp (== 0) > 1+

exp (a f°°) + exp (a p°°) Then, it is clear that 7§ < 73,
Since 1+ exp (a#—fo) + exp (%) =1/(1 -7 —75) and 1+ exp (%) + exp (%) =1/(1-

7w — 75 ), we have 7w + w5 > 72 + w5,. Note further that nf = 75 and 72 < 75 (Proposition 5

suggests that po, > fu). Hence, f = 3(7h +75) > S (7L, +735.) > 7L.. Because exp (= fo) < exp (%)
and 1+ exp (%) +exp (%) >1+exp (%) +exp (%), we have 71, <7 . U

EC.17. Relation between the choice probabilities and marginal utilities

We first derive the partial derivatives of choice probabilities w.r.t. marginal utilities as follows:
Omt OAU, = 7 [(1 — 76 — 7o)t + g /4] [u(7E + 75)] > 0,
Omy /OAU}, = 7E[(1 — 7§ — 75) w5 — 7o /9 / [1(7 +75)] <0,
O/ OAU, = —mi[(1 — 7 — w) g + w3 /4] [y + 73)] <0,
O/ OAU, = mi[mp/y — (1 — 7 — m)m] /(g + 73)] > 0.

For a non-passholder customer, a pass will be more appealing if the credit marginal value AU,
increases. This is because 975 /OAU, > 0. As a result, she will be less likely to make individual
purchases, as evidenced by 975/0AU, < 0. This means that some of the individual demand will
be shifted toward passes. However, the situation is drastically different for a passholder with k>0
remaining credits. Since a larger AU, suggests that the credit k has a higher future value, she will
hesitate to redeem it and tend to make individual purchases instead, as reflected by 97} /0AU, <0,
and 975 /OAU, > 0. In this situation, the demand shifts in the opposite direction: from passes
to individual items. We can see that marginal utilities can have a counteracting impact on the

demand, depending on whether the customers have passes.

EC.18. The limiting case of v — 0 (for k=1)

We first consider the case of fully strategic customers (p =0), it is obvious from Proposition 4 that,
as v — 0, the turnpike has closed form solution:
1. f=p+c+puW]exp (%)}, p=(1+k)f.
1=2)] /(24 2W [exp (“=£=2)]), k=1,....k.

=8 _ 7P _ Z=s _ Z=r _ a—
2. Ty =mh =" =7, =W][exp( m
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3. wo=w,=1/(1+k), k=1,...,k.

4. AU, =Ant = f,iqt =0, k=1,...,k.
where W stands for the Lambert-W function.

Next, we consider the case of partially strategic customers (p > 0). When v — 0 and
p > 0, we observe from (EC.26)-(EC.29) that the following four cases may emerge: Case
)/[1+exp( )}, T — 0,7 — exp(—==t AUl)/[1+eXp(“ AUl)]. Case II:
Ty — 0,75 = exp(“* )/[1+exp( )/[1+exp(—f)],7’r{ — 0. Case III: 7§ —
exp(#)/[l+exp(#)] w5 — 0, ™ — 0,7] — exp(—— AUl)/[1+exp(“ AUl)] Case IV:

)]771 — 0. We first rule

. 7P =5
I 7§ — 0,75 — exp(*; p

)] = exp(

7 — exp(“EERIL) /1 4 exp(EEADL)| 75— 0, 75 — exp(“=L) /[1+ exp (%
out Case II and Case IV from the optimality, and then show that Case III has a lower turnpike
profit rate than Case I. In Case II, note that 7§ = 75, then by (EC.20) we have AU, = 0, which
contradicts AU; > 0. Therefore, Case II cannot be optimal. Case IV implies that p — AU, < f
and f < AU,, which lead to p > 2AU;, contradicting Proposition 2. Therefore, Case IV also cannot

be optimal. We now compare the profit rate of Case I and Case III.

Profit rate of Case 111 £ max M\, 75 (p — ¢) — M, 7T} ¢ = max Moo Th (p — 2¢)
p p

p—2c p—2c
=max A\;——5 = max\ YN p—
p ?{"’_T-Tg P 24exp(=) +exp(F )
p—2 2_¢
<max)\p—pc2a =max \ 2 =
p 24exp(55) 2 1+exp(L; e
_ f-c N
=maxA\ ————— = Profit rate of Case I,
I 14exp(s]

in which we used the inequality of arithmetic and geometric means (AM-GM). Therefore, (EC.24)

leads to
p— AR’ —f—=0, (EC.63)
and (EC.25) leads to

e (=) (=) = (EC.64)

’wo

Since individual purchase is the only source of revenue in this limiting case, the first-order

condition implies y = (1 —7g)(f — ), namely,

f—c

_ _ EC.65
1+ exp(“;f) ( )
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from which we get f =c+ u+ uW(exp[(a —c — p)/u]). Combine (EC.64) and (EC.65), one gets
=0. In addition, (EC.20) leads to

14 exp(*=—=— AUl)

Aln ( ) = pAT, (EC.66)
1+ exp(“; Iy
which can be combine with (EC.65) to give
1+ exp(*=== AUl) _
Al — pAT, EC.67
o Wemplla e 7)) ~ P20 (Heon

from which one can solve for AU,. (EC.22) becomes

which can be combined with (EC.65) to yield:

a—AU;
a—c— [ exp( i ) _
W = ¥ —c),
K [eXp( 1 )] 1+exp(a AUl)( 1 C)
., Lltexp(=—= AUl) a—c—p
1 =u eXp(a*AUI) W[exp (T)] =+ c. (ECG8)

m

EC.19. Proof of Proposition 7

Proof: We first show that for v =1, the turnpike revenue rate per capita is the same between
passholders and non-pass holders when p =0 or p = co. Clearly, when p =0, we have p = f +
Zizl A from Proposition 4. Similarly, Proposition 5 suggests that p= f + 22:1 Any also holds
for p = oo. For both cases, there is no EPP, namely, e,, = 0. So the turnpike revenue rate per capita

is homogeneous across the customer population. By Theorem 4, we therefore obtain
=\f—co) (75 +7D). (EC.69)

When selling to myopic customers (p = oo) with v =1, the equation (EC.58) becomes (1 — 75 —
73)(f —¢) = p, then by (EC.69) we have R = \(f —c)(75+75) = A(f —c— p). Similarly, when selling
to fully strategic customers (p = 0), the equation (EC.43) also implies (1 — 7§ — 75)(f — ¢) = u,
and hence the profit expression R = A(f — ¢)(75 + 75) = A(f — ¢ — i) also holds for fully strategic
customers. Therefore, using the notation defined in the theorem, we have R, — = Afo— f~)
for the case of v=1.

Finally, because Proposition 4 suggests that f, is independent of k and Proposition 5 suggests

that f. is decreasing in k, it is clear that Ry — R is increasing in k. [
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EC.20. Proof of Theorem 2

Proof: When ¢ =0, consider the turnpike revenue rate of an individual myopic customer

without pass, it has the following expression:

Qo (P, f) =7y + 7

exp (252) [exp () + e

- 1+[@m( )+am<

47 el :
[ o) e (5]

We will show that Q. (p, f) < uW [27 exp ( )} To begin with, note that according to (3) - (6)

the prices p and f can be expressed in terms of the choice probabilities as the following:

F=a-+py[In(1 =7 = 75) = In 73| + (1 = 9) | (1 = 7§ = 75) — In(mE + 7).

F—a+ W[lnu R R — lnﬁg] (=) [1n(1 R ) —In(Rh + frg)] . (EC.70)

Therefore, Q.. (P, f) can also be expressed as a function of the choice probabilities:

Qoo (P, f) = QL (75, 75)
:{a+,u7[ln(1 — Ty —7y) —lnﬁg} +u(1—7) [ln(l — 7y —7y) — In(7h —|—7T0)} } s

+{a+u7[ln(1—7‘r§—7‘r8)—ln7‘r8}—|—u(l—7){ln(1—ﬂ'0 770)—1117r0+770}} . (EC.T1)

Next, we show Q' (75, 75) is jointly concave in 75, 75. The Hessian of Q' (74, 7), denoted as Q

for brevity, can be calculated as the following

QU mmt (1w
R T R (e 7 A
_PQUm) ()
e R T
ooy PO G- m)
Q(172)_Q(271)_ 87?887?8 __(].—71'0—71'0) <0

Because Q(1,1) <0, and the determinant of Q is positive, i.e.,

1

mo7o(1 =g —75)

det(Q) = Q(1,1) x Q(2,2) - Q(1,2) x Q(2,1) =

5 >0,

so the Hessian Q is negative definite and hence Q'_(75,7) is indeed jointly concave in 7}, 75. We
can then find the global maximum of Q’_(7}, %) using the first-order conditions:

0Q. (b, ) . Q)

by =S _ _ _
671'0 (71'0 _71'0 To=75%) 871'0 (ﬂg:ﬂo To=75%)

=0,
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where (7,7, 75%) is the global maximizer such that Q’_(7h,73) < Q' (7,7, 75°). After some algebra,

the first-order conditions imply
(L= = 7") [a+ uin(l =7 = 7%) = pyn(F?) = p(l =) (! +7) | =, (BC.72)
(1 =77 = ) [k (L - 77— 737) — py (i) - 1 - + 79| = (BC.T3)
Taking the difference between the above two equations gives 7," = 7;°. Let f* and p* be the prices
corresponding to 7,", 75*. Note further that, by (EC.70), the term in the square bracket of (EC.72)

is equal to f*, and the term in the square bracket of (EC.73) is equal to p*. Clearly, f* = p*.
Therefore, (EC.72) can be rewritten in terms of f* as f*=pu [1 +27exp (%)} . Solving this equa-

tion, we obtain f* = u+ uW {27 exp <“;“>] , where W is the Lambert-W function. Substituting the
expression of f* back to Q' (737, 75*), we obtain Q' (75, 75) < Q' (77, 75°) = uW [27 exp (%)}

Because Q. (p, f) = Q' (7}, 75), they have the same upper bound, therefore,
_ —
< v .
Qoo (P, ) < uW [2 exp ( . )] (EC.74)

Now we have obtained the upper bound for Q..(p, f), namely, the turnpike revenue rate of an
individual myopic customer without pass.
Next, we consider the turnpike revenue rate of an individual myopic customer with the pass. It

has the following expression:

_ y—1
oo () [ew () rew (5]
Voo(f):f’ﬁ'sz wy wy _/VY a
1+ [exp () +exp (5]
_ ~ _ y—1
o () [eo () rew ()] 1 2w ()
< —
X - N7 -
o () rem ()] 2 e zen ()

where the inequality follows from f >0 and 0 < v < 1. Note that, by restricting p = f, the function
Qoo(p, f) becomes
27 exp (“;f )

1427 exp (al—f)

Qu(f. f)=f

Note that the unrestricted function Q.. (p,f) is bounded from above by pW {27 exp <%>]
following (EC.74), therefore the restricted function Q. (f,f) is also bounded from above by
W [27 exp ( )} Note further that V. (f) = Qu(f, f)/2, therefore we have

Voo (f) < uW [27 exp ( ;,u)}
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Now we have obtained the upper bound for V., ( f), namely, the turnpike revenue rate of an indi-

vidual myopic customer with pass. It is important to note that this is the same upper bound

for Qo (P, f)

Finally, we consider the total turnpike revenue rate as follows
R = M0o(prh + Fg) + MNew f7° = A0 Qoo (B, f) + A1 — 10) Vio ()
_ a— p _ a—
< AwopuW [2V expa(_i)} + A(1 — wo) pyW [27 exp (T)}
= A\uW [27 exp <T)} = Ry.

When v — 0, (EC.65) leads to f = u+ uW[exp(%)} . Since the individual purchase is the only
source of revenue in this limiting case, it can be easily verified that R., = Ry, thereby completing

the proof. [
EC.21. Proof of Proposition 8
Proof: Suppose p > f + AjY, then the turnpike equation (EC.22) suggests that
T(f =) + T (AT — ) =75 (p— Al — ) + 7 (f —¢) > T (f — ¢) + 75 (f —e), (EC.75)

which then implies

mET(f =)+ (0~ f—¢) > (f — o) + @ (AT — ) > (7 +75) (f — ¢) =70, (EC.76)
where the first inequality follows directly from p > f 4+ Af, the second is from (EC.75).
Now suppose p < f + AnY, by the turnpike equation (EC.22) we have
R - )+ WA — ) =R (P AT — )+ T~ ) <T(F- )+ (-0, (BCTY)

which leads to

FET(f =)+ (D~ f—) <m(f — o) + 7 (AT — ) < (7 +75) (f — ¢) = To. (EC.78)
Similarly, the first inequality follows from p < f 4+ Af and the second is by (EC.77). Using the
same procedure, it is straightforward to show that p= f + AfY leads to 7, = 7. O

EC.22. Proof of Theorem 3

Proof: We prove each part of the theorem separately.

EC.22.1. The proof of part 1-2

When p = 0, by Proposition 4 we have p = f + Aj¥. Therefore it is obvious that e,, = 0. When
v—0,p=0, it is obvious from Proposition 4 that e,, =0. When v — 0,p > 0, we substitute the
solutions in EC.18 to (EC.24) and obtain p— A7 — f — 0, which implies e,, — 0.



e-companion to Wang, Levin, and Nediak: Selling Passes to Strategic Customers ec27

EC.22.2. The proof of part 3

In the proof of Proposition 5, we have already shown that, as p — oo, we have p — f + Af® for
v =1, which implies e,, — 0. Also, we have just shown e,, — 0 as v — 0. It remains to show
that e,, >0 or p> f+Af® for 0 <y < 1.

We prove this by contradiction. Suppose that p < f 4+ Aj® for 0 <y < 1. then (EC.48) implies
that

(7 + 7)) (f — ) =7 (f — ) + 7" (A7 —¢), (EC.79)
Substitute p < f + An® into (EC.50), we obtain
(1 =75 —m)(f —¢) = n, (EC.80)

Substituting p < f 4+ Af® into (EC.51) yields

1—7 —7%)—1
(- —m)-1r,

T+ 7

0>f—c—py+ 2 (f =) +7" (AT — ).

We combine this inequality with (EC.79) and (EC.80) to get the following inequality
(=T +75) = (A=) (7" +7°).

When 0 < v < 1, the above inequality implies 7§, + 7§ > 7" + 7°, which contradicts with (EC.49),
namely, 75 + 75 < 7° + 7. Therefore, we must have p > f + Aj®, for 0 <~ < 1. Hence, epp > 0, for
0<vy<1and p— o0.

EC.22.3. The proof of part 4

We now consider the case of v =1, the steady-state adjoint equations for utility is
— 7[)1 = —w — 77"1 —w —D=u = SU—T
0= —Awowoﬁ(p — ARy —c—a) + A w7y Q(Anl —c—a) = ATy — piy — AT (EC.81)
The turnpike first-order conditions (EC.24) can be written as:

m _ —w
A = (p—ARY —c—p—a). (EC.82)
Wo
Substitute (EC.82) into (EC.81) and note that wml = w7}, we obtain
i 0
Iy
Hao = " p+ 27y

(ARY —c—p—a). (EC.83)
The other turnpike first-order condition (EC.25) becomes:

;(woﬁg +wn ) (f —e—p—a) = N (7] — 7).
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Since wy ] = we7h, we divide both sides of the above equation by w, to obtain
M4 D0y (o e p—a) = AL (7 22 (EC.84)
p 0T 7 w1 o

To simplify notations, we introduce the new variables = p— Aj¥ — ¢,y = f — ¢,z 2 AR — ¢ and

let 2’ 20 —p—a,y 2y—p—a, 22 z—p—a. Then, by (EC.82) and (EC.83):
—(p+ ATz = AREZ. (EC.85)

Substitute (EC.82) into (EC.84), we have

ﬁ'p
(7 + ﬁ—iﬁf)y’ = (75— 7). (EC.86)
1
Finally, since a = iz + w5y = Ty + 77z, we have 7§ (¢’ + p+ o) + 75y + p+a) =75y + p+a) +
71 (2" + p+ a) = . Therefore,
To(@' + )+ +n) _ m(E+p)+m Y +p) (EC.87)

=P =5 =T =5
1—75—m5 1—77 -7}

Note that (EC.85), (EC.86), (EC.87) constitutes a closed system for z’,y’, 2" given all choice prob-

abilities. Solving this system, we obtain

B 7.[.177.‘.7”(77‘.3 —71";) B p
I: pC /: 0*1 0 1 C /__ r L C
x oL, Yy 7777147?(5)"’_7?8777? , 2 (7T1+)\) ’
where
c_n (7 + 7) — (7 +73)
(m0)?(1 =] —77) + 71 (7] + £) (1 —7g — 7p)

According to Proposition 1, we know that (7] + 75) — (7) + 75) > 0 and 7§ > 75. Then, it is
straightforward to show that C' >0 and ' > 0,3’ > 0,2’ < 0. More specifically, the equalities are
obtained if p =0 or p — co. So, when 0 < p < oo, we have C' > 0.

Furthermore,

L EEEE)
T =r=s —D—s =

T Ty + Ty

When customers are fully strategic, i.e., p=0, by Proposition 4 we have 7] + 75 = 7}, + 75, which
implies C'=0 and hence e,, = 0. When customers are myopic, namely, as p — oo, it is clear that

C — 0 and hence ¢e,, — 0. e,, >0 only occurs when 0 < p < oo because C'>0. [
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EC.23. Proof of Proposition 9

Part 1 of the proposition follows directly from Proposition 4. Here we focus on the second part.

For the case of v =1, the proof is based on the proof of Theorem 3. Recall that

., mmE L)

T —y C=>0,

TS + TS
and we have shown that the equality holds if p =0 or p — co. So, when 0 < p < oo, we have =’ > 7/,
which implies that p— A7 > f. Similarly, we have

O A S OSNP c) Po B ol
A TG + TS T+ TS
Because 7] — 7 > 0 and 7§ > 7} following from Proposition 1, the RHS of above equation is
negative and hence we obtain z’ 4 2’ < 2y’, which then implies that x + 2z <2y and p— AR}’ —c+
AR —c < 2f —2c. That is, p < 2f.
Now we turn to the case of 4 — 0. Since p = A7 + f, proving p < 2f is equivalent to proving
AR < f. According to (EC.68) and f = c+ u+ uW(exp[(a — ¢ — p)/u]), we obtain

a7 e (=]

= — [ EC.88
exp (50) e

— exp (@=c=u
By Lemma 1, AU; > 0. Therefore, (EC.67) implies that w < 1. Hence, it is obvious

(a—AUl )
exp m

that Aq¥ < f, and p < 2f.

EC.24. Proof of Theorem 4

Proof: The proof is based on the turnpike equations. We first prove the second equality in the
theorem. By definition,

R £ Moo [ (P — ¢) + 7o

s
|
&
4
>
g

Enl
3
il
s
|
&
|
>
S
o
3
=
)

he]]
|
|
+
k|
|
&
+
3
[eRVA
|
|
&
+
>~
-
=
ol
=
v
|
|
&
|
3|
a3
0,

= Ao |76 (

Notice that the pass purchase and redemption are balanced in the steady state, namely, woTf =
w7y, for all k=1,..., k. We can then express R as follows:
— - -_— —_ ]z: -
R= o [(f — ) + 75 (f — o)l + Moo (5 — ) + A Y _ wi[m3(f — ¢) — e
k=1
Eoo o, ) k )
= MY ) + 73] )] + A=

:Awo(ﬁ§+ﬁ8)(f—0)+/\§k:wk [ﬁ’z<

k=1
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Now we prove the last equality in the theorem. By the definition of R and p = f + Ei:l ANy +epp
we have
B k - k
RE D[R (P— o)+ 7o (f— )l + X)) _wimi(f—¢) = A _wAje
k=1 k=1
k

E E
= A\ [(f—c)ﬁng (f—c+I;Aﬁ,;”+epp)7‘rg] +/\kz_:1wk7‘r,j(f—c) ) wiTe

k=1
~ k k ~ k
= Ao (f — ) (75 + 78) + MDoTh Y AR + MboThe,, + A > Wdi(f —¢) = A wyAye
k=1 k=1 k=1
Noting again that w,7h = w7y, for all k=1,...,k, we have

k k
R=Mwy(f —c)(7y+7h) + XY wdf(AGY — )+ XY wmi(f — ¢) + MooThey,

k=1 k=1
k
= Ao ([ — ) (T +78) + A [7h (AT — ¢) + 75 (f — )] + AboTh ey
k=1

By (EC.22) the above equation can be rewritten as
R=wo(f—o)(m+70) + A _wil7h(p— Y AnY — ) + 75 (f — )] + MooTh e,y
k=1 k=1
Using the definition of e,, again, namely, e,, = p— f — 25:1 Any, we have
— — E — —
R = wy(f —c)(7y+75) + A Z W [TH(f — e+ epp) + 75 (f — )] + Ao T ey,
k=1
— E —
X (f — ) (7 + 75+ A S Wl (78 + 78) (F — ) + Wby + Aoy,
k=1
k ~ k
:A(Zwk +u‘10>(f—c)(7‘r3 +7) +A<Zwk +w0)ﬁge,,p
—1 k=1

k
= )‘(J?_ ) (7o +75) + ATpepp,
where the last equality is obvious because wg + Zi:l w,=1. 0O

EC.25. Proof of Proposition 10

Part 1
Proof: When p =0, the turnpike profit rate is

Ro 2 Xwo[(f — )T + (P~ )] +AY_@u(f — )T =AY dpriye
1 T S
=AMl (F =T+ A+ R = dm} + M (F = F = M 7
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=2\(f —o)T

=\t W27 exp (L C w2 e ()|
pemlren(to) M CEN

in which the second equality follows from p= (1 + k)f, #; = 7 = 7{ = 7, = 7 and Wy = W), =
1/(1 + k), for k=1,...,k, as shown in Proposition 4. The last inequality follows from 7 =
W[T exp (%)]/(24—2%\/ [27 exp (%)]) and f = u—i—c—i-/N\V[Q7 exp (%)] , also obtained in

Proposition 4. 0O

Part 2

Proof: When ~ = 1, Proposition 5 suggests that p= f + Zi:l Any for p=o0. Combine this

result with Theorem 4, we have

R=XJ—o)(Fs+72). (EC.89)

When p = 0o and 7 = 1, the equation (EC.58) becomes (1 — 7 —7)(f — ¢) = u, then by (EC.89)

we have

R=A(f = )(7s+78) = A(f — c— ), (EC.90)
in which f is the solution to the following system of equations (by Proposition 5):

f=n(1+exp[(a—p)/u]+expl(a—f)/u]) +c. (EC.91)

p=(1+k)f—kp[l —exp(—p/p)]. (EC.92)

By (EC.92) we can write p in terms of f as the following

k(f—pw)+f

ﬁ:uW[l_fexp(— L

) +EGF =+ 1, (EC.93)

where W is the Lambert-W function. Note that f > y, again by Proposition 5, then it can be
verified by differentiation that the RHS of (EC.93) is increasing in both & and f.

Now, consider (EC.91), the LHS of the equation is clearly increasing in f. We have shown that
p is increasing in both k and f, so the RHS of (EC.91) is decreasing in both k and f. Hence, the
solution to (EC.91), f, is unique and it is decreasing in k. Combine this with (EC.90), it is cleat

that the profit rate R is decreasing in & and the maximum profit is achieved when k=1. O
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EC.26. The Application of Turnpike Policy in Stochastic Environment

In this section, we investigate the asymptotic behaviour in the corresponding full fledged discrete-
event stochastic system. We found in the numerical experiments that the turnpike solution is
asymptotically optimal in the full fledged stochastic system. For the purposes of this investigation,
we consider a stochastic system with a finite number of discrete customers and track their individual
states and transitions between these states. From a computational standpoint, it is necessary to
consider a discrete-time approximation to the continuous-time Markov jump process that drives
these transitions. It is also easier to follow the logic of the equations in a discrete-time setting.
Thus, for the purposes of the stochastic market dynamics model, we view time as discrete with a
step of length h and approximate all transition probabilities by h times the intensity of transitions
in the continuous-time model.

Assuming that customer preferences are still fully determined by the number of credits they hold,
it is sufficient to track the total number of customers with each number of remaining credits. Let ny
represent the number of customers with k credits. The total number of customers is IV, therefore,
Zi:o ni = N. The stochastic system state is a vector n = (ny,...,nz). We extend our earlier nota-
tion for customer utilities and the pricing policy to depend on n. Given a state-dependent pricing
policy fi(n),p;(n), the system of difference equations governing customer utilities in each state

assumes the form which is in a direct correspondence with differential equations (2) in Theorem 1:

Uk(t+n)(n) — Uy (n)

a~+Ug—1)(@+n) n—e,+e, 1)— Uk (s+n) (n)) (EC.94)

= f)\uln{l + [exp(

h ey
+exp( _f’f )} }+pUk(t+h)( ), k=1,....k t€{0,h,...,T—h}
Uo(ean) (n})L —Uoi(m) _ ln {1 N [exp (a 1) + Ug e ( M—;O +e7) — Uogein (n)>
+eXp( *ft )} }+on(t+h,)(n), te{0,h,...,T—h)}, (EC.95)
with the boundary conditions
Uwr(n) =0, k=1,...,k, for all n. (EC.96)

In turn, the seller’s problem of finding the optimal pricing policy f;(n),p;(n) can be viewed as
an optimal control of a continuous-time Markov jump process where events correspond to sales
of passes, credit redemptions, and sales of the individual items. For each individual customer,
the intensities of these events are a combination of the shopping opportunity intensity and the
respective choice probabilities in which we add an explicit dependence on the state nm policy
fop: Anb(n, f,p), Mrp,(n, £,p), and A7, (n, f,p), k=0,..., k. For the market as a whole in state

, the intensities of these events aggregate across customers to Anomh,(n, f,p), Angmy,(n, f,p),

Angmi,(n, f,p). In a discrete-time approximation, the probabilities of events are given by intensities
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multiplied by h. Moreover, at time ¢, the customers make their decision based on the expected

utilities at time ¢+ h, e.g.,

_ U- _ VU
b, (n, f,p) = exp <a pe(n) + E(t+h) (n—ey+e;) 0(t+h) (n)>
wy
—_ U- B N B »
o [exp (a pi(n) + E(t+h) (n—eg+eg) 0(t+h) (n) ) N exp(wﬂ ~
pry m

a—pi(n) wt+n) (n—eg +eg) — Ugin)(n) a— ji(n)\1”
{1 [oxp (PP RIS TSR e ()]

which generalizes equation (3). Other probabilities take a similar form directly generalizing equa-
tions (4)-(6).
The optimal policy is characterized by the Hamilton-Jacobi-Bellman equations for the sellers

profit-to-go function R;(n):

Ry(n) = max { AAno, (n, £.p) (0 — ¢+ Rran(n+ ez — )

k

+Zh)\nk7r,:t(n,f,p)( —c+Run(n+e—ep)) + Zh)\nkw‘,jt(n,f,p) (f — ¢+ Resn(n))

k=1 k=0
k
(1—]1)\7107%lt Z hAngm,(n Zh)\nkwkt ))RHh(n)}, (EC.97)
k=1

with the boundary conditions

Rr(n) =0, for all n. (EC.98)

In these equations, we account for all possible events in the Markov process describing sales tickets,
passes, and redemption of passes. Only pass-related events in the sales process cause transitions in
the state of the market, i.e., a change in n. Given n in period ¢, the optimization problem can also

be written more compactly as
H}%X {noﬂ-gt(nv fip) (p —c+Ripn(n+ep—ep) — Rt+h(n))

E k
+ anzt(m fip)(—c+Riyn(n+e,_1—e;) — Ryyn(n)) + anit(m f0)(f—c¢) }

The computational procedure for finding the optimal policy in discrete time proceeds as follows.
In decreasing time order, t =T — h,...,0, we first find the optimal policy f;(n),p;(n) attaining the
maximum in equation (EC.97) for each n and then we use this policy to compute profit-to-go R;(n)
using (EC.97) as well as expected utilities Uy, (n) using (EC.95)-(EC.95). Since, when solving for
optimal policy at time t, the expected utilities and profit-to-go at t + h are already computed, the

necessary inputs for the optimization problem are all defined. The equations for the profit-to-go of
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Figure EC.3 Using the turnpike prices in the full fledged stochastic systems.

the fixed price policy are similar and are obtained by substituting the fixed prices into equations
similar to (EC.95)-(EC.95) and (EC.97) (for the latter, the maximization step would be dropped).

We have computed the optimal profit as well as the profit resulting from using the turnpike prices
(called “Approx. Profit” in the table) for several combinations of the inputs. The relative difference
between them is called the relative approximation error. In particular, we fixed a =2,y =1,k =
1,A=0.04,¢=0.1 and varied e ? € {0.7,1},7 € {0.3,0.9}, N € {2,5,10}. Time horizon was varied
up to T' = 5000. The results are shown in Figure EC.3 and Table EC.1 (R denotes the turnpike
profit rate). There is indeed convergence of the turnpike-based fixed-price heuristic to optimality
as T increases, and the convergence is taking place faster for larger V.

It is particularly interesting that the number of customers N did not have to be large to observe
asymptotic behaviour. In other words, the system is very close to the asymptotic behavior when
there are only a few customers. This may appear surprising because the deterministic fluid model is
obtained by considering an infinite number of customers. We speculate that the quick convergence
to asymptotic behavior is due to the pass purchase and redemption cycles. When the horizon is
long, a single customer goes through this cycle for many times, exhibiting a behavior as if many

customers are in the system.
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Table EC.1  The turnpike prices approximation in full fledged stochastic systems (Figure EC.3-a).

Parameters : (a, 1, k,c, \,e *,v) =(2,1,1,0.1,0.04,1,0.3)
Turnpike prices: f = 2.15469, = 4.30939
Horizon Optimal Approx. Approx. Turnpike
T Profit Profit Error RxT
100 4.41931 4.07949 7.69% 4.218
N=2 200 8.77588 8.45797  3.62% 8.437
300 13.0488 12.7261 2.47% 12.656
400 17.2882 16.9543 1.93% 16.875
500 21.5147 21.1746 1.58% 21.094
1000 42.6131 42.2688 0.80% 42.188
1500 63.7070 63.3626 0.54% 63.282
2000 84.8009 84.4565 0.40% 84.376
2500 105.895 105.550 0.32%  105.470
3000 126.989 126.644 0.27%  126.564
3500 148.083 147.738 0.23%  147.658
4000 169.176 168.832 0.20%  168.752
4500 190.270 189.926 0.18%  189.846
100 4.37245 4.07797  6.73% 4.218
N=5 200 8.68865 8.45647 < 2.67% 8.437
300 12.9534 12.7256 1.76% 12.656
400 17.1942 16.9541 1.39% 16.875
500 21.4237 21.1745 1.16% 21.094
1000 42.5277 42.2687  0.60% 42.188
1500 63.6218 63.3625 0.40% 63.282
2000 84.7157 84.4564 0.30% 84.376
2500 105.810 105.550 0.24%  105.470
3000 126.903 126.644 0.20%  126.564
3500 147.997 147.738 0.17%  147.658
4000 169.091 168.832 0.15%  168.752
4500 190.185 189.926 0.13%  189.846
100 4.36631 4.07748 6.61% 4.219
N=10 200 8.67137 8.45598 2.48% 8.437
300 12.9322 12.7254 1.59% 12.656
400 17.1725  16.954 1.27% 16.875
500 21.4025 21.1744 1.06% 21.094
1000 42.5086 42.2686 0.56% 42.188
1500 63.6030 63.3625 0.37% 63.282
2000 84.6969 84.4564  0.28% 84.376
2500 105.791 105.550 0.22%  105.470
3000 126.885 126.644  0.18%  126.564
3500 147.979 147.738 0.16%  147.658
4000 169.072 168.832 0.14%  168.752
4500 190.166 189.926 0.12%  189.846

EC.27. Model for Dynamical k.

Here, we focus on the single change: k changes from k, to k; at time 7. The case with multiple
change points can be formulated in a similar way. We describe the formulation for the case with
ko > k1, namely, the number of credits decreases over time.

Before k decreases, namely, when ¢ < 7, the customer population evolves according to the fol-

lowing differential equations

wkt = )\w(k“’l)tﬂ-(k—kl)t - )\wktﬂ-zt, k = ]., ey ];O - 1,
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. o P _ r
wkot — Awotﬂ-Ot - Awk(ﬁ”l}ot’

— , p
Wor = AW, — AWoe TG,

with initial condition wgy =1 and wyy =0, for k =1,... k. After k decreasing from ky to ki,

namely, when ¢ > 7, the state dynamics becomes more complex and is described as follows

Wiy = — AWkt TE s

Wit = AWk 1)t (py1ye — MWkt gy, k= ky+1,.. . ko—1,
wiﬂlt = )‘w(E1+1)t7r(T’_f1+1)t + )\thﬂg’f B )\wkltﬂ—;ﬂt’

Wit = MOkt 1)t (py1ye — AWkt T, k=1, ki —1,

. r P
Wor = )\wltﬂ-lt — )\UJOt?TO.

Since the seller stops offering more than k; + 1 credits after 7, the corresponding passholder pop-
ulation diminishes over time.

The customer utility equations are characterized by the following equations
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with terminal conditions U, = 0. Note that the dynamic k has a direct impact on the expression
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of Um, through which it also impacts other Ukt’s.

The choice probabilities are modified as follows
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