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Appendix A: Proofs
Proof of Theorem 1. Define the Hamilton-Jacobi-Bellman (HJB) equation:

ov 1 ov 1 ,0*V
ig}g {825 + (T(t) §G(t) u) e + 50(75) 57

~Gltu) | CWVita) - Vit —y)]f(y)dy} o,

with boundary condition V (T, z) = e”*. We will show that this HJB equation has a classical solution
w(t,z) that equals the value function V¥(t,z).

We show that w(t,z) € C*? is a classical solution to the HJB equation, when w(t, x) is of the form
w(t,z) = A(t)e’® and where C*? denotes continuous differentiability in time and twice continuous

differentiability in space. It is easy to see that A(t) has to satisty the ODE
A(t) + [5 <r<t> =" <t>) + 5ol Gltu* (1), NO)[1 - LB)]| A) =0,
with boundary condition A(T) = 1, where u*(¢) is defined as
u (1) = axgma {—uf — G(t,u, (1)) (1~ £(3))}.
We can solve the ODE for A(t) and get
A =e{ [ ' 5 ()= o6 =0 (9) ) + (o8
—G(s,u*(s),A(s))[1 — E(B)]] ds}.
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We will show later that u*(t) indeed gives the optimal control. Before we proceed, we notice first

that from the definition
—u'(t)B — G(t,u (1), A(t))(1 = L(B)) = =G (t,0,A(1))(1 = L(B)) = =A(t)(1 — L(B)),

it follows that
w(t < XDa- ).

Since A(t) is continuous in ¢, u*(¢) is bounded on [0,77], and finally since u*(t) is deterministic,
we have verified that u*(-) € Y. Moreover, since G is continuous differentiable and A(¢) is continu-
ous, u*(t) is continuous, and hence A(t) is continuously differentiable and w(t,x) belongs to C*2.
Therefore, w(t,z) is indeed a solution to the HJB equation.

Next, we need to verify that V¥(t,z) = w(t,z). We first show that w(t,z) > V¥(t,z). Note that
for any u(t) € U, we have

E[e’*T] = E[w(T, X7)]

—uwita) + 8] [ [520650 = (1)~ 3o ~u()) 206X+ 306G 25,0

= Glou(s):A) [Tl ) =l X, ~ )l ) s
0
< w(t,z). (1)
The first equality in (1) holds due to the fact that A(T") = 1. The second equality in (1) holds due

to Dynkin’s formula (see, for example, Theorem 1.24 in (Jksendal and Sulem (2005)) given that

the following technical condition holds

E[lw(T, X7)|| +E [/t %j(s,Xs) — (7’(3) — %a(s)2 - u(s)> ?;;(S,Xs) + ;0’(8)222;;}(8,)(3)

s

- Gls.u(9) M) [ ", X.) — w(s, X, — y))f (9)dy

/tT (U(S)ZZJ(S,XS)>2ds]

+B [ 6006 26) [ wlo, ) = (s, X, = )P Shtyas] < oo

By the definition w(t,z) = A(t)e’”, and since G(s,u(s),\(s)) < A(s), A(T) =1, thus it suffices to
show that

+E

E[ef¥T] 4 <max |A'(s)| + max 10(3)214(3)52) /tTIE[eBXS]dS

t<s<T t<s<T 2

+ (max (r(s) + %a(s)Q +ess sup u(s)> A(s)8+ max A(s)(1— c(g))) /t TE[eﬂXs]dS

t<s<T

t<s<T t<s<T

+ max 0(3)262/0 E[e***:]ds + max A(s) /000[1 — e_ﬂy]Qf(y)dy/O E[e**]ds < 0. (2)



For any u e and 5 >0,

E[e®Xt] < E[ePUo r(9)=30()*)ds+8 J5 o(s)dBs )

— BUL )= ho()P)ds+ 162 [{ o(s)2ds < ptmaxoci<r 1610 —FEo 0> +3 820 (1)?]

Therefore, the inequality (2) holds.
Finally, the inequality in (1) holds because

E[/j BZ’(S,XS) - (7“(8) - %0(8)2 —u(s)) S5, X0)+

2
Gl 6 | " (s, X.) — (s, X, — y)]f(y)dy} s
)

<] " S0~ (1) - oo ) F(s. X+

- G(Z,_u,Ms)) [ e — s, x. - y)]f(y)dy} ds] ~0,

following from the HJB equation. Taking the supremum over u(t) €/ in (1), we obtain V¥(t,z) <
w(t,z). Denoting X; =logV;*, with Vi being the asset value process with u*, we have V¥(¢,x) >

E[eXT]. Then by Dynkin’s formula (we can check a similar technical condition as in (1)), we have

E[ePXF] = 7 4 /tT < <’r’(s) _ %U(S)Q _ u*(s)> B+ %0(3)252

—G(s,u*(s),\(s)) [1— ﬁ(ﬁ)])Eeﬂxids,

which implies that E[e®XT] = A(t)ef* = w(t,z).
Hence we conclude that V¥ (t,z) = w(t,x), and the optimal strategy u*(¢) is given by

u'(t) = argmax {~uf — G(t,u, A(t)) (1 - L(5))} -

and the value function is given by

VH(t,2) = ¢ exp { /t : [5 (r(s) - %a(sf - u*(s)> + %a(s)%?

=Gl () AL £()] s .
Now we can solve the optimization problem for u*(¢). At optimality, if u*(¢) > 0, we have

B
(1-L(B))

Recall that H is the inverse function of 0G(t,u, A(t))/0u, i.e., O0G(t, H (t,z,A(t)),A(t))/0u=x. We
conclude that the optimal investment strategy u*(t) for the optimization problem is a threshold

strategy with w*(t) = H(t,—B/(1 — L(8)), A(t)) when H(t,—B/(1— L(8)), A(t)) >0, and u*(t) =0

0 . B
oGt (1) A1) = -



otherwise. This completes the proof. U

Proof of Proposition 1. If G(t,u(t),A(t)) is convex in u(t), then —G(¢,u(t), A\(t)) is concave in
u(t) and hence O(—G(t,u(t), A(t)))/0u(t) is decreasing in u. Note that

0 1—e P  Bye PV —1+e P

o p B 7
and the function ze™* —1+e~* <0 for any = > 0 and we have therefore that §/(1 — L(()) increases
in 5. Hence we conclude that if G(¢,u(t), A(t)) is convex in u(t), then u*(¢) decreases in 3. O

Proof of Proposition 2. Note here that G(t,u(t),A(t)) decreases in wu(t), and therefore
OG(t,u(t),\(t))/0u(t) < 0. Hence, if EF} increases in \(t), then OG(t,u(t), A(t))/Ou(t) actually
decreases in A(t).

We first prove the results when E'F} decreases in A(¢). Recall that

LG N = -8/ £(5)).

First, G(t,u(t), A(t)) is convex in u(t) and the loss reduction rate OG(t,u(t), A(t))/Ou(t) increases
in A(t). Assume \; < Ao. If uf <uj, then

9 . 9 ; 9 \
%[G(tuQa)‘?)] > %[G(tvula )\2)] > %[G(taulaAl)]a

which leads to a contradiction since 0G (¢, u%, A2)/O0u = 0G(t,ui, A\1)/Ou. Therefore, we have u; > uj.

Next we consider the results when EF} increases in A(t). Consider the case G (¢, u(t), \(t)) convex
in u(t) and the loss reduction rate 0G(t,u(t), \(t))/0u(t) decreasing in A(t). Assume \; < Ay. If
uy > uj, then

9 . 9 \ 9 \
%[G(t7u2>)‘2)] < %[G(tvuh)ﬂ)] < %[G(taula/\l)]a

which leads to a contradiction since OG(t,uj,A2)/0u = 0G(t,uf, \1)/0u. Therefore, we have
uy <uj. 0

Proof of Proposition 3. Recall that

9 f N B
%[—G(t,u JA)] = m.

If Y) >, Ys, then E[e#Y1] > E[e=#¥2] so that




Since G is convex in u, —G must be concave in u, and 9[—G]/Ju is thus decreasing in u. This

implies that u} <wuj. U

Proof of Theorem 2. The proof is similar to the proof of Theorem 1, and is therefore omitted

here. OJ

Proof of Theorem 3. Define the Hamilton-Jacobi-Bellman (HJB) equation:

ov I ov. 1 L0V
sup{ T <r(t)— 2o(t) —v) 92 20(t) 5

v>0

@) / T WVi(ta) - Vit K(t,v,ymf(y)dy} _o,

with boundary condition V (T, z) = e?*.

We will show that this HJB equation has a classical solution w(t,z) which equals to the value
function V¥(¢,z).

We show that w(t,z) € C*? is a classical solution to the HJB equation, where C'? denotes
continuous differentiability in time and twice continuous differentiability in space, where w(t,x) is

of the form w(t,z) = A(t)e’®. It is easy to see that A(t) has to satisfy the ODE

A(t)+ {5 (ru) — 5ol - v*(t)) + 5ol = A0 (1 - / . eﬁK“’v*“Wf(y)dy)] A(t)=0

with boundary condition A(7T) =1, where v*() is defined as

v*(t) =arg max {—vﬁ + A(t) /°° e—BK(t,u,y)f(y)dy} )
v> 0

We can solve this ODE and get
T )
A(t) =exp {/ [ﬁ <r(s) — %0(5)2 — v*(s)) + %0(5)262 —(s) <1 — / e_ﬁK(s’“*(s)’y)f(y)dyﬂ ds} )
t 0

We will show later that v*(¢) indeed gives the optimal control. Before we proceed, we notice first

that by the definition

ot 080 [ T IR 00 fly)dy 2 A() / " B0 f(y)dy = A()L(B),

and together with SK (¢,v*(t),y) >0, we have
At
B

Since A(t) is continuous in ¢, v*(t) is bounded on [0,77], and finally since v*(¢) is deterministic,

v (t) < —= (1 - L(B)).

we have verified that v*(-) € V. Moreover, since K is continuous differentiable and A(t) is continu-
ous, v*(t) is continuous, and hence A(t) is continuously differentiable and w(t,z) belongs to C*2.

Therefore, w(t,x) is indeed a solution of the HJB equation.



Next, we need to verify that VY (¢t,z) = w(t,z). We first show that w(t,z) > VY(¢,x). Note that
for any v(t) € V, we have

E[e’*T) = E[w(T, X71)]

—w(t,7) +E [/t [(Z“;’(S,Xs) - (T(s) - %U(S)Q - v(s)) ‘ZZ’(S,XS) + 20(8)222;;}(3,X3)
) [ (e X) (s, X = Ksso(o) ) )] ]
<w(t, ). (3)

The first equality in (3) holds due to the fact that A(T) = 1. The second equality in (3) holds
due to the Dynkin’s formula (see e.g. Theorem 1.24 in Oksendal and Sulem (2005)) given that the

following technical condition holds

ow o 0%w

2 (5, X0) - (r(s) _ %o(sy _ v(s)) gla‘j’(s,xs) + 100 (s X.)

E[jw(T, X1)|] +EMT 5

X | " s, X0) —w(s, X, — K(s,0(s),9))] f (4)dy|ds

<o(s)§:(s,xs)> 2 ds]

B [ / ") | e )~ s x. - K(s,v<s>,y>>]2f<y>dyds] <.

+E

By the definition w(t,z) = A(t)e’*, and since K (s,v(s),y) <y, A(T) =1, thus it suffices to show
that

E[e?XT] + <max |A'(s)] + max la(s)QA(s)ﬂ2> /t TE[eBXs]ds

t<s<T t<s<T

+ (max (r(s) + %U(S)Q + ess sup u(s)> A(s)8 + max A(s)(1 — c(g))) /tT]E[eBXS]ds

t<s<T t<s<T

t<s<T t<s<T

T 00 T
+ max 0(8)252/ E[e?’*+]ds + max )\(s)/ 11— e‘ﬁy]zf(y)dy/ E[e*Xs]ds < oo, (4)
0 0 0
For any v €V and 5 >0,

E[efXt] < E[ePUo r(9)=30()*)ds+8 J5 o()dBs )

— BUsr()=50()?)ds+58% [Jo(s)?ds  ptmaxo<icr |Br(t)—BFo () +56%0(1)?]

Therefore, inequality (4) holds.
Finally, inequality (3) holds because

B [ [5e.50  (76) - gots ~v)) G206, + 4065 5 5.0




—Mﬁ[ﬁﬁm&xo—w@x;—mewxwﬂﬂwmﬂm]
< E[/tT ig%) [?:(S,XS) — <r(3) — %O’(S)2 —v) ?:(S,Xs) + ;0’(8)222;;)(8,)(5)
—A@)Amm@gn>—w@gn—Jaauwﬂﬂw@ﬂ@]:a

following from the HJB equation. Taking the supremum over v(t) € V in (3), we obtain VY (¢, x)

IA

w(t,z). Denoting X; =logV;*, with V; being the asset value process with v*, we have VY (t,x)

Y

E[e#X7]. Then from Dynkin’s formula (we can check a similar technical condition as in (3)) it

follows that
T
E[eﬁxﬂ = b +/t ( (r(s) _ %0(5)2 _ v*(s)> B+ 30(5)252
B (1 - / T (y)dy> )Eeﬁx? ds,
0

which implies that E[e?X7] = A(t)e’* = w(t,z).
Hence, VY (t,2) =w(t,x), and the optimal strategy v*(t) is given by

v*(t) =arg max {—vﬁ + A(t) /°° e_ﬁK(tvvvy)f(y)dy} i
v> 0

and the value function is given by
g 1
VY(t,x) = e " exp { / [ﬂ (r(s) - 50(3)2 — v*(8)> + 50(3)2ﬁ2
t
eﬁK(57U*(S)7y)f(y)dy> :|ds}

This completes the proof. ]
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Proof of Proposition 4. First, from Theorem 3, we know that the optimal v*(¢) is given by

v*(t) = arg max {—vﬁ + A(t) / eﬁK(t’“(t)’y)f(y)dy} :
v> 0

Therefore, at optimality, if v*(t) > 0, we have

5_/003 CBK(w(t) 1)
O ¢ }

Note that e #KE®Y) i5 concave in v(t) and thus de PECOYD /9y is decreasing in v(t). Now,

f(y)dy.

v=v*

assuming f; > 5, we claim that v] <wvj. Assuming not, we would have v] > v;, and

>0
)\5(;):/0 O [ermRewun] | py)dy

- 2 —B1K(v(t),y,t)
<[ sl 1|y

= 2 7ﬁ2K('U(t)7yrt) — &
<[ sl | fy=



which is a contradiction. OJ

Proof of Proposition 5. First, from Theorem 3, we know that the optimal v*(¢) is given by

v*(t) = arg max {—vﬁ + () / e‘ﬁK(t’“(t)’y)f(y)dy} .
vz 0

Therefore, at optimality, if v*(¢) > 0, we have

B [T O sk
O /0 a0 L ]

Note that e #KEV®Y) i5 concave in v(t) and thus de PECOYD /9y is decreasing in v(t). Now,

f(y)dy.

v=v*

assuming A\; > Ao, we claim that v > v}. Assuming not, we would have v] < v}, and

B /Oo 9 1 BK ()0
= — le URE)Ys d
Ai(t) 0 87)[ ] y:vlf(y) Y
Y L T SIOR) du — 7
/0 v [ ] v:vgf(y) Y )\2(75)
which is a contradiction. OJ

Proof of Theorem 4. The proof is similar to the proof of Theorem 3, and is therefore omitted

here. OJ

Proof of Theorem 5. Define the Hamilton-Jacobi-Bellman (HJB) equation:

ov 1 . ov 1,0V
uS}g)O {(‘)t + <r(t) - 5a(t) —u— v> e + §U(t) 52

-Gt [ TVt - Vit K(t,v,ymf(y)dy} _o,

with boundary condition V (T, x) = e”®.

We will show that this HJB equation has a classical solution w(¢,z) which equals to the value
function V¥Y(t, x).

We show that w(t,z) € C*? is a classical solution to the HJB equation, where C'? denotes
continuous differentiability in time and twice continuous differentiability in space, where w(t, z) is

of the form w(t,z) = A(t)e’”. Tt is easy to see that A(t) has to satisfy the ODE
A6+ {3 (r0) - G002 - ) - 0°0)) + got026°
~ G0 (1- [ e 0 sy | 4w o,
0



with boundary condition A(T") =1, where u*(t),v*(t) is defined as

(0 (0,07 (0) =ang g {08 = 09 - G(eux) (1= [T pgpay ) .

u,v>0

We can solve this ODE and get
aw=en{ [ [5(r6)- 3o w1 -0 + 3ot
— G(s,u*(s),\(s)) (1 - /O " e pR G 0)0) f(y)dy> ]ds}.

We will show later that (u*(t),v*(t)) indeed gives the optimal control. Before we proceed, we

notice first that by the definition
—u'(t)B —v"(t)B — G(t,u™ (), A(t)) (1 - / e_ﬂK(t’”*(”’y)f(y)dy>
0

(1.0, A(2)) (1 -/ ) e_m,f,o,y)f(y)dy)
> A1 - L()).

which implies that

AlM)
B

Since A(t) is continuous in ¢, u*(t),v*(t) is bounded on [0,7], and finally since u*(t),v*(¢) is

w(t) + v (t) < —= (1= L(B)).

deterministic, we have verified that u*(-) €4, v*(-) € V. Moreover, since G and K are continuous
differentiable and A(t) is continuous, u*(t),v*(t) are continuous, and hence A(t) is continuously dif-
ferentiable and w(¢, ) belongs to C*2. Therefore, w(t, z) is indeed a solution of the HIB equation.

Next, we need to verify that V¥V (¢, ) = w(t,z). We first show that w(t,z) > V¥V (t,z). Note
that for any u(t) €U, v(t) € V, we have

Ele™T] = E[w(T XT)]

w(t,z +IE[ (r(s) _ %J(S)Q —u(s) —v(s)) %"(s,xs) + (22 s x)

2 Oz?

~ G, us), \(5) / (6. X) = (s, X, = K500 ) s

w(t, ). (5)
The first equality in (5) holds due to the fact that A(T) = 1. The second equality in (5) holds

due to the Dynkin’s formula (see e.g. Theorem 1.24 in @®ksendal and Sulem (2005)) given that the

following technical condition holds

o[ [ |5

25, = (7(9) (60~ ulo) =) ) G5, X.) 4 o0 5 55,0
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— G(s,ul(s),A(s)) /OOO[W(S’XS) —w(s, X, — K(s,v(s),9))]f (y)dy

<a(s)gl;j(s,Xs)>2 ds]

+E [ / "G u() M(9)) | e — (s x. - K(s,v(s),y))]zf(y)dyds] <.

s

+E

By the definition w(t, z) = A(t)e’®, and since K (s,v(s),y) <y and G(s,u(s),A(s)) < A(s), A(T) =1,
thus it suffices to show that

t<s<T t<s<T 2

E[ef*T] + <max |A'(s)| + max 10( )2A(s)ﬁ2> /tTIE[eﬂXS]ds
+ (tlélsaéXT (r(s) + %0(5)2 + ess sup u(s)) A(s)ﬂ—ktlgag% A(s)(1— C(B))) /tT]E[eﬁXs]ds

+ max 0(5)2,82/0 E[e**+]ds + max \(s) /000[1 — eﬁy]2f(y)dy/0 E[e**:]ds < o0.  (6)

t<s<T t<s<T

For any ueUd, veV and g >0,

E[eﬁXt] < E[eﬁ(fg r(s)—So(s)2)ds+8 ¢ a(s)st]

— eBUsr(8)=30()*)ds+ 387 [§ o(s)%ds < ptmaxoce<r [Br()—BFo(H)*+55% (1)

Therefore, the inequality (6) holds.
Finally, the inequality in (5) holds because

E| / G0 ()= o9~ u(s) — o060 ) G0 5ol G s, X

SE[/tTU(Ssup [‘?;;’(s X,) - < (s)—;a(s)z—u(s)—v(s)> ‘Z";’(S,XSH Logs )222“;(3 X,)

),v(s)2

- Gls,u(). ) [ s, X,) — w(s, X, — K(s,v(s),y))]f(y)dy] ds} o,

following from the HJB equation. Taking the supremum over u(t) €U, v(t) € V in (5), we obtain
VUY(t,z) <w(t,z). Denoting X; =log V¥, with Vi being the asset value process with u*,v*, we
have V¥V (t,x) > E[e’XT]. Then by Dynkin’s formula (we can check a similar technical condition

as in (5)) we have

E[e#F] = ¢ + /tT < <T(s) _ %0(5)2 _w(s) — v*(s)> B+ 30(3)252
s, ut A (s) <1 _ /0 PG () f(y)dy> )Eeﬁxs*ds,
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which implies that E[e®XT] = A(t)ef* = w(t,z).

Hence, we conclude that V¥V (t,x) = w(t, ), and the optimal strategy (u*(t),v*(t)) is given by

(0 (00 () =g o { (e 0)8 - Gl uA0) (1= [ e pigpay )},

and the value function is given by

u,y Bx g 1 2 * * 1 202
VY (t,x) =e " exp 6] r(s)—ia(s) —u*(s) —v*(s) —1—50(3) 6]
t

— G(s,u*(s),\(s)) (1 — /O " pK G 0) f(y)dy) } ds}.

This completes the proof. ]

Proof of Theorem 6. The proof is similar to the proof of Theorem 5, and is thus omitted

here. OJ

Proof of Proposition 6. When 3 < \d;(1—0;/9,) or 5> 395/, —1 >0 does not hold, at least
one of v* and v* is zero.
When only the preventive control is available, then v* =0 and by applying Theorem 1, we have
L
01
when N (61, B, \,E[Y]) > 1 and u* =0 otherwise.

When only the corrective control is available, then v* =0 and we can apply Theorem 5. We can

1Og (N(élvﬁ) )"E[Y])) )

u

compute that )

oo _ﬁK(v,y)f( dy — — B
e y)dy —
/0 sy + B

and .

*  mv Boze 2’ 1
ov? _|_[/B]e—62v =—E[Y] (=L _i/ge—fszv)g E[Y]
E[Y] E[Y]

for every v < (>)(1/62) log(E[Y]3). Therefore, by applying Theorem 5, we can see that

_ L
-5

- Be“52“> > 0(<0),

ol

log (M((SQ)B’ )‘7E[Y])) ’

when M (62, 8, \,E[Y]) > 1, provides a local maximum and the global maximum is obtained by
comparing v* = v’ with v* =0.

Hence, it follows that:

If N(61,B8,\E[Y]) <1 and M (s, 8, \,E[Y]) <1, then u* =v*=0.

If N(61,8,\,E[Y]) >1 and M (2,8, \,E[Y]) <1, then v* =0 and

ut = (Slllog(/\/(fi,ﬂ, A EY])).
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If N(61,8,\,E[Y]) <1 and M (b2, 3, \,E[Y]) >1 then u* =0 and

L Jog (M(82, 8, E[Y])),

T
if C(0,v") < C(0,0) and otherwise v* =0.
If N (61,8, \,E[Y]) >1 and M (2,5, \,E[Y]) > 1, then we recall that

ut

_ (Slllog(./\/’((shﬂ; \E[Y])),

ot :51210g (M(82, 8, M, E[Y])).

We define V' (u,v) as the value function with emphasis on the dependence on the constant controls

w and v:
V(u,0) = ¢ exp { /tT [3 (r(s) _ %a(sf Cu- v) + %J(S)Qﬁﬂ
~ et (1 - /0 T empue f(y)dy) } ds}
P exp { /tT [5 (T(s) - ;U(s)2> + 30(3)252] ds— (T — t)C(u,v)},
e C(u,v) ::u+v+>\6_5lum.

Note that V(u1,v1) > V(ug,v2) if and only if C(u1,v;) < C(ug,ve). Thus, the optimal (u*,v*)

satisfies:

(u*,v*) = (u',0) if C(uf,0)<C(0,0"),
(u*,v*) = (0,v") if min{C(0,0),C(u,0)} >C(0,v").

When ,SS )\51(1—51/52) and B>52/61 —1 >0,

WWw“%:<ik%<t?(1‘2))’%£n1bg(§€ ))

gives a critical point. By comparing with the preventive control only, and corrective control only,

we get the desired result. O

Proof of Proposition 7. (i) and (ii) are easy to see. To see (iii), we can compute that

du 1-logW (61, BAE[Y]) 8%’ 6 —251(1—log(N (31, B, A E[Y)))
90, 52 Y 5 ‘

Thus u* is increasing in §; if N (4, 8, A\, E[Y]) < e and it is decreasing otherwise. u* is convex in §;

if N'(d1, 8, \,E[Y]) > +/e and it is concave otherwise.
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To see (iv), we can compute that

du* 1 1 -0 Pur -1 2E[Y]B+1 -0
OE[Y] o (E[Y])?B+E[Y] ™7 OE[N])? & (EY])2B+E[])? =
Thus u* is increasing and concave in E[Y]. O

Proof of Proposition 8. (iii) and (v) trivially hold. Let us prove (i), (ii) and (iv).
(i) We can compute that

92(Ad2—28)
ov* 1 02 + /(N6 —28)2—4p2 - 1

1 _ >0,
N b ys ap\Jom 28 4B 28] 4P

and
82’0* _ 52()\(52 — Qﬁ)

O (A, —28)" — 4B2)

Thus v* is increasing and concave in A.

(ii) We can compute that

9 2% 14— A%
o1 Cazsi® =2 T o0

<0,

00 s, 05\ J0s—287 — 452 D2 25, — 95+, —28) —45°

and N6y 28 A6
282 A0—28 252 S, ) B V'
v _ 4 N PVt U )

9B%  0a (A6, — 28+ /(N5 — 2B)2 — 452)2((A6y — 2B)% — 452)

Thus v* is decreasing and concave in .

iv) We can write v* as
(iv)

v* ! log <E[Y]> + 1 log <)\(52 — 28+ \/()\52 —28)° — 452) .

S 2 5

Thus, it follows that

ov* 1 E]Y 1 .
—l—i A ——ifu*—l—i A
02 /(N0 —28)2—4B32 0, 82 /(A6 —2B3)% — 432

Thus v* is increasing in d, if

E[Y]

log () +log ()\52 — 26+ /(A6, —28)2 — 452) < A%

V(A —2p)2 — 457

2
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and it is decreasing otherwise. We can further compute that

v 1 . 1] 1. 1 A
97 8 5| 0 &J(nb, 207 4P
A 205,68
02 (Ao —2[3)2 —432)3/2
20" 3A?62 — 10235,

T 03 82((A0,—2B)F — 4B

Thus v* is convex in s if

52 lo (E[QY]) 51 log(Ad2 — 23 + /(Adz — 2B)2 — 452) (A2 — 28)” — 48%)*/% > 3A®65 — 10A° 35,
2 2
and it is concave in d5 otherwise. O

Proof of Proposition 9. (i), (ii), (iii) here are easy to see. To see (iv), we can compute that

ut Bt —log(R(1- )

00, (52 ’

o (Gay =3+ )0 = (B ~los (R (1= )20
00% o

Thus, u* is increasing in d; if

0y — 20, A0y o1
s >1°g< 5 (1‘52»

and it is decreasing otherwise; u* is convex in ¢, if

—05 1 1 0y — 20, A0y 01
I _1 A I il
02— 01)2 61+5Q—61>(62—61 °g<5 ( 5)))5

and it is concave otherwise.

We can also compute that
ov* 1 (52 82?}* 1 (251 — (52)52
T =T T 5 07 =< 9
06, 05 050, — 03 062 8y (0201 — 6%)?

Thus v* is increasing in d; and it is convex in §; if §; > %52 and concave in d; otherwise.

To see (v), we can compute that

ou* d O?u*  6(6, — 20
=, w00 —20)
00 65 — 616 005 (03— 0107)?
Thus u* is increasing and concave in d,. Moreover, we can compute that
5 5 E[Y]5
g —52 —log(ZIM) o P (s + )8 4 (525 +log(F5204)) 26, o
06y 53 ’ 063 53 '
Thus v* is decreasing and convex in ds. O

Proof of Proposition 10. Note that if A changes, only u* changes, and there is no effect on v*.

If E[Y] changes, only v* changes, and there is no effect on u*. O
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Appendix B: Numerical Experiments

In our paper, we conduct numerical experiments to characterize the optimal preventive and cor-
rective controls in the different investment regions as discussed in Section 6.2, and analyze how
different parameters affect the u* and v* respectively as discussed in Sections 6.2 and 6.3. The key
parameters that determine the optimal investments here are A\, E[Y], 3, d;, and 09, as discussed
before. Now in our first experiment, we vary the variables within the ranges shown in Table 1. We

show our numerical results in Figure 2.

Table 1 Experiment 1

Figure | Variable under study | Fixed variables

2(a) A€ [1,10] E[Y]=50,5=0.5,0, =0.5,0,=0.5
2(b) B €[0.0001,0.9999] A=5,E[Y]=50,6, =0.5,0,=0.5
2(c) E[Y] € [1,100] A=5,=0.5,0; =0.5,0,=0.5
2(d) 5y €[0,1] A=5,E[Y]=50,8=0.5,5, =0.5
2(e) 9 €[0,1] A=5,E[Y]=50,5=0.5,0,=0.5

In Figure 2, we find that the investment strategies in Figures 2(a) and (b) fall within the
Preventive Control region, i.e., v* =0, and the investment strategy in Figure 2(e) first falls within
the No Investment Region (u*,v* =0), but then moves into the Preventive Region. Moreover, the
structural properties of the optimal preventive control u* in Figure 2 are consistent with Proposition
7. First, in Figure 2(a), u* increases concavely in . Second, in Figure 2(b), u* decreases in f.
Third, in Figure 2(e), u* is at first 0 and then moves into the Preventive Control Region: at first
increasing in ¢; and then decreasing in d;.

In Figures 2 (c) and (d), we plot u* and v* separately in order to be able to see v* more clearly
as it is not always 0 now. In Figure 2 (c), the optimal investment strategy first lies within the
Corrective Control Region when E[Y] is small and then moves into the Preventive Control Region
when E[Y] gets larger. In the Preventive Control Region, u* increases concavely in E[Y], which is
consistent with Proposition 7. In Figure 2 (d), when J, is small, the optimal investment strategy
falls within the Preventive Control Region, as investing in corrective control is not efficient in its
loss reduction, and we can see that u* is independent of §,. When §, increases, then the optimal

investment strategy moves into the Joint Investment Region, and we can see here the consistency

with Proposition 9: u* is increasing concavely in d, and v* is decreasing convexly in d,. Moreover, in



16

the Joint Investment Region of Figure 2 (d), u* and v* are complementing each other. Finally, when

0, increases even more, then the optimal investment strategy moves into the Preventive Control

Region again, and we see in Figure 2(d) that u* assumes the same value as when J, is very small,

since now u* is again independent of §,.

A similar experiment as Experiment 1 described above, but with d, much smaller (i.e., 0.05

instead of 0.5), has yielded results that are similar to the results obtained above.
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From Experiment 1, we can see that when ; and J, are similar in scale, one would prefer in most
cases to invest in preventive control. Therefore, in order to do a more in-depth study of corrective
control, we consider in Experiment 2 a much smaller frequency reduction efficiency parameter d,,
i.e., 0; = 0.05. We show the value or range of our key parameters in Table 2, and our numerical
results in Figure 3.

It is clear that the optimal investment strategies in Figures 3(a), (c), and (d) lie mainly in two
regions: the Corrective Control Region and the No Investment Region, since now the investment
in frequency reduction would be very inefficient given a very small é;. The structural properties
of v* in the Corrective Control Region are consistent with Proposition 8. First, in Figure 3(a), v*
first lies in the No Investment Region, and then moves into the Corrective Control Region while
increasing concavely in A. Second, in Figure 3(b), v* first decreases in  in the Corrective Control
Region; and then for a certain range of 3, even when §, is very small, the optimal investment
strategy still falls into the Preventive Control Region and v* = 0. However, when g gets larger and
larger, in Figure 3(b), v* moves back into the Corrective Control Region while decreasing concavely
in B, and then with very large 8 the optimal investment strategy ends up in the No Investment

*

Region. Third, in Figure 3(c), v* increases concavely in E[Y] in the Corrective Control Region.

Finally, in Figure 3(d), v* first falls into the No Investment Region, as d, is very small, and when
J> increases above a certain threshold as characterized in Proposition 6 (III) then v* falls into the
Corrective Control Region. Consistent with Proposition 8 (iii), in the Corrective Control Region

of Figure 3(d), v* first increases in J, and then decreases.

Table 2 Experiment 2

Figure | Variable under study | Fixed variables

4(a) A€ [1,10] E[Y]=50,8=0.5,6; =0.05,0, =0.5
4(b) | 8€[0.0001,0.9999] A=5,E[Y]=50,6; =0.05,0o=0.5
4(c) E[Y] € [1,100] A=5,8=0.5,6; =0.05,0,=0.5
4(d) |2 €10,1] A=5,E[Y]=50,5=0.5,0, =0.05

—
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