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Proofs of Statements

We provide proofs for important results in this electronic companion.
EC.1. Section 2 Results

COROLLARY 2 For any 8 such that SDP(3) has an optimal solution, there exists an optimal solu-
tion ¢* of SDP(B) such that ¢*(B) = z;p(3) for all B satisfying S(3) # 0.

Proof: Let ¢* be an extension of z;p satisfying the claim of Proposition 1. Because the value
function of a mixed-integer program is superadditive and nondecreasing (Jeroslow 1979), ¢* is
superadditive and nondecreasing. The function ¢* is an extension of z;p, so ¢*(a’) > ¢; for all

j€{1,...,n}, which proves feasibility. Optimality is immediate. O

PROPOSITION 2 Suppose A € Z'*" and b € ZT}'. The truncated value function z;p € RIBOYI 45 i

the polyhedron ®(b).

One can prove Proposition 2 directly by verifying z;p satisfies all of the constraints that define

o(b).

THEOREM 4 Suppose A € Z™" and b € Z'. For each 3 € g(O,b), SDP2(B) is a strong dual to

IP(8).

Proof: We embed the feasible region ®(3) in RBOYI Let ®,,.,,(8) = {¢ € RIBOYI | ¢ satisfies (2a) —
(2d) with respect to 8}. Observe that ®(b) C ®.,p(8), for all 8 € B(0,b), and for any ¢ € B(3),
there exists @emp € Pemp(B) such that ¢e.,(8) = @(8'), for all € g(O,B). Furthermore, because
A and f are nonnegative, IP(f) is feasible, and by Assumption A2, IP(/) is bounded.

Define ¢* € RIBOD! such that ¢*(8') = z1p(8'), for all 8 € B(0,b). Then ¢* € ®(b), which implies
that ¢* € ®.,,,p(5). Define the truncated vector be RIBOA) such that &(ﬁ’) =¢*(f), for all 5’ €
B(0,8). Then ¢(B) = ¢*(8) = z;p(8) and ¢ satisfies (2a)-(2d) with respect to 3, which implies

that ¢ € ®(8). Hence, ¢ is an optimal solution for SDP2(5). d

COROLLARY 3 Suppose A€ Z' and be Z'. For any ¢ € (), p(B) > zrp(B), for all B € E(O,b).
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The proof of Corollary 3 follows from Theorem 4 and is omitted.

ProproSITION 3
(1) For any 8 € B(l;,b), there exists a B € Dt with B> 8 such that Z]P(B) =zrp(f).

(II) For any 8 € B(é,b), there exists a 8 € D~ with B < 3 such that zlp(B) =z1p(B).

Proof: We prove only (I) as (II) is analogous. If § € DT, the proof is trivial. Suppose g € B(i),b)
is not level-set maximal. Let s =0 and 3 = 3. Perform the following improvement procedure:
for each i € {1,...,m}, let s =max{s € Z, | B +s-e; € B(b,b), zp(f ' +5-€)=zp(8)} and
Bi ="t + 5" e;. At the end of each improvement procedure (which consists of a finite number of
iterations), z;p(8™) = z;p(B8°) = z;p(B), and either g™ = 3° or f™ £ °.

Suppose ™ # 3°. Then ™ > ° and 57 > B2 +1 for some i € {1,...,m}. Because B(b,b) is a
finite set, this case can only occur finitely often. Suppose 8™ = 3°. By definition, 8™ is level-set
maximal because there does not exist i € {1,...,m} such that z;p(8™ + e;) = z;p(5™). Hence, we
conclude that after finitely many applications of the improvement procedure, ™ = 3° and 8™ is

level-set maximal with z;p(5) = z;p(8™) and ™ > 5. O

THEOREM 5 Level-set-minimal and level-set-mazimal vectors are sufficient to bound the gap func-
tion. That 1s,

(I) inf T(8)= inf T(B).

BeB(b,b) BeD—

(II) sup T(B)= sup T'(B).
BEB(b,b) BeD+

(III) inf ~(B)= inf
BeBT(b,b) BeEDTNB*(b,b)

(IV) sup ~(B)= sup  ~(B).
BEBT(b,b) BeD—NB+(b,b)

Proof: We prove only (I) as the other proofs are similar. Suppose 3 € B(b,b)\D~. By Proposi-

tion 3, there exists § € D~ such that z;p(B3) = z;p(8) and B < 3. By the monotonicity of zzp,

I(3) >T(B) > inf T'(8). Hence, inf T(8) > inf I'(8). Finally, we have that D~ C B(b,b),

peD- BEB(b,b) BeD—
which implies inf I'(8) > inf TI'(5) and proves the equality. O
BeD~ BEB(b,b)

THEOREM 6 The absolute gap function defined over rational vectors, I : B(l;, b)NQ™ = R, is the

minimum of finitely many Gomory functions.
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Proof: Tt is known that —z;p(8) =min{—c"z | Az <,z € Z" } is a Gomory function when defined
over rational vectors (Blair and Jeroslow 1982). Also, z;p(8) = min{(v*)"3 | k € K}. For each
ke, let Ly :B(b,b)NQ™ — R, where Ly(8) = (v¥)T8 — z1p(8). Notice that for each k € K, Ly, is
a Gomory function, as it is the sum of two Gomory functions. Further, I'(8) = min{(v*)73 | k €

K} — z1p(B) =min{L.(B) | k € K}, for all € B(b,b)NQ™. O

PROPOSITION 4 For any 3 € B(l;, b), if & € opt,p(B), then for all x such that 0 <z < %, x €
opt,p(B), for all B € A(B,x,2).

Proof: From Assumption A2, |zp(8")| < oo, for all §' € B(B,B). Hence, opt; »(5’) and opt ;. p(8)
are nonempty, for all § € B(3,8). Let v € optp; p(8) and & € opt, p(B). Consider z € R” such
that 0 <2 <. For any ' € R™, let M5 = {i € {1,...,m} | af & < Bj}. By linear programming
complementary slackness:
(I) v; =0 for all i € M.
(Il) &; >0= (a)Tv=gc.
We show that v also satisfies these two conditions when x replaces & and § — A(Z — x) replaces
B in (I) and (II). For condition (II), notice {j:x; >0} C {j:&; > 0}, since x; < &;. This implies
(a?)Tv =¢;, for all j such that x; > 0, which proves condition (II). Furthermore, M;A(iﬂ) =My,
since a! & < f8; if and only if a! x < 3; —al (& — ). This implies condition (I) holds, so v € opt; p(8—
A(2—1x)). By assumption, v € opt; »(3), thus, 7v = ¢ %. Hence, complementary slackness implies
that 0= (8; —al'2)v; = (B; — al (2 — z) — a] x)v;. The vector z is feasible for LP(8 — A(Z — z)). To
see this, first note that x € R"}. Also 8 — A% >0, which implies Az < Azr+ - Azt =5 - A(Z —x).
By complementary slackness (primal solution z, dual solution v), x € opt; »(5 — A(Z — z)). By

monotonicity, z € opt, (), for any 8 € A(3,z, %). O

COROLLARY 4 Let ,x,% satisfy the conditions in Proposition 4. Suppose further that x € 7.

Then for any B € AB,x,2), I’(B) =0.

Proof: By Proposition 4, x € opt;p(3). Now, z € Z7, thus z € S(B) and ¢"z < z;p(8). Therefore,

cTr=2.p(B) > 21p(B) > c'x. Thus, z1,p(B8) = 2;p(8), and T'(3) = 0. O
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LEmMA EC.1. (Nemhauser and Wolsey 1988) Suppose & € opt;p(B), for some € B(l;,b) and ¢*
is an optimal solution to SDP(B). Then ¢*(Azx) =c'x and ¢*(Ax) + ¢*(8 — Az) = ¢*(8), for all

x €ZY such that x <.

PROPOSITION 5 Let 3.€ B(b,b). For all j € {1,...,n} such that there exists ' € opt, p(8) and z* €

optp(B) with xt > 1 and x¥ > 1, we have zpp(8 —a’) = zpp(B) —¢;, and zp(B—a?) = z;p(B) — ¢;.

Proof: Let e; be the j™* standard basis vector in R”, which implies e; € Z7. By hypothesis, e; <z’
and e; < z*. Recall that z;p can be extended to an optimal solution ¢* of SDP(S) (Corollary 2) so
that ¢*(8) = z1p(8), for all 8 such that S(8) # 0. By Lemma EC.1, z;p(8 — Ae;) = z;p(8 — a’) =
¢*(B—a’) =¢*(B) = ¢"(a’) = z1p(B) — 21p(a).

Observe that 8 — A(zl —e;) =al + 8 — Az" > a’. Thus, a’ € A(B,e;,2"). By Proposition 4, e; €
opt, p(a?). This implies that z;p(a’) = ¢;. Because e; € S(a’), zrp(a?) = ¢;. Therefore, z;p(f—a’) =
zrp(B) —¢;.

By the superadditivity of zpp, 20p(8 —a?) < 2pp(8) — 2pp(a?) = z1p(B) — ¢;. Observe that zl —
e; € P(B — a’). Therefore, z1p(B — a’) > ¢ (2l — e;) = z.p(B) — ¢;. This implies zyp(8 — a’) =
zrp(B) — Cj. O
THEOREM 7 Under the conditions of Proposition 5, T'(8 —a?) =T(B). If, in addition, zrp(8) > ¢;
and z1p(B) = ¢;, then (B —a’) = (21p(B) — ¢;)/ (2P (B) — ¢;).

We omit the proof of Theorem 7 as it follows from Proposition 5.

THEOREM 8 Let (3 € E(O,b) and suppose A € Z" and b € Z7. Suppose there exists an x €

opt;p(B) such that z; > 1 for some j € {1,...,n}. Then for any optimal solution ¢* to SDP2(3),

¢*(B—d’)=zp(B—d).

Proof: By an argument similar to that shown in the proof of Proposition 5, z;p(8 —a?) = z;p(8) —

z1p(a?). Because (8 —ai) +a’ = 8 € B(0,b) and ¢* is an optimal solution to SDP2(3),

¢ (B—d’)+9¢" () < ¢*(B)
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:ZIP(/B)
= ¢ (B—a’) < zp(B) — ¢ ().

The first inequality comes from the superadditive constraints in SDP2(3), and the equality is due

to SDP2(3) being a strong dual (Theorem 4). By Corollary 3, ¢*(a?) > z;p(a?), which implies that

¢*(B—a’) <z1p(B) — zrp(a’)

= Z]p(ﬁ — CLj).

By Corollary 3, ¢*(8 —a’) > zrp(8 — a’), which proves the desired equality. O

EC.2. Section 3 Results
PROPOSITION 6 The optimal objective value of (3) is E.u) [C(£M)].

Proof: Let (¢,1) = (z;p,T), the truncated value function and the truncated gap function. Observe
that ¢ € ®(b) (Proposition 2). Consider 8 € B(0,b). Then (3) =T'(8) = z.p(8) — zrp(8) < fTvF —
#(B), for all k € K. Hence the solution is feasible.

Let (¢,9) be a feasible solution for (3). Because ¢ satisfies (3c), by Corollary 3, ¢(8) > z;p(8),
for all B € B(0,b). By (3a), for each 8 € B(0,b), ¥(8) < 8Tv* — (8) < BTv* — 2;p(B), for all k € K.
This implies that ¢(8) < z.p(8) = 21p(8) =¥ (8) and 3> pM (BB < ¥ uV(B)P(B),

- BEB(0,b) BeB(0,b)
Thus, (¢,¢) is an optimal solution to (3), and the optimal objective value is E. ) [[(§)]. O

COROLLARY 5 Suppose ™ (8) >0 for all 5 € g(O,b). Then, any feasible solution (¢,v) in which
& # zrp is not optimal for (3).
One can prove Corollary 5 by noticing that every component of an optimal solution ¢* of (3)

must be as small as possible. We omit a formal proof.

COROLLARY 6 Let (QZ;,I/;) be an optimal solution to (3) and dgap the optimal objective value. Then

the variance of the absolute gap over E(O,b) can be calculated as follows:

ot= > uVB)W(B) = 0hap.

BEB(0,b)
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Proof: For any f € g(O,b) such that puM(8) > 0,0(8) = zp(B); otherwise, ((Z),lE)

is not an optimal solution. It follows that for all such g, 1/;(6) = I'(5). Hence,

> uO@@@E) = X wO@@0)? = X pDB)TB) = Eaw [(TED))].

BEB(0,b) B:u(1) (8)>0 B:u(D(8)>0
Therefore, 3> u™M(B8)(¥(8))* = 0%ap =Eey [(T(EM))?] = Egry [D(EW)]
BeB(

0,b)

2
2
=07. O

PROPOSITION 7 The optimal objective value of (4) is Agap.

Proof: Let § € argmax{T'(8) | B € B(0,b)}. Let ¢ = z;p, ¥(B) =T(B), and (8) =0 for all €

B(0,b)\3. It is immediate that ¢ € ®(b) (Proposition 2). By construction, ¢ satisfies (4b). Now,

$(B) =T(B), and $(8) =0 <T(B), for all B € B(0,b)\3. Thus, (8) <T(8) = zLp(B) — 21p(B) <

BTo* — (), for all k € K.

Let (¢,7) be feasible for (4), where 1(3) =0 for all 3 € g(O,b)\B, for some 3 € g((),b). Because

¢ satisfies (4d), by Corollary 3, ¢(8) > z;p(3) for all 8 € B(0,b). By (4a), ¥(B8) < zrp(8) — #(8) <

2.p(B) = 21p(B) =T(B). Because 3 € argmax{I'(8) | B € B(0,b)},%(8) =T(8) <T'(8) =¢(B), which
implies 3. ¥(8)< Y. ¥(8) =max{I'(8) | B€B(0,b)} =Asap. O

BeB(0,b) BEB(0,b)

PROPOSITION 8 The optimal objective value of (5) is Arap.

Proof: For each 8 € B(0,b), let ¢(8) = zrp(8). Let ¢ = Arap. It is immediate that ¢ € ®(b) (Propo-
sition 2). Further, ¢ = A;ap < T(B) < BTv% — 27p(B) = BTv% — ¢(B), for all € B(0,b)\{0}, k € K.
Thus, (¢,1)) is feasible for (5).

Let (¢,1) be feasible for (5). Recall that for all 5 € g(O,b), by Corollary 3, z;p(8) < ¢(8). By
(50), for all B¢ B(0,b)\{0} and k € K, < B7v* — 3(8), which implies ¢ < 2, p(8) — z7p(8) = T(8).
Hence, 1) < A;4p = 1. This proves that (¢, ) is optimal for (5). O

EC.3. Section 4 Results

PROPOSITION 9 The optimal objective value of (6) is dpam = Eewm [L(EP)].

Proof: The proof is similar to that of Proposition 6; however, we present a proof to illustrate the

new details introduced by the use of [3;,((), b). Let (¢, 1) = (z1p,T), where 1) € RIB» 9| Observe that
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¢ € ®(b) (Proposition 2). Consider 8 € B,(0,b). Then 1(8) = (8) = z1p(8) — z1p(8) = 21p(8) —
zrp([B]) < BTvF — $(|8]), for all k € K. Hence the solution is feasible.

Let (¢,1)) be a feasible solution for (6). Because ¢ satisfies (6¢), by Corollary 3, ¢(3) > z;p(3), for
all 8 € B(0,b). By (6a), for each € B,(0,b), ¥(8) < BTvF — (| 8]) < BTv* — z;p(B), for all k € K.
This implies that ¢(8) < zpp(8) = 2p(8) =¢(8) and 3> p®P(B)(B) < T P (B)d(H).

- BEB(0,b) BEB(0,b)
Thus, (¢,7) is an optimal solution to (6), and the optimal objective value is E, ) [CEP)]. O

COROLLARY 7 Suppose u® (3) >0 for all B € gp(O,b). Then, any feasible solution (¢,1)) in which

& # zrp is not optimal for (6).

We omit the proof of Corollary 7 due to reasoning similar to that of Corollary 5.

COROLLARY 8 Let (¢, 1)) be an optimal solution to (6) and dpam the optimal objective value. Then
the variance of the absolute gap over gp(O,b) can be calculated as follows:

ot= > uP(B)W(B)? — han-

BEBL(0,b)

The proof of Corollary 8 is similar to that of Corollary 6 and is omitted.
Lemma EC.2. For any € B(0,b):
(1) 118 = 18]®| < 1/p.
(1) zrp(LB]") = 210 (B).-
(II1) T(8) = T(B]™).
Proof: Let 8 € B(0,8). For amy i € {1,....m}, 18, — (18)®) = fu — ([8]), = =151 < 1/p, where
B = a/p. This proves (I). Also, |3] = |([3]®)], and (II) follows. The monotonicity of z;p and (II)

imply (III). O

PROPOSITION 10 (Mangasarian and Shiau 1987) The linear programming value function zpp is

Lipschitz continuous over B(0,b).

Proof: Mangasarian and Shiau (1987) show that over the set of right-hand sides for which the

linear program is feasible, the optimal solutions follow a Lipschitzian relationship. That is, for any
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B, B2 such that z;p(8') and z;p(5?) are finite, there exist optimal solutions z! € opt; ('), 22 €
opt; p(8?) such that ||zt —2?||s < M'||3" — B?||r, where ||-||s is a norm on R™ and ||-||g is a norm
on R™. LP(p) is feasible and bounded for all 5 € B(0,b), and the objective function is linear. Hence

zrp is Lipschitz continuous over B(0,b). O

THEOREM 9 Suppose that for all B € gp(O,b),u(”) (B) > 0. Let (¢,1)) be an optimal solution to (6),

and define the extension b, : B(0,b) =R by 1,(8) =, (|3]®)). Then the following results hold:

Ee|T(&) — ()] = Ee(T(€) — ¥, () < M/p. (EC.1b)

Proof: Let 8 € B(0,b). By Lemma EC.2 ((II) and (II1)) and Corollary 7, |T'(8) — 1,(8)| = |T'(8) —
(8] =I0(B) = T([8]P)| =T(8) = T(|8]”) = z1p(B) — z.r(LB]®). By the definition of the
Lipschitz constant M and Lemma EC.2 (1), z1p(83) — zpp(|8]®) < M||B8 — | 8] ®||oc < M/p. This

proves (EC.1a). (EC.1b) follows from

E|T(& ) d
IT°( / o IO = (B33
/ — (BB
BEB(0,b) b
/ u(B)dp
B€B(0,b)
= M/p. O

THEOREM 10 Suppose the probability mass function u®) approzimates the probability density func-

tion w as follows: p® (b*) = [ w(B)dB, for all t € {1,...,TP}. Then, the difference between the
Bt

expectation of the absolute gap function over B(0,b) and the optimal objective value of (6) is

bounded. Specifically, |E¢[['(€)] — dpan| < M/p.

Proof: Observe:

Ee[D(E)] — Swan| = / W(BT(B)IB— 3 1 (B)T(B)

0,b) peBy
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_ / n(BLB)E— Y u®(B)0(B)

5(0,b) teT(P)
-S> [uor@as- 3 [asre)
teT(®) 3¢ teT(P) ¢

-y / u(B)(I(B) — T (0"))dB

teTP) gt

IN

> [ ewe) -re)| s

teT(P) Bt

<> /M(B)M/pdﬁ

teT(P) gy

=M/p. O

LEMMA EC.3. Letle€{1,...,L}. For any € >0, there exists 3 € (B')° such that zpp(d') — z1,p(8) <

€, where (B')° denotes the interior of B'.

Proof: Fix € > 0. Notice that if z;p(d") =0, then z.p(3) =0 for all 3 € (B')°. Now assume z1p(d') #

0, and let § = ;min{ : } Define 8 = (1 — d)d". Thus, 8 € (B')°. Choose z¢ €

€
zrp(dl)? - max dé
K2

e{1,..., m}
opt; p(d") and let 2 = (1—4§)z?. Then, Az? = (1—§)Ax? < (1-§)d' = 3. Thus, 2* € P(3). It follows

that ZLP(B) 2 CT$B = (1 — 5)0Txd = ZLp(dl) — 5ZLp(dl) Z ZLp(dl) - E(dl)ZLp(dl) = ZLp(dl) —£>

2z1p 2

zpp(d') — €. Further, zpp(d") > 21 p(8) because zpp is increasing. O
PROPOSITION 11 For any unit hyper-cube B', sup T'(8) = 2z p(d") — z;p(b').
peB!

Proof: For any B € B!, zrp(8) < zpp(d') and 2;p(b') < z;p(83), which implies zpp(3) — 2z1p(8) <

zpp(d) —zrp(b'). Fix € > 0. By Lemma FEC.3, there exists 8* € (B')° such that zp(d') —zrp(8*) < €.
Because A € Z™*" and |3*] =1', we have that z;p(8*) = 2;p(b'). Therefore, [z1p(d") — z7p(b")] —

[20p(8%) — 21p(B)] < €. Therefore, 21 p(d") — 2;p(b') = sup [z1p(B) — zrp(B)] = sup ['(B). O
BeB! pen!

COROLLARY 9 Agag= sup ['(B)= sup zpp(d')—zrp(b).
BEB(0,b) lef1,...,L}
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We omit the proof of Corollary 9 as it follows from Proposition 11.

PROPOSITION 12 The optimal solution of (8) is Asan-

Proof: Let 3 € argmax{zp(r(8)) = 21p(8) | B € B(0,b)} so that z.p(r(8)) — 210 (8) = sup{zLp(d*) —
21p(b') = Asan, by Corollary 9. Let ¢ = z1p, $(5) = z1p(r(5)) — 2rp(B), and 9(8) =0, for all
B € B(0,b)\B. It is immediate that ¢ € ®(b) (Proposition 2). By construction, 1 satisfies (8b).
For all 8 € B(0,b)\5 and k € K, $(8) = 0 < z.p(r(8)) — 21p(8) < (8)"v* — ¢(8). Additionally,
D(B) = z2.p(r(B)) — 21p(B) < r(B)Tv* — ¢(B), for all k € K. Hence, (¢, 1) is feasible for (8).

Let (¢, %) be feasible for (8). Then (8) = 0 for all 8 € B(0,b)\ for some 3 € B(0,b). Because ¢ €
®(b), by Corollary 3, ¢(8) > z;p(8) for all 8 € B(0,b). Let k* € argmin{r(8)7v* | k € K}. By (8a),

V(B) <r(B)" 0" = é(B) < z1p(r(B)) — 21p(B) < 21p(r(B)) — 21p(B) = ¥(B). Hence, Y- 4(8) >

BeB(0,b)

Z 15(5) This proves (¢,4)) is optimal for (8). Further, g4y = Z 1;(5) =1(B) = Agay. O
BEB(0 BeB(0

PROPOSITION 13 The infimum of the absolute gap function over B(0, )\B(O 1) can be computed
by considering only the integral points in 13(0,b). Specifically, sen g{B(O 1)F(ﬁ) = ﬁegl(r{)lil)l\{o}lj(ﬁ)
Further, (5) can be used to compute Arapg = ﬁeB(O%EB(m)F(ﬁ)'

Proof: Let B € B(0,0)\B(0,1), then I'(8) = z.p(8) — z1p(B) = zLp(8) — 2z1p(1B]) = zLr(1B]) —
zrp(|B]) =T(|B]). Because 5 € B(0,b)\B(0,1),[5] € g(O,b)\{O}. In addition, for any p’' € E(O,l)
and € > 0, using arguments similar to those in Lemma EC.3, from the continuity of z;p and the fact

that z;p(8) = z;p(8'), there exists 8 € (B(8,8'+1))° € B(0,b)\B(0,1) such that I'(8) —I(8') <e.

Hence, A = inf r = min T =A by Proposition 8. OJ
y, ATAH BEBOBNEO.1) (5) BeBO.)\(0} (5) IAD, DY p

EC.4. Section 5 Results
PROPOSITION 14 The optimal objective value of (9) is E.q)(y(£1)).

Proof: Let (¢,4) = (z7p,7). It is immediate that ¢ € ®(b) (Proposition 2). Also, for each § €
B*(0,b), ¥(8) - BTv* > ~(B) - 2.p(8) = z1p(8) = &(B), for all k € K. Hence, (¢,1)) is feasible for (9).
Let (¢,9) be feasible for (9). Because ¢ € ®(b), by Corollary 3, ¢(3) > z;p(3), for all § €

b(B) > <ﬁ> ;> 7(8) = ¥ (B). Therefore,

B*(0,b). By (9b), $(8) >
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S VBB > S uM(B)Y(B), and (h,1)) is optimal. Thus, the optimal objective value

BEBT(0,b) BEBT(0,b)

is Y pO@EB) = X pVB)YB) =B (v(8))- m

BeB+(0,b) BEBT(0,b)

COROLLARY 10 Suppose () >0 for all 5 € f)’\*(O, b). Then, any feasible solution (¢,v) in which

é # z1p is not optimal for (9).

We omit the proof of Corollary 10 due to reasoning similar to that of Corollary 5.
The variance of the relative gap function, denoted by 03, indicates the extent to which this

approximation error varies over g*(O, b). The variance can be calculated from optimal solutions of
(9).

COROLLARY 11 Let (¢,1)) be an optimal solution to (9) and dppp the optimal objective value.
Then the variance of the relative gap over B(O,b) can be calculated as follows:

2= 3 uV(B)GB)) ~ onp.

BEBT(0,b)

The proof of Corollary 11 is similar to that of Corollary 6 and is omitted.
PROPOSITION 15 The optimal objective value of (10) is Aggp.

The proof is similar to that of Proposition 8 and is omitted.
PROPOSITION 16 The optimal objective value of (11) is 1 — Ajgp.

The proof is similar to that of Proposition 7 and is omitted.

EC.5. Section 6 Results

PROPOSITION 17 The supremum of the relative gap function over B(0,b)* can be computed by only

considering the integral points. Specifically, sup ()= max ~(B). Further, (10) can be used
BeB+(0,b) BEBT(0,b)

to compute Agpy = sup y(B).
BEBT(0,b)

Proof: For any 8 € BT(0,b), v(B) = Zi((g)) = Zif}gt(gj)) < Zi(&gﬁ, and because 5 € BT(0,b),|5] €

~

B*(0,b). Hence, Asry = sup ~(f)= max ~(8)=Asgrp, by Proposition 12. O
BeB+(0,b) BEBT(0,b)

PROPOSITION 18 For any unit hyper-cube B, i%f{’y(ﬂ) | B€B'}=zrp(bY)/zrp(d").
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Proof: For any 8 € B, z1,p(8) < zpp(d") and z;p(b') < 2z7p(8), which implies z;p(8)/21p(8) >

z1p(b")/zpp(d"). Fix € > 0. By Lemma FC.3, there exists 8* € (B')° such that zp(d') — 2pp(8*) <

ezpp(d)zrp(0) . Then,

zrp(b1)+1
zip(B*)  zip(b) _ zrp (D) 'zLP(dl) —z.p(B")
zop(B*)  zpp(d)  zpp(d') zrp(B*)
< ZIP(bl) ) ZLP(dl) _ZLP(B*)
- ZLp(dl) ZLp(bl)
Z]p(bl) ) ZLp(dl)ZLp(bl) ]
- ZLp(dl)ZLp<bl) Z]p(bl)+1
< €.
By definition of infimum, z;p(b')/zpp(d") = ﬁinlgl’y(ﬂ). O

COROLLARY 12 A = inf = inf b dh.
IRH 56;}(&17)7(5) le{iI}..,L}ZIP( )/zep(d")

Corollary 12 follows from Proposition 18, and we omit the proof.
PROPOSITION 19 0;py =1 — Ajry.

Proof: Let § €arg min {z;p(8)/zp(r(8))}, ¥(8) =1 — Ajpy, if =0 and 0 otherwise, and

BeBT(0,b)
let ¢ = z;p. It is immediate that ¢ € ®(b) (Proposition 2). Observe that (1 — ¢ (B))r(B)TvF =

Arpar(B)T0F > Arprzrp(r(B)) = 21p(B) = ¢(B), for all k € K. Further, for all 3 € B+(0,b)\5,

(1 —0(B)r(B)Tv* > z1p(r(B)) = z1p(B8) = G(B), for all k e K. Thus, (¢,1)) is feasible.

Let (¢,7) be feasible for (12). For all 3 € g*(O,b),k ek, (1—¢(B)r(B)v* > ¢d(B) > z1p(B),

because ¢ € ®(b). By (12a), 1 — ¢(B) > 20 > e which implies 1 — D(B) >v(B) > Arra-

= r(B)Tvk = r(g)Tvk
Because (3) > 0 for at most one € BH(0,b), S ¢(B)<1—Appg= 3. (8). Hence,
- BEBT(0,b) BEB+(0,b)
(¢,1)) is an optimal solution. 0



