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E-Companion
Appendix A: Deferred Proofs from Section 2

Proof of Lemma 1. Fix any adaptive algorithm (which knows the arrival sequence, but not the
realizations of the customers’ purchase decisions, at the start) and consider its execution on setup S
with arrival sequence A. Let Xt(i) be the indicator random variable (0 or 1) for the algorithm offering
item ¢ at price j to customer ¢, and Pt(i) be the indicator random variable for customer ¢ accepting
when item i is offered to her at price j. On a given run, the constraints Zf L Zmi P(J:)X (j‘) <k,; and
S Z Xt(Jl) <1 are satisfied. Therefore, they are still satisfied after taking an expectation over
all runs, and furthermore we can use independence to show that E[Pt]i)XfJi)] = E[Pt(i)] E[ijl)] =
pgjl)xt /. Therefore, the algorithm must satisfy constraints (5b) and (5¢) of the LP. Since its revenue
on a given run is Zt D Z Ptjl) lJ)Xt '/, taking an expectation over it yields (5a), completing
the proof. [

Proof of Proposition 1. The statement for o), ..., o) is immediate from the fact that the

explicit value of o) is (1 — ’"(:(].)1) YA+, (1— J(;)l) ))_1, for all j € [m]. To prove the statement

for o ... a(™ we show that the solution to the system of n equations formed by (7) and
a4+ ol = 1 is unique and strictly positive.

Let v) = e~ for all 4. Then the constraint o™ +...a(™ =1 can be rewrltten as H LW =
PG—=1)
7Y

e .

Furthermore, we derive from (7) that for all j > 1, V) = (1 -

J 1) T(j_l) 1
NOS A
H( N ) == (EC.1)

Consider the LHS of (EC.1) as a function of 4! on [£,1]. This is a continuous, strictly increasing
function which is at most % - when A = and 1 when v") = 1. Therefore, there is a unique solution
with (! [ ,1), and the resultlng value of aV is positive. For j > 1, since vV) can also be written
as 7(1) + i 1) (11— M), it can be seen that v) € [;, ), hence the unique value for o) is positive

as well. D

Proof of Proposition 2. For the first inequality in (11), observe that f(z)= —%= is a strictly
increasing function on [0,1]. Since o € (0, 1), % < 1 , which is the desired result.

For the second inequality in (11), we show o) > o), by showmg that for all j =2,...,m, a¥ is
a smaller multiple of ") than ¢ is of o™, This suffices because both the fractions a( ) o alm
and o, ... o(™ must sum to 1. For a given j, we must establish that "Eﬁ < Ei; By definition,
D T(a ) e Theref ficos to show that 29 ol o) NE
om = 1= "G = ~—.m - Therefore, is suffices to show that 275 < L Of T < T
This follows from the fact that the function f(z)= —’= is strlctly 1ncreasmg

To prove (12), note that ot = (14 7" (1 — (J(J)l))) , while 1 +ln (1) =1+30,1 (J 1)
Therefore, it suffices to show that for any j =2,...,m, In (J(J)l) >1— Lettmg z=In"" (] 1) <0,

the desired inequality becomes —x > 1 — e*, which is immediate.
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For (13), we would like to prove that o < o). Note that a(! is the unique solution to

(1) . —a® r(j_l)
a +Z;[—1n(1—(1—e (-5 ))}:1, (EC.2)
=
while « is the unique solution to
m ) #G)
O[+Z(1—€ O‘)lnmzl (EC?))
=2

The LHS of (EC.2), as a function of a!), is increasing over (0,1); the same can be said about
the LHS of (EC.3) as a function of a. Therefore, it suffices to show that if o) = a =, then the
LHS of (EC.2) is strictly less than the LHS of (EC.3), for all x € (0,1).

G—1)

Let FF=1—¢"" and consider any j > 1. Let s = —5- € (0,1). It suffices to show that —In(1 —

l1—s
1—

F(1—s)) < F-Ini, which can be rearranged as : > F. For the final inequality, note that

sF

f(s)=s"is a strictly concave function on (0,1), since F' € (0,1). Therefore, 1=

—S

> F, because the
LHS is the slope of the secant line through (s,s’) and (1,1), while the RHS is the slope of the
tangent line through (1,1). O

Appendix B: Supplement to Section 3

The first subsection contains the deferred proofs from Section 3. In the second subsection, we
explain how to optimize the randomized procedure for generating a single value function. In the
third subsection, we put together the proof of Theorem 1.

The following inequality will be useful throughout the paper. For all j =2,...,m, (7) says that

S A

1—e o <1-— "5, where we have used the fact that 1 —e < 1. Therefore, for all j =2,...,m,

we can derive that
T(j_l)

<e . (EC.4)

r@ =
B.1. Deferred Proofs
Proof of Theorem 4. Define N, to be the algorithm’s value for N; at the end of time ¢t (Ny;
is understood to be 0), for all ¢t € [T] and i € [n]. For all ¢t € [T], define R, = rftft*) and Z; =
(i)ii‘ (f}gf*)) - éi; (Niz /kix) if a sale was made during time t; define R, = Z; =0 otherwise.

Consider the solution to the dual LP (19) formed by setting y; = E[&)Z(Ng;l)] for all i € [n], and

2z =E[Z;] for all t € [T']. We claim that this solution is feasible. The non-negativity constraint (19¢)
can be verified directly from the definitions.
Now, consider constraint (19b) for a fixed t € [T],7 € [n],5 € [m;]. Given the initializations of

ﬂz(.l), . ,Lgmi), ®; and the value of Ni_1,, the algorithm will always make a decision during time ¢
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which earns pseudorevenue whose conditional expectation is at least p(] (@, (L)) — ®,(2=24)), by

k;
definition (16). Formally,

N1,

EIZILY, .. L™ @ Nica i) 2 pf (Bu(LY) = B(—

))’

LY ..,I:Emi), P, N,_ 1,;- By the tower property of conditional expectation, z; =

for all values of L;
E[Z,] > E[p“(@i(LE])) — il(mk;l“))] Meanwhile, y; has been set to E[®; (Nj;l)] Since Nrp,; >
N;_1,; and ®; is increasing, y; > E[®; (Nt “)] Therefore, the LHS of (19b), pgjl)yZ + 2, is at least

E[pgjl)('@ (LY))]. By (18), this is at least 7’5] ), completing the proof of feasibility.

Applying weak duality, we obtain

n R NTi T
OPT(S,A) < k;E[D; =)+ > E|Z
(5.4) < 3 KBRS + 3Bl
n T T
~ N ~ Ni_1;
=Y RE[ Y (@5 - B =) + Y EIZ)
i=1 t=1 ¢ ¢ t=1
T n B N . B N .
=D B[ k(@) - b= + 2], (EC.5)
t=1 i=1
We now analyze the term inside the expectation,
" - Ny, o= Ni_i,;
D k(D kt}’ ) — @i(—zl’ )+ Zs, (EC.6)
i=1 ¢ ¢
for every t € [T']. We would like to argue that it is at most 24, on every sample path.

There are two cases. If an item i =i} was sold at price j = j; during time ¢, then (EC.6) equals

LA (EC.7)

Indeed, N;; = N;1,;+1, Ny =N, for all i #i, and Z;, = ci%(if”) - &)Z(Nt —=L1) by definition.
Furthermore, since Z; is positive, IV;_; ; must by less than INLZ(-j k. Therefore, we can invoke (17) to
get that (EC.7) is at most r\?) /¢, which is equal to £t by definition. In the other case, if no item
was sold during time ¢, then (EC.7) is 0, while R; =0 too, so (EC.7) is still at most £

Substituting back into (EC.5), we conclude that OPT(S,A) < ZLE[%], which is equal to
1E[ALG(S, A)] by definition. This completes the proof of Algorithm 1 having a competitive ratio
at least c. [

Proof of Proposition 8. For (21), note that E[LY)] = %(L(ﬁk — |LYk]) + %(1 -
(LWEk— |LYE])) = %(L(j)k— |[LWk|) + M = 1),

For (22), note that |(LY) — LU") — (LW — LG)| = |(LY) — L)) — (LU — LU))|. We will prove
that (LW — L&) — (L) — LU < 1; the inequality that (L) — L) — (LG — L6y > —+ follows
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by symmetry. The maximum value of kL") is [kLY) |+ 1 while the minimum value of kLU") is
|kLU" |, hence the result is immediate unless (|kLY) | + 1) — kLW + kLU — |ELGD| > 1, ie.
kLU) — |kLUD| > kLY — |kLY) |. However, in this case, if kLW = |kLY) | 4+ 1, then W < kLY) —
|kLY) | < kLU — |kLU") | and hence LY") is rounded up as well. Similarly, if L") is rounded down,
then L) must be rounded down as well. If L@ and LU" are rounded in the same direction, then
(iii) holds. O

Proof of Theorem 5. First we prove (18), the claim that E[®(L))] > () inductively. Clearly
E[®(L©)] > 7 = 0. Now consider j € [m] and suppose we have established (18) for the j — 1 case.

We can compare expression (20) with ¢= L% and ¢ = LU~V to obtain ®(LY) = &(LW)) + () —

rG-1) exp(LU) LUy 1
cxp(a(J))—l

. Therefore,

Elexp(LYW) — LG-D)] —1
exp(a))—1
exp(E[LY) — LU-D]) —1
exp(a)) —1
exp(a®) —1
exp(at)) —1

E[(LW)] > rD 4 (70) — pi-1)

>rU=D 4 (pl) — =1

=rU=D 4 (p0) =1

where the first inequality uses the induction hypothesis, and the second inequality uses Jensen’s
inequality (the exponential function exp is convex). The equality follows from (21) and the definition
that a¥) = LU) — LU-1 | completing the induction.

Now we prove (17) for an arbitrary j € [m] and N € {0,...,LWk — 1}. Let ¢ = & and £ =
{(q). Note that 1</ < j, and LU= < ¢ < L®. Substituting ¢ = % into the LHS of (17), we get
k(®(g+ 1) —®(q)) + ®(LY) — &(q). Adding and subtracting ®(L¥) and rearranging, we get

E(@(g+ 1)~ B(0)) + B(LO) — d(g) + B(LY) - (L), (EC3)

The following upper bound can be derived for expression (EC.8):

k(é(q+ l) — @(q)) + &;(E(f)) _ é(q) +§>(E(J‘)) _ ('I‘)(E(Z))

k
a+1/k=EED e 1Ry 4 B —EED j . . R A
=(r =)~ ( (c;(‘;) )61 e DR GREA L @)
e — —tt1 e —1
L _f—1) “1/k L _fe—1) J RGO AGESY)
¢ ?—1)5\ € (k‘—(k+1)6 )+6 o ¢ —1)\ € —1
S(T( ) )) PO + Z (7.( ) _7.( )) 7 -
€ =041 € -
EO_FE 100 1k j B -D () )
_ 1+k)(1— / ’_ _
—(r® _ pe=1€ 1 (_am JA—e ), ST )E — € (EC.9)
—e =t l1-e
The inequality holds because k — (14 k)e~'/* >0 for all k € N, and ¢ is at most L) —1/k.
It suffices to show that expression (EC.9) is bounded from above by
S (14 k) ek -1
o (L R)( ). (EC.10)

1—eoW
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To assist in this task, we would like to establish the following for all ¢/ =/¢+1,...,j and £’ €
{t,...;0 —1}:

P -1 _f@ -1 _p' -1 1) ( RGNS CEE NGNS e_aa’)

—1/k
(=D =2y 1+k)(1—eV ) 4 (r®) _ ' =0yE

1—e o@D 1—e
) ) max{ L) L =D g @)L L@ =D FE L DL p =Dy e
<) € -1)E i Utk —e7) (EC.11)
1— e
JO-D (=2 (@) (-1 (-1 . ) VNS
But T = @ —m due to the definition of « in (7), and “—— <e due to
l—e—@ l—e—@ T T

(EC.4). Substituting back into inequality (EC.11), it suffices to prove

ei(f’ﬂ) Py _p () (-1 ( em’) e VN O e_uw’)

1+E)(1—e MF) 4

<emax{i<f’)_N”—l)_L<‘f’>+L<f”—1),N’)_i<f’-1>_L<f’>+L<‘f’—1)}(1 Y E)(1— e—l/k)

where we have used Definition 1 to rewrite the first exponent. Now,

L =1 _p @ =1 _p@) g’ -1 - FD _p @ =1 () (=1 -
€L L L +L (k—(1+k)€ 1/k)§€L L L +L (k—(1+k)1—€ 1/]@)7

since k— (1+k)e /% >0 and L¢'~Y < L), Thus it remains to prove that
B e LT B B LI L N L T Le Y
(EC.12)

We consider two cases. First suppose L) — L¢' =D — () 4 L(¢"=0) < [(¢) _ [('=1) _ [,(t) 4 [(¢~1)

. F—1) _ F-1) ' -1) '-1) —a Y _f—1_ ¢

ie L —L <L —L . Then the LHS of (EC.12) equals e +e -
_aW) R -n_ ) . . = (0'~1)

e =e , which equals the RHS of (EC.12) by the assumption that L —

LW=D < p@=1 _ L' =D Tn the second case, suppose L) — LE'=D — [(¢) 4 L@ =1 5 1) _

LE-D W) 4 [0 je LE-D - L1 5 L= _ [("=)  Then inequality (EC.12) can be

rearranged as
e_au’) (ei(e’—l)_i(e”—l)_L(e’—1)+L<Z”—1) . 1)(6L(e’)_i(e’—1) —1)>0.
The first bracket is positive by the assumption that L¢'~1 — L¢'=D > L=1) _ [(¢"=1) and the

second bracket is non-negative since L'~V < L), This finishes the proof of (EC.12), and hence

(EC.11).
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Equipped with (EC.11), we return the task of proving that expression (EC.9) is at most expres-
sion (EC.10). If we inductively apply inequality (EC.11) to expression (EC.9) for ¢/ =/¢+1,...,j
(when ¢/ =4+ 1, 0" =¢; when ¢/ =0+ 2, " =/ if we arrived at case two during iteration ¢+ 1 and
0" =€+ 1 otherwise,...), we conclude that expression (EC.9) is bounded from above by

VLT T (L k(e )

1— e_a(j)

(r(j) _ T(jfl))
for some ¢ € {¢,...,j}. The fact that 1 — e—oV = %(1 - e‘a(j)), due to (7), and the fact

that (L@ — LE'=D) — (LU — LE"=1) < 1/k, due to (22), complete the proof of expression (EC.9)
being at most expression (EC.10), and thus the proof of Theorem 5 for general m.

Finally, when m =1, a(¥ = 1. In the above proof, since j and ¢ are always 1, (EC.9) can

o 1/k o
be replaced by () . %, where we have used the fact that L") = k always. This is

l—efo‘(l)

m, completing the proof of

immediately at most T(Tj), for the improved value of ¢ =

Theorem 5 in its entirety. [

B.2. Optimizing the Randomized Procedure

We can explicitly formulate the optimization problem over randomized procedures for a single item

with starting inventory k and m prices ™", ... . r(™ . Using the “balls in bins” counting argument,
the number of configurations satisfying (14) is D := (k;’le)

We refer to these configurations in an arbitrary order using the index d € [D], where we let py
denote the probability of choosing configuration d, fu(-) denote the value function for d, and Lflj )
denote the value of L@ under configuration d for all j =0,...,m. The optimization problem of

satisfying (17)—(18) with a maximal value of ¢ can be formulated as follows:

F:=supc (EC.13a)

b )+ ) -1 < deDliemlo< N kLY ~1 (EC3H)
fa(D)=...> fd(%) > £4(0)=0 de[D] (EC.13c)

; pafa(Ly) > 1) jelm] (EC.13d)

d=1
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> pa=1 (EC.13e)
fd(0)7fd(%)a---afd(1)€R§pd20 de[D] (EC.13f)

Constraint (EC.13b) corresponds to (17), constraint (EC.13d) corresponds to (18), while constraint
(EC.13c) enforces the definition of a value function in (15). We let F denote the optimal objec-
tive value of (EC.13). Unfortunately, it is difficult to solve (EC.13) exactly, since the number of
configurations D is exponential in the number of prices m, and constraint (EC.13d) is non-linear.

Nonetheless, (EC.13) is useful at determining the best competitive ratio which could be estab-
lished using our analysis. We know that the randomized procedure from Definition 3 (based on
®) is an optimal solution to (EC.13) as k — oo, since it achieves the optimal competitive ratio
possible.

We can also solve (EC.13) exactly when k=1, in which case D =m, where we will let d € [D]
denote the configuration with L =... = LD =0 and L(¥ = ... = L(™ = 1. (EC.13b) reduces to
2fa(1) < @, and needs to hold for d € [D], 7 >d (for j <d, k:Ll(ij) —1=—1). However, clearly only
the constraint with j = d is binding. As a result, (EC.13b) corresponds to m constraints. (EC.13d)
corresponds to m constraints of the form 22:1 pafa(1) >7rW) for j € [m].

Not counting f;(0), which must be set to 0, there are 2m+ 1 variables: {f4(1),ps: d € [D]} and c.
Consider the system of equations obtained in these 2m + 1 variables by setting (EC.13b), (EC.13d),

and (EC.13e) to equality. It can be checked that the unique solution is

r(d) 4 oM
with o, ... 0™ defined from ™), ... r(™ according to (8). Furthermore, this solution is both

feasible, satisfying the non-negativity constraints in (EC.13c) and (EC.13f), and optimal. Therefore,

the value of F is #

B.3. Proof of Theorem 1

Now we put together the proof of Theorem 1. For all items i € [n], F, is defined to be the optimal
objective value of (EC.13), with k = k;, m =m,, and r(!) = rgl), o = rl(mi). Consider Algo-

rithm 1, where for all i, the randomized procedure used to initialize ®; is an optimal solution to
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(EC.13) achieving the objective value of F}. For all 4, (17)—(18) is satisfied as long as ¢ < F}. There-
fore, the maximum value of ¢ satisfying the conditions of Theorem 4 is min; ;. By Theorem 4, this
algorithm achieves a competitive ratio of min; E

To establish bounds (i)—(iii) from Theorem 1, for all 7, we need to find a feasible randomized
procedure with an objective value in (EC.13) equal to the bound. For bounds (i) and (iii), this is
established directly by the randomized procedure from Definition 3, via the statement of Theorem 5.
For bound (ii), we need to split the k; units of item i into k; disparate items. For each single-
unit item, its value function in Algorithm 1 is initialized according to the randomized procedure

Y]
described by (EC.14). This yields a value of %%

, completing the proof of Theorem 1.
Appendix C: Deferred Proofs from Section 4

Proof of Lemma 2. Since the algorithm was willing to sell item ¢ at price j, it must be the case
that W; < LZ(-j ). Let ¢ denote ¢;(W;), which is at most j. We ignore measure-zero events and assume

that W; # L~Y. We can rearrange Z, as

%

exp(W; — L) — 1)
exp(al”) 1
74(@—1)) exp(al@) —exp(Wi — Lz('éil)) .

exp(af”) -1

O (4 (0 )

= Tfj) — 7’1@ + (T@ —

i A

) (6 _ (£-1)
@) _ O oy
P O

i

ex i — (Z_l) . :
I)(WZTL);I) to this expression, we get r
L ®

— n@ + l—(l)) due to (7). The result follows immediately. O

i

Adding Y; = @}, (W) = (TZ@) _ 7‘1@_1)) 0
el l—exp(—a

(@)

%

which can be re-written as r
l1—exp(—a
Proof of Lemma 3. It suffices to show that constraint (19b) holds for all ¢ € [T'] and i € [n]. Since
p§{2 € {0,1} and the constraint clearly holds when pii-) =0, it suffices to show that E[Y; + Z;] > rfjt’i),
where j; ; #0. We will let j = j;,; for brevity.
Fix the realization of Wy for all ¢’ # i, and consider the run of the algorithm on a modified setup
with item i removed. Having fixed the values of Wy, such a run is deterministic. Let Z denote the

pseudorevenue earned on this run during time ¢, possibly 0. ®», maps [0, ng )] to [0, rfj )] bijectively,

so we can set W to be the value in [0, L] for which ®» (W) = max{r") — Zet 0}.
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We now consider the run of the algorithm on the full setup with item ¢, which is dependent
on the realization of W;. The following two claims from Devanur et al. (2013) generalize to our
multi-price setting.

1. Dominance: if W; € [0, W), then in the run with item i, item i gets matched.

Proof: Since W< > W, and W; >0, W > 0. Therefore, ®p, (W) > 0. Thus ®p, (W) =9 —
Z“" (as opposed to @p, (W) = 0), and moreover since W; < W and ®p, is strictly increasing,
®p (W) < r? — Zet. This implies 77 — ®p, (W;) > max{Z*,0}, since Z<* > 0. Thus on the run
with item 4, either 7 is already matched before time ¢, or it is matched to customer t.

2. Monotonicity: Z; > Z°" (regardless of the realization of W;).

Proof: fix the realization of W,. We compare two deterministic runs of the algorithm: one with
item ¢, and one without. We can inductively establish over ¢t =0,...,T that at the end of time ¢,
the set of unmatched items in the run with 4 is a superset of that in the run without 7. Therefore,
in the run with 4, since the algorithm is maximizing pseudorevenue over a superset of items, its
pseudorevenue Z, can be no less than Z<t,

Now, conditioned on the realizations of W; for i’ # 4, which determines the values of Z"* and
Wit we have Z, > Z< (by Monotonicity) and in turn Ze* > r) — — ®p (W) (by the definition of
We). Meanwhile, as long as i gets matched, Y; gets set to ®} (W;), so by Dominance, E[Y;[{W; :
i £iY) > [V (w)dw = Bp, (W) — Bp, (0) = B, (W), Therefore, E[Y; + Zo[{Wy 17/ #£i}] >
rl(j ). The proof follows from the tower property of conditional expectation. [l

Appendix D: Deferred Proofs from Section 5

Proof of Proposition 4. The unique solution to the system (24) is obtained inductively over

(-1 —al~D

' . ) G-1
J=2,...,m by setting B; = = ]

B.

Jj—1-

B; . By (EC4), - J 1) < e‘am, hence B; <e™®
But aU~Y > 0 by Proposition 1, completing the proof that B; < B; ; for j =2,...,m. The fact
that 0 < B,, is immediate. [

Proof of Lemma 4. Consider the execution of an online algorithm with this randomized arrival
sequence. For all 7 € [n] and group of customers t € [n], let @;; denote the number of group-
t customers to which item m; is sold, which is a random variable with respect to the random

permutation 7 as well as any randomness in the algorithm. Let ¢, ; = E[Q;].
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Clearly if ¢ < t, then Q;; =0, because group-t customers have no interest in item ;. Otherwise,
for any i,i’ > t, we argue that ¢;; = ¢q;#. This is because while group ¢ is arriving, the online
algorithm cannot distinguish between items m; and m;, hence any items it allocates are equally
likely to be item m; and item ;. Therefore, we let ¢, denote the value of ¢; ; for i > t.

Now, consider item 7,. Since it only has k units of inventory, we know that >, Q:, <k on

every sample path. Using the linearity of expectation, we get that

> <k (EC.15)
t=1

Furthermore, for a ¢ € [n], on every sample path, Y., Q;; <k, since there are only k customers

in group t. Therefore, (n+1—1t)q; <k, or

< k
Qt_n+1—t'

(EC.16)
For this proof, let M; = Z;,:l Bjr, for all j=0,...,m. For all j € [m], let \; = %Zﬁ”ﬁj_mﬂ Q.-
Substituting into (EC.15), we get the constraint that ", A; <1. For any j € [m — 1], summing
inequality (EC.16) for t = M;_1n+1,...,M;n yields A\; <In B—?ﬁ, since n — 00, and B; =1—M;_,,
J
B,y =1— M; by definition. It is also clear from definition that A; > 0 for all j € [m].

Finally, the total expected revenue is

S 3T gn+1-t), (EC.17)
j=1

t:]\/fj_ln-‘rl

since for each group t there are n + 1 —t items for each of which ¢, copies are sold in expecta-
tion. Consider any j € [m]. Since Zt]\ij]\zj,ln+1qt = \;k by definition, Zi\ijﬂzjiln-l,-l @(n+1—1)is
maximized by setting ¢; to its upper bound in (EC.16) for t = M;_in+1,M;_in+2,... until the

capacity of \;k is reached. Since n — 0o, we can simply compute the value of ¢ for which

n—Mj_1n+”'+n—t:

Ak, (EC.18)
with t € [M;_in, M;n]. Letting t = (M;_; + yB3;)n with y € [0,1], and using the definition of B;,
(EC.18) becomes In ﬁ = \;, or yB3; = B;(1 —e ™). Therefore,

A
]\/fj’n, (]\/f]'_l-i-B]'(l—e J))n

S a1 < 3 #%714—1—15)

t:Mj_ln-‘rl t:M]'_ln-‘rl
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=B;(1—eY)nk

Substituting into (EC.17), we get that the expected revenue of the online algorithm is at most

(26), where 37", A; <1, A; <In B?il for j € [m —1], and A\; >0 for j € [m], completing the proof.
O
Proof of Lemma 5. We use backward induction over j =m,...,1. When j =m, (28) becomes

nkr™ B, (1 — exp(—7)), since A,, = a™ by definition. Meanwhile, (27) is maximized by setting
A, = T, resulting in the same expression and establishing the base case.

Now suppose j < m and that we have already established the lemma in the j + 1 case. If we
set A\; = A, for some A € [0,7], then the maximum value of (27) subject to Aji1,...,A, >0 and

Ajt1+ ...+ A, <7—Xis, by the inductive hypothesis,

| m Appr — (1)
WB(1-— —\))nk +nk OB, (1- R S 2 S AV EC.19
OB 1= exp( Wbtk 3 OB (1-exp (—o 4 D). (BCI9

Consider this expression as a function of A. The derivative is

, i -1
r9) B; exp(—A\)nk + nk Z rB,-
m —_—

£=j+1

) (EC.20)

and the second derivative is clearly negative, so the function is concave. Therefore, it is maximized
by setting the derivative to 0. By definition (24), r(f)Bge_“(Z) is identical for all £ =7+ 1,...,m,

and equal to r(j)Bje“‘(j). Thus setting (EC.20) to 0 implies:

expla? —3) = — 3 exp (A =Ty
Mm=J, m=J
a® )\ = Aj— (1)
m—j
Rearranging and using the definition that 4;,, = A; — o), we get A =a) — mi% Substituting
this value of A into (EC.19), the expression I:f:j_—ﬂ)_ﬁ) is equal to 7::?—;, hence (EC.19) is equal

to (28), completing the induction and the proof of the lemma. [
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Appendix E: Deriving the Multi-price Value Function &

In this section we explain how we optimized the value function ®p for a given price set P, leading
to the system of equations in (7), and the functional form in (9). In Appendix E.1, we use the same
method to derive the optimal value function when the price of an item can take any value in the
continuum [p™n pmax],

N
7, and we

Consider constraints (17)—(18) in Theorem 5 for a single item with k — oco. Let w =
deterministically set @ to some ®. The goal is to solve for the ® which maximizes the value of F.

Observe that

Jim K(@(* ) - 2() = fim TR

which is equal to the derivative of ® as w, by definition (® will end up not being differentiable on

a discrete set of measure 0, which can be ignored). Therefore, (17) is equivalent to

' (1) — B(w) Sr(j)(% 1, (EC.21)

and needs to hold for all j € [m],w € [0, LY]. For a fixed w € (LU~Y, L) (EC.21) needs to hold
for all j/=j,...,m, but is clearly binding when j' = j. Therefore, it suffices to fix a j € [m]| and
consider (EC.21) when w € (LU~Y LO)).

We should point out that this simplification via the “binding” argument is not possible for a
finite k£ and random ®, because then (EC.21) becomes ®'(w) — ®(w) < % —®(LY), and the RHS
in fact may not be increasing in j. This is why we resort to first solving for ® when k — oo and
then defining ® as a random perturbation of ®.

If we set (EC.21) to equality for some j € [m] and all w € (LV~Y,L%W), and solve the differen-
tial equation, we get that ®(w) must be of the form Ce® — (% —1) on (LU~ LW). Setting

O(LU=Y)=r0~Y and ®(LY) =70 we obtain

7*(]) — r(j_l)
= oL0) _ G0
1

_al@

r()
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The RHS of (EC.22) is the largest value of F' which allows (EC.21) to hold on segment j. It is

dependent on o), which is equal to L) — LU~ the length of segment j. For (EC.21) to hold on

all segments j € [m], F must be set to min; H(J——ll)/r(J) (1= e‘a(j)).
Therefore, we would like to choose segment lengths o). .. o™ summing to 1 to maximize the
minimum HO——W (11— e‘o‘(j)), which is accomplished by setting H(]_—ll)/rm (1— e‘o‘(j)) equal

for all j € [m]. This yields the system of equations (7), and Proposition 1. The resulting value of F
is equal to 1 — e‘“(l), since r(®) = 0. The resulting value of C, when substituted into the equation
for ®(w) on each segment (LU~Y L) yields (9).

The derivation of ® we just completed, starting from condition (EC.21), comes from our analysis
of MULTI-PRICE BALANCE. We note that the exact same inequality (EC.21) can also be derived
from our analysis of MULTI-PRICE RANKING, which shows that the same value function should be
used for both algorithms.

E.1. Continuum of Feasible Prices
Let the feasible price set for the item be [r™", 7™%] where 0 < r™® < rm2*, Using the same “binding”

argument, it suffices to maximize the value of F' for which the following can hold:

1
< rm‘n(F -1), w € (0,a); (EC.23)

' (w) — ——= <0, w e (a,1). (EC.24)

® must also satisfy ®(0) =0, ®(a) = ™" &(1) = r™>* while @ € (0,1) is an arbitrary “booking
limit” for the lowest price of r™i.

We know from before that under the optimal solution to (EC.23), the value of F' can be at most
1—e~*. Solving the differential equation where (EC.24) is set to equality, ®(w) must take the form

Ce/F on (a,1). Substituting ®(a) =r™® and ®(1) = r™* yields

[e3

C — (,r,min)ﬁ (,r,max)—m;

le;m?x-
InZ

pmin
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11—«
ln(rmax/rmin) .

Therefore, the value of F' is also bounded from above by F' is maximized by setting

11—
ln(rmax/rmin)

equal to the other upper bound of 1 — e~ %; the value at which equality is achieved is
then the competitive ratio.

Letting R = In(r™*/r™), the solution to 1% =1 —e~* can be written as W(Re" ') — R+1,
where W is the Lambert-W function, the inverse function to f(z) =xe” for x € Rs(. Indeed, when

a=W(Ref 1), the following can be derived:

1—
_Ra =1—-e°

Re “=a+R-1
Re" '=(a+R—1)e*" !

W(Re" " =a+R-1
Substituting o = W (In(pmax /pmin) (™™ /r™) =1y _Jy) (pmax /pmin) 4 1 into the formula for C, and

using the fact that ®(w) = Ce®/F, we get

1—w w—o

O (w) = (r™™)T=a (rm™) I=a | w € [a, 1].

Meanwhile, the earlier derivation implies that
O(w) =rm". —— w e 0,a].

It can be checked that indeed ®(0) =0, ®(a) = r™® (@ is continuous at w = «), and ®(1) = rmax,
Furthermore, unlike the case of discrete prices, it can be checked that ® is also differentiable at
w=a (on [a,1], use the form that ®(w) = Ce®/¥, hence &' (o) = @)

Appendix F: Supplement to Numerical Experiments

We provide additional details about our choice estimation. We define 8 customer types, one for
each combination of the 3 following binary features.
1. Group: whether the customer indicated a party size greater than 1.
2. CRO: whether the customer booked using the Central Reservation Office, as opposed to the
hotel’s website or a Global Distribution System (for details on these terms, see Bodea et al.

(2009)).
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Table EC.1 MNL choice models for the 8 customer types. The suffix “L” on a room type means lower fare, while the suffix “H” on a
room type means higher fare.
Customer Type MNL Mean Utilities
Group? CRO? VIP? | Share | Kingl, QueenL SuitelL. 2Doublel. KingH QueenH SuiteH 2DoubleH NoBuy
0.16 | -0.36 -1.22 -2.56 -1.04 0 -0.23 -2.25 -1.8 0
v 0.03 | -0.82 -1.98 -2.16 -2.09 0 -1.02 -1.45 -1.82 0
v 0.28 | -1.67 —00 -3.78 -2.71 0 -1.33 -1.8 -1.58 0
v v 0.09 | -2.13 —00 -3.38 -3.76 0 -2.12 -1 -1.59 0
v 0.19 | -0.54 -0.97 -2.26 0 -0.91 -1.47 -2.78 -1.41 0
v v 0.04 | -0.09 -0.82 -0.95 -0.14 0 -1.35 -1.07 -0.51 0
v v 0.18 | -0.93 —00 -2.56 -0.76 0 -1.66 -1.41 -0.27 0
v v v 0.03 | -1.39 —00 -2.16 -1.8 0 -2.45 -0.61 -0.28 0

3. VIP: whether the customer had any kind of VIP status.

We did not use features such as: whether the booking date is a weekend, whether the check-in date
is a weekend, the length of stay, or the number of days in advance booked. Such features did not
result in a more predictive model.

We estimate the mean MNL utilities for each of the 8 products separately for each customer
type. The results are displayed in Table EC.1. The total share of each customer type (out of all the
transactions) is also displayed. We should point out that it is possible for a customer to choose the
higher fare for a room, even if the lower fare was also offered. This is because the higher fares are
often packaged with additional offers, such as airline services, city attractions, in-room services,
etc.

We have shifted the mean utilities so that for each customer type, the weights of both the
no-purchase option, and the most-preferred purchase option, is equal to 0. (We synthetically set
the weight of the no-purchase option because it is not possible to estimate from the data.) The
large weights on the no-purchase options ensure that the revenue-maximizing assortments tend to
include both the low and high fares.

In the setting with greater fare differentiation (Subsection 7.5), the high prices of the King,
Queen, Suite, and Two-double rooms are adjusted to $614, $608, $768, $612, respectively (twice
the lower fares). The mean utility of the no-purchase option is increased by 2 for every customer

type, to ensure that the revenue-maximizing assortments still include both the low and high fares.



e-companion to Ma and Simchi-Levi: Tight Weight-dependent Competitive Ratios for Online Matching, Assortment, and Pm’cingecl’?

Figure EC.1 Distribution of arrivals over the days before check-in, formed by aggregating all

transactions.

Fraction of Total Customers yet to Arrive
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F.1. Details on the Forecasting Bid-price Algorithms

To forecast the remaining number of customers, we assume that we know the average number of
customers interested in each occupancy date (1340), as well as the overall trend for how far in
advance customers book, which is plotted in Figure EC.1. As an example of how to use these num-
bers, consider the occupancy date March 31st. At the start, we forecast there to be 1340 arrivals.
However, suppose by March 6th, 500 customers have arrived. Since we know from Figure EC.1 that
roughly 50% of the total population interested in March 31st will have already booked by March
6th (25 days in advance), we expect there to only be 500 customers remaining.

To forecast the breakdown of remaining customers by type, we assume that we know the aggre-
gate distribution of customer type over all occupancy dates. For example, from Appendix F, we
know that 28% of all customers are of Type 3. Then we would estimate 28% x 500 = 140 of the 500
remaining customers to be of Type 3. Alternatively, one can try to learn the specific distribution
of customers interested in March 31st. Suppose that only 100, or 20%, of the 500 bookings made
before March 6th came from customers of Type 3. Then we would instead estimate 20% x 500 = 100
of the 500 remaining customers to be of Type 3.

To use the forecasted information, algorithms incorporate it into the LP (30), and set the bid
price of each item ¢ equal to the shadow price of constraint 7 in (30b). These algorithms then offer

each customer ¢ the assortment S (from the available items) maximizing >, ; Sp§{2(5 ) (r(j ) ).

3
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We clarify the exact way in which the forecasted information is incorporated into the LP. Let
there be A customer types, indexed by a=1,..., A. We use pl(fz(S) to denote the probability of
a customer of type a choosing product (4,j) from assortment S. Suppose that when we want to
re-solve the LP (30), the forecasted number of remaining customers of type a is N,, for all a € [4],

and the remaining inventory of item i is Kj, for all i € [n]. We can formulate the following LP,

which is a modification of (30):

maxz Z zq(S) Z rﬁj)pgi (S)

a=1 S (i,5)€S
A .
DN w(S) DD pIS) <k i n]
a=1 S J:(i,5)€S
Zxa(s):Na GG[A]
S

24(5) >0 ac[A},SC{(i,j) i€ nl,j € [mil}

We have set T' = 2;421 N, and |{t: type of customer ¢ is a}| = N,; note that the ordering of remain-
ing customers is inconsequential for the LP.

Although this LP has an exponential number of variables, we can easily solve it using column
generation (e.g., see Liu and Van Ryzin (2008)). Fix an optimal primal solution (z*(S):a € [A],S C
{(i,7) : i € [n],j € [mi]}) and an optimal dual solution (y} : i € [n]), (2} : a € [A]). The bid-price
algorithm sets the bid price of each item i equal to y;".

We should point out that for every bid-price algorithm based on dual variables, there is a
corresponding random assignment algorithm based on primal variables. Such an algorithm would,
for each customer type a, offer each assortment S with probability proportional to z*(.S). We have
confirmed that these algorithms perform similarly in the simulations. We compare with the bid-

price algorithms instead of the random assignment algorithms because they follow a form more

similar to our MULTI-PRICE BALANCE algorithm.



