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APPENDIX
A: Proofs for Section 6

In this section, for notational convenience, we will use:
A _1
0 = (l’o + 1) 3,

Since xo > 1, we have: 6 € (0,1).
Proof of Lemma 1.
First, we have 79 >0 >n;. So condition (2) holds.

Second, we have not; + 11 (I'—t;) =0. So condition (3) holds. M

Proof of Lemma 2.

Conditional on G, we have

~ d A0 A
p1 = max p —m—m 1 PO

=max < p? — —LA
IO "71 A(T—tl)’po

— d_ =9

The first equality follows from the definition of p;. The second equality follows from the definition
of G;. The third equality follows from the definition of py. The fourth equality follows from the
definition of G,. M

Proof of Lemma 3.
We begin with proving Part 1 (i.e., the bound for A,).

First, we establish a lower bound of E [p; — p?]. We have

E [ — 0] = E[(1 — o) 1{G}] +E [(51 - p*) 1{G"}]
[(—m - )\(TA_Otl) 1{G}| +E[(p1—p?) 1{G}]
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where the fifth equality follows since E[AO] =0, the first inequality follows since p; > 0, the second
inequality follows from the definition of Ay and the property that Sy >0, the third inequality

follows since gy <1, and the last equality follows from the definition of ;.

Second, we establish a lower bound of py — p¢. We have

po—p' = =m0 = =m0 — (p" = 10) P(9°),

where the equality and the inequality follow from the assumption that p? > 1.

Therefore, we can bound:

Ar <Xty [no+ (0" = m0)P(G)] + MT —ty) [m + <pd —m+ % - 1) P(QC)]

e

= A |tip?+ (T —t1) <pd+0—
=\ Tpd+(T—t1) (; 1> P (G°)

e ero(11) e
< (p"+1) ATP(G").

where the first equality follows from condition (3), the second equality follows from the definition

of t1, and the second inequality follows since 6 € (0,1).
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Next, we prove Part 2 (i.e., the bound for A,).
First, we establish an upper bound of E[(p; — p?)?]. We have:

E[(pr—p")’] = E[(pr - p")’ 140} + E | (31— ") 1 {57}

b

771+/\(TA_0251)> 1{9}] + E [(nl—i_)\(TAO)fl)) 1{gc}]

~

+E (ﬁl_pd)2_<771+)\(TAOt1)> 1{G"}

~

=E (771 + )\(TA_O7§1)> +E (/31 —Pd)2 - (771 +)\(TA—0tl)> 1{g}

-

B1 Bg

For B;, we have

N 2 N
A A
By=mni+E (A(T_Otl)> +2mE A(T_Otl)]

t100 ]
AT —t,)?
_
MT —t,)Y

where the second equality follows since E[Ay] = 0.
Next, we bound B,. We discuss the following two cases: p; < p? and p; > p?.
Case 1: p; < p?.
We have

(ﬁ1 —pd)Q_ <n1+)\(TA—0tl)> < ([)1 —pd)2 < (pd)Q.

Case 2: p; > p?.
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We hayve:
A +
p1 = max (,Od —770)+ ) (Pd — M — )\(T—Otl))

A
Smax{ﬂd—WOan—nl—)ﬂjto}y

where the last equality follows since if a = max{b™,c"}, where (-)* is a projection to [0,1], and

a >0, then at least one of b and c is strictly positive. Moreover, a < max{b, c}.

Equivalently,
5y — p? < max 4 —no, —g — —20__
PL—pP > No> =T )\(T—tl) .
Since p; — p? >0 and 7y > 0, we must have

A

0<ﬁ1—pd§—n1—m,

which implies

N 2
~ d\2 A0
— — [ < 0.
(b1 =#") ("1+A(T—t1)> =Y

Therefore, the two cases above jointly imply
A\
N d\2 0 d\2
_ _ =9 <
(A1 —p7) <n1+)\(T—t1)> < (")

which gives

2

By < (p") E[1{G}) = (p") P (G°).

Using the bounds for B; and Bs, we can upper bound A, with

A@ﬂﬁ+(r_u)ﬁ)+A(T—tQACTft)2+ATQﬂfmxgﬂ. (EC.1)

Now, we bound the first and the second terms in (EC.1). For the first term in (EC.1), by the

definition of 7y, 1, and t;, we have:

In (2o + 1)) t2
Mo+ (7 =t = O ED (1 B
1 -l
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(In(zo+1))*T
T—1
(In (29 +1))*"
5 .

For the second term in (EC.1), we have:

t t1 1-0 1
AT -t = = <-.
Oy =6~ 0 <9

Combining the bounds for the first and the second terms in (EC.1) yields

2«
Ay < (m(xO;m + % +AT (04 P(G°)

(In (zo+1))* +1

_ ; +AT ()P (G°).

Proof of Lemma 4.

Conditional on G, we have:

~

Ao

b= pl =y — 5 1).
P1 P T )\(T—tl)’ a’nd ple(o? )

Therefore, we can write

zo— Sy = T p® — (Atlﬁo + AO)
= \NTp— [)\tl (p* —mo) + AO}
= ATp% — My p® + Mamo — Ao
= ANTp% = Xtyp = N(T —t1)n, — A,

A~

S AT —t1) o~ AT —ta)m — (T — 1) 20

T—t
w0 -

= AT —t1) pr
= AT (a0 +1) 7" f

> 0,

where the fourth equality follows since Zi:o (tny1—tn)n=0. W
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Proof of Lemma 5.

We have:

E (Zﬁn—x()) =E <Zf§n—xo> 1{G}| +E <Z,§’n—xo) 1{G°}

] Co

First, we establish an upper bound for C',. Note that

P(G)

1 +
Cl =E (Z Sn - xO) g
n=0

—E -<S*1 —th_)+

Q]P(Q)
—E <51 —)\(T—tl)ﬁ1>+ ’Q] P ()
—e[(saw-mn)']

S %)\1/2 (T— t1)1/2

SO (gt 1) 7,

where the third equality follows from Lemma 4 and the inequality follows since p; € [0, 1] combined

with the fact that if a random variable X has mean p and standard deviation o, then E[(X — p)*] <
¢ (see equation (18) in Gallego and Van Ryzin (1994)).

Next, we establish an upper bound for C,. Let Z denote the total number of customers arriving

to the system over [0,7]. Then, Z is a Poisson random variable with parameter AT. We have:

C, <E |:<Z—:L‘0)+1{g0}:|
< E[71(¢%]
< E[Z’]ZE1 {QC}]%
(/\2T2+>\T) P(G°)

< (AT +1)P(G°)?,

[/

where the first inequality follows since Zi_o S, < Z and the third inequality follows from Cauchy-

Schwarz inequality.

Putting the bounds for C; and C; together completes the proof of Lemma EC.3. N
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Proof of Lemma 6.
In proving Lemma 6, we will use some results proved in Appendix C.

First, we establish an upper bound for P (G§). We have

o A,
P(Gs) =P (/\(T_tl)ZUo—m>

< exp [ —0.IN(T —t,)( T=t) (o —m) 4
A(t —to Po

{25
—0.1A (T —t) ( { _tl m), 1})
0
11—

—0. 1)\T9(770—771)m1n{ (M0 —m), 1})

min (In (zo+1))" 1
(In (2o +1))" (1_9)1/2 { (A7) (1_0)3/2’1})

(In (xo+ 1)) min {(ln(a:o—l—l))a’ 1})

—0.1(In (204 1)) min{l, W}) ;

where the first inequality follows from Lemma EC.5, the second inequality follows since pg < 1, the

< exp

= exp

Nl

=exp [ —0.1(\T)

Nl

<exp | —0.1(AT)

= exp

/\/\/\A/—\A

third equality follows from the property that

(In(zo+1))" 1
T,O_Tll = 1/2 1/27
A T1/20 (1 —6)

and the third inequality follows since 6 € (0,1).

Second, we establish an upper bound for P (Gf). We can write Gf = E; U E» where

A
B A2pt—np——2 <
1 {” g A(T—m—o}’

A
E, & d_ _70>1 .
2 {p nl )\(T tl) —_— }

The two events F; and F5 are independent. So, P (Gf) =P (E;) + P (E,). We start with deriving an

upper bound for P (E}).



e-companion ec9Y

5. We have:

Consider p € (0,\) and suppose that 7, < p¢ and 6 < pdi

m

<E {exp (% Ao — p(T—t) (Pd_nl)ﬂ
< exp <’j\2t1 — (T —=t1)(p" = Th)>
= exp (”2;(1 —0) — uTO(p? — m))

T
< exp (ug)\ —puTo(p? - m)) :

The first inequality follows from Markov inequality. The second inequality holds due to the following
reasons: First, if X is a Poisson random variable with parameter A\, then the moment generating
function is given by E[ef*] =exp (X (e” —1)); second, we have the property that e” <1+ i+ ji?
for fu € [0,1]; third, these two results jointly imply E [e/X~V] < M for i € [0,1]; and, fourth, the
condition p € (0, \) guarantees that & € (0,1).

The last bound for P (F;) is minimized at

9>\(Pd - 771)

K= 9 )

which is in (0, \) since 6 < ﬁ, and yields the following bound:

P(Ey) < exp (JT“P‘”))

4

Now, we derive an upper bound for P (E,). We can use a similar argument as above. Consider

again p € (0,)) and suppose that 7; < p? and 6 < 1—p3+n1' Then,

P(E,) =P (WA_Otl) > 1—(pd—m)>
<E [exp (-%AO—M(T—U) (1_pd+m))}

® This condition is satisfied in the asymptotic regime that we will analyze in the later part of this proof. As we

will show momentarily, limy_;oo 0% =0 and limy_; o0 nik) = 0. Therefore, this condition is guaranteed to hold for

sufficiently large k.
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2
< exp (i\tl — (T —t1)(1—p* +771)>

T
< exp (uzA —uTo(1 - p? +771)> :

The second inequality holds due to the following reasons: First, if X is a Poisson random variable
with parameter A\, then E[e™#¥] = exp (X (e # —1)); second, e # <1 — i+ i* for i € [0,1]; third,
the first and the second points jointly imply E[e #(X-V] < M for fi € [0,1]; and, fourth, the
condition p € (0, \) guarantees that £ € (0,1).

The last bound for P(F,) is minimized at

ON1 — p*+ 1)

K= 9 )

which is in (0,A) since 6 < ; , and yields the following bound:

2
—pd+m

201 d 2
P (E,) < exp (—AT@ A= tm) )

4

: 2 2 .
We conclude that as long as 6 < min {ﬂ’ m}, we have:

P(G9) <Y PB(G)

. ()\T)I/Q
< exp (—0.1(ln(wo+1>) mm{l’ (ln(aro+1))})

20 d _ o \2 201 _ d 2
AT6*(p nl))+exp(—>\T9 (1 P+7h)>‘

+ exp (— 1 1

Now, we claim that

NT(FN1/29(k)
lim %) =0, AT 767 (k)) =00, lim " =0.
k—o00 k—o00 (1H($0 + 1))a k—o0

The first one is immediate by the definition of #. The second one is also immediate since the

numerator is on the order of k*/¢ whereas the denominator is only poly-logarithmic in k. (Both the
(ar(k)y1/2

first and the second limits also imply limy_, . —
(ln(:J(:0 +1))«

= 00.) As for the third one, note that

_ (n(zo+1)” 4"
M= Ty
(In (zo+1))* (1—6)"?
2\1/2 T1/260




e-companion ecll

(In (zo+ 1)) (1 —6)"/?
(AT)"?¢
(In(zo+1))"
(AT)?
(In (2o + 1)) (zo +1)/?
()\T)1/2 .

The term after the last equality goes to 0 as k — oco. So, ngk) >0 as k — oco. But since ngk) <0 by

definition, we must have nik) — 0 as k— o0.

Let 32 min{p?, 1 — p?}/2. (Note that 5 € (0,1).) Based on our limit results above, we conclude

there exists a constant K > 0 such that, for all k> K, we have:

AT® > (e +1))%,

0.4
AT® (O > % - (In(zg” + 1)),
p' =t > B,

1—p'4n™ > 3

We conclude that, for all k> K, we can bound:

P(G%) < il@(g:;) < 3exp <—0.1 (m (xg“ +1>)2a) . n

n=0
B: Proofs for Section 7

In this section, we will use:

‘ —

Qé ($0+1)_N+2 .
We have: 6 € (0,1).
Proof of Lemma 7.
First, we prove that condition (2) is satisfied.
For any n=0,---, N — 2, by definition, we have:
(ln($0+1))a T1/2 T1/2 T1/2 (tnin _tn)1/2
T — Mn = -
0D e —t) (tage—tai) T—tni
(In(zo+1))"

1 1 (1—0)"?
OO g2 (1—0)  genr(1—g) | g
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(In(xo+1))" 1—01/2
(A2 g2 (1)1

> 0.

For n=N —1, we have:

; o — (In (z0 +1))* T/ N TV (ty —ty_1)"?
N-1— TN =
()\T)l/2 (tN_thl)l/Q T_tN
_ (In(zo+1))" 1
AL/2 ON+1/2 (1 — 9)1/2
> 0.

Second, we prove that condition (3) is satisfied. Note that

N a N-1 a N n-—1 1/92
Z n+1_t —w (tn+1—tn)%—wo—+lzz n+1 Lt’m)/
" \L/2 — AL/2 Loly Tty

_ (ln(%HWYNZl(t b (@t D) "“NZI ZN: (trss — b))

2\1/2 pard n+1 n \1/2 | n+1 Tty
ECTCTRED P S CICTRED) i o AT
= )\1/2 n+1 n )\1/2 m—+1 m
n=0 m=0

= 0.

This completes the proof of Lemma 7. W

B.1: Outline of the Proof of Theorem 4

In this subsection, we provide an outline of the proof of Theorem 4. The remaining details of the

proof can be found in Appendix B.2.

We proceed in a similar way as in the outline of the proof of Theorem 3 in Section 6. Without

loss of generality, we assume that p? >, and AT > 1. We also define p,, as follows:

(Pd—no)+ S
n—1 A + . .
max{(pd_nn_Zm_o)\(TAtﬂ;Jrl)> ?pnl} lfn::[’...’N

where S, is a Poisson random variable with mean AMtpi1 —tn)pn and A,, = S, — Atmsr —tm) P
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We begin by noting the following lower bound:

n=0

T (20, T) > >E [F—l (fn) n} - VE (Z S, —xo) : (EC.2)

The first term on the R.H.S. can be bounded as follows:

]

[F_l (ﬁn) )‘ (thrl - tn) ﬁn]

N

STE[F (58] =

n=0 n

WE

E [Fl (pn) E [Sn

0

I
sz

3
Il
=]

I
WE

A(tns1 —tn) E[R (pn)]

3
Il
o

> J (20, T) - R (Pd) (=) Z (tns1—ta) E [(ﬁn —Pd)]

n=0
Ay
—C/\zNj(t ~t)E | (90— p")’]
2 o n+1 n Pn P .
As

As our analysis in Section 6, we define the “good event” G £ NN (GnoNGn1), where

A Anfl
gnO — {nnl _nn > )\(T—tn) 9

n—1 N
A
w2t =) = 0,1) ¢.

m+1)

It is not difficult to see that, conditional on G, we have

n—1 N
A
~ d m
n = p'—n, — —— >0 EC.3
pn = p* =1 ;A(T_tmﬂ) (EC.3)
for all n=0,--- ,N. The proof is very similar to the proof of Lemma 2; we omit the details.

The following lemma gives us a bound for each A; and As.
LEMMA EC.1. In the setting of Theorem 4, we can bound:

Al S (pd + 1)>‘T]P) (gc) )

N+1 N
Ay < 5(In (o + 1)) 2 o

6
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; o o+ 1) ) b
+)\T<max{p,N(ln(xo+1)) W+N(xo+1) }) P(G°).

Event G also enjoys the following inventory balancing property.

LEMMA EC.2. (Inventory balancing) Conditional on G, we have:

The above lemma tells us that, conditional on event G, the seller never runs out of inventory
before his last price update time ¢5. So, our policy depletes inventory at an appropriate rate that

guarantees inventory is available for most of the time throughout the horizon.

Our next lemma gives us a bound for the second term on the R.H.S. of (EC.2).

LEMMA EC.3. In the setting of Theorem 4, we have:

N
=

(w0 +1) TV + (AT +1) P (G°)

N + 1
E (Z S, — xo) < 5 (AT)
n=0

Finally, our last lemma provides a bound for the probability of bad event G°.

LEMMA EC.4. Consider the asymptotic setting in Theorem 4 and assume that N satisfies the

condition stated in the theorem. There exists a constant K >0 such that, for all k > K, we have:

2a

P(G°) < 3N exp (—0.05 (m(a;g’“) + 1)) > .
Putting the bounds in Lemmas EC.1 to EC.4 immediately yields the bound in Theorem 4.

B.2: Proofs of Intermediate Results in Appendix B.1

Proof of Lemma EC.1.
We begin with proving Part 1 (i.e., the bound for A,).

First, we establish a lower bound of E [5,, — p?]. We have:

E[pn—p"] = E[(pn—p") 1{G} +E[(pn — ") 1{G°}]
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n—1 A
(St

+E[(on —p") 1{G7}]

— A — m c
=E <_n"_mz_:0>\(T—tm+1)>l{g} +E ( Mn — Z)\ — m+1)>1{g }]
n—1 A
+E (Pn p +777,+Z/\_tm+1)> 1{G°}
n—1 Am n—1 A
= E —1n — )\(T_tm.H) + E (pn P +77n+ Z >\_tm+1)> l{g }]

Y
|
3
3
|
m

v
|
3
3
|
m

v
\
3
3
\
m
/\/\/@\/\
>/
|
~
3
t
\/
[
~—
Q
(9]
——
| |

where the first inequality follows from the property that p,, > 0, the second inequality follows from
the definition of A,, and the property that S,, >0, the third inequality follows from the property

that p,, <1, and the last equality follows from the definition of ¢,,. Therefore, we can bound:

—Aé(tnﬂ —t)E [(pa— )] < Ané(tnﬂ —mnnﬂg(tnﬂ ~t) (st (5-1) ) F@)
. Ai (tnsr — ) 1P (G) +A§ (trsr — 1) <pd +n @ - 1>> P (G°)

_)\Z ot <p+n<;—1>>P(gc)

1 pdT+Z(tn+1—tn)n<;—1>]]P(gc)

) dsz gy <;1>+TN0N<;1>]1P’(QC)
:A_pme(;—l)Ze”]P(g“)

n=1
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<A

p'T+T (; - 1> im] P(G°)

n=1
= (0" +1) MTB(G).,

where the second equality holds since Zn o (tn1 —t,) mn =0, the fourth equality follows from the
definition of t,, = T (1 — "), the second inequality follows since 6 € (0,1); and, the last equality
follows from the property that >~ 6" =1 —1= ;%

Next, we prove Part 2 (i.e., the bound for A,).

First, we establish an upper bound of E[(p, — p%)°]. We have:

€ |7 ="' = E[(pu—p")" 146} +E[ (20 )" 116}

n—1 Am 2 R N2 .
=E —ﬁn—ynzom 1{G}| +E [(pn—p ) 14{g }]
: n—1 A 2 2
_ m A d c
=E (""+W§A<T—tm+l>> +E | (hn—p7) (?%mLZ:A T > 1{G°}
- By Ba

For B;, we have

+2nnZE

A(T — tm+1) )\(T ’+1
n—1 A 2
2 m
ht 2 (A(T—tm+1)>
n—1 N
2 (tm—H - tm) pm:|
eS|
Z )‘(T_tm+1)2

t —1
2 m+1 m
<mn,+ Z Wa

- tm+1)]

where the second equality follows since E[Am] =0 together with the property that for any m, m’

with m <m/,

E [AmAm/] —E [AmE [Am,

ftmﬂ_” —E [Am-o} —0.

Next, we bound B,. We discuss the following two cases: p,, < p? and p, > p?.
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Case 1: p, < p?.

We have

Case 2: p, > p?.

We have:
+
/\n — maX _ A TYL
P s€{0,---,n} (IO s = Z )\ — m+1 >
< max
~ 5€{0,--,n { Z )\ — tm+1 }

where the first equality follows from the definition of p,, and the second equality holds due to the
following reasons: If y = max {xf,x; e ,x}}, where ()T is a projection to [0,1], and y > 0, then

there must exist at least one k{1,..., K} such that z; > 0. Moreover, y < max{z;,xs, -+, Tk }.

We can further bound:

s—1 N

A
An —pt< max —MNs — —_
P P> s€{0,---,n} " Z )\(T — tm+1)

m=0
N-1
tm+1 7i'm
<
S NN +mz_0 Tt
~ (In(z0 + 1)” gy SVE (ty1 — tm)l/z n Z b1 —
()‘T)l/z m=0 T- tm+1 m=0 o tm+1
(In(zo+1))" == 1 +N‘11
1/2 m
()\T) / m=0 9 /2 m=0 0
S (ln ($0+1)) 9 %ﬂ Ne—l
N 1 1/2 1
< N(n(mo+1)* E Y L N @417
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Put the results for the two cases together, we get:

2
A d
(n (nn+§ T _th)

Y | RS L
< (max{p,N(l (xo+1)) T + N (zo+1) }) :

So, we can upper bound A, with

N n-—1

tm _tm
AS (s — ) AAS S (b — ) i (BC.4)
n=0 n=0 m=0 (T_tm+1)
2
. 1)1/2 L
AT (max{pd,N(ln(xo+1)) W+N(xo+1)wiz}> P(G).

Now, we bound the two terms in (EC.4). For the first term in (EC.4), we have:

N N 1272
)\Z(thrl —t ) (ln ($0+1))2a2(tn+1 —tn) [11/21{H<N} Z M]
n=0 n=0 (tni1 —tn) bt

= (In(zo+1))**

Mz

1 (1—0)2]
n n+1
9 9 ) [( 9)1/2977,/2 { <N} Z 9(m+2)/2

(1-6)(1—067/2)
[ {n<N}- (1—61/2)61/2 ]

(1—0)" (1—07/2)*
(1-612)%9
6) (1—67/2)
_ ( Y 1{n<N}]

(1 +01/2) ]

3
I
o

2c

Mz

= (In(zo+1))

3
I
o

2a

Mz

= (In(xg+1))

[ {n<N}+

3
I
=)

N
(In(zo+1)) Z

QN 1
< 5(In (20 4+ 1))° T+

where the first inequality follows since 1 — 60 = (1 —6Y/2)(1 +6%/2) and (1 —6™/?)? <1 and the last
inequality follows since 1+6Y2 <2 and 1<1/6.

For the second term in (EC.4), we have:

N n-—1 " N-1 " ¢ N
m+1 —im m+1 " tm
n+l = 72 = T 2 (tn+1 - tn)
nZOmZO (T —tms) mZ_O (T —tmi1) [n;rl
— ply tm—i—l - tm
T_tm,+1

0

3
I
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ecl9

2

|
M}—*

~1-0
6

0

IN
==

Combining the bounds for all the first two terms in (EC.4), we can bound A, with

«N+1 N
5(In (zo +1))* T—i_—i_ﬁ

1)1/2
+ \T (max {pd,N (In (zo+ 1)) @o+l) ©

This completes the proof of Lemma EC.1. 1

Proof of Lemma EC.2.

Conditional on G, we have:

On ZA _t ,¥Vn=0,---,N and pye(0,1).

m+1

Therefore, we can bound

N-1

N—-1
20— 8. =ATp =Y </\ (tnss — tn) o+ An)
n=0

n=0

N-1 n—1 A
A .
:)‘Td_ )‘tn _tn ¢ — n —_ +An
e O )
N-1 N—1n-1 A N—1
n=0 n=0 m=0 T- thrl n=0
N—-1n—-1 A N-1
= XTp" = Mup! = NT = tw) iy + D Y (b —ta) e — = DA,
n=0 m=0 TvmAl n=0
A N-1 N-1
= ATp? = Mnp? = A (T —t "7N+Z - (tari —ta) | = D An
T 7rL+1
m=0 n=m+1 n=0
N-1
= \Tp? = Mtyp? =N (T —t ALY A,
p NP N 77N+ZT_tm+1 nz—:o
N-1 A
= MNT —ty)p* = N(T -t —(T—t —_—
(T —tn)p (T —tn)nn —( N);T—tnﬂ

= AT —ty) (Pd_TZN—ZA(TAn)

*thrl)
= AT —tn)pn
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—N
2

:)\,I'(.CCQ—Fl)N+ ﬁN > 0. 1

Proof of Lemma EC.3.

We have:

E (Zén—xo> =E (ZS‘n—xo> 1{G}| +E <Z,§n—x0) 1{G°}|.

n=0

N~

C1 Co

First, we establish an upper bound of ;. Note that

G| P(G)

— N n
Cl =E <Z gn - .1'0)

n=0

—E _(SN —XtN,)+ ‘g] P (G)

—E :<,§N—A(T—t1\/)p1\/)+ Q} P(9)
=E :(SN—A(T—tN)ﬁN)+]

< %)\% (T —ty)*

_ %(AT)%(:UO—I—l) N

where the second equality follow from Lemma EC.2 and the inequality follows since py € [0, 1]
combined with the fact that if a random variable X has mean p and standard deviation o, then

E[(X —p1)"] < 2 (see equation (18) in Gallego and Van Ryzin (1994)).

2

Next, we establish an upper bound of C5. We denote by Z the total number of customers arriving

to the system over [0,7]. Then, Z is a Poisson random variable with parameter AT'. We have:

C, <E [(Z—xo)u{gC}}
< E[71(¢%]
< E[Z?)E[1{g})2
= (NT2 4+ AT) 2 P(G°)*
< (AT+1)P(G°)2.

The first inequality follows since Zﬁ;o S, < Z and the third inequality follows from Cauchy-Schwarz

inequality.
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Putting the bounds for C; and 5 together completes the proof of Lemma EC.3. N

Proof of Lemma EC.4.

Recall that G 2 NY_, (G0N Gni), where

N A,
Gno = {nnl_nn> )\(T—;)}’

Thus, we can bound the probability of bad event as follows:
N N
<D P(Gro)+ D P(Gr).
n=1 n=1
First, we establish an upper bound of P (G¢,) for n=1,--- , N. We have

cy_ Ay
P( nO)_P((Tut)_nn 1 Un)

0IN(T —tn) (M1 — nn)min{A(T;(i’;)_(Z’;11)_77”),1})

. T_tn
0. 1)‘ (nn 1 nn)mln{(nnl_nn)vl}>

tn - tn—l

< exp
= exp
=exp [ —0.1AT0" (n,,_1 — 1) min 1-¢ (-1 —1n),1

(-
(-
(-
. p( o O (g e (L0700 {an(%m)a g 1})
e (-o1

(1_9)1/2 ()\T)l/2 0<n71)/2 (1_9)3/27

(1 _ 91/2)2 (/\T)1/2 (1 _ 91/2) p(n—1)/2
“Oin x0+1)) mm{ (170)2 "(In (zo+ 1)) (1_9)1/2 })

= exp

1/2)2 AT)V? 1/2 N-1)/2
0.1 (In (29 + 1)) min{(1—0/) ’(m((xo)ﬂ))“(l_e/)g( )/ })

| /\

where the first inequality follows from Lemma EC.5; the second inequality follows since

(In(zo+1))* | TV TV T2t — tn 1)
MNn—1 — N ()\ )1/2 (tn_tn—1)1/2 (tn+1 _tn) {7’L< }+ T—t,
(In(zo + 1)) T2 . TV? + T (tn — tn—l)l/Q
- (}\11)1/2 (tn - tn—l)l/Q (t"+1 - tn) T - tn
~ (n(ze+1))" 1-0'2

AL/2 T2 +1)/2 (1 — )/
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for all n=1,...,N; and, the last inequality follows since 6 € [0,1] and n < N.

Second, we establish an upper bound of P(G¢,). We can write G¢; = E,,;; U E,,» where

-Ené —lin T 07
R L S _tmﬂ |
E, 2 >1.
? { ZA m+1 }

m=0

The two events F; and E5 are independent. So, P (Gy) =P (E;) +P(E,). We start with deriving an
upper bound for P (E}).

Consider p € (0,\) and suppose that 1, < p? and 6 < d2 6. We have:

~ AT = tms1)
o[ (T=t)A, y
_IP’< 70/\(T—tm+1)Z(T tn)(p m))

/\
1
@

]

ol
A

7;
|
@f-

A, (T -t,) (pd—nn)>]

IA
@

i

ol

2 1 (T—tn) d
<>\ mzz:o m<tW+1 —tm) — (T —t)(p? — 77n)>

27027 21— 0

m=0

2T92n 1
= eXp< g <9n > MTH”(pdnn))

n—1

T
< exp (/f 9)\ — uTo"(p* — %)) ;

where the first inequality follows from Markov inequality, and the second inequality follows by
repeated application of moment generating function of Poisson random variable together with the

fact that e® <1+ i+ p? for € [0,1], similar to the argument in the proof of Theorem 3.

The last bound for P (FE,;) is minimized at

o= 0)‘(pd — M)
2 )

6 This condition is satisfied in the asymptotic regime that we will analyze in the later part of this proof. As we will

show momentarily, limy— o0 %) =0 and limp— oo nﬁlk) =0foralln=1,..., N where N satisfies the condition stated in

Theorem 4. Therefore, this condition is guaranteed to hold for sufficiently large k.
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which is in (0, ) since 0 < d , and yields the following bound:

n+l( d __ 2 N+1(,d 2
]P(Enl) < exp <_>‘T0 (5 nn) > < exp <_>‘T9 (4p 771) )

The last inequality holds since 0 € [0,1] and 0 < p? —ny < pl—m <pl—np <--- < p? —ny.

We can derive a bound for P(E,) using a similar argument as above (i.e., as in the proof of

Theorem 3). Specifically, assuming 7,, < p? and 6 < , for p € (0,\), we have:

1— pd+

(Z )\ 7n+1) >1- (pd - nn))

n—1

< exp <M2T0/\ —pTom(1 —pd+nn)> :

The last bound is minimized at
0>‘(1 — pd + nn)

= D) )
which is in (0, \) since 6 < f and yields the following bound:
Tn+11_d 2 TN+11_d 2

2 2
d—nn? 1—pd4n,

We conclude that as long as § < min { P } for alln=1,..., N, we have:

) 1/2
< Nexp <—O.1 (In (2o + 1))** min { (1—0'2)", (111(()\;21—1))(1 (1-6"2) Q(Nl)/2}>

N41(.d _ . \2 N+1(q1 _ ,d 2
ATO ip ) >+Nexp <_AT9 (14 p* +1n) )

+ N exp (—

Now, observe that

(AT R 1/2(g(k))(N+1)/2

lim 0% =0, lim B =00, limn =0
k—s00 k—00 (ln(x + 1))a k—00

for all n=1,...,N where N satisfies the condition in Theorem 4. The first one is obvious. The

second one follows since the numerator is on the order of
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(by the condition on N in Theorem 4). As for the last limit, it is the consequence of the first two

limits. To see this, note that

1 ) [ 1 2 2 sy — )
(AT) | (tngr — 1) T—tmn
(In (zo + 1))* 1 = (1—9)1/2]
= . 1{n<N} - E —~
()\T)l/2 _977,/2 (1— )1/2 ~ G(m+2)/2

=3
—~
8
o
_l_
—

) (AT)”“‘))Q | :W (11_ gt <N SE (03/2 . 1) <91/ ) 1) ]

In(zo+ 1)) [ 1 (1—0)/21— /2
:( (012)) ) 121{n<N}— _p1/2 o(n+1)/2
()\T) / on/2 (1_9) / 1—01/2 Qn+tl)/

It is not difficult to see that the first two limits above imply limy,_,., n%*) = 0.

Let 52 min{p?, 1 — p?}/2. (Note that 5 € (0,1).) Based on our limit results above, we conclude
there exists a constant K > 0 such that, for all £ > K, we have:

()\T(k))l/2

(@ + 1)) (O®)1/2) () N=1/2 > (1 — (g0)1/2)2,

(1 _ (9(k))1/2)2 Z 1/2’
ATH) (RN +L > 0322 . (ln($ék)+1))2a’

which yields the final bound for the probability of bad event
2c
P(G°) < 3N exp (—0.05 (m(a:gk) + 1)) > .

C: Useful Auxiliary Results

LEmMA EC.5. Let A € (0,)] be a random variable. Let X be a random variable such that, condi-

tional on A, X follows a Poisson distribution with parameter A. Then, for any € >0,

P(X—-A>e¢)<exp (—O.lemin{§,1}> .

Proof of Lemma EC.5.

For any s > 0, we have

P(X—-A>¢€) =P(exp(s(X —A))>exp(se))
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< Elexp (s (X — A))]exp (—se)

= E[Efexp (s (X —A)) [A]] exp (—se)
= Efexp (A (€ —1—s))]exp (—se)
< exp(A(e’ —1—s))exp(—se)

=exp(A(e®—1—s)—se),

where the first inequality follows from Markov’s inequality, the second equality follows from the law
of total expectation, the second inequality follows from the property that for >0, e* —1—x >0
and the condition that A <.

We take s = min {i, 1}. Consider first the scenario where € < A\. We have

)\(es—l—s)—se:A(eﬁ/*_l_f)_i

A A
e €
<09———
- A
2
€
— 015
0 1

where the inequality follows since e” — 1 —x < 0.922 for x € [-1,1].

Consider now the scenario where € > A\. We have

Aef—1—s5)—se=A(e—2)—¢

<09\ —¢
< 0.9¢—¢€
= —0.1e.

The two scenarios above jointly imply
P(X—-A>e¢)<exp (—O.lemin {;, 1}) .

D: Additional Simulations

We consider both logit demand model F(p)=2/(1+ e®) and exponential demand model F(p) =
e 7. We use A=1 and T'= 1. We test the performance of four policies (similar to those in Tables

1-3) under different parameter values. The results can be seen in Table EC.1 and EC.2.
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a |2o/(M)| k | FP IMDN=1|MDN=2|MD N=3
0.5 0.1 200 | 14.26 9.90 9.06 8.58
300 | 11.10 7.89 6.79 6.60
400 | 9.98 6.69 5.99 5.59
500 | 8.45 5.86 5.19 4.88
1000 | 6.21 3.80 3.41 3.07
0.5 0.3 200 | 7.83 6.09 5.97 5.92
300 | 6.46 4.73 4.60 4.66
400 | 5.61 4.20 3.97 3.90
500 | 5.07 3.58 3.52 3.48
1000 | 3.38 2.40 2.34 2.27
1 0.1 200 | 13.89 9.95 9.25 8.57
300 |10.80 8.04 7.13 6.59
400 | 9.63 6.63 6.03 5.73
500 | 8.55 5.84 5.06 4.83
1000 | 6.41 3.94 3.28 3.23
1 0.3 200 | 7.88 6.15 5.95 5.77
300 | 6.15 491 4.73 4.73
400 | 5.39 4.19 4.12 4.03
500 | 4.98 3.60 3.48 3.42
1000 | 3.48 2.41 2.32 2.22
Table EC.1 Percentage losses of different policies under logit demand.
a |2o/(M)| k | FP IMDN=1|MDN=2|MD N=3
0.5 0.1 200 | 14.07 11.64 10.57 10.07
300 |12.01 9.00 8.43 7.96
400 | 10.66 7.52 6.89 6.60
500 | 9.00 6.90 6.11 5.98
1000 | 6.49 4.58 3.96 3.69
0.5 0.3 200 | 8.51 7.23 6.92 6.72
300 | 7.05 5.55 5.53 5.45
400 | 6.21 4.84 4.65 4.54
500 | 5.26 4.31 4.08 3.91
1000 | 3.82 2.83 2.73 2.63
1 0.1 200 | 14.45 11.61 10.59 10.27
300 [11.99 8.93 8.32 7.75
400 | 10.60 8.02 6.81 6.77
500 | 9.16 6.84 6.04 5.80
1000 | 6.72 4.48 3.81 3.52
1 0.3 200 | 8.51 7.25 6.95 6.73
300 | 7.26 5.72 5.64 5.56
400 | 6.13 4.84 4.76 4.74
500 | 5.30 4.20 4.14 4.04
1000 | 3.79 2.94 2.74 2.68

Table EC.2 Percentage losses of different policies under exponential demand.



