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The ecompanion is organized as follows. Section A follows Section 3.3 and continues the dis-
cussion of Theorems 1 and 2. Section B completes all omitted proofs for the theoretical results
in Section 3. Section C provides the proofs for all theoretical results in Section 4 regarding the
distributional counterpart and provides additional comments. Section D shows that the parameters
~ in Theorem 1 can be further obtained for several applications. Section E extends the proposed
framework by proposing sampling statistically-dependent columns in the column randomization
method. Section F follows Section 5 and completes the numerical experiments on the cutting stock
problem. Section G follows Section 6 and completes the numerical experiments on the nonpara-
metric choice model estimation. Section H provides a detailed comparison between the proposed
framework and other large-scale LP solvers based on randomized algorithms (Agrawal et al. 2014,
Vu et al. 2018). All of the code is available at the repository Column-Randomized LP at

https://github.com/yi-chun-akchen/Column-Randomized LP.

Appendix A Additional Discussion on Results in Section 3

This section continues the discussion in Section 3.3.


https://github.com/yi-chun-akchen/Column-Randomized_LP
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Lower Bound on v(P;): We note that neither Theorem 1 nor 2 implies that the optimality
gap Av(P;) of the column-randomized linear program P; can be arbitrarily small with large K.
Indeed, if € is not “comprehensive” enough — that is, its support is small, and does not include
the complete set of columns of any optimal basis for P — then Av(Py,) > 0 no matter what C is,
and one would not expect the column-randomized program P; to perform closely to the complete
problem P, even if K is large. We can formalize this intuition in the following proposition, where

I'" denotes the support of the distribution &.

PROPOSITION EC.1. Define I* ={j € [n]|&; >0} and let P}, =min{cl,x" | Aj+xt =b,x" >
0}. Then v(Py) > v(Py;

distr

) almost surely, and v(Py) — v(P},

distr

) almost surely as K — co.

The proof is straightforward and omitted for brevity, as any solution of P; can be reformulated as a
feasible solution of Py, ., and as K — oo, every column in It is sampled at least once almost surely,
ensuring that v(P;) =v(Pi,). An obvious consequence of this proposition is that if I = [n], i.e.,
every column has a positive probability of being sampled, then v(P;) will converge to v(P) when
enough columns are sampled. From this perspective, the value of our bounds in Theorems 1 and 2
is that they provide finite sample guarantees, for the case where K < n and it is impossible that

one will have sampled all of the n columns.

Feasibility of P;: We make several important remarks regarding the feasibility of P; and how
feasibility is incorporated in our guarantee. First, note that in general, the sampled problem P;

need not be feasible. As a simple example, consider the following complete problem:
P=P =min{1"x|Ix=1,x >0},

where I is the n-by-n identity matrix and m =n. In this problem, the only way that the sampled
problem P; can be feasible is if the collection ji,...,jx includes every index in [n]; if any column
Jj €[n] is not part of the sample J, then the sampled problem P; is automatically infeasible. Thus,
when K < n, Pj is infeasible almost surely. When K > n, it is still possible that j;,...,jx does not
include all indices in [n], and thus P; is infeasible with positive probability.

For this reason, our guarantee on the optimality gap is stated as a conditional guarantee: with
high probability over the sample ji,...,jx, the optimality gap of P; obeys a particular bound if
the column-randomized LP is feasible. Formally, our two guarantees can be represented as

Pr [{PJ is feasible} = {AU(PJ) < Av(Pyiger) + g -Cp - Cg}:| >1—4.
VK
Since the implication A = B is logically equivalent to A° U B, an alternative equivalent restatement
of the general form of our guarantee is

Pr [{PJ is infeasible} U {AU(PJ) < Av(Pyigee) + \/C[;( -Cp- 05}:| >1-6.
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We note that this type of guarantee is distinct from probabilistically conditioning on ji,...,Jjx,

i.e., our guarantee is not the same as

Pr | Av(Py) < Av(Paisy) + \/le—( -Cp-Cs

because upon conditioning on the feasibility of P;, the random variables ji,...,jx are in general

P;is feasible} >1-9,

no longer an i.i.d. sample. As an example of this, consider again problem Py above, with K =n and
a randomization scheme p corresponding to the uniform distribution & = (1/n,...,1/n) over [n].
By conditioning on the event that Pj is feasible, the sample J = {ji,...,jx} must then be exactly
equal to [n], and we obtain that Pr[j, =t,ji =t] =0# Pr[j,. =t| - Pr[jw =t] for any k, k" € [K]
with k# k" and ¢ € [n]. In this example, the indices ji,...,jx are thus not independent.

With regard to the feasibility of column-randomized LPs, it appears to be difficult to guarantee
feasibility in general. However, one can use similar techniques as in the proofs of our main results
to characterize the near-feasibility of a column-randomized LP. Consider the following complete

problem, and its sampled and distributional counterparts:

P** =min{||Ax — b||, | x > 0},
P =min{||A ;% —b|, | x >0},

Pt =min{|[Ax —b||; |0 <x < C¢}.

The objective function in each problem measures how close Ax is to b for a given nonnegative
solution x, and the optimal value measures the minimum total infeasibility, as measured by the
lowest attainable /; distance between Ax and b. Note that an optimal value of zero for a given
problem implies that the feasible region contains a solution x that satisfies Ax =b. With a slight
abuse of notation, let us use v(P™), v(P¥*) and v(P2) to denote the optimal objective value

of each problem. We then have the following result.

ProposITION EC.2. Let C be a nonnegative constant. For any 6 € (0,1), with probability at least

1—9 over the sample J,

eas eas C 1
v(Pr™) < o(Pri) + T A e (1 +4/2log 5) :

The proof of Proposition EC.2 (see Section B.3 of the ecompanion) follows using a similar but
simpler procedure than those used in the proofs of Theorems 1 and 2. The guarantee in Proposi-
tion EC.2 has a similar interpretation to Theorems 1 and 2: the magnitude of the total infeasibility
of the columns J is bounded with high probability by the minimum infeasibility of the distributional
counterpart P2 plus a O(1/vK) term.
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Feasibility-guaranteed column randomization algorithm: One practical way in which
one can modify Algorithm 1 to ensure that the sampled problem is always feasible is to augment
the column set J with a set of columns Jp such that P;,;, is a feasible problem. We define the

new procedure, Algorithm 7, below.

Algorithm 7 The Feasibility Guaranteed Column Randomization Method
: Set Jr C [n] to be a set of columns such that P;, is feasible and rank(A ;,.) =m.
: Sample K indices as J ={ji1,...,jx} by a randomization scheme p.

: Deﬁne AJUJF = [Aj]jeJUJF and CJUJF = [Cj]jEJUJF.
: Solve the column-randomized linear program, which has |J U Jg| columns:

=W N

PJUJF : min{c?UJFi|AJUJFi:b, )EZO} (ECl)

5 return optimal objective value v(P;yu,,) and an optimal solution X*.

There are two important aspects of Algorithm 7 to be cognizant of. First, for this procedure,
we can adapt Theorems EC.1 and Theorem EC.2 so as to obtain guarantees on Av(Pjy,,.). This
results in the following two guarantees; importantly, these guarantees are no longer conditional

guarantees.

THEOREM EC.1. Let J and Jr be as defined in Algorithm 7. For any § € (0,1), with probability

at least 1 — & over the sample J, then

C (1 +my[|Allmax) 2
AU(PJUJF) < Av(PdistT) + \/E 1+ 210g g ) (EC2)

THEOREM EC.2. Let J and Jr be as defined in Algorithm 7. For any 6 € (0,1), with probability

at least 1 — & over the sample J, then

C 1
Av(Pyug,) < Av(Pise) + \/? "X <1 T/ 2log 6) (EC.3)

Second, in the statement of Algorithm 7, the first step is to obtain a set of columns Jr so that
Pj. is feasible and A ;. has full row rank. This can be accomplished easily by applying the first
phase of the two-phase method, which is a standard method for obtaining an initial feasible solution
to a linear program for which an initial basis is not obvious (see Chapter 3, Section 5 of Bertsimas

and Tsitsiklis 1997). In particular, one formulates the following problem:

mir:inize 17 +17e” (EC.4a)
su{oje’ct to Ax+Iet —Ie =b, (EC.4b)
x>0, (EC.4c)
€, e (EC.44d)
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where et,e~ € R™ and 0 is an appropriately sized vector of zeros in the two nonnegativity con-
straints. As with the main problem P, this problem obviously cannot be formulated explicitly, but
can be solved using column generation. At the start of column generation, we do not include any
columns from A, and the principal constraint is Iet — Ie~ = b, for which an initial basis can be
found trivially: for each i € [m], set ¢/ = max{b;,0} and ¢; = min{b;,0}. As column generation
progresses, the objective value will decrease and the €/ and ¢; variables will gradually leave the
basis. Upon termination, one will obtain a basic feasible solution for which all of the €, ¢, vari-
ables are non-basic. The resulting set of basic columns of x, Jp, is such that P;, is feasible and
rank(A ;) =m. Observe now that if P, is feasible, then P, ,,, for any set of columns J C [n],
must also be feasible: one can take any solution x;,. to Py, and set x; =0 for all j € J\ Jp, result-
ing in a solution x;y 7, that is nonnegative, and satisfies A ;y;.X 07, = b. In addition, the matrix
A juj, must also have rank m. Although this approach requires column generation, it is reason-
able to expect that column generation applied to problem (EC.4) to find an initial solution should
generally be faster than when it is applied to the complete problem P. Proofs of Theorem EC.1
and EC.2 can be found in Section B.4.

Interpretation of v and x: We first note that the technique of bounding the objective value
of a linear program using the ¢,, norm of basic feasible solutions has been applied previously in
the literature (Ye 2011, Kitahara and Mizuno 2013). The presence of v and x in Theorem 1 and
2, respectively, arises due to the use of sensitivity analysis results from linear programming with
respect to the right-hand side vector b. As we discuss in the proof in Section B, any optimal
solution x*° of problem Py, has a sparse counterpart x’ in the space S; = {x|x; =0 Vj ¢ J} such
that x’ is in the vicinity of x*° in terms of Euclidean distance. However, x’ does not necessarily
belong to the feasible set F(P;) of the column-randomized linear program P;, since F(P;) is a
subset of ;. To relate the optimal objective value v(P;) of problem P; to c¢”x’, which is close to

T

cx*0, we use sensitivity analysis arguments which involve either v or .

Comparison of Theorems 1 and 2: While both Theorem 1 and 2 provide valid bounds
for the optimality gap Awv(P;), Theorem 1 is in general easier to apply; indeed, in Section D
we discuss two notable examples where v can be easily computed (specifically, LPs with totally
unimodular constraint matrices A and infinite horizon discounted Markov decision processes). For
problems that are not standard form LPs, neither guarantee directly applies, but we can obtain
specialized guarantees by carefully modifying a result (Proposition EC.3 in Section B.2) that leads
to Theorem 1 and designing bounds for the /., norm of feasible or optimal solutions of D; (as
opposed to basic solutions of D). We will later showcase two examples of such guarantees, for

covering LPs (Section D.3) and packing LPs (Section D.4).
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With regard to Theorem 2, we expect for most problems that Theorem 2 will be difficult to
apply, as it requires a universal bound for the norm of the reduced cost vector for every basis,
feasible or not, of problem P. Nevertheless, Theorem 2 is interesting because it involves reduced
costs, which are also of importance in column generation. For a basic feasible solution, the reduced
cost of a non-basic variable j can be thought of as the rate at which the objective changes as
one increases z; to move from the current basic feasible solution to an adjacent/neighboring basic
feasible solution in which j is part of the basis. With this perspective of reduced costs, one can
informally interpret the result in the following way: if y is small, then the rate at which the objective
changes between adjacent basic feasible solutions is small. In such a setting, it is reasonable to
expect that there will be many basic feasible solutions that are close to being optimal and that
solving the sampled problem P; should return a solution that performs well. On the other hand,
if there exist non-optimal basic feasible solutions where the reduced cost vector has a very large
magnitude (which would imply a large x), then this would suggest that the objective changes by a
large amount between certain adjacent basic feasible solutions, and that there are certain “good”
columns that are more important than others for achieving a low objective value. In this setting,
we would expect the sampled problem objective v(Pjy) to only be close to v(P) if J includes the

“good” columns, which would be unlikely to happen in general.

Design of Randomization Scheme p: The quantity ;, which is the probability that the
jth column is drawn by the randomization scheme p, can be interpreted as the relative importance
of z; compared to other components of x € R" in the complete problem P; indeed, when the
corresponding column is randomly chosen, x; is allowed to be nonzero, and can thus be utilized to
solve the optimization problem. For example, in a network flow optimization problem, x; represents
the amount of flow over edge j; a nonzero {; can thus be interpreted as the belief that edge j
should be used for flow. As another example, consider the LP formulation of an MDP, where each
component of x corresponds to a state-action pair (s,a) (i.e., x(sq) is the expected discounted
frequency of the system being in state s and action a being taken). In this setting, a nonzero & )
can be interpreted as the relative importance of (s,a) to other state-action pairs.

One can design the randomization scheme based on prior knowledge of the problem. For example,
one could use a heuristic solution to a network flow problem to design a randomization scheme p
resulting in a distribution &€ that is biased towards this heuristic solution. Similarly, if one has access
to a good heuristic policy for an MDP, one can design a distribution £ that is biased towards state-
action pairs (s,a) that occur frequently for this policy. If such prior knowledge is not available, a
uniform or nearly-uniform distribution over [n] is adequate. We provide several concrete examples
on how to design randomization schemes in our numerical experiments in Sections 5 and 6. Finally,
we note that the indices in J have been assumed to be i.i.d. In Section E, we derive analogous

guarantees for the case when the indices are sampled non-independently.
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Minor Remarks on the Upper Bound: We mention two other interesting properties of
the bound (8). First, the second term in (8) is independent of the distribution &; no matter how
€ is designed, the optimality gap Awv(P;) is guaranteed to converge with rate 1/v/K. Second,
the dependence of the bound on the confidence parameter § is via \/m in Theorem 1 or
\/W in Theorem 2. This implies that very small values of ¢ will not significantly increase
the upper bound on Av(Py).

Appendix B Omitted Proofs of Results in Section 3

In this section, we prove Theorem 1 and 2. We start with some preliminary results (Section B.1)

then prove the main theorems (Section B.2).

B.1 Preliminary Results and Lemmas

Lemma EC.1 and EC.2 bound the distance between the sample mean and the expected value of a
collection of i.i.d. vectors, in terms of ¢, norm and ¢; norm, respectively. Lemma EC.1 is Lemma
4 from Rahimi and Recht (2009), which utilizes McDiarmid’s inequality to show that the scalar
function ||w — E[w]||2, where w is the mean of K i.i.d. vectors wi,..., Wk, concentrates to zero
with rate O (1/\/?)

LEMMA EC.1. (Rahimi and Recht 2009) Let wq,Ws,...,Wg be i.i.d. random vectors such that
Wil < C for k=1,...,K. Let w = (1/K) - Zszl wyi. Then for any 6 € (0,1), we have, with

probability at least 1 — 9,
C / 1
w—E[wW||[;<—-1+14/2log=|.
I W] VE ( gé)

LEMMA EC.2. Let wi,Wy,...,Wg be i.i.d. random vectors of size m such that ||Wi||o < C for

k=1,...,K. Let w=(1/K) - Zle wy.. Then for any 0 € (0,1), we have, with probability at least

1-90,
1
[w—Efw] | < ”;% (1+\/210g5) .

Proof: Since ||wil|l2 < v/m|wilw < v/mC, we apply Lemma EC.1 and obtain that with
probability at least 1 — 6, |w —E[W] |, < vm - C/VK - (1 +4/2log %) . Combining this with the
fact that ||w —E[w]|; </m-||w —E[w]||2, we obtain the desired result. O

Lemma EC.3 is a standard result of sensitivity analysis of linear programming; see Chapter 5 of
Bertsimas and Tsitsiklis (1997). In fact, one can view the optimal objective value of problem P as
a convex function in b and show that any optimal dual solution p is a subgradient at b.

LEMMA EC.3. Let z(b) = min{cly|Ayy =b,y >0} and z(b’) = min{cly|Ajy=b",y > 0}.
Then z(b) — z(b') < pT(b —b’), where p is an optimal dual solution of the former problem.



e-companion to Akchen and Misié¢ : Column-Randomized Linear Programs ec9

B.2 Proofs of Theorem 1 and 2

We first establish a useful result.

ProrosiTiION EC.3. Let C be a nonnegative constant and define the linear program Py, as in
Theorem 1, i.e., Py, : min{c’x|Ax=b,0<x<CE&}. Let Py be the column-randomized LP

solved by Algorithm 1. For any § € (0,1), with probability at least 1 — & over the sample J, the
following holds: if Py is feasible, then

A0(Py) < Ao(Pae) + - (1+ (Bl 1 [ Al <1+ \/mogﬁ)

for any optimal solution p of problem Dj; (the dual of problem Pj).

Proof: Let ji,...,jx be the set of indices sampled according to the distribution & by the ran-
domization scheme p. Let x*° be an optimal solution of the distributional counterpart problem

Pjisir. Consider the solution x’ that is defined as

where we use e; to denote the jth standard basis vector for R". In addition, define the vector b’ as
b’ = Ax'.

To prove our result, we proceed in three steps. In the first step, we show how we can probabilisti-
cally bound ||x” —x*°||5. In the second step, we show how we can probabilistically bound ||b’ —bl|;.
In the last step, we use the results of our first two steps, together with sensitivity results for linear
programs, to derive the required bound. In what follows, we use I, to denote the support of &,

that is, I, ={j € [n] | §; > 0}.

Step 1: Bounding ||x’ —x*°||,. To show that x’ will be close to x*°, let us first define the vector

Wy as
*0
xT*
wi= 2t e;
Jk
for each k € [K]. The vectors wy, ..., Wy constitute an i.i.d. collection of vectors, and possess three
special properties. First, observe that x’ is just the sample mean of wy,...,wWg. Second, observe

that the expected value of each w;, can be calculated as

0

Elw]=>_ &- xgj o= ajle;=) ujle;=x"

jely jely j€ln]
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where we use w to denote a random vector following the same distribution as each wy. In the
above, we note that the third step follows because the distributional counterpart Py, includes the
constraint x < CE&, so j ¢ I, automatically implies that :C;O =0.

Finally, observe that the ¢, norm of each w;, can be bounded as

*0
Jk

&

where the inequality follows because x** satisfies the constraint 0 < x < C€&. With these three

Wil = e, ll: <C-1=C,

properties in hand, and recognizing that ||x’ —x*°[|, = ||(1/K) Zszl wj, — E[w]||2, we can invoke

Lemma EC.1 to assert that, with probability at least 1 —¢/2,

C 2
I *0 < —. —
|x" —x*||2 Nirs <1+\/210g6> . (EC.5)

Step 2: Bounding ||b’ —b||;. To show that b’ will be close b, we proceed similarly to Step 1.
In particular, we define by, for each k € [K] as

20 20

_ _ Yk _ ik
b, =Aw, = —% -Aejk = —Ajk.

gjk gjk

Observe that by definition of by, we have that the sample mean of by,..., by is equal to b’:

1 1 & 1 &
EZbk: EZAwk =A (szk> =Ax'=b. (EC.6)
k=1 k=1 k=1

In addition, the expected value of each by, can be calculated; letting b denote a random variable

with the same distribution as each by, we have
E[b] = AE[w,] = Ax** =b.

Lastly, we can bound the /., norm of each vector by as
*0 )
Ik A _Jk
gjk o gjk
where the inequality follows by the definition of ||A||,.x and the fact that x*° satisfies 0 <x < C¢.

With these observations in hand, we now recognize that ||[b’ —bl|; = ||(1/K) Zszl b, — E[b]|:,

*0

Ibulle =\ Ay, e < ClIA s

oo

i.e., ||[b’—Db][; is just the ¢; norm of the deviation of a sample mean from its true expectation; we

can therefore invoke Lemma EC.2 to assert that, with probability at least 1 —4/2,

, m-C || Al max 2
b-b<—m—- |1 2log - | . EC.
b = by < P R a2 (ECD

Step 3: Completing the proof. With Steps 1 and 2 complete, we are now ready to bound
the optimality gap. For any vector b” € R™, we define the linear program P;(b”) as

P;(b”): min{c"x|Ax=b"x>0, 2;,=0V;j¢ J}. (EC.8)
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Then v(P;(b")) < cTx’; this follows because Ax’ =b’ and x’ > 0, which means that x’ is a feasible

solution to problem P;(b’). In addition, since ¢?x*® = v( Py, ), we have
v(Py(b")) <c™x' =c” (x*o +(x'— x*o)) = v(Pyiser) + ¢’ (¥ —x*0). (EC.9)

If the column-randomized problem Pj is feasible, then by letting p be any optimal solution of the

dual of P; and applying Lemma EC.3, we have

where the first inequality comes from Lemma EC.3, the second inequality comes from (EC.9), the
third inequality comes from the Cauchy-Schwarz inequality and Holder’s inequality, and the last
equality comes from the assumption that |||l = 1.

We now bound expression (EC.13) by applying the inequalities (EC.5) and (EC.7), each of which
hold with probability at least 1 —¢/2, and combining them using the union bound. We thus obtain
that, with probability at least 1 — 4,

C [ 2
v(Pr) < v(Paiser) + Nid (1+[|Plloc - m - Apax) - <1 +1/2log 5) : (EC.14)

Subtracting v(P) from both sides gives us the required inequality. O

With Proposition EC.3, we can smoothly prove Theorem 1 as follows.
Proof of Theorem 1: By invoking Proposition EC.3, we obtain that with probability at least
19, if Pj is feasible, then

2
B0(Py) < A0(Pa) + - (1 [Pl - A (1+ ,/2log5> ,

for any dual optimal solution p of D;. To prove the theorem, let us set p to an optimal basic
feasible solution of the problem D ;. Note that such a dual optimal solution is guaranteed to exist
by the assumption that rank(A ;) =m. Since p is a basic feasible solution of Dy, it is automatically
a basic (but not necessarily feasible) solution of the complete dual problem D. By the definition
of v in the theorem, we have that ||p||.. <+, and the theorem follows. O

To prove Theorem 2, we prove a complementary result to Proposition EC.3.
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ProposiTiION EC.4. Let C, P; and Py, be defined as in the statement of Proposition EC.3. For
any d € (0,1), with probability at least 1 — 0 over the sample J, the following holds: if Py is feasible,

then
/ 1
AU(PJ)SAU<Pdistr) \/> HC _pTA'||2 <1+ 210g5>

for any optimal solution p of problem D; (the dual of problem Pj).

Proof:  We follow the proof of Proposition EC.3 until inequality (EC.11) and continue as follows:
v(Py) =v(P;(b)) <v(P;(b)) +p" (b—b')

+e'(x' —x")+p"(b—b)

+c"(x' —x*) +pTA(x* — X)) (EC.15)
+ (" —=p"A) (x' —x*)

+lle” =p T Allz - flx" — x|z,

where the bound holds for any optimal solution p of the sampled dual problem D ;. By invoking
Lemma EC.1 with § to bound [|x’ — x*||,, and subtracting v(P) from both sides, we obtain the
desired result. O

Using Proposition EC.4, we now prove Theorem 2.

Proof of Theorem 2: We invoke Proposition EC.4 and set p to be an optimal basic feasible
solution of the sampled dual problem D;; then p” =c5 A" for some set of basic variables B C [n].
In this case, we observe that the dual slack vector ¢ — p” A becomes c” — cLAL'A, which is
exactly the reduced cost vector € associated with the basis B within the full problem P. By using

the hypothesis that any such reduced cost vector satisfies ||c||2 < x, we obtain the desired result. [J

B.3 Proof of Proposition EC.2

Let x** be an optimal solution of P% . Define the solution x’ as

With x’, we can bound the objective value of P as follows:

v(Pr*) <||Ax" —bl|;
=||Ax' — Ax* + Ax* —b||,
<||AX — Ax*||; + | Ax** - b||,

= [|Ax" — Ax™||; +v(Pi) (EC.16)
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where the first step follows by the fact that x’, when restricted to the indices in J, is a feasible
solution of P; the third step follows by the triangle inequality; and the fourth follows by the
definition of x*° as an optimal solution of Pieas.

The only remaining step is to bound ||Ax’ — Ax*°||;. To do this, let us define the vector v;, as

20
Jk
v =—"A;
é.jk Jk
for each k € [K]. The vectors vy,..., vk are special for three reasons. First, their sample mean is
exactly
K K *0
1 1 Ly,
TV =R 2 g,
k=1 k=1
K *0
1 Ly,
=— —Ae;
= Ax

Second, letting v denote a random variable following the same distribution as each vy, the expected
value of each vy, is

Ev]=>¢- ?Aa‘

jely

= Z m;OAJ—

jely
=D YA,
j€ln]
= Ax*
where I is the subset of indices in [n] such that &; > 0. Note that the third step is justified by
observing that f;o =0 whenever j ¢ I, (this is because of the constraint 0 < x < C¢ in the definition
of Pin)-

Lastly, observe that each v is bounded as
*0

x*
[Villoo = ?jk ' ”A]kHOO <C-H,
Jk

where we use the hypothesis that ||A;|l« < [|A|/max and the fact that x*° satisfies 0 <x** < C¢.
With all of these properties, the quantity ||Ax’ — Ax*°||; can be re-written as [|(1/K) Zle Vi —
E[v]||1, which we can bound using Lemma EC.2 (see Section B.1). Invoking Lemma EC.2, we get

that

/ * 1 -
lAx" = Ax™ll = || 4= > vi—ENM
k=1

mC || Al max 1
< P max {4 4 [9]0g = | .
=T VK V=085
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with probability at least 1 — . Using this within the bound (EC.16), we obtain that

v(Pr™) < v(Pii) + | AX — Ax™|y

as C 1
S U(Pcli?:tsr) + \/? “me- HAHmax . <1 + \/@)

holds with probability at least 1 —§, which completes the proof. O

B.4 Proof of Theorem EC.1 and EC.2
As with Theorems 1 and 2, we first establish analogs of Propositions EC.3 and EC.4 for Algorithm 7.

ProprosITION EC.5. Let C' be a nonnegative constant and let Py, be the column-randomized LP

solved by Algorithm 7. For any 0 € (0,1), with probability at least 1 — & over the sample J, then

B0(Pausg) < AolPa) + - (1+ (Bl 1 [ Al (1 +y/ 2log§>

for any optimal solution p of problem Dy, .

Proof: The proof of Proposition EC.5 follows along similar lines as the proof of Proposition
EC.3. More specifically, we construct x’ and b’ in the same way, and Steps 1 and 2 follow through
identically. In the last step, Step 3, the sequence of bounding steps is almost the same, with a few

differences:
U(PJUJF) = U(PJUJF (b))
<v(Pjus. (b)) + p'(b—b’)
c'x'+p’(b-b)

IN

— CTX*O + CT(X, o X*O) + pT(b _ b/)

v(Pyistr) + ¢ (x' —x*0) +p (b —b')

< v(Paiser) + [lel2x = x|z + [Pl [ = b1

In the above, there are two important, subtle differences in the bounding. First, p is now any
optimal dual solution of P;;,, whereas in Proposition EC.3, we required p to be any optimal dual

solution of P;. Additionally, the second inequality follows because x’, which we defined as

is still a feasible solution of Py, (b’). (Note that x’ is supported on J, which is obviously a subset

of JU Jp; additionally, b’ was defined as b’ = Ax’, so by construction x’ must satisfy the equality

constraint, and by construction x’ is nonnegative, so it satisfies the nonnegativity constraint.)
The remaining steps, which involve applying the high probability bounds from Steps 1 and 2 to

|x’ —x*°||5 and ||b —b'[|;, follow in the same way as in the proof of Proposition EC.3. O
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We now prove Theorem EC.1.

Proof of Theorem EC.1: As in the proof of Theorem 1, we invoke Proposition EC.5 with p set
to an optimal basic feasible solution of D ;;,. Note that such a solution exists because Algorithm 7
guarantees that rank(A ;y;,) =m. Since p is a basic solution of D, it remains a basic solution
of the complete dual problem D, and thus it obeys ||p|l« <7, which establishes the theorem. [

To establish Theorem EC.2, we similarly need an analog of Proposition EC.4 for Algorithm 7.

ProposiTION EC.6. Let C, P; and Py, be defined as in the statement of Proposition EC.3. For

any 0 € (0,1), with probability at least 1 — & over the sample J, the following holds: if Py is feasible,

1
B0(Py) < Au(Pasar)+ |67~ B Al <1+ \/2log 5)

for any optimal solution p of problem D; (the dual of problem Pj).

then

Proof: As with Proposition EC.5, we construct x’ and b’ as in the proof of Proposition EC.3,
and follow Steps 1 and 2 from that proof. We then follow the bounding procedure in the proof of

Proposition EC.4, with some minor modifications:

’U(PJUJF) = U(PJUJF(b))
<v(Pyu.(b")+p" (b—D’)
c'x' +p’(b—b)

IN

— CTX*O + CT(X/ _ X*0> + pT(b _ b/>

v(Pyistr) + ¢’ (x' —x*) + p” (Ax — AX)

U(Pdistr) + (CT — pTA)(X/ — X*O)

IN

'U(Pdistr) + HCT - pTAHQHX/ - X*0H27

where the main difference from the proof of Proposition EC.4 is again that p is a dual optimal
solution of Pjy ., and we use the fact that x’, which is supported on J, is a feasible solution of
Py, (b'). From here, the rest of the proof is the same as Proposition EC.4. O

We now prove Theorem EC.2.

Proof of Theorem EC.2: As in the proof of Theorem 2, we invoke Proposition EC.6 and set p
to be an optimal basic feasible solution of the dual problem Dy ,. Since p* = cL AL for some set
of basic variables B C JU Jr C [n], the dual slack vector ¢” — p” A is the reduced cost vector € of
the basis B within the full problem P, and using the assumption that any such ¢ obeys ||¢|2 < x,
the result follows. O
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Appendix C Omitted Proofs and Other Results for Section 4
C.1 Proof of Theorem 3

For the solutions x*,...,xM, consider the averaged solution X defined as

M
1
= 2T
=1

for each column j € [n]. Since each column j is in at most R of the bases B*,... BM, any coordinate
j of x is the average of M values of which at most R have non-zero values, and each of those at

most R values is upper bounded by x ... It thus follows that for all j,

«fij S Mxtrlax-

Observe now that by setting C'=mn - (R/M)x .y, We obtain that
C&=n-(R/M)Xpmax - 1/n=(R/M)Zax,

which means that x satisfies the constraint ; < C¢; for all j. Since x is the convex combination of

BFSs to P, it satisfies Ax =b and x > 0. Thus X is a feasible solution to Pyi,. We therefore have

U(Pdistr) S CTS(

where the first inequality follows since X is feasible for Py, and the second inequality follows since
each of the M BFSs is assumed to be within € of v(P). Subtracting v(P) from both sides gives the
desired result. O

C.2 Additional comments on the generative model 1

We complete our remarks on the generative model 1.

An alternative interpretation An alternative interpretation of generative model 1 can also

be obtained in the case when n=1 and when A is structured as

A/
A=[i )
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where 1 is an n-dimensional vector of ones, and A’ is a (m — 1)-by-n matrix. In this case, we can

see that for any @ in the (n — 1) dimensional simplex, we will have

A9] A0
b )< [ V]

which implies that P can be written as

minixmize c’x (EC.17a)
subject to A'x=A’'60, (EC.17Db)
17x =1, (EC.17c¢)
x> 0. (EC.17d)

We can think of problem (EC.17) as an estimation problem over the space of discrete probability
distributions on [n]. In particular, constraints (EC.17¢) and (EC.17d) enforce that x is a probability
distribution, while constraint (EC.17b) can be interpreted as a constraint that enforces a set of
moments of x to match those of 8. From this perspective, generative model 1 can be loosely
interpreted as imposing a uniform prior. The nonparametric choice estimation problem that we
numerically study in Section 6 can be regarded as an instance of the moment problem (EC.17)

with some modifications.

Scaling c so that v(P)>0. A key element of generative model 1 is that c is selected so that
v(P) > 0. We note that this can always be accomplished: since x > 0, any nonnegative choice of
¢ will ensure that v(P) > 0, no matter what A and b are. In addition, note that the assumption
of v(P) > 0 is actually without loss of generality. If v(P) < 0, then let B be an optimal basis, for
which the corresponding reduced cost vector ¢ satisfies ¢ > 0. (Although an optimal BFS may
have negative reduced costs due to degeneracy, an optimal BFS and corresponding basis B with
a nonnegative reduced cost vector ¢ can be obtained by applying the simplex algorithm with an
anticycling pivoting rule such as Bland’s rule; see Chapter 3 of Bertsimas and Tsitsiklis 1997.) We

can then re-write P as

min{c’x | Ax =b,x >0}

=min{cgxp +cyxy | Ax=b,x >0}

=min{c; AL (b— Ayxy)+chXy | Ax=b,x >0}

=cpAz'b+min{[cy —cLAZ'Ax]xy |Ax=b,x >0}

=v(P)+min{e’x | Ax=b,x >0},
where we observe that the problem P’ =min{c”x | Ax =b,x > 0} is such that P’ and P have the
same feasible region and optimal solutions, and v(P’) = 0. Thus, by replacing ¢ with the reduced

cost vector ¢ we obtain an equivalent problem, up to a constant shift. By further normalizing ¢ to

have unit norm, we can ensure that the last step of Algorithm 2 can be accomplished.
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C.3 Proof of Theorem 4

In this section, we establish Theorem 4 for generative model 1. The first key result we require is
Lemma EC.4, which allows us to bound the gap of the distributional counterpart in terms of an

upper bound S on the minimum infinity norm attainable in the polyhedron P.

LEmMA EC.4. Suppose that P is feasible, v(P) >0 and > min{||x||~ | Ax=b,x > 0}. Suppose
that & is the uniform distribution over [n], i.e., & =1/n for all j € [n]. If C =np, then Py, is

feasible and we have that

Av(Pdistr) S \/ﬁﬁ

Proof: 1f C' =np, then

Piisy =min{c’x | Ax=b,0 < x < C¢}
=min{c'x|Ax=b,0<x<nB-(1/n)-1}
=min{c’x|Ax=b,0<x <3 -1},

which must be feasible; this follows by the definition of 8 as an upper bound on the minimum

infinity norm of any feasible solution to P, which itself is assumed to be feasible. Now, observe

that for any feasible solution x of Py, we have

c"x <|lell2- [

n
_ 2
= E xj
j=1

IN

> o
j=1

=C/vn
=V/np,

where the first inequality follows by Cauchy-Schwartz, and the second inequality by the constraint
x < f-1. This implies that v(Piis,) < /nS. By the assumption that v(P) > 0, we thus have that

Av(PdiStr) = U(Pdistr) - U(P) S \/ﬁﬁ —0= \/’I’?B,

as required. O
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Lemma EC.4 is a general result that is independent of the generative model chosen; we shall use
it later when establishing guarantees for generative models 2 and 3.

The next auxiliary result we need is a result on ordered uniform spacings. Let n’ be an integer,
and suppose that Xi,..., X, are independent uniformly distributed random variables on [0, 1].
Define Xy, =0, X,741,» =1, and define X ,/,..., X,/ ,s as the order statistics of X;,...,X,.
Define Ay, = Xp — Xg—1.0 for k=1,...,n" + 1 as the (uniform) spacings of the sample
X1,...,X,. Finally, define the ordered uniform spacings Ay ,r,..., A i1, as the order statistics
of Avry.ooyApiry. The following lemma is a known result on ordered uniform spacings (see

Bairamov et al. 2010).

LEMMA EC.5. (Bairamov et al. 2010, Section 3.) For any k=1,...,n' +1,

1 n/+1 1
E[A, /] = ~.
(A n+1 Z i
i=n'/+2—k
The uniform spacings (Aq.,/,...,Au i 1.0) are useful because their joint distribution is uniform
on the n/-dimensional unit simplex, which is identical to the Dirichlet(1,...,1) distribution (see

equation 2.1 of Pyke 1965). The ordered uniform spacings are useful because the largest such
ordered uniform spacing, A,/ 1./, is exactly the maximum value of a Dirichlet(1,...,1) random
vector. The expected value of this largest ordered uniform spacing will be essential to being able
to obtain a high probability bound on the minimum infinity norm solution of P, which is the focus

of our next lemma.

LEMMA EC.6. Suppose that P is generated according to generative model 1. Let t > 1. Then, with
probability at least 1 — 1/t, we have

141
min{||x|[. | Ax = b,x >0} < tn(1 +logn)
n

Proof: Observe that by the definition of generative model 1, we know that b = A(n8) for a 0
drawn from the Dirichlet(1,...,1) distribution. Since this implies that 70 is a feasible solution of

P, we immediately have

min{||x|| | Ax=b,x > 0}
<170l

=nmax0.,.
At
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For the random variable max;c, 0;, we can bound its expected value as

]E[max 9]] = E[An,nfl]

j€[n]
n—1+1
1 Z 1
n-— 1 + 1 i=n—142—n 2
né—jg
=1
< 1+10gn.
n

In the above, the steps are as follows. The first step follows because given a sample of n — 1 i.i.d.
uniform random variables, the n unordered spacings Ay.,_1,...,A,.,_1 are distributed in the same
way as 0 (i.e., they follow a Dirichlet(1,...,1) distribution). Thus, the nth ordered spacing A,, ,,_1,
which is the maximum of A;,,,_1,...,A,.,_1, is distributed the same way as max;cp,) 0;. The second
step follows by Lemma EC.5. The third step follows by algebra. The last step follows by using the
bound Y7 , 1 < [I" Lds =logn.

Using this bound on the expected value, an application of Markov’s inequality implies that with
probability at least 1 —1/¢,

t(1+logn)

maxf; < ———.
J€[n] n

Thus, with probability at least 1 —1/¢,

min{||x[|o | Ax=b,x >0}

<nmax¥0;

=T

< tn(1+logn)
n

9

as required. O

We now prove Theorem 4.

Proof of Theorem 4: We know that P is feasible, since x =n8 is a feasible solution, and that
v(P) > 0, which is just by definition of generative model 1. By Lemma EC.6, we have that
min{||x||o | Ax =b,x > 0} is bounded by g =tn(1 + logn)/n with probability at least 1 —1/¢.
Therefore, by Lemma EC.4, it follows that when C' =ng =tn(1 + logn), we will have that with
probability at least 1 —1/t, that Py, is feasible and the following holds:

Av(Pyisey) <v/nf3
— n-

n
_ tn(1+logn)
- 7\/{5 ,

as required. O

tn(1+logn)
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C.4 Proof of Theorem 5

To prove Theorem 5, we begin with two simple results on the behaviors of the random vectors
Aq,...,A,. As a preview of the later results, we will need to bound the expected value of the
supremum of the deviation of the sample average of (vi'A;),,...,(vF'A,),, where v is an m-
dimensional unit norm vector, from its expected value. To do this, we will essentially use the
Rademacher complexity of the class of functions of the form f,(A)=vTA over all unit norm
vectors v. The first result, Lemma EC.7, will allow us to eliminate the (-), function when we
eventually bound this Rademacher complexity, while the second result, Lemma EC.8, will allows

us to bound the simplified expression that results from Lemma EC.7.

LEmMMmA EC.7. Suppose that o; is a Rademacher variable, i.e., it takes the values -1 and +1 each
with probability 1/2; A; is a random vector drawn from a standard multivariate normal distribution
on R™; and Y; is a Bernoulli(1/2) random variable. Suppose that all three random variables are
independent. Then, for any vector v € R™, the random variables o;(v' A;);+ and v'Y;A; have the

same distribution.

Proof: Suppose that t < 0. Then we have

whereas
Pr(v'Y;A; <t)=Pr(v'V;A; <t|Y;=1)Pr(Y;=1)+Pr(v'YV;A; <t|Y; =0)Pr(Y; =0)
=Pr(vI'A; <t)-(1/2)+0-(1/2)
=Pr(v'A; <t)-(1/2).
On the other hand, suppose ¢ > 0. Then we have
Pr(o;(v'Aj) <t)=Pr(o;(v' A;); <t|o;=+1)Pr(o; =+1) + Pr(o;(v'A;). <t|o; = —1)Pr(o; = 1)

—Pr((vTA); <)~ (1/2) + Pr(=(v"A,)4 <1)- (1/2)
—Pr(v7A; <1)(1/2) + (1)(1/2),
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whereas

Pr(v'V;A; <t)=Pr(v'Y;A; <t|Y;=1)Pr(Y; =1)+ Pr(v'Y;A,; <t|Y; =0)Pr(Y; =0)
=Pr(v'A; <1)(1/2) +(1)(1/2),

as desired. O

LEMMA EC.8. Let Yi,...,Y, be sampled independently from a Bernoulli(1/2) distribution and
A,...,A, be sampled independently from a standard multivariate normal distribution, i.e.,

Ay,...,A, ~ Normal(0,I). Then

1 & vm
E||l—) YAl <—-—.
njz_; I 2_\/%
Proof: We have
-,
n 4 WV nla}
j=1 2
1< :
<L E|[=) YA,
<\ E[r v
- 2

n n

1
ﬁ Z YJ1Y32A3; Aj2]

Jj1=1j2=1

=, |E

_—

1 n
=\ | =3 D_EDFIE[A ]3]
j=1

n

- % > (1/2)m

where the first step follows by Jensen’s inequality; the second comes from the definition of the
squared norm of a vector as the inner product of that vector with itself; the third comes from the
fact that each term Y} Yj, AT A, has an expected value of zero when j; # j, (since A;, and A,
both have expected value 0 and are independent), and the independence of the Y; and A, variables;
the fourth comes from the fact E[Y}?] =E[Y;] =1/2, while [|A;||; is a chi-squared random variable

with degrees of freedom m, so E||A,||3 =m; and the fifth and sixth steps follow by algebra. O
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The next result we will need is a bound on the aforementioned expected supremum of the

deviation of the sample average of (VI A;),,...,(vI'A,), from its expected value.

LEMMA EC.9. Let A, A4,..., A, be sampled independently from a standard multivariate normal
distribution, i.e., A, Ay,..., A, ~ Normal(0,I). Then

n

E(vTA), - > (vTA,),

j=1

E| sup

villvliz=1

NG

-2

where (-)+ =max{-,0}.

Proof: To prove this, we will use a classical symmetrization argument from statistical learning
theory (see for example Mohri et al. 2018, Theorem 3.1). Such techniques are typically used to
bound an expected value of the form E[sup;cz(+ Y7, f(X;) —E[f(X)])], where X;,..., X,,, X are
i.i.d. random variables and F is a class of functions, by the Rademacher complexity of F, which
is defined as R(F) = E[sup;cr 5 >_7—, 0;f(X;)], where oy,...,0, are iid. Rademacher random
variables, that is, random variables that are either +1 or —1 with probability 1/2. (For our purposes,

it will not be necessary to formally define the Rademacher complexity, because as we will see,

our assumption that A,..., A, are standard Gaussian random vectors will allow us to bound it
directly.)
We have:
1 n
Eqa;} “Slﬁp ) EA(VIA); - " Z(VTAJ)Jr ]
vi||v]2= j=1
I~ 1+ I, o
:E{Aj} sup E{ J}[*Z(V Aj)]—— (VI A+
V:”VHQZI n j=1 n j=1
1N, 74 1<, 7
SE{AJ'} Sup IE{ At Z(V J)Jr**Z(V Aj)+
villvlla= ni= ni=
1< .
SEiapan St D (VA= (vTA))L)
= =

nZ@ A (VA
ZO'j TA ZO'J TA
nZijA
nZU] (vTA))

=B o SIP

I

ZO'J TA

S Bia;)44, 40, by {

<K&} (0, SUP

villvlia=1 TR e SiP

vil[v[l2=1

=2E(a;},{0;} SUP

villvlz=1
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1 n
=2E (a0, sup |~ ) VYA,
V:HVH2:1 n j=1
1 n
<2B(a;11v;y sup S [IVIe- || =D YA,
vi||v]|2=1 n =1 )
i sova
- n 4 I
j=1 2

IN

Sl

In the above derivation, the steps are as follows. The first step follows by introducing another i.i.d.
sample of columns, A,,...,A,, which follow the same standard multivariate normal distribution
as Aq,..., A,. The second step follows by Jensen’s inequality. The third step follows by elementary
properties of sup and expectation. The fourth step follows by observing that the random variables
Ay,...,A,, A, ..., A, are exchangeable, and so multiplying the difference (|[v7A;| —|vTA,|) by
o, which is equally likely to be +1 (leaving the term unchanged) or —1 (flipping the difference), will
leave the overall expectation unchanged. The fifth follows by the triangle inequality and elementary
properties of sup, and the sixth by linearity of expectation. The seventh follows by observing that
the two expectations in the prior step are identical.

From here, the remaining steps rely on the properties of the distribution of Aq,...,A,. In
particular, the eighth step follows by applying Lemma EC.7 to assert that the random variable
o;(vI'A;), is identically distributed to v'Y;A;, allowing us to replace the former random variable
with the latter random variable and leave the expectation unchanged. The ninth step follows by
the Cauchy-Schwartz inequality, and the tenth step by the fact that each v is unit norm. The tenth
and eleventh steps follows by applying Lemma EC.8 and algebra. O

The last auxiliary result we will need is to characterize in closed form the expected value of

E(pTA)+, where A is a standard normal random vector (i.e., a column of the matrix A).
LeEMMA EC.10. Suppose that A ~ Normal(0,I). Then for any vector p € R™,

E(p"A); = Q*f%npu»

Proof: We have

E[(p"A).]=E[(p"A), |p"A <0]Pr(p"A <0)+E[(p"A), |p"A > 0]Pr(p"A >0)
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=(0)-(1/2) +E[(p"A)+ | p"A > 0] - (1/2)
= \/\E\/pTIP‘ (1/2)
V2

2\/77_”1)”27

where the first step follows by conditioning; the second step follows by the fact that p” A follows
a normal distribution with mean 0, and that (p”A), =0 when p” A < 0; the third step follows by
recognizing that the random variable ((pTA)+ | pTA > 0) follows the same distribution as [p” A,
and [pTA| follows a half-normal distribution, whose mean is ov/2/+/m, where o is the standard
deviation of p” A; and the final step follows by algebra. O

With these auxiliary results in hand, we can now establish the following major result, which

provides a high probability bound on the minimum infinity norm of any feasible solution of P.

THEOREM EC.3. Suppose that P is generated according to generative model 2. Let t > 1 and

suppose that n > 4wt*m. With probability at least 1 — 1/t, we have that P is feasible and that

[bll> 1
n

min{||x[|o | Ax=b,x >0} <

tv2m

vn

5
g

3

Proof: Let A be a random vector that follows the same distribution as A1, ..., A,. We have

that

min {[|X[|~ | Ax =b,x >0}

= max {pr 1> (P"A)); < 1}
j=1

=max{ p'b| lzn:(pTA-) < 1
n =

Jj=1

~ ~ 1 1
= max {pr |E(p"A); —E(pTA); + n Z(PTAJ‘)+ < n}

. 1 . 1o
= max {pr |E(p"A), < n +E(PTA); - n Z(pTAj)Jr}
j=1
B 1 n
E(vTA), — - > (VA

~ 1
< max {pr |[E(p"A); < o +[p[l2- sup
=1

villvl2=1

} (*)

where the first step follows by strong duality; the second, third and fourth step by algebra; and
the sixth step by recognizing that

E(p"A), - % i(pTAm

j=1
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n

E(vTA), > (A,

j=1

<|[[plls- sup

villvlz=1

holds trivially when p =0, whereas when p # 0, we have

n

E(pTA)+ - % Z(pTAj)+

j=1

:”p”Q'lE«HH)TN) v{oZ((pr )]

where the equality follows because (+) is positively homogenous, and the inequality follows because

3\'—‘

<[[pll2- sup
v:uvnQ:l

p/|pll2 is a unit norm vector.

To proceed from here, we will now use Lemma EC.9. Recall by Lemma EC.9 that

n

~ 1 V2m
E sup |E(v'A) 7—2 vIA )| < .
villvliz=1 o S VD

j=1

Consider the event E defined as

~ 1< tv2m
E={ sup |[E(vTA),——) (vTA)), < .
{v=|v|2—1 Ton ; SRR

By Markov’s inequality, we have that Pr(F) > 1 — 1/t. Thus, with probability 1 — 1/t, (x) is

bounded from above as

tv/2m

(x) <max{p”b [E(p"A)+ < —+p]:- Tn —

We now have

t\/%}
NG

2 1 tv2m
=max{p b| = N Ipllz < +HPH2 \f}

N 1
max{p'b|E(p"A),; < — ~+lpl.-

V2 t\/2m
=max{p’b | (M_ Jn > Ipll2 < *}
1 1
—max{pr| ||p”2<ﬁ‘ NG t\/ﬁ}
2/ Jn
b2 1
n N2 _ tV2m
27 vn

where the first step follows by the closed form expression for IE(pTA)Jr from Lemma EC.10; the

second step follows by algebra; the third step follows by algebra and also by our assumption on n;
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and the final step by the fact that max{d”x| ||x||2 <7} =r||d]||.. Note that in the third step, we
are using the hypothesis that n > 47t>m to ensure that the coefficient <% — %) is positive,
and that the direction of the inequality in the constraint is unchanged.

We thus have, that with probability at least 1 —1/¢, that

min{HXHoo ’ AX:b,x > 0} < HbH2 . 1
n

5

3
$

which establishes the required bound on the infinity norm.

To see why P must be feasible, that is, why {x| Ax =b,x > 0} is non-empty, observe that P
is feasible if and only if min{||x|| | Ax =b,x > 0} is feasible. Observe that this latter problem is
feasible if and only if its dual problem max{p”b |} "_,(p"A;); <1}, which is always feasible, is
bounded. By our reasoning above, this problem is bounded with probability at least 1 —1/¢, and
therefore P =min{c’x | Ax=b,x >0} is feasible with probability at least 1 —1/¢, as required. [J

We can now prove Theorem 5.

Proof of Theorem 5: Let B be defined as

5= [bll2 1
oo V2 tem
2V v

Observe that the given C' in the statement of Theorem 5 is exactly C' =np.
By Theorem EC.3, with probability at least 1 —1/¢, it follows that P is feasible, and that

min{||x[|o | Ax=b,x >0} <.

Recall by the definition of generative model 2 that whenever P is feasible, we set ¢ so that v(P) > 0.
Thus, with probability at least 1 —1/¢, by Lemma EC.4, it follows that Py, is feasible and that

AU(Pdistr) S

bl 1
~2 _ tv/em’
v 3r  n
exactly as required. O

C.5 Generative model 2-U: uniform distribution on the unit sphere

In this section, we discuss an alternate generative model, generative model 2-U, which is closely
related to generative model 2. In this new generative model, the columns A,..., A, are indepen-
dently randomly generated from the uniform distribution on the unit sphere S™ ={v e R™ | |v|]. =

1} in R™. Upon generating the columns, we then fix b and c.
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Algorithm 8 Generative Model 2-U
1. Generate n i.i.d. random vectors A;,..., A, ~ Uniform(S™), where Uniform(S™) denotes the

uniform distribution on the unit sphere S™ = {v e R™ | ||v|, =1}.

2: Set A=[A; Ay, ---A,].

3: Fix any right-hand side vector b € R™.

4: If {x| Ax=b,x >0} is nonempty, fix any c € {v e R" | ||v|s =1} such that v(P) > 0; other-
wise, fix any ce {veR"||v|.=1}.

5. return (A,b,c).

This model is closely related to generative model 2, because for any standard normal random
vector A’, the random vector A’/||A’||s is uniformly distributed on the unit sphere S™. Additionally,
as mentioned in Section 4.2, this model is universal, in the sense that any LP of the form min{c”x |
Ax =b,x > 0} with non-zero columns can be transformed into an equivalent LP where all the
columns have unit norm.

The main theoretical result of this section is Theorem EC.4, which asserts that with high proba-
bility, the distributional counterpart gap under this generative model is O(1/4/n). In the statement

of the theorem below, I' is the gamma function, i.e., I'(z) = fooo t*~le=tdt.

THEOREM EC.4. Suppose that P is generated according to generative model 2-U. Assume that &
is the uniform distribution over [n|, that is, {; =1/n for all j € [n]. Let t > 1, and suppose that
n > 4nt?p?,, where p, =2 -T'((m+1)/2)/T(m/2). Suppose that C is set as

1

VZ o t/Z
2/ pm Vn

C=|bll,-

Then, with probability at least 1 —1/t, we have that P and Py, are feasible, and

_Ibfs

A/U(Pd’ist’l‘) = \/ﬁ NG . @ .
N

This result is very similar to Theorem 5. The main difference is in the factor which multiplies ||b|| in
the particular choice of C' and ||b||2/+/n in the upper bound on Av( Py, ). In the standard Gaussian
case, this factor is [v/2/(2y/7) — tv/2m/y/n]~!, whereas in the case of the uniform distribution on
the unit sphere, the factor is [v/2/(2v/Tpm ) — tv/2//n]~*. Note that p,, appears because this is
the mean of a chi distributed random variable with m degrees of freedom; this distribution, in
turn, appears because this is the distribution of the norm of a standard normal random vector. By
Jensen’s inequality, p,, is lower than y/m, which is the square root of the mean of a chi-squared

distributed random variable with m degrees of freedom, but numerically p,, is actually very close
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to v/m. Thus, comparing the two factors, the factor for generative model 2-U is roughly /m larger.
This makes sense, because in generative model 2, the columns will have norm that is on average
larger by a factor of p,, ~+/m than the columns in generative model 2-U, so the decision variable
vector x should be correspondingly scaled by g, to ensure Ax =b.

We now turn our attention to proving Theorem EC.4. As in the case of generative model 2, we will
require a number of auxiliary results. Our first such auxiliary result is an analog of Lemma EC.7,
which is a technical result needed to bound the expected supremum of the deviation of the sample
average of (p”A;), from its expected value. The proof of this result follows along very similar
lines to the proof of Lemma EC.7. The key is that like in the case where A; is a standard normal
random vector, when A is uniformly distributed on the unit sphere, the distribution of v'A; is

symmetric about zero. For brevity, we omit the proof.

LemMA EC.11. Suppose that A; ~ Uniform(S™); suppose that o; is a Rademacher random vari-
able (i.e., o; is either +1 or -1, both with probability 1/2); and suppose that Y; ~ Bernoulli(1/2).
Suppose that A;, Y; and o; are independent. Then for any vector v € R™, the random variables

o;(VIAj)+ and vIY;A; follow the same distribution.

We next have an analog of Lemma EC.8, which bounds the expected Euclidean norm of the
sample average of a particular collection of i.i.d. random vectors. The proof of this lemma is omitted

as it follows along essentially the same lines as the proof of Lemma EC.8.

LEMMA EC.12. Suppose that Aq,..., A, ~ Uniform(S™) are independent random variables and

that Y1,...,Y, ~ Bernoulli(1/2) are independent random variables. Then we have
IS 1
Ej— YA || <——.
n; 7 , T V2n

With Lemma EC.11 and EC.12 in hand, we can prove the following lemma, which is an analog
of Lemma EC.9. This lemma allows us to bound the expected supremum of the deviation of the

sample average of (VI A;),,...,(vTA,), from its expected value, over all unit vectors v.

LEMMA EC.13. Suppose that A, A4,..., A, ~ Uniform(S™) are independent random variables dis-
tributed uniformly on the unit sphere S™. Then

1 .
E sup |- (p"A))s —E(pTA),|<

villvlz=1 T

SIS

j=1
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Proof: The proof follows essentially the same initial steps as that of Lemma EC.9. Following

those steps, we obtain the bound

E sup [=) (pTA;)y —E(p"A)y
V:”VH2:1 nj:1

<2E sup —Zaj(vTAj)+

v ”VH2—1 n j=1

I~ o

=2E sup va Y;A;

VZHVH2:1 n j=1

1 n
<2E | sup vz |- D YA,
vivl2=1 n j=1 9
N
= n & JEYj
= 2

where the first equality follows by Lemma EC.11; the second inequality by Cauchy-Schwartz; the
third inequality by the fact that each v in the sup is of unit norm; and the fourth inequality by
Lemma EC.12. O

The last auxiliary result we will need is the following lemma, which provides the closed form

expression for E(p”A), when A is uniformly distributed on the unit sphere.
LEMMA EC.14. Suppose that A ~ Uniform(S™). Then for any vector p € R™,

V2
—QWMmWMM

where fi, =20 ((m+1)/2)/T'(m/2), where T'(-) is the gamma function.

E(PTA)+

Proof: Let Z ~ Normal(0,I) be a standard normal random vector in R™. Let 6 be a random
variable that follows the chi distribution with m degrees of freedom, and suppose that 6 is inde-

pendent of A. Then Z and @A have the same distribution. We therefore have

E(p"Z),; =E(p"0A),
—E[6-(pTA),]
=E[0)] -E(pTA)+

= umE(pTA)+
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where the first step follows by the distributional equivalence of Z and #A; the second by the fact
that the (-); function is positively homogeneous; the third by the independence of 6 and A; and
the fourth by the fact that u,, is precisely the mean of a chi-distributed random variable. Using
the fact (Lemma EC.10) that

. V2
E(p'Z,)=—=
(p +) 2\/77_Hp||27
we obtain that
~ 1
E(p"A)y=— E(p"Z);
_ 2
- Qﬁ,um P2,
as required. O

We are now in a position to prove Theorem EC.5, which is an analog of Theorem EC.3.

THEOREM EC.5. Suppose that P is generated according to generative model 2-U. Let t > 1. Sup-
pose that n > 42w p2,, where i, = v/2I((m+1)/2)/T(m/2) is the mean of a chi-distributed random
variable with m degrees of freedom. Then, with probability at least 1 —1/t, we have that P is feasible

and
bl 1

n V2 V2’
2/ pm Vvn

min{||x||c | Ax=b,x >0} <

Proof: Following similar steps as in the proof of Theorem EC.3, we have

min{|[|x||. | Ax =b,x >0}

= max {pr | Z(pTAj)+ < 1}

j=1
1 < 1
= max{ "b|E(pTA), < — i +E(p"A); — ” Z(PTAJ‘)+}

n

~ 1
gmx{p%|E<pTA>+ <Ll s

From here, by using Lemma EC.13 in combination with Markov’s inequality, we have with proba-

bility at least 1 — 1/t that

(*)Smax{ "b|E(pTA), < +||p||2 \/\/?;}

b’ |2fm||p||2_ +ipls- 22}

1 1
:max{me Ipllz < nu}

2y/7pm Vn

— Imax
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bl 1

n V2 V2
27 pm vn

where the first equality follows by applying Lemma EC.14. With regard to the feasibility of P, this
again follows by the fact that the dual of min{||x||.. | Ax =b,x > 0}, which is always feasible, is
bounded with probability at least 1 —1/t. O

C.6 Proof of Theorem 6

To establish Theorem 6, we first require a simple adaptation of Lemma EC.4. The proof is straight-

forward, and omitted for brevity.

LEMMA EC.15. Suppose that P9 is feasible, v(P) >0 and > min{||x|| | Ax =b,x > 0}.
Suppose that € is the uniform distribution over [n], i.e., & =1/n for all j € [n]. If C =np, then

P9 s feasible and we have that

Av(Pgi™) < v/nf.

We next require the following lemma, which is a concentration result for the minimum of a

collection of independent binomial random variables.

LEmMmA EC.16. Let Yi,...,Y,, be independent random variables, with each Y; ~ Binomial(n,q;).

Let § € (0,1). Then with probability at least 1 —§, we have

iny, > ‘ L oe ™
mnyY;,>n-| mng; —\/ —log—|.
i€[m] ie[m}q 2n & 1)

Proof: Let € >0. Then for any i € [m],

Pr(Y; < m['n]E[Yi/] —ne)
i'e[m

<Pr(Y; <E[Y;] — ne)

< exp( 2n?e? )
SeXpl—=n 77 g
Zj:l(l - 0)2
2n%e?
= exp(———)
= exp(—2ne?).

where the second inequality follows by Hoeffding’s inequality.
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Now, observe that

Pr(minY; < min E[Y/] — ne)

1€[m] i’ €[m]

=Pr U {Y; < min]E[Yi/} —ne}

ichm] i'e[m
< Pr(Y;, < min E|Y;/| — ne
> Pr(Yi < puin B[] -

<m-exp(—2ne?),
where the first inequality follows by the union bound. This implies that

Pr (min Y; > min E[Y;] — ne> >1—m-exp(—2ne?).

1€[m] i’ €[m]

Note that € was arbitrary; to make the right hand side of the previous bound equal to 1 —§, we

can solve for € as

§ =m-exp(—2ne?)

= logé =logm — 2ne’

Thus, with probability at least 1 —§, we have that

m

o)

n m
inY; > min E[Y;] — /- log —
minY; > min B[Ys] - /5 log 5

and noting that E[Y;/] = ng;, this is equivalent to

inY; > i " log
minY; > n min ¢y — 4/ = log —,
i€[m] i’€[m)] 1 2 & )

as required. O

With this concentration result in hand, we can now prove Theorem EC.6, which states that the

minimum infinity norm of any feasible solution of P is O(1/n) with high probability.

THEOREM EC.6. Suppose that P is generated according to generative model 3. Let 6 € (0,1). Sup-
pose that n > log(m/d)/[2(min;epm) ¢;)?]. Then with probability at least 1 — 6, P is feasible

and
maX;e[m) bz 1

n minile[m] qit — A/ ﬁ log %

min{||x[|o | Ax>b,x >0} <



ec34 e-companion to Akchen and Misi¢ : Column-Randomized Linear Programs

Proof: We have

min{||X||« | Ax > b,x >0}

=max{p"b | (p"A;), <1,p>0}

Jj=1

=max{p'b|) p"A;<1,p>0}

j=1
=max{p’b|) pY;<1,p>0}, (EC.18)
=1
where Y; = Z;.Lzl A, ; for each i € [m]. In the first step, we have simply taken the dual of the original
problem; in the second step, we use the fact that p >0 and A > 0 to assert that (p”A;), =pTAj;
and in the third, we use the definition of the Y;’s.
By the definition of the generative model, we have that each Y; ~ Binomial(n, ¢;). Therefore, by
Lemma EC.16, we have that with probability at least 1 — 9,

min Y; > n min gy — n log m (EC.19)
i1€[m] i €[m] 2 )

In addition, by the assumption on n, it follows that the right hand side of (EC.19) is positive, which
implies that Y; > 0 for all ¢ € [m]. Thus, when (EC.19) holds, we can determine the optimal solution
of problem (EC.18) as follows: the optimal solution is given by p;« = 1/« for i* = arg max; ;) b;/Y;
and p; =0 for all i # i*. (We remind the reader here that the definition of generative model 3
requires b to be nonnegative. We also note in the case that the arg max is not a singleton, we can
set i* to be any maximizing index i.)

When (EC.19) holds, the objective value of (EC.18) can therefore be further refined as

m
max{p’b|) p;¥;<1,p>0},
1=1
= pix - byx
by
-y
maxX;em] bi

o miniG [m] 1/2

1€[m bi
< ‘ maX;e(m)
NNy cfm) ¢ — /5 10g 5

—_

_ MaX;e(m] bz

n minixe[m] qit — A/ i log %

which holds with probability at least 1 — . This establishes the required bound on the objective

value of the infinity norm problem in the theorem statement.



e-companion to Akchen and Misié¢ : Column-Randomized Linear Programs ec3d

To see that P8 is feasible, observe that P& = min{c’x | Ax > b,x > 0} is feasible if and
only if min{||x||» | Ax >b,x > 0} is feasible. The latter problem is feasible if and only if its dual
problem max{p’b |37, (p"A;); <1,p >0}, which is always feasible, is bounded. Our reasoning
above establishes that this problem is bounded with probability at least 1 — §, which implies that
Peovering g feasible with probability at least 1 —d. This completes the proof. O

We can now complete the proof of Theorem 6.

Proof of Theorem 6: Let S be defined as
B maX;e[m) bz 1

n minize[m] Qi — 1/ ﬁ lOg %

By Theorem EC.6, we have that P<v*'"¢ s feasible and that min{||x||.. | Ax >b,x >0} < 3 with
probability at least 1 —§. By Lemma EC.15, observe that by setting C' as

C=np

b 1
= maxo; - )
L ming e g — /5 log 2

Povertis s feasible and

we have that P\

Av(Pcovering>§\/ﬁﬁ

distr
- mMaX;e(m) bi 1

\/ﬁ mini/ ml 4it — LIO o
€fm] 4 2n 1085

as desired. (]

Appendix D Special Structures and Extensions

In this section, we demonstrate how the results of Sections 3 and B can be applied to LPs with spe-
cific problem structures, including LPs with totally unimodular constraints (Section D.1), Markov
decision processes (Section D.2), covering problems (Section D.3) and packing problems (Sec-
tion D.4). In Section D.5, we consider the portfolio optimization problem, which is in general not

an LP, but is amenable to the same type of analysis.

D.1 LPs with Totally Unimodular Constraints

Consider a linear program with a totally unimodular constraint matrix, i.e., every square submatrix
of A has determinant 0, 1, or —1. Such LPs appear in various applications, such as minimum
cost network flow problems and assignment problems (Bertsekas 1998). In such problems, it is
not uncommon to encounter the situation where the number of variables is much larger than the

number of constraints. For example, in a minimum cost network flow problem, each constraint
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corresponds to a flow-balance constraint at a given node, while each variable corresponds to the
flow over an edge; in a graph of n nodes, one will therefore have n constraints and as many as
(g) decision variables. We can thus consider solving the problem using the column randomization
method. We obtain the following guarantee on the objective value of the column randomization

method when applied to linear programs with totally unimodular constraints.

ProrosiTioN EC.7. When A is totally unimodular, then
v =mllc]le

is a valid upper bound on ||p|l« for every basic solution p of D.

Proof: Any basic solution p to the dual problem D can be written as p” =cLAL", where B
is a basis. In addition, since A is totally unimodular, any element of A" is either 1, —1, or 0.

[A5'i(cp); <m-|c|lw for all i € [m]. Thus,

m
Jj=1

Therefore, the ith component of p satisfies p; = >
v =m||c||« is a valid upper bound on ||p||s- O

Using this result together with the observation that ||Alln. = 1 for any totally unimodular
matrix A, we can invoke Theorem 1 to obtain the following performance guarantee for column

randomization when applied to LPs with totally unimodular matrices.

COROLLARY EC.1. Assume the constraint matrix of A of the complete problem P is totally uni-
modular. Define C, Py, Py and A as in Theorem 1. For any 6 € (0,1), with probability at least
1— 4 over the set J, the following holds: if P; is feasible and rank(A ;) =m, then

C (14+m?|c||s) / 2
Av(Py) < Av(Pyiser) + Ni7e (1 +4/2log 5) . (EC.20)

D.2 Markov Decision Processes

Consider a discounted infinite horizon MDP, with n, states and n, actions. The cost function ¢(s,a)
represents the immediate cost of taking action a in state s. The transition probability Pi(s’,a)
represents the probability of being in state s’ after taking action a in state s. Let 6 € (0,1) be the
discount factor. One can solve the MDP by formulating a linear program (Manne 1960):

minimize C1X1+...+C",XS+...+C7L Xn
E s s
X1,...,Xng ERMa

such that (E; —0P)x;+...+(E, - 0P )x;+...+ (E,, — 6P, )x,, =1,
X1,y Xy ooy X, > 0,

where E; is a n, X n, matrix such that the jth row is all ones and every other entry is zero. The

vector ¢, is of size n, such that its ath component is equal to ¢(s,a). The matrix P, is of size
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ng X n, such that its (s’,a)-th component represents P;(s’,a). Notice that matrix P, is a column
stochastic matrix, i.e., 17P; =17 and P, > 0 for all s € [n,]. The decision variable vector x; is of
size n,, where the ath entry represents the expected discounted long-run frequency of the system
being in state s and action a being taken. If one sorts the decision variables by actions (Ye 2005),

then the linear program can be re-written as:

minimize CIXi+...+CXo+...+C X, (EC.21a)
%1,... %na cRns
such that (I—0P))%X,+...+(I—0P)X, +...+ (I—6P, )%, =1, (EC.21D)
X1y Ky R, >0, (EC.21c)
where &, = [¢(1,a);...;¢(s,a);...;¢(ns,a)] for a € [n,] and P, is a n, x n, matrix such that its

(s',s)-th element is equal to P(s’,a). Note that problem (EC.21) is a standard form LP and
has more columns than rows. We can therefore apply the column randomization method to solve
problem (EC.21). To adapt our performance guarantee from Section 3.2, we establish a bound

on ||p|le for every dual basic solution p that is specific to problem (EC.21).
ProposiTION EC.8. For the infinite horizon discounted MDP problem (EC.21), then

_ llells

1-46

is a valid upper bound on ||p|| for any basic solution p of the dual of problem (EC.21).

Proof: Any basic solution p of the dual has the form p” =cLAL', where B is a basis of the
linear program (EC.21). Note that A g has the form Ap =1—60P, where P is an n, X n, matrix such
that each of its columns is selected from the columns of [151, ce lsna] (see Ye 2005). In addition, a

standard property of A" is that it can be written as the following infinite series:
A =T+6P+6°P>+...=1+) 0" P"

Thus, we can bound ||p||e as [P |lec <[I€E]loc + D> ney 0™ - |cEP™ |- Note that for any n € N and

n=1

vector v € R"s, we have

IVIP"| s = max Z v Py )

Nl P
< max Z [vsr[ - Pl )
Sens]ge[n
<Hv||oo max Pl
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where P, | is the (s', s)th entry of P". Therefore, we obtain that

Ip" e = e AL [l

<llesllo+Y_ 0" [cEP ||

n=1

<lleslls/(1-0)

< llelleo /(1 —6).
Since p was an arbitrary basic solution of the complete dual of problem (EC.21), we can therefore
set v =||cfloe/ (1 —0). O
With this result in hand, and observing that ||A||m.x < 1, we can apply Theorem 1 to obtain

the following performance guarantee for column randomization in the case of discounted infinite

horizon MDPs.

CorOLLARY EC.2. Consider solving a discounted infinite horizon MDP with n, states and n,
actions by the column randomization method. Define C, Py, P; and Ay as in Theorem 1. For

any 6 € (0,1), with probability at least 1 — 9, the following holds: if Py is feasible and rank(A ;) = n,,

then
C TLSHCHOO F
< . - . - 7 . — . .
AU(PJ) < Av(szm) + e <1 + 10 14 4/2log ; (E‘,C 22)

D.3 Covering Problems

A covering linear program can be formulated as

PeYeri™e  minimize  c¢’x (EC.23a)
subject to Ax>b, (EC.23b)
x>0, (EC.23c¢)

where A, b and c are all nonnegative, and we additionally assume that for every i € [m], there
exists a j € [n] such that A, ; > 0. This type of problem arises in numerous applications such as
facility location (Owen and Daskin 1998). The column-randomized counterpart of this problem

and its dual can be written as

Pjovering : mln{Czi ’ A;x>b,x> 0}>

Df,overing : max{p’b|pTA; < cf, p>0}.

Although Peverng i not a standard form LP, it is straightforward to extend Proposition EC.3 to
this problem, leading to the following result. We omit the proof for brevity.
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PROPOSITION EC.9. Let C be a nonnegative constant and define P;o2™™ as

P = min{c"x | Ax > b,0 < x < C¢}.

For any 6 € (0,1), with probability at least 1 —§ over the sample J, the following holds: if P§°**™"

18 feasible, then

coverin coverin C 2
Ao(Py) < Aw(PET™) e (L Bl [ Al ) <1+\/2log5>

for any optimal solution p of DT"™".

To now use this result, we need to be able to bound ||p||« for any solution p of any dual D™

of the column-randomized problem. Let us define the quantity Uvering as

. C;
Ucovermg — maX J
] Az,j

Ai,j > 0} .
We then have the following result.

ProPOSITION EC.10. Let J C [n], and suppose that P;°"™™ is feasible. Then for any feasible

solution p of D™ ||p|lse < UOveTin9,

Proof: Fix an i € [m], and consider the LP
DYcovere - max{p,; | pTA, <cl, p>0}. (EC.24)

The optimal objective value of this problem, v(D’~°**"¢) is an upper bound on p; for any feasible
solution p of DSV (and thus, it is an upper bound on p; for any optimal solution p of D).

Consider the dual of this problem:
Pyeovere s min{ctx | Ajx > e;, x>0}, (EC.25)

where e; is the ith standard basis vector for R™. By weak duality, the objective value of any feasible

B—covering - B—covering
P; is an upper bound on v(D} )

solution of

We now construct a particular feasible solution. Let j' be any column in J such that A, ;; > 0;
such a column is guaranteed to exist by our assumption on the matrix A. Define a solution X as

= { 1/A; 5 if j =7,
J 0 otherwise.

It is easy to see that X is a feasible solution of P} "¢ and that its objective value is ¢J% =
¢jr/A; jr. Since this objective value is bounded by Ucverne it follows that Ucver"s > max{p; |
p'A;<cj, p>0}.

Since our choice of i was arbitrary, it follows that ||p|le < U®¥ 8 for any feasible solution of

Dgoverin g . D
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Using this result together with Proposition EC.9 yields the following guarantee.

COROLLARY EC.3. Let C and P;2™™ be defined as in Proposition EC.9. For any 6 € (0,1), with
probability at least 1 — & over the sample J, the following holds: if P;°""™ is feasible, then

. , C . 2
AR < BolPas™) + - AT m [ Alm) (1 2o 5> |

D.4 Packing Problems

A packing linear program is defined as

Pracking . maximize c¢’x (EC.26a)
subject to Ax <b, (EC.26Db)
x>0, (EC.26¢)

where we assume that ¢ > 0, b > 0, and that A is such that for every column j € [n], there exists an
i € [m] such that A;; > 0. Packing problems have numerous applications, such as network revenue
management (Talluri and van Ryzin 2006).

The column-randomized counterpart of this problem and its dual can be written as

P max{clx | A% <b,x >0},

Dgacking . mm{pr | pTAJ > C?;, p> 0}

As with covering problems, the packing problem PPaki®¢ is not a standard form LP, but we can
derive a counterpart of Proposition EC.3 for PP*king  Note that in this guarantee, for a problem
P’ with the same feasible region as PPaking  the optimality gap Av(P’) is defined as Av(P') =
v(PPacking) o (P'), since the complete problem PP2°king is a maximization problem. As with Propo-

sition EC.9, the proof is straightforward, and thus omitted.

PROPOSITION EC.11. Let C be a nonnegative constant and define Piooc™ as

Pfl’i‘ﬁfi”g =max{c’x| Ax<b,0<x < CE¢}.

For any 6 € (0,1), with probability at least 1 —§ over the sample J, the following holds: if Pj’aCkmg

is feasible, then

ki c 2
Av(Pebnd) < Ap(Phiack™?) + Nid (L+lplloc - [[Allmax) - (1 +4/2log 5)

packing
7 .

for any optimal solution p of D
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To obtain a more specific guarantee, define for each ¢ the following quantities:

G
r; = max
Aij

A >0},

Ai,j > O} .

e Cj
J; =argmax
i (A

These two quantities can be understood by interpreting each ¢ as a resource constraint, and b; as
the available amount of resource ¢. The column j} is the column that has the best rate of objective
value garnered per unit of resource ¢ consumed, and the quantity r; is that corresponding rate.

Define now W as

W = in—/bi/,

i'=1

and UP*king a5 the maximum over i of W/b;, i.e.,

: w 7-7, iy
Upacklng — maX o Zz =1 "% )
i€[m] bz MIN;e[m] bi

With these definitions, we can establish that UP2ki¢ is an upper bound on the infinity norm of

any dual optimal solution p of PY*"8,

PrROPOSITION EC.12. Let J C [n]. Then any optimal solution p of D' satisfies ||pllec <

Upacking .

Proof: We first establish a useful property of W: the quantity W is actually an upper bound

on v(P). To see this, define the solution X for each i as

(i b;
20 — e

3
Aige

and define x =>""" x. Let x be any feasible solution of the complete problem PP**i¢ Note that

for each x| we have:

T _ Cirbi
c'x\ =
Aijr
Cff n
2
> (D A
1,35 | j=1

= Al Z Ai’jfl'fj

©li | j:A,; ;>0

> Z Ai,j'%'xj

J:A; ;>0 J

= E CiZy.

j:Ai,]’>0
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where the first inequality follows because x satisfies Ax < b, and the second follows by the definition

of j¥. Using this bound, we have

> Z CiT;

=1 j:Ai’j>O

n
> E Cjx;
j=1
= ch,

where the second inequality follows by our assumption that for each j, there exists an ¢ such that
Ai,j > 0.
Now, let us fix an i € [m]. We wish to bound [p;| for an optimal solution p of D}**"8. We can

compute a bound on |p;| by solving the following LP:

D?_p“king : max{p; | p"b < v(R’,’aCking), p"A;>ct, p>0}.

DY 7eovr"8 is exactly the set of all optimal solutions

Note that by weak duality, the feasible region of
to the sampled dual problem, D%"¢ Observe that for any J, v(PY**"¢) < p(Pracking) < 1y
Thus, a valid upper bound on v(D?_paCki“g) can be obtained by solving the following relaxation of
D?—paeking:

Dﬁfpackingfrlx . maX{pi | pr é W/, p Z 0}

This problem is a valid relaxation, because we have simply removed the constraint p”A; > c7,
and we have replaced the value v(PJpaCki“g) with the larger value of W. The optimal objective value
of this relaxation is simply W/b;. Therefore, we obtain that for any dual optimal solution p of
D5 p | < W/b,. Tt follows that [|pl|ee < maxiepn)(W/b;) = UP*<i"e for any optimal solution p
of Dhaine, O

By combining this result with Proposition EC.11, we obtain the following specific guarantee for

packing LPs.

COROLLARY EC.4. Let C and P2**™ be defined as in Proposition EC.11. For any & € (0,1), with

distr

probability at least 1 — & over the sample J, the following holds: if PY**"9 is feasible, then

_ . _ [, 2
Av(PemTy < Np(Pheerd) + \/C;? (14U ™ || Allmax) - (1 +4/2log 5) .

With regard to UP*kine which appears in this guarantee, we note that this constant depends on the
constant W. Our choice of W is special only in that it bounds v(P5**™¢). For particular packing
problems, if one has access to a problem-specific bound W’ on v(P?**"¢), one could define UPackine

with W’ instead to obtain a more refined bound.



e-companion to Akchen and Misié¢ : Column-Randomized Linear Programs ecd3

D.5 Portfolio Optimization

In this last section, we deviate slightly from our previous examples by showing how our approach
can be applied to problems that are not linear programs. The specific problem that we consider is

the portfolio optimization problem, which is defined as

portfolio , DRI
P :  minimize f(r,..oymm) (EC.27a)
such that Z ajr; =1, Vie[m] (EC.27b)
=1
> a=1, (EC.27c)
j=1
x>0, (EC.27d)

where both x and r are decision variables. Problem (EC.27) can be interpreted as follows: a decision
maker seeks an optimal portfolio, which is a distribution over instruments, according to some
objectives. The decision variable z; represents the fraction of allocation committed to instrument
j, the constraint parameter «;; represents the return of instrument j in scenario ¢, and r; is the
total return in ith scenario. The objective function f is a function measuring the risk of the returns
r1,...,7"n. Unlike the optimization problems we discussed so far, we assume that f is any Lipschitz
continuous function with Lipschitz constant L, and is not necessarily a linear function of r.
Although problem Prertelio jg not in general a linear program, we can still apply the column
randomization method to solve the problem. We describe the procedure in Algorithm 9. Notice
that, unlike Algorithm 1 which samples columns associated with all variables, here we only sample

columns associated with x.

Algorithm 9 The Column Randomization Method - Portfolio Optimization

1: Sample K i.i.d. indices in [n] as J ={Ji,...,Jx} according to a randomization scheme p.
2: Solve the sampled optimization problem:

P})ortfolio: min {f(r)

D ayii=ri, Viem], Y F=1, 5(20} (EC.28)

JjeJ jeJ

3: return optimal solution (X*,r*) and optimal objective value f(r*)

For PY""°° that is produced and solved by Algorithm 9, we have the following performance

guarantee.
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PROPOSITION EC.13. Assume vectors a; = (qj)icpm) in problem PPoiole satisfying |loy;lls < H
for all j € [n]. Let C' > 1 be an arbitrary constant and define the optimization problem

Prorielio. min { f(r) Z ajzj=r, 1"x=1,0<x<C¢ 3. (EC.29)

distr
x,r .
JEn]

. L ol tfoli tfoli
Denote F, Fyig,, and F; as optimal objective values of problems Prerifotio - prorfolio =gy g prortiotio

respectively. Define AF;=F; —F and AF 45, = Fuiser — F. For any 6 € (0,1), with probability at

least 1 — &, the following statement holds:

CLH 1. 4
< i —— — - 1. .
AF; < AF g, + i <1+3,/21og5> (EC.30)

While the proof (see below) is similar to that of Proposition EC.3 in the construction of a random
solution that is close to the solution of the distributional counterpart problem Py the main
difference is that it relies on Lipschitz continuity, rather than LP duality.

It is worthwhile to point out several aspects about this result and the portfolio optimization
problem. First, the portfolio optimization problem (EC.27) is not required to be a convex opti-
mization problem; the objective function f can be non-convex, so long as it is Lipschitz continuous.
Second, this result is related to a more specific result from our prior work (Chen and Misié¢ 2022).
In that paper, we consider the problem of estimating the decision forest choice model, which is
a probability distribution over a collection of decision trees, and show that by solving an opti-
mization problem over a random sample of trees, one can obtain a gap on the ¢; training error of
the model that decays with rate 1/v/K (Theorem 5 of Chen and Migi¢ 2022). Proposition EC.13
is a generalization of that result to more general optimization problems outside of choice model
estimation, and allows for objective functions more general than those based on ¢; distance.

Proof of Proposition EC.13: Let (x*°,r*°) be an optimal solution of Pcﬁggf"“‘). Consider the

solution (x’,r’) defined relative to the sample J:

1 &z
X=2D e, (EC.31)
K k=1 SJk
1 K
=) oyry= % Y (@) e, (EC.32)
j€[n] k=1

The significance of (x/,r’) is that we will be able to show that r’ will be close to r*°; and that f(r’)
will be close to f(r*®) = Fy.. However, (x/,1") is not necessarily a feasible solution to problem

prortielio " hecause x’ will in general not satisfy the unit sum constraint. To turn it into a feasible
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solution for problem PPertelio we consider the solution (x”,r”) obtained by normalizing x’ by its

sume:
1 X/
= T (EC.33)
2 r/
= o7 (EC.34)

Note that (x”,r") is a feasible solution of PPl
To understand why we consider (x/,r’) and (x”,r”), we show how these two solutions can be
used to bound the difference between F; and Fy,. Let (x,r) be an optimal solution of Pﬁ’ortfono.

We now bound Fjy — Fy;s, as follows:

Fy = Fae = f(x) = f(r™)
< fx") = f(x)
= f(x") = f(&) + f(x)) = f(r™)
<[f") = f)]+ () = f(@)]
<L|t" —t'||s + L’ — £ (EC.35)

where the first step follows by the definitions of (x,r) and (x*°,r*?); the second step follows because
(x",r") is a feasible solution of PP the third and fourth step follow by algebra and basic
properties of absolute values; and the last step follows by the fact that f is Lipschitz continuous
with constant L.

We now proceed to show that |[r’ —r*°||y and |[r” —r’||> can be bounded with high probability.

Bounding ||r' —r*||: To bound this term, let us define for each k € [K] the random vector r;, as

We make three important observations about r r;, . First, for each k, the norm of rj, is

jl’---’

bounded as

2*0 *0 C’g
||rjk||2: iO{jk Si”aJkHQS *.H=CH.
gjk 2 gjk Jk
Second, observe that r’ is just the sample mean of r;,,...,r;., le., ' =(1/K) Zle r;, . Lastly, we

observe that the expected value of each r;, is

Efr;]= > &- ﬂoaa‘

j€ln]:6;>0 &
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— *0
= E ‘Tj (87

je[n]:§j>0

where the third step uses the fact that xjo =0 when &; =0 (by virtue of the constraint 0 <x < C¢).
Therefore, the term ||’ —r*°||, is just the distance between the sample mean of an i.i.d. collection
of random vectors from its expected value, where the ¢, norm of each random vector is bounded.

We can therefore invoke Lemma EC.1 to assert that

CH 2
/_ Lx0 < = EC.
v —r ||2_\F<1+\/2log6> (EC.36)

with probability at least 1 —§/2.

Bounding ||r” —r’||5: For this term, observe first that since r’” =1’//(17x’), we can re-arrange this
to obtain that r’ = (17x/)r”. Let us use s to denote the normalization constant, i.e., s =17x’. We

can now bound ||r” — /|| in the following way:

I'H _ I'/ 5= r// _ SI‘N
2

= s =11 "l -

We now bound |s — 1|. Note that s can be written as

K *0 K *0
S:].T - § ]lee. — § Jk'
K= S K iy

Jk

Letting wy, = (}7/¢;,), we obtain s = (1/K) Zle wy; in other words, s is the average of K i.i.d.
random variables, wy, ..., wk. Note that each w;, has expected value E[w;] = Eje[n]:gpo(wj»o/gj) .
& = Zje[n] 23" = 1; therefore, the term [s — 1| represents how much the sample mean s deviates
from its expected value of 1. We also observe that each wy is contained in the interval [0,C].

Therefore, using Hoeffding’s inequality, we obtain that

Pr[|s—1| > €] =Pr[|s —E[s]| > €] <2-exp <_2IC(§2> , (EC.37)

for any € > 0; by setting e = C'y/log(4/9)/(2K), we obtain that

|s—1\§CU%log%, (EC.38)

with probability at least 1 —§/2.
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With this bound in hand, let us now bound ||r”||2. Observe that

<o Z(@) ety < Z(gjk)- .

so it follows that [|r”||o = (1/s)||r'||2 < H. We therefore have that ||r” — /||, satisfies
1 4
[ =1l < T 5108

with probability at least 1 —§/2.

Completing the proof: We now put these two bounds together to complete the bound in (EC.35).
Combining inequalities (D.5) and (EC.36) together using the union bound, we have that with
probability at least 1 — 4,

Fy— Fiisee < L2 —1/||a + L|It" — 2™ 5

CH |1 4 CH / 2
CHL 4
<—1 log—|.
=R ( +34/ og(s)

By moving Fjys, to the right hand side, and subtracting F' from both sides, we obtain the desired
inequality. U

Appendix E Statistically-Dependent Columns

So far we have assumed that each column in the column-randomized linear program is sampled
independently. In this section, we show how this assumption can be relaxed. We state our main
performance guarantee in Section E.1. In Section E.2, we consider a specific non-i.i.d. column
sampling scheme — groupwise sampling — which has natural applications in problems such as Markov
decision processes, and apply our guarantee from Section E.1 to this sampling scheme.Finally, in
Section E.3, we develop a different type of guarantee for the case when columns are uniformly

sampled without replacement.

E.1 Performance Guarantees via Dependency Graph and Forest Complexity

We begin by assuming that the randomization scheme p is such that ji,...,jx still follow the
distribution &, i.e., Pr[j, =t] =&, for k € [K] and t € [n], but they are no longer independent. Thus,
the indices ji,...,jx are no longer an i.i.d. sample from &, and we require a different set of tools

to analyze Algorithm 1 and Av(P;) in this setting.
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To analyze the column randomization method, we will make use of a specific concentration
inequality from Liu et al. (2019), which requires specifying the dependence structure of a collection
of random variables through a specific type of graph. We thus begin by briefly defining the relevant
graph-theoretic concepts.

Given an undirected graph G, we use V(G) to denote the vertices of G, and E(G) to denote the
edges of G. Given two vertices u,v € V(G), the edge between u and v is denoted by (u,v). We say
that w and v are adjacent if (u,v) € E(G). We say that u and v are non-adjacent if they are not
adjacent. For two sets of nodes U,V C V(G), we say that U and V are non-adjacent if u and v are
non-adjacent for every v € U and v € V. Lastly, a graph G is a forest if it does not contain any
cycles, and is a tree if it does not contain any cycles and consists of a single connected component.

With this definitions, we now define the dependency graph, which is a representation of the

dependency structure within a collection of random variables.

DEFINITION EC.1. (Dependency graph) An undirected graph G is called a dependency graph of a
set of random wvariables X1, X,,..., X if it satisfies the following two properties:

1. V(G)=[K].

2. For every I,J C[K], INJ =0 such that I and J are non-adjacent, {X;}icr and {X;};c; are

independent.
We now introduce the concept of a forest approximation from Liu et al. (2019).

DEFINITION EC.2. (Forest approximation, Liu et al. (2019)) Given a graph G, a forest F', and a
mapping ¢: V(G) — V(F), we say that (¢, F') is a forest approximation of G if, for any u,v € V(QG)
such that (u,v) € E(QG), either ¢p(u) = ¢(v) or (p(u),p(v)) € E(F).

In words, a forest approximation is a mapping of a general graph G to a smaller forest F' that is
obtained by merging nodes in G. For a given node v € V(F'), the set ¢~!(v) corresponds to the set of
nodes in V(G) that were merged to obtain the node v. Using the notion of a forest approximation,

we can now define the forest complexity of a graph G.

DEFINITION EC.3. (Forest complexity, Liu et al. (2019)) Let ®(G) denote the set of all forest

approzimations of G. Given a forest approzimation (¢, F), define Ay py as
_ - 2
o= Y (167 w6 Zugu;) o7 (u)]
(u,v)EE(F)

where T, ..., Ty is the collection of trees that comprise F. We call A(G) = mingg, reo(c) Ao, ) the
forest complexity of G.
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The forest complexity A(G) quantifies how much the graph G looks like a forest. Notice that
A(G) > |V(G)] for any graph G. In practice, we only need an upper bound on A(G), rather than its
exact value; we refer readers to Liu et al. (2019) for several examples on how A(G) can be bounded.

Given a dependency graph G for the random indices in the set J, we now bound the optimality

gap of the column-randomized linear program.

THEOREM EC.7. Let C be a nonnegative constant, define Py, as in Theorem 1 and assume
the random indices in J follow the dependency graph G with forest complexity A(G). For any
0 €(0,1), with probability at least 1 — & over the sample J, the following holds: if P; is feasible and
rank(A ;) =m, then

A0(Py) € Av(Pa) +C- (14 Al ) - <\/ K+ ABG) | [2A(G)logls] 5’) . (BC39)

KQ
where v and ||A||max are defined as in Theorem 1.

Under the same conditions, with probability at least 1 —§ over the sample J, the following holds:
if Py is feasible and rank(A ;) =m, then

Av(Py) < Av(Pyu) +C-x - <\/ K+2BEN \/ PG losl/ 5)) , (EC.40)

where x is defined as in Theorem 2.

The proof (see below) follows by utilizing the McDiarmid inequality for dependent random
variables from Liu et al. (2019). We note that Theorem EC.7 is a generalization of Theorems 1 and
2.If 41, ja, ..., jx are independent, then the dependency graph G has no edges, and thus |E(G)| =0
and A(G) = K. Therefore, when each column is generated independently, the upper bounds in
Theorem EC.7 are equivalent to the bounds in Theorem 1 and 2.

We close this section by now proving Theorem EC.7. Before we can prove Theorem EC.7, we
need to establish two auxiliary results. The first result is the analog of Lemma EC.1 for a collection

of possibly dependent random variables, formulated in terms of forest complexity.

LEMMA EC.17. Let wqi,wWaq,...,Wg be K random wvectors with same distribution. Let G be the
dependency graph of Wi, Wa,...,Wg. In addition, assume ||wil|lo < C for k=1,..., K. Let w =
(1/K) - Zle wy. Then for any § € (0,1), we have, with probability at least 1 — 4,

o K+2 |BEG)  [2AG) . 1
HW_EWHQSC <\/ K2 + K2 'logg .

Proof of Lemma EC.17: Define a space W = {z|||z]|s < C}. Consider a scalar function f :
WHE — R defined as

1
f(Z17Z27"'7ZK): HK<Z1+Z2++ZK)_EW

2
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For any k € [K] and any zi,...,2y,...,2k,2), € VW, we have

Z, — Z, 2C
|f(Z1ye e 2y Zi) — [(Z1ye ooy By Zx0)| < w < e
Therefore, f has the bounded differences property (note that in Liu et al. 2019, this is referred to
as the c-Lipschitz property; see Definition 2.1 of that paper). By Theorem 3.6 of Liu et al. (2019),

for any € > 0, we have

Pr(f(wi,..., i) ~Ef(wi,.... w) > ] <exp <_QCKA(G)>

On the other hand, define u; = w; — Ew;. Then
E [ww;] = [[Ew:[; <E[|wi]2llw;lls] <C%, if i=j or (i,j) € E(G),
E [uTuJ} =

0, otherwise.
Therefore,
1 2
E[f(wh...,WK)Q :H(W1+ +WK) Ew
K 2
1 IE T
e | 2 Bl
i,jE[K]
Z E uzTu Z E uZTu
i€[K] (1,J)EE(G)
K +2|E(G)|
2
< =S
As a result,
K+2|E(G
]Ef(Wl,...,WK)S\/Ef(wl,...,WK)QSC' I(|,2()|,

where the first inequality comes from the concavity of square root function. With all the results
above, we have

K+2E(Q)] .,

P 702 >

fwi,...,wg)—=C- <P[f(wi,...,wg)—Ef(wy,...,wg) > ¢

K2%e2
< - -
—eXp< 202-A<G>>

Let € = \/2C2A(G)log(1/5)/K2. Then with probability at least 1 — 4, we have

(5)

We thus prove the statement. O]

K +2EG
flwn . wi) <Oy EE2ABG

From Lemma EC.17, we can also straightforwardly prove the following result, which is the analog

of Lemma EC.2 for possibly dependent random variables.
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COROLLARY EC.5. Let wi,wa,...,Wg be K random vectors of size m and with same distribution.
Let G be the dependency graph of Wi, Wa, ..., Wg. In addition, assume |wWy|l. < C fork=1,... K.
Let w=(1/K)- Zszl wy. Then for any 6 € (0,1), we have, with probability at least 1 — 9,

I — Bwlly < Vim- C- (W(” IE(G ¢ A )

With these two results, we can now proceed with proving Theorem EC.7.

Proof of Theorem EC.7: We define x** and construct random vectors w;,,...,w;,, b;,...,b;,

as in the proof of Proposition EC.3; we note that this construction is valid even if there exists depen-

dency between the indices ji, ..., and jx. We further define x” as the sample mean of w;,,...,w;,

and b’ as the sample mean of b;,...,b; . By Proposition EC.3 and Expression (EC.13), we have

Jio-
Av(P;) < Av(Paises) + % =x 12 + [P ]| - [ID" = b1 (EC.41)

By invoking Lemma EC.17, with probability at least 1 — 4,

. K+2-|E(G 2-ANG 1
[x —x*<C- <\/K’2()‘+ K<2 )-logd). (EC.42)

Similarly, by Corollary EC.5, with probability at least 1 —4,

K+2 |E(G 2-ANG 1
|rb'—b||1<m-c-uA||m-W 2 BE ()-1og). (BC.143)

K2 4]

Combining inequalities (EC.41), (EC.42), and (EC.43) and applying the union bound, we conclude
that, with probability at least 1 — 4, the following holds: if P; is feasible and rank(A ;) =m

A0(Py) < A0(Pass) £ C - (14 10y Al ) <\/ K+ ABG) , | [2AC)los(2/ ‘”) C(BC.A1)

Similarly, by Proposition EC.3 and inequality (EC.15), we have
Av(Py) < Av(Paser) +x - ||x —x*02. (EC.45)

Combining with inequality (EC.42), we conclude that, with probability 1 — J, the following holds:
if P, is feasible and rank(A ;) =m

Av(P)) < Av(Pawss) + <\/K+2|E \/ MG )log(1/5)>, (EC.46)

K2

which completes the proof. O
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E.2 Groupwise Column Sampling

In many linear programs, we can naturally rearrange and group related columns together. For
example, in the LP formulation of an MDP, one can collect columns associated with state s into a
set G(s); the collection of all columns is simply the disjoint union (J!*, G(s), where n, is number of
states in the MDP and each G(s) ={(s,a) | a € [n,]}. For such a problem, sampling J = {ji,...,jx }
independently from the complete collection of columns, i.e., from [n,] X [n,], may not be attractive.
The reason for this is that we may sample the columns in such a way that we do not sample any
columns corresponding to a particular state §; in such a scenario, the sampled problem P; will
automatically be infeasible.

In the presence of a natural group structure of the columns, rather than sampling columns in
total across all n columns, one could consider sampling n, columns from each group. In the MDP
example, this would correspond to sampling n, columns (which correspond to state-action pairs)
for each state s. The resulting column-randomized linear program P; corresponds to an MDP
where there is a random set of n, actions out of the complete set of n, actions available in each
state s. Most importantly, P; is guaranteed to be feasible.

It turns out that our results for dependent columns can be used to study column-randomized LPs
where columns are sampled by groups. We refer to such a mechanism as a groupwise randomization

scheme and define it formally below.

DEFINITION EC.4. (Groupwise Randomization Scheme) Assume the set of indices [n] can be orga-
nized into ng groups, i.e., [n| is the disjoint union of sets G, for g =1,2,...,ng. Consider a
randomization scheme p such that (i) it samples indices in n, rounds of sampling; (ii) in each
round, it samples ng indices as follows: for i=1,...,ng, it first uniformly at random chooses an
index g; from [ng]\{g;|j € [i—1]} then samples an index from group G, according to a distribution

&%, We refer to such a randomization scheme p as a groupwise randomization scheme.

Note that the randomization scheme p samples K = n,ng indices in total, and samples n,. columns
in each group. By design, each random index j follows the distribution &, whose probabilities are
given by

e Prli—f]— a_ 1 o
&:Pr[j—t]—n— Z {tegy}-& —*g' t

n
g€[ng]

where G(t) is the group to which column ¢ € [n] belongs to.
By using our general result for dependent columns (Theorem EC.7), we obtain a specific guar-

antee for column-randomized LPs obtained by groupwise randomization schemes.
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Figure EC.1 Dependency graph of random indices sampled by the groupwise randomization scheme with ng =4

and n, = 3.

THEOREM EC.8. Let J be a sample of K = n,ng indices sampled according to a groupwise ran-
domization scheme p. Let C' be a nonnegative constant and define Py, as in Theorem 1. For any

0 €(0,1), with probability at least 1 — 0, the following holds: if Py is feasible and rank(A ;) =m,

then
C (1 +my||Allmax 2
Av(Py) < Av(Pa) + 4 ZT'l ) (1+\/2log5),

where v and ||Al|max are defined as in Theorem 1. Under the same assumption, with probability at

least 1 — 6, the following holds: if Py is feasible and rank(A ;) =m, then

C- 1
Av(Py) < Av(Pyisir) + \/n—): (1 +4/2log 5) ;

where x s defined as in Theorem 2.

Proof: The dependency graph G of K =n,ng random indices that are sampled by p consists of n,
cliques of size ng; Figure EC.1 provides an example of the dependency graph for n,, =3 and ng = 4.
Therefore, |E(G)| =n,ng(ng —1)/2 and A(G) < X(¢, F) =n,ng for a forest approximation (¢, F)
that maps each clique in G as a node in F. By upper bounding A(G) by n,nZ in Theorem EC.7,
and using the fact that K =n,ng, we complete the proof. O

Theorem EC.8 can be interpreted as a guarantee on the optimality gap as a function of the
number of columns sampled per group: for a groupwise randomization scheme, the gap decreases at
a rate of 1/\/n,, where n, is the number of columns sampled per group. Compared to Theorem 1
and 2, the rate of convergence in Theorem EC.8 in terms of the total number of columns sampled,

which is K =n,ng, is slower; Theorem 1 and 2 both have a rate of 1/ V'K, while Theorem EC.8
has a rate of 1/\/n, = /ng/K.

E.3 Sampling without replacement

The final extension of our methodology to the non-i.i.d. case that we shall consider is when the
columns A; ,..., A,  are sampled without replacement. For simplicity, we shall restrict our anal-
ysis to the case where this sampling is carried out uniformly over the set of columns [n]. Stated

differently, a random sample of size K drawn uniformly without replacement from [n] is the set of
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columns {7ji,...,jx}, where {ji,ja,...,Jn} is a random permutation of the set of columns [n], with
all n! permutations having equal probability.

For this sampling method, we begin with an analog of Lemma EC.1. This lemma uses results from
the paper of El-Yaniv and Pechyony (2009), which develops a version of McDiarmid’s inequality
that applies to the sampling without replacement case, and which may be of independent interest

to readers.

LEMMA EC.18. Assume w,...,w, are vectors satisfying |[w;|lo < C for j € [n]. Let {i1,...,i,} be

a random permutation of [n] and z; =w,; for j € [n]. Deﬁne Zx =" 2;)K and z=12, =E[z)].

j=1
Then for any § € (0,1), we have, with probability at least 1 —

|Zx — 2||s < (,/” K 1/ ~log ) (EC.47)

o1/ 1
R T 2max(K,n—K) )~

Proof: Call Z=(z,...,2z,). Define the function f(Z) = ||zx — z||2, which is a (K,n — K) permu-

where

tation symmetric function: that is, if we permute the first K or the last n — K vectors of z1,...,z,,
the value of f(Z) remains the same.
Given Z, let us use Z%¥ to denote the ordered collection that results from swapping the ith and

jth vectors in Z. For i € {1,..., K} and j € {K +1,...,n}, we then have

2C

1(2) - £(29) < 2

by the triangle inequality. Therefore, by Lemma 2 of El-Yaniv and Pechyony (2009), we have
Ke* (n—1/2) 1 1
2C? (n—K) 2max(K,n—K) ) )’

Define H,, , as El L 2) (1 — m) Therefore, the above inequality implies that with prob-

ability at least 1 — 5 , we have

Prif(Z) ~Ef(Z) > d < exp (—

f(Z2)<E

log (EC.48)

nK

Now we will bound Ef(Z). We first define E[||z,||?] = a and E[z] z;] =b. Then

E [||zx — z|3] =E [z} 2zK] —iTiz%-a—i—KT b—z'z. (EC.49)

Notice that when K =n, the left-hand side of Equation (EC.49) is zero. This leads to

n

)

.zl7 —

b=

3
|
—_

n—1
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Plugging this expression for b back into equation (EC.49) and noticing that a < C?, we have

B (la - alf) = - (1- 707 ) ~aa (1- oy ) < - (1- 27 )

Combining with Jensen’s inequality, we have

Ef(Z) < VEP(Z) = /Ellzx —2]3 < j}{ Gi-EL (EC.50)

Finally, we plug inequality (EC.50) into inequality (EC.48), which completes the proof. O

Using this lemma, we can now establish an analog of Proposition EC.3. In this proposition,
we work with the distributional counterpart problem Py " = min{c’x | Ax=b,0<x < (C/nl},
which is the distributional counterpart corresponding to the uniform distribution on [n] (i.e., with
& =1/n for all j € [n]).

ProPOSITION EC.14. Let C' be a nonnegative constant and define P,.5,"" as the linear program
min{c’x| Ax=b,0<x<C/n}. Let Q={qi,...,qx} C[n] be a set of K indices that are sampled
uniformly at random from [n] without replacement. For any § € (0,1), with probability at least 1 -4,

the following statement holds: if Py is feasible, then

wo-re C n—K 2 2
Av(Po) < A (PYr™) + - (L4 Bl - Al (\/: N e 1og5) ,

for any optimal dual solution p of Py.

Proof: The proof follows a similar argument for the i.i.d. case (Proposition EC.3). Let x°* be
an optimal solution to Pj5, . Consider the solution
1« 1 &
x' = I anSZeqk =% sz,
k=1 k=1
where z, = na)*e, for k€ [K]. We also define b’ = Ax'.
The vectors {z;}+_, have the following properties. First, for all k € [K], E[z;] = x*. Second,
|z1]]2 < C for all k € [K] since 0 < zp* < C/n. With these properties and recognizing that x' =z,
we can invoke Lemma EC.18 and assert that, with probability at least 1 —¢§/2,

|| - 0*” < C niK_i_ 2 1 g
X —x 2_\/E ”n—l Hor og5 .

With the similar argument in Step 2 of the proof of Proposition EC.3, it can be easily shown that
with probability at least 1 —¢§/2,

m-C || Al max n—K 2 2
b’ —b|; < : log< | .
| < VK Voot T\ H. %5

With the concentration inequalities in hand, we can bound the objective value of P following the

procedure in Step 3 of the proof of Proposition EC.3. g
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With this result, the following analog of Theorem 1 can be established for the uniform sampling

without replacement case. The proof is identical to Theorem 1 and is omitted for brevity.

THEOREM EC.9. Let C' be a nonnegative constant and define Py as the linear program
min{c’x| Ax=b,0<x<C/n}. Let Q={qi,...,qx} C[n] be a set of K indices that are sampled
uniformly at random from [n] without replacement. For any 6 € (0,1), with probability at least 1 —9,

the following statement holds: if Pg is feasible and rank(Ag) =m, then

wo-re n K
AU(PQ)<AU(Pd15t7 p)+\/i (1+||p”00 HA”maX : (\/7 \/T)

where v and ||Al|max are defined as in Theorem 1.

Alternatively, we can also establish an analog of Theorem 2. To do so, we require an analog of
Proposition EC.4, which we formalize below. The proof of this result follows by straightforwardly
combining elements of the proof of Proposition EC.4 and Proposition EC.14 above, and is thus

omitted.

ProposITION EC.15. Let C be a nonnegative constant and define P57 as the linear program
min{c’x| Ax=b,0<x<C/n}. Let Q={qi,...,qx} C[n] be a set of K indices that are sampled
uniformly at random from [n] without replacement. For any § € (0,1), with probability at least 1 —4,
the following statement holds: if Py is feasible, then

wore C n—K 2 1
Av(Pg) < Av (PEoTP) + ﬁ'HCT—PTAHz- (\/ — 7 K10g5>7

for any optimal dual solution p of Pg.

Using this proposition, we can then easily obtain the following counterpart of Theorem 2 for the

uniform sampling without replacement case.

THEOREM EC.10. Let C, P2, and Q be as defined in Theorem EC.9. For any ¢ € (0,1), with
probability at least 1 — 6, the following statement holds: if Pg is feasible and rank(Ag) =m, then

K
Au(Po) £ Av (P + <o (\/" T\ E log)
- nK

where x is an upper bound on ||€|ly for every basic solution of the complete problem P.

We conclude this section by offering a remark on how the bounds we have developed here compare
to our earlier bounds for the i.i.d. case. In particular, we focus on Lemma EC.18, which is the main

building block of these results. In the i.i.d. case, the counterpart of Lemma EC.18 is Lemma EC.1

(Lemma 4 of Rahimi and Recht (2009)):
1
. <1+1/210g <5>) .

Wik —wlls <

S0
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We numerically compare the bound in Lemma EC.1 (“i.i.d. bound”) to that of Lemma EC.18
(“permutation bound”) in Figure EC.2 below. We set § = 0.1, n = 100 and vary K. From this
figure, we can see that (i) the permutation bound (EC.47) is always tighter than the standard
McDiarmid inequality bound, which is under the i.i.d. assumption; and (ii) as K gets closer to n,

the improvement becomes larger.

—— Permutation Bound
-—-- 1.i.d. Bound

Bound value
J—
ot
T

|
0 10 20 30 40 50 60 70 8 90 100

Figure EC.2  Comparison of the bounds of Lemma EC.1 (based on the standard i.i.d. McDiarmid inequality)

and Lemma EC.18 (which assumes uniform sampling without replacement), as K varies.

Appendix F  Cutting Stock Problem Experiments (continued)

This section continues the numerical experiments with the cutting stock problem in Section 5.

F.1 Experiment #2: comparison of incremental randomization and uniform randomization

In this section, we explore the effect of changing the randomization scheme in the column ran-
domization method. In particular, we compare the incremental randomization scheme p; of the
previous section, and the uniform randomization scheme, which we will refer to by py.

The randomization scheme py samples from the set A={a €N |}, ,a;w; < W} uniformly
at random. This can be accomplished by rejection sampling. Specifically, we sample uniformly
from the set A={a€ N7 |0<a; <|W/w;|}, which can be done by sampling each component a;
uniformly from the set {0,1,..., |[W/w;|}, and then check if >, a;w; <W. If this inequality is
satisfied, we return a; otherwise, we discard a and repeat the procedure again with a new candidate

column from A.



ech8 e-companion to Akchen and Misi¢ : Column-Randomized Linear Programs

In this experiment, we set W = 10° again and draw each demand b; ~ U ({1,...,100}) for i € [m].
Due to the poor scaling of rejection sampling, we restrict our focus to the case m = 5.

For the widths wy,...,w,, of the demand types, we consider two different setups:

1. Setup 1: we set each width w; ~ Uniform({W /1000, W/1000 + 1, W /1000 +2,...,W/2}). In

this case, the widths can differ greatly, with two widths w; and w; possibly differing by up to
a factor of (W/2)/(W/1000) = 500.

2. Setup 2: we set each width w; ~ Uniform({W /10, W/10+1,W/10+2,...,W/4}). In this case,
the widths are generated to be closer to each other, with two widths w; and w; only differing
by up to a factor of (W/4)/(W/10) =2.5.

We generate 100 random cutting stock instances in the manner described above for each setup.
Then, for a fixed K € {50,100, 200,400}, we run the column randomization method ten times with
each of py and p;.

Table EC.1 below shows the optimality gap of column randomization with p; and py under
Setups 1 and 2. The reported optimality gap is the average over the 100 cutting stock instances
and the ten repetitions of the column randomization method. (Note that for py in Setup 1, there
is no value shown for K = 50, as in one replication, the sampled problem was infeasible.) From this
table, we can see that when there is high variability in the widths (Setup 1), p; outperforms py
significantly. When there is a lower variability in the widths (Setup 2), p; generally outperforms

pu, although the improvement is smaller.

Setup 1 Setup 2
K Ay () A,y () Apy (%) A, (%)
50 - 1.51 5.80 2.94
100 8.83 0.64 2.57 1.62
200 3.96 0.37 1.13 1.14
400 1.67 0.20 0.28 0.30

Table EC.1 Comparison of p; and py on the cutting stock problem (Setups 1 and 2).

The edge of p; over py is not surprising, when one considers the structure of the two random-
ization schemes. In particular, p; always produces patterns that are maximal, in the sense that no
a; can be further incremented without violating the requirement Z;il w;a; < W. (Note that such
patterns will also be generated by the column generation subproblem (13), as it seeks to maximize
S pia; for some nonnegative dual vector p.) On the other hand, since py samples uniformly
from A, it frequently generates patterns that are inefficient, in that there is space on the large roll
for more units of the demand types to be cut from it. Although such patterns can be used to meet

the demands, one needs to cut more large rolls according to these patterns (i.e., the corresponding
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x;’s need to be larger), resulting in a larger objective value. As a result, p; should yield lower
optimality gaps than py for a fixed K. Nevertheless, this experiment is useful in showing that
the choice of randomization scheme is important, and can substantially affect the performance of
the column randomization method. We will further underscore this point in our next experiment,

where we will also show how the demand vector b can be used to guide the randomization scheme.

F.2 Experiment #3: comparison of incremental randomization and biased incremental

randomization

In this next experiment, we compare incremental randomization with a more sophisticated scheme
that we call biased incremental randomization and denote by pp;. This new scheme is presented
as Algorithm 10. This scheme is the same as the incremental randomization scheme, with the key
modification that at each iteration, the index i is sampled with probability proportional to 1/b;.
The rationale behind this modification is as follows. Suppose that there is significant variability
in the demands for different widths, e.g., for a width 7, the demand b; could be very large, but for
a different 7', the demand by could be very small. In such a situation, it may be advantageous to
sample patterns where a; will tend to be large for highly demanded widths, while a; will tend to
be small for less demanded widths, as patterns that are structured in this way are likely to be the
most efficient patterns for meeting the demand. (Conversely, it is likely inefficient to use a pattern
that yields a few units of the highly demand width and many units of the less demanded width.)
The scheme ppg; is designed exactly for this case, and ensures that the patterns that are produced

are such that a; will be larger when b; is large.

Algorithm 10 Biased incremental randomization scheme pg; for the cutting stock problem.
1: Column a is a zero vector of length m and { + W.

2: while ( >0 do
30 T+ {i|w; <(}.

4:  if |I| > 1 then

5: Sample an index ¢ from I with probability v/b;/ Y, Vb;.
6: Update a; < a; +1 and ¢ < { — w;.

7. else

8: Break the while loop

9: return Column a.

In this experiment, we set W = 10°. For each i € [m], we sample w; ~

Uniform ({W/10,W/10+1,...,W/4}). We then consider two different setups: Setup 1, where
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each b; ~ Uniform({25,...,100}); and Setup 2, where b; ~ Uniform({50,...,100}). For each setup,
we test m =50, K € {100, 150,200,250,300}, and m = 100, K € {200,250, 300, 350,400}. For each
m and each setup, we generate 100 problem instances, and for each K, we then run column
randomization with p; and pp; ten times.

Table EC.2 shows the average optimality gap for the two randomization schemes p; and pg;
under the two different setups. As expected, we can see that in Setup 1, in which the demands
exhibit greater variability, the biased scheme pp; leads to a lower optimality gap than the ordinary
incremental scheme p;. In Setup 2, where there is less variability, pg; continues to perform better,

although the improvement is smaller.

Setup 1 Setup 2

m K A, (%) App (%) Ap (%) Ay, (%)
50 100 9.41 5.37 6.43 5.90
150 4.46 2.70 2.63 2.33

200 2.70 1.59 1.71 1.45

250 1.66 1.16 1.30 1.21

300 1.43 0.99 1.00 0.87

100 200 10.46 5.89 6.32 5.34
250 7.01 3.39 3.78 3.26

300 4.50 2.30 2.47 2.22

350 3.18 1.95 2.13 1.82

400 2.38 1.56 1.61 1.50

Table EC.2 Performance of the randomization schemes pr and ppr on the cutting stock problem (Setups 1 and
2).

As we saw in our previous experiment in Section F.1, this experiment illustrates how the choice
of randomization scheme can affect the performance of the column randomization method. It also
illustrates how the structure of the problem and the nature of the problem data can affect the
performance of column randomization and in the same vein, how the problem data can be used in

the design of the randomization scheme (in this case specifically, how b is used in pg;).

F.3 Experiment #4: combining column randomization and column generation

In this final experiment, we investigate the potential benefit of combining column randomization
and column generation. In particular, we consider a hybrid method, where one first performs
column randomization to obtain an initial solution, and then executes column generation starting
from that initial solution. The hope in such a method is that column randomization can be used
to quickly obtain a good solution with a low optimality gap, and that column generation can then

be used to close that gap to zero.
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We set up this experiment as follows. We set W = 10°. We vary m € {250,500, 750, 1000, 1500}.
For each i € [m], we draw w; ~ Uniform({W/10,...,W/4}) and b; ~ Uniform({1,...,100}). For
simplicity, we set number of sampled columns K in the column randomization as K = 10m. For
the column randomization method, we use the incremental randomization scheme p;.

Table EC.3 displays the results. The columns labeled “A (%)” and “Tcr (s)” show the

optimality gap of the column randomization solution and the associated computation time. The

PBI

next column, “Tcr then-ca (8)”, shows the total time required to reach an optimality gap of zero
when one executes column generation from the column randomization solution. The last column,
“Tcc-only (8)”, shows the time required to reach an optimality gap of zero when one applies pure
column generation. All values reported are averages over 100 randomly generated instances, and in
the case of the columns that involve the column randomization method, are additionally averaged

over ten repetitions of the column randomization method.

m K API(%) TCR (S) TCR—then—CG (S) TCG—only (S)

250 2500 1.733 0.403 35.391 52.138
500 5000 1.673 1.774 97.370 130.223
750 7500 1.675 3.496 153.199 241.230
1000 10000 1.630 6.121 268.871 532.083
1500 15000 1.689 14.515 489.697 1107.038

Table EC.3 Performance of the CG method on the cutting stock problem with and without the CR warm start

From this table, we can see that there is a benefit to combining column generation with column
randomization. In particular, when m = 500, the improvement in the overall time required to reach
a 0% gap is small (at most about 30 seconds). For m = 1000 and m = 1500 the improvement is
larger, with the combined method requiring roughly half of the time of the pure column generation
method. This experiment illustrates that column randomization can serve as a simple and effective
way to obtain an initial solution as an input to column generation, allowing the overall time to be

significantly shortened.

F.4 Experiment #5: Exploration of optimal and near-optimal solution for a small instance

In this section, we provide some more insight into why the column randomization method performs
well on the cutting stock problem. We consider a small instance with m =8 demand types, with

large roll width W =200 and the following widths and demands for the small rolls:

w=(3,5,7,10,17,22,30,50),

b = (1200, 1000, 1000, 400, 500, 400, 600, 200).
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For this instance, the optimal objective value of problem P®S is 324.5. Our implementation of

column generation returns the following solution consisting of 8 patterns that achieves this objective

value (note that all x; values are given to four decimal places):

=(0,40,0,0,0,0,0,0),  ;, =19.7545
=(5,1,0,0,0,0,6,0) 25 =100
=(2,0,1,0,11,0,0,0)  x5=45.4545
=(0,0,0,20,0,0,0,0)  z,=20
=(0,0,0,0,0,0,0,4) x5 =50
=(30,0,0,0,0,5,0,0)  z¢=18.1371
a; = (0,2,2,0,0,8,0,0) zr = 38.6643
=(2,1,27,0,0,0,0,0) s =232.4895

However, this is not the only possible solution. To understand this better, we run the column
randomization method 20,000 times, each time with K = 100 columns sampled according to p;.
For each run of the column randomization method, we solve for the optimal basic feasible solution
of the sampled LP and we save the set S C {ji,...,ji00} of patterns for which x; > 0. (Note that
while S can contain up to m = 8 indices, it could have fewer than 8 indices, because P is not a
standard form LP.)

, 520000 Of these unique

Over the 20,000 runs, we obtain 20,000 unique sets of columns S*,...

sets, 5946 of them are optimal. To illustrate, we list below five alternate optimal solutions:

Solution 1: a, =(3,6,2,2,1,0,2,1) 2, = 68.9688
=(5,5,2,3,2,1,2,0)  mo=237.4687
=(6,1,2,1,3,1,1,1) x5 =59.4375

a; =(3,0,2,3,1,0,1,2) x4 = 1.2969
=(3,1,5,0,1,2,3,0) x5 = 88.3281

ag=(2,4,4,1,2,1,1,1)  x4=26.75

ar=(3,4,1,2,2,0,2,1)  z,=17.3281
=(3,3,4,1,0,4,0,1) x5 =24.9219

Solution 2: a; =(3,1,1,3,1,1,2,1) = 36.268

a=(4,2,3,2,1,0,4,0) 2, =09.0103
az =(2,6,0,0,0,2,4,0) x3=81.768
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as=(3,3,2,4,0,1,0,2)
=(7,3,3,1,3,1,2,0)
=(3,1,9,0,3,1,0,1)
a;=(2,3,1,3,4,2,1,0)
=(0,2,1,0,3,1,2,1)

Solution 3: 5,4,0,2,3,2,0,1
3,8,4,4,1,3,0,0
4,2,0,3,4,0,1,1

a,=(6,2,95,3,1,0,3,0

= )
= )
= )
( )
=(3,2,3,1,0,0,0,3)

=(4,4,2,3,0,2,1,1)
ar = (4,3,5,0,2,2,2,0)
= ( )

3,2,2,1,1,0,3,1
Solution 4 1,1,2,2,2,2,1,1

2,2,4,1,2,1,3,0

1,3,3,1,3,0,0,2
a,=(6,4,2,1,2,2,2,0

= )
= )
( )
( )
=(2,2,2,1,0,0,2,2)

=(4,0,6,1,2,1,1,1)
ar = (4,3,2,4,1,1,1,1)
( )

ag=(2,4,5,2,1,1,1,1

Solution 5 : =(7,5,5,0,1,1,1,1
a,=(2,2,2,1,0,0,2,2
=(2,2,4,4,2,1,2,0
a; =(3,0,0,2,1,2,2,1
=(4,1,2,1,1,1,4,0
(
(
(

1,2,1,1,4,1,1,1

)
)
)
)
)
)
3,5,0,1,2,1,0,2)
)

1,4,2,2,1,3,2,0

x4 =46.7938
T5=T77.7732
T =67.1134
T7 =2.7423
g = 3.0309

x, = 21.8947
To =22.75
x3=17.4934
x4 ="7.0789
x5 =11.2895
g = 26.7303
x7=117.25
xs =100.0132

T =4.1

Ty, =53.1
r3=10.1
x4 =130.45
r5 =48.95
ze = 16.6
7 =05.1

rg = 56.1

1 =106.8125
To =19.375
T3 =44.3438
x4 = 3.6875
T5 = 54.2812
s = 50.0625
x7 =0.3437
Tg = 45.9937
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There are two important points to note about these solutions. First, notice that all of the columns
being used here are very different from the ones used in the column generation solution. In par-
ticular, the columns used in the column generation solution are sparser and the magnitudes of the
a;’s in those columns are larger. For example, in column a4 of the CG solution, one cuts 20 units
of demand type 4, whereas the most we cut of demand type 4 in any column of the above five
alternate solutions is 4 (e.g., column ag in solution #5).

Second, the only overlap in the columns used in these five solutions comes from solution #4 and
solution #5 (column as of solution #4 is the same as column ay of solution #5). Apart from this
one column that appears in two of the solutions, every other column only appears once. When we
analyze the 5946 optimal solutions that we found, the corresponding columns sets together contain
5123 unique columns (i.e., letting S denote the ith optimal column set, where i ranges from 1 to
5946, we find |SM USSP U- ..U SE0| =5123). For each column, we calculate its incidence, which
is the number of column sets in which the column appears. The maximum incidence of any column
is 190, with the average incidence over all of the columns being 9.28 (i.e., on average each column
appears in roughly 9 column sets).

Building on the previous statement about the abundance of exactly optimal solutions, there
exists an even greater number of near optimal solutions. In particular, we can consider the number
of solutions that are within e = 2.0 of the optimal objective; note that this absolute gap value
translates to a relative gap of 2.0/324.5 = 0.62%. We find that that there are 18331 distinct column
sets out of the 20,000 that are within € = 2.0 of the optimal objective of 324.5. These distinct
column sets span 12294 unique columns, with the maximum incidence of any column being 820
and the average incidence being 11.88.

These last two points, regarding the number of optimal and near-optimal solutions, are impor-
tant because they directly relate to our analysis of the distributional counterpart in Section 4. In
particular, Theorem 3 of Section 4.2 asserts that when there exist many e-optimal BFSs where the
incidence of any column is low, then the distributional counterpart gap Av(Pyi,) will be small.
Note that although this result is formulated in terms of BFSs, the same proof technique goes
through if one replaces these BFSs with solutions that are supported on a subset of the columns
and for which any column appears in at most a certain number of supports. Thus, in the context of
the cutting stock problem, it makes sense that column randomization does well, because optimal

and nearly-optimal solutions that are diverse in terms of their columns exist in great profusion.

Appendix G Nonparametric Choice Model Estimation Experiments
(continued)

This section continues the numerical experiments with the nonparametric choice model estimation

in Section 6.



e-companion to Akchen and Misié¢ : Column-Randomized Linear Programs ecbd

G.1 Experiment #2: Comparison of uniform randomization vs. MNL randomization

In our second experiment, we compare column randomization with the uniform randomization
scheme punitorm against column randomization with an alternate randomization scheme that we
refer to as MNL randomization, and denote by pynr. This randomization scheme involves first
fitting an MNL model to the observed choice probabilities and then sampling rankings using the
random utility model that underlies MNL. The procedure is formally defined below as Algorithm 11.

Algorithm 11 MNL randomization scheme pyn1, for the nonparametric choice estimation problem.

Require: Estimated utilities 4y, ..., 4y of each product (via maximum likelihood estimation).
1: Initialize o ) <0 for i € [N]T and m € [M].
2: Generate N + 1 independent random variable ¢; < Gumbel(0, 1), for i € [N]*.
3: Set v; < U; +¢€; for i € [N], vg < 0+ €.
4: Set o to be the ranking such that v, (o) > vVo(1) > Vo(2) > ... > Vo(n)-
5. for m € [M] do
6:  Set ¢* <—argmin;es,,uq0} 0(4).
70 Set ouix ) 1

8: return Column & = (Q(im))ie[n]+,mem]-

In this experiment, we again vary N, M and we consider two different setups. In Setup 1, we
again sample the utility u; of each product ¢ as u; ~ Uniform([0, 1]). In Setup 2, we instead sample
the utility u; as u; ~ Uniform(]0, 20]).

The rationale for Setup 2 is that when the magnitudes of the utilities uq,...,ux are large,
then the MNL model begins to behave more and more like a ranking based model. (To see this,
suppose that uq,...,uy is a collection of distinct non-zero real numbers; observe that for any set
S C[N]and i€ S, exp(au;)/(1+ ), cgexp(au;)) — I{i = argmax;csugo} s } as a — 00.) Thus,
when the magnitudes of u,...,uy are large, the corresponding distribution over rankings will be
concentrated around the ranking that corresponds to us,...,uy, ie., the o* such that us«q) >
Ugs(1) > Ugx(2) > ++* > Ugx(ny. For this case, we should expect that pupitorm Will perform poorly, as
it is unlikely that we will sample a large number of rankings around ¢*. On the other hand, we
should expect pyni to perform better, as it samples rankings from a fitted MNL model whose
parameters should be close to the parameters of the true underlying MNL model; thus, pynr, should
generate rankings that are close to o*. Conversely, in Setup 1 (which is identical to our prior
setup), we should expect that pynr should improve over pujitorm, but the degree of improvement
should be smaller. This is because when uy, ..., ux ~ Uniform([0, 1]), the ranking distribution that

corresponds to this MNL model will be more diffuse in the space of rankings.
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Table EC.4 below shows the performance of column randomization equipped with the two ran-

domization schemes in both Setup 1 and Setup 2. In the table, we use Z, and Z to denote

Uniform PMNL
the objective value of column randomization equipped with punitorm and puni, respectively. For
Setup 1, we can see that in general, pyni, does perform better than pypiorm; for example, for N =8,
M =100, K =500, the objective value of pynr, is roughly half of that of pyjitorm. For Setup 2, the
edge of pyNL OVer Punitorm 1S more stark, with pynp resulting in objective values that are 2-3 orders
of magnitude smaller than those of pypitorm- Note that the two forms of column randomization
both have minimal computation time requirements: for pyt,, the time to carry out the maximum

PPEST restricted to those columns is no more

likelihood estimation, sample the columns, and solve
than 3 seconds across all (N, M, K) combinations. Similarly, the end-to-end computation time for

PUniform 18 also no more than 3 seconds across all (N, M, K) combinations.

Setup 1 Setup 2
Z Z Z

PMNL PUniform PMNL

N M K Z

PUniform

6 50 500 0.06710 0.03665 4.66656 0.06257
1000 0.00013 0.00244 2.66596 0.02707

8 50 500 0.12338 0.01776 6.89263 0.07756
1000 0.00000 0.00015 5.24286 0.03840

100 500 1.04713 0.48256 17.48573 0.14387
1000 0.20209 0.02196 13.14833 0.09023
1500 0.00123 0.00103 10.09122 0.05453

10 50 500 0.27030 0.07048 10.14161 0.08363
1000 0.00003 0.00001 7.85208 0.04030

100 500 1.51977 0.91140 26.23535 0.10948
1000 0.35918 0.09530 18.81714 0.07296
1500 0.03308 0.00034 15.44066 0.05044
2000 0.00000 0.00027 13.44396 0.04081

Table EC.4 Performance of puniform and puni, under Setups 1 and 2.

As with our experiments with the cutting stock problem in Sections F.1 and F.2, this exper-
iment illustrates how the structure of the problem data can affect the performance of column
randomization: in Setup 2, column randomization equipped with the basic randomization scheme
PUniform Performs poorly. Simultaneously, this experiment again offers an example of how one can
use problem-specific knowledge to design the randomization scheme (in this case, fitting an MNL
model, and then sampling from the ranking distribution corresponding to that fitted MNL model).
We do acknowledge here that pynr is successful in this experiment because the ground truth model
is an MNL model. For other ground truth models (e.g., the nested logit model or the latent-class

MNL model), we should no longer expect pynr, to do as well. However, for a different type of ground
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truth model, one can take the same strategy as in Algorithm 11 where one estimates a different
random utility maximization model. (For example, one could fit a latent-class MNL model using
expectation-maximization, and then sample rankings from the resulting model.)

Lastly, we also note here that this experiment is congruent with our theoretical results on the
distributional counterpart gap under generative model 1 (namely Theorem 4). Recall that in that
generative model, the right-hand side is generated as a scaled random convex combination of the
set of columns, where the vector of convex combination weights € is drawn uniformly from the
(n — 1)-dimensional unit simplex. Although problem P¥T is not a standard form LP, there is a
similarity here as the right hand side vector v can also be thought of as being generated by a certain
random combination of the columns in A = [« - coy N+1);], with the scale factor n of generative
model 1 being equal to 1 (see also the discussion in Section 4.3 around the moment estimation
problem EC.17). Thus, € can be thought of as the true underlying distribution over rankings.
Theorem 4 tells us that when 6 is drawn uniformly, and the randomization scheme is such that
one samples columns uniformly over [n], then most of the time the gap should be O(logn//n).
The underlying distribution over rankings that one obtains under Setup 1 is closer to looking like
a 0 drawn under generative model 1 than the same distribution obtained under Setup 2. This, in

turn, explains why the performance of pypiorm deteriorates so much from Setup 1 to Setup 2.

G.2 Experiment #3: combining column randomization and column generation

In this final experiment, analogously to the experiment in Section F.3 for the cutting stock problem,
we examine the value of using column randomization as a way of warm-starting column generation.
We test the same values of (N, M, K) as in Section 6. For each N and M, we generate 100 problem
instances in the same manner as in Section 6. Then, for each K, we run the column randomization
method equipped with pypiform ten times, and we then use each solution as the initial solution for
column generation, which we run until we reach an optimality gap of zero.

Table EC.5 shows the results of this experiment. The columns labeled Z, and T indicate

Uniform
the objective value of the column randomization solution and the time required by column ran-
domization, respectively. The next column, Tcr.then-cq, indicates the overall time required for the
combined method (column randomization followed by column generation) to reach a zero optimal-
ity gap. The last column, Tog only, shows the time required for ordinary column generation (i.e.,
without any warm starting) to reach an optimality gap of zero. From this table, we again see that

using column randomization to warm start column generation can dramatically reduce the time

required to reach an optimality gap of zero.
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N M K ZpUniform TCR (S) TCR—then—CG (S) TCG—only (S)

6 50 500 0.02990 0.06 3.94 27.55
1000  0.00093 0.08 0.52 27.55

8 50 500 0.17719 0.17 21.77 107.27
1000  0.00000 0.15 0.33 107.27

100 500 0.96841 0.32 397.90 705.70
1000 0.19307 0.44 222.76 705.70

1500 0.00000 0.92 1.63 705.70

10 50 500 0.32513 0.26 86.51 284.65
1000  0.00008 0.24 2.09 284.65

100 500 1.48889 0.36 1441.17 2311.02
1000 0.30858 0.53 737.89 2311.02

1500 0.01132 1.06 133.56 2311.02

2000 0.00000 2.60 3.87 2311.02

150 500 2.92142 0.82 6849.05 9831.54
1000 1.16588 0.98 5358.42 9831.54

1500 0.47822 1.44 3897.58 9831.54

2000 0.15500 2.25 1987.44 9831.54

2500 0.00000 5.82 10.41 9831.54

Table EC.5 Performance of the CG method on the nonparametric choice model estimation problem with and
without the CR-based warm start.
Appendix H Comparisons to Other Approaches

We complement Section 2 and make an additional comparison between our work and the two works

in the literature.

H.1 Comparison with Agrawal et al. (2014)

The starting point of Agrawal et al. (2014) is an online linear program, which is an online version

of the following problem:

Porp: maximize Zﬂ'j{l)j (EC.51a)
j=1

subject to Zaijxj <b;, Vie[m], (EC.51b)
j=1

0<z;<1, VYje[n]. (EC.51c¢)

At the beginning, the decision maker has no information about the ground truth model, except
knowing the total number of columns n. Time progresses in discrete periods, and at each period ¢,
nature randomly reveals a column a; and a coefficient 7; to the decision maker. The decision maker
then makes a decision x; based on the history (7, a1, 1,72, a2, s, ..., T, a;). Note that this is an

1rrevocable decision: the decision maker cannot change the decisions made in earlier periods later.
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The decision maker’s goal is to maximize the cumulative reward Y, ma,. A critical assumption
in Agrawal et al. (2014) is that the arrival order of columns (a;,as,...,a,) is uniformly distributed
over all the permutations (Assumption 1.1 of that paper) and n is known (Assumption 1.2 of that
paper).

To solve this online linear program, Agrawal et al. (2014) propose an algorithm called the one-
time-learning algorithm (OLA). This algorithm observes the first s = [en] periods of time, where € €
(0,1), and using the s columns observed, it defines a policy for making decisions for the remaining
n — s periods/columns. In particular, one considers following primal and dual problem pair defined

on the first s columns:

Pora: maximize Z T s (EC.52a)
t=1
- s
bject t iy < (1 —€)=b;, Vi EC.52b
subject to ;anxt_( e)n i, Vi€ [m], (EC.52b)
0<z, <1, Vtel]s]. (EC.52c)
m s S
oLa: Mminimize ;( e)n Di + ;yt ( a)
subject to Z aup; + Yy >m, Vte s, (EC.53b)
i=1
p;i >0, Viem], (EC.53c¢)
Yy >0, Vtels] (EC.53d)

Given a dual vector p for the dual problem Doy s, define a policy x(-) as

O, lf Tt S I)Ta.t7
= EC.54
$t(p) {17 if Ty > pTat. ( )

The OLA algorithm then operates as follows:
1) Initialize z; =0 for all t < s. Let p be the optimal solution to the dual problem Dgpa.
2) Fort=s+1,5+2,...,n, if agz,(p) <b;— >}

-1 aijx; for all i € [m], set x, = x,(P); otherwise,
set z; =0. Output x;.
Having provided this overview of the problem setup and the method of Agrawal et al. (2014), a
number of critical differences become apparent.
First, the problem setup in Agrawal et al. (2014) is different from that of our paper. Agrawal
et al. (2014) considers an online problem: their problem is a sequential decision making problem

such that at each time ¢, the decision maker receives information (a column) a;, and then makes a
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decision x;. Decisions made in the past cannot be changed. The decision maker cannot know more
about the problem until nature reveals more information. In contrast, our problem is not an online
problem: the problem is a static problem.

Second, the source of randomness is different. In the model of Agrawal et al. (2014), at each
time step t, nature reveals a column a; uniformly at random from the remaining columns; thus,
the randomness is an inherent part of the problem. The OLA method is deterministic, that is to
say, it does not introduce (additional) randomness to solve the problem. In other words, Agrawal
et al. (2014) uses a deterministic method to solve a stochastic problem, which is the online linear
program. In contrast, in our paper, the ground truth model/problem is a large-scale linear program.
This problem is a deterministic, one-shot problem — there is no randomness in how information
is revealed to the decision maker, and the decision maker does not need to set decision variables
sequentially/in real time — but it is very large. Therefore, we introduce randomness in the solution
method, i.e., we propose a randomized algorithm to solve this large-scale deterministic problem.

Third, notwithstanding the difference in problem setups, Agrawal et al. (2014) comment on the
possibility of using OLA as an offline method to solve large-scale linear programs (see Section 5.3
of that paper). In particular, one first creates a random order of the n columns, samples s = [en]
columns, solves Dgra, and sets the variables according to the procedure given above. However, this
approach is difficult to apply in the setting that we study. First, our linear program is a standard
form LP of the form min{c’x| Ax =b,x > 0}; in particular, the constraints are not inequalities,
and the variables do not have a priori upper bounds, so it is not straightforward to adapt the
variable-setting procedure of OLA to this more general problem. Second, even if one can overcome
this difficulty, OLA fundamentally requires one to iterate through all n columns. This is impossible
when n is astronomically large. As an example, in the cutting stock problem that we study in
Section 5 of our paper, OLA would involve sampling a small set of s patterns, solving a problem to
obtain dual variables, and iterating through every remaining pattern to set x; for those patterns
according to the dual variables. Although OLA could be useful for solving offline LPs where n is
moderately large — i.e., the full LP is tedious to solve, but solvable — we do not believe that it is
computationally feasible for the case where n is so large that the full LP itself cannot be formed

and solved directly. This latter setting is precisely the setting that our method is intended for.

H.2 Comparison with Vu et al. (2018)

The approach of Vu et al. (2018) involves reducing the number of constraints in a linear program.
In particular, instead of solving the problem min{c”x | Ax =b,x > 0}, one forms a random k-by-
m matrix T and left-multiplies both sides of the constraint Ax = b by this matrix to obtain the
following simplified problem:

min{c”x | TAx = Th,x > 0}. (EC.55)
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This problem has fewer constraints (k constraints, compared to m constraints in the original
problem).

Having given an overview of the random projection method, it is clear that there are a number of
important differences. First, while our method involves reducing the number of columns by drawing
a random sample of columns, the random projection method of Vu et al. (2018) involves reducing
the number of constraints by taking a linear combination of the constraints. This is important
because in our problem setting, the number of columns n is assumed to be much larger than the
number of rows m; thus, random projection does not make the problem simpler to solve.

Second, by replacing the constraint TAx = Tb, the solution x may not be feasible for the original
equality constraint Ax = b. In fact, a result of Vu et al. (2018), Proposition 3, asserts that a
solution to problem (EC.55) is infeasible for the original problem with probability 1. This contrasts
with our setup, where if the sampled problem Pj is feasible, the resulting solution is feasible for the
complete problem P; and additionally, one can augment the sampled set of columns J with a set of
columns Jr to guarantee feasibility of the sampled set (see Algorithm 7 in Section 3.3). Although
Vu et al. (2018) provide a procedure (Algorithm 1) for retrieving an optimal basic feasible solution
under certain conditions with high probability, the probability bound scales like 1 — O(n), which
for our setting where n is extremely large would yield a low probability. Indeed, the authors of Vu
et al. (2018) acknowledge finding “very high errors” in applying this retrieval procedure in their
numerical experiments (see the discussion in Section 7.2 of Vu et al. 2018), and for this reason
consider a heuristic modification of their retrieval algorithm. Thus, guaranteeing a feasible solution
to the original problem when applying the random projection method is not a triviality.

Third, a tacit assumption in Vu et al. (2018) is that one can form the matrix A explicitly, and
can carry out the multiplication TA exactly. This will in general be impossible for the regime
that we are interested, where n can be astronomically large. For example, in the cutting stock
example we consider, one would need to form the matrix A containing columns for all possible
patterns, and then compute TA; without even getting to the question of how one solves the sketched
problem (EC.55), forming A and then TA is clearly computationally infeasible. For this reason,
the numerical examples that are considered in Vu et al. (2018) are of a much smaller scale than
the ones we consider: n is at most 2400, and the largest computation time reported for solving the
original LP min{c”x | Ax =b,x > 0} is no more than two minutes.

Lastly, we comment that while the random projection method as originally described in Vu
et al. (2018) reduces the number of rows in the primal LP, it is tempting to consider an alternate

application of this method where one reduces the number of rows in the dual LP. The dual LP is

D :max{p’b|p’A <c”}
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We can transform this into an equality constrained problem by introducing the slack vector s € R™:
D' :max{p’b|p’A +s’ =c’,s>0}.

Now, we can right-multiply each side of the inequality constraint by a n-by-k matrix T, where

k < n, resulting in the projected dual problem:
Dpp :max{p’b|p"AT +s' T =c"T}.
The dual of this projected dual problem is
Prp :min{c’ Tx | ATx =b, Tx > 0},

where X is now a k-dimensional vector of decision variables (versus an n-dimensional vector in the
original problem). Although this approach seems promising, again one runs into computation issues.
In terms of computation, the matrix T is enormous as it has n rows, and one needs to carry out the
matrix multiplication AT, which for large-scale applications like cutting stock will be impossible.
Additionally, although Prp achieves a reduction in the number of decision variables from n to k,
there are still O(n) constraints due to the constraint Tx > 0. Lastly, a serious limitation of problem
Prp is that it may be infeasible. (Comparing problem Prp and the original problem P, Pgp is the
same as P with the constraint that x lies in the lower dimensional subspace {Tx | x € R¥}. With
this additional constraint, it is not guaranteed that we can satisfy the equality constraint Ax=Db
and the nonnegativity constraint x > 0.)

We can therefore see that even applying random projection in an alternate fashion is problematic

for the large-scale LP setting that we study.
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