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Online Appendix for “Preservation of Additive Convexity and Its
Applications in Stochastic Optimization Problems”

Xiting Gong, Tong Wang

This appendix consists of four parts. In Appendix A, we provide the proofs for Theorems 1 and
2 in §2 and Theorem 4 in §3.3. In Appendices B and C, we provide the technical details for the
two applications in §3.1 and for a serial inventory system with disposal, respectively. Finally, we

provide our detailed numerical setting and results in Appendix D.

Appendix A: Proofs for Theorems 1, 2, and 4

Proof of Theorem 1. We first state without a proof the following well-known result originated
in Karush (1959), which is frequently used in establishing additive convexity of value functions in

many stochastic optimization problems, and in particular, serial inventory systems.

LEmMA EC.1. Suppose that f(-) is a convex function on a convex set I CR. Then, there exist
an increasing convex function g(-) on I and a decreasing convez function h(-) on I such that, for

any x €1 and y €I with x <y,

min f(0) = g(x) + h(y)-

<0<y
In particular, if f(-) attains its unconstrained minimizer on I at S, then g(z) = f(max{S,z})— f(S)

and h(z)= f(min{S,y}).

By Lemma 1, we work with problem (4) and apply Lemma EC.1 to prove Theorem 1. Since f(-)
is additively convex, there exist convex functions fy(-),..., f(:) such that f(x)=>""_ fi(z;) for
any x € V. Then, the equation (4) can be rewritten as

g(x)= _ _min {Zf vi)+ Y fi(ivi)}

Yo<y1<-- <y <z
T i=k+1

- min min + i\Yi) ¢+ ilTi). EC.1
yl<> <yk<1‘k_21 {I0<y0<y fO yO Z'f Yi } ;lf( ) ( )
Yi>Tg, 1=1 i=

Applying Lemma EC.1, we obtain that there exist an increasing convex function go(-) and a

decreasing convex function hg(-) such that

min  fo(yo) = go(zo) + ho(y1)- (EC.2)

z0<yo<y1
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Define &, as a minimizer of fo(-) on I. Then,

go(zo) = fo(max{zo,&o}) — fo(So), and  ho(y1) = fo(min{ys,&}).
After plugging (EC.2) into (EC.1), we obtain

k n
9(x)=go(wo)+ _ min _ Sho(y)+Y_fily) p+ Y filw)
YL kT i=1 i=k+1

Yi2T, i=1,....k

.....

k n
= i i h (Y i\Ti)- EC.3
90($0)+y2§>_”g1]%%21 {wlgigyg{ o(y1)+f1(y1)}+;f(y )} +i;1f (). (EC.3)

YiZTq, 1=25..1y -

Since both hg(+) and fi(-) are convex, by applying Lemma EC.1 again, we obtain that there exist

an increasing convex function ¢ (-) and a decreasing convex function h;(-) such that

min {ho(y1) + fi(y1)} = g1(x1) + ~a(y2). (EC.4)

z1<y1<Y2
Define &; as a minimizer of fo(y;) + f1(y1) on I. Since fo(y;) and fi(y;) are both increasing in

y1 when y; > &, it follows that & < &,. In addition, &; is also a minimizer of ho(y;) + f1(y1) =
fo(min{y,&}) + f1(y1). Then, we have

g1 (x1) =ho(max{z,&1}) + fi(max{z1,&1}) — ho(€1) — f1(61)
= fo(min{max{z,,&},&}) + fr(max{zy,&}) — fo(&) — f1(&)s

hi(y2) =ho(min{ys, &1 }) + fi(min{y,, & }) = Z fi(min{ys, &1 }).

After plugging (EC.4) into (EC.3), we obtain

1 k n
Q(X):Zgi(l‘i)+ min {h1(y2)+2fi(yi)} + i) (EC.5)
- Yo < <Y <Tp41 - )
1=0 yi>xg, i=2,..., k 1=2 i=k+1
For i=2,...,k, define &; as a minimizer of fo(y;)+ fi(y;)+ -+ fi(y;) on I. Then, & 1 <& 2 <
.-+ <& since f;(y;) is increasing in y; for all i = 2, ..., k. Repeating the above procedure sequentially
on ya, ..., Yk, we obtain, for i =2, ... k, an increasing convex function g;(-) and a decreasing convex
function h;(-) with the following forms:

i

() =Y fyminmax{€ v b & 1)+ filmax{&oz ) - Yo f6),  (BC6)

J=0

hi(yiz1) = Z fi(min{y;1,&})-

Jj=0
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In addition, we have

Zgz (7:) + hi (i) Z fi(zs) (EC.7)

=0 1=k+1

Therefore, g(x) is additively convex in x and increasing in (xi,...,zy).

Finally, we prove that 0f(x)/0x; < a implies dg(x)/0z; <a for i =1,...,n. For i =1,...,k,
0g(x)/0x; = 0g;(x;)/0x; by (EC.T). Note that &_; is a minimizer of Z;:) fj(+). Then, the desired
result follows directly from (EC.6) and the fact that Z;;E fi(min{max{&;,x;},&_1}) is decreasing
in z;. When i =k +1,...,n, the desired result directly follows from (EC.7) and the fact that h(-)

is a decreasing function. Q.E.D.

Proof of Theorem 2. We prove Theorem 2 by applying Theorem 1. As preparation, we first

introduce two auxiliary functions. Define
V={ue(~I)xR"|uy<u; <---<u,},
where (—1):={z €R| -z € I}. For any u= (ug,us,...,u,) €V, we define
f) = f(=tp, —Up_1,...,—up), and h(u)=h(—t,, —tp_1,...,—ug).

Note that for any u = (ug,us,...,u,) € V, we have (—u,,—t,_1,...,—ug) € V. Thus, both f(u)
and h(u) are well defined on V.

With these two auxiliary functions, when k > 1, we can rewrite the optimization problem (5) as

]NI(U.) = h(_un7 —Up—1,---, _UO)
= min f(_un) —Up—1y--+, _un—k-i-l)y)

YEC(—un,—Up—1,.-- —ug)
= min f(_yn7_yn—17"'7_yk’7un—k’+17'"7un)7 (ECS)

YEC(~un,~Un—1,-.,~up)
We next transform the decision vector y in (EC.8) by v := (vo,v1,...,0,—x), Where v; = —y,_;

for j=0,...,n— k. Then, after some simple algebra we can rewrite (EC.8) as
h(u) = n}ji(n)j:(v,un,kJrl,...,un)7 (EC.9)
velC(u

where

@(u) ={veR" " (V,Un i1, Upn) € V, 0o — o > 01 — Uy > > Up g — Uy > 0}.

Since f(x) is additively convex in x on V and decreasing in zy,...,x,_1, it follows that f(u) is

additively convex in u on V and increasing in uy,us, ..., U, . After applying Theorem 1 on the



ecd e-companion to Gong and Wang: Preservation of Additive Convexity and Its Applications

optimization problem (EC.9), we obtain that h(u) is additively convex in u on V and increasing
in ui,...,u, . Consequently, h(x)= h(—Zp, —Zn_1,- -, —xp) is additively convex in x on V and
decreasing in zy,...,x,_1. In addition, if there exists a constant b such that df(x)/0x,, > b, it
follows that af(u)/aun_m < —b. By applying Theorem 1, we obtain that 8ﬁ(u)/8un_m < —b and
therefore Oh(x)/0x,, > b. Q.E.D.

Proof of Theorem 4. Since $§° < D;O for all j # i, it follows that z/ < f)j for all 7 #1i and
t=ty,...,T. Note from Yu et al. (2015) that parallel allocation of capacities to demands is optimal
in each period. After parallel allocating capacities to demands in all classes but class i, the system

generates the total profit 7,éi(rj —uy)x%, and the system state becomes

(0,...,0,28,0,...,0,Dt —at, ... D! —at | | DI.D! —al ... D\ —ab). (EC.10)

77

Since the demands in classes 1,...,7— 1 cannot be satisfied by the class-i¢ capacity, the unsatisfied
demands D! —zt,..., D! | —x!_| after the parallel allocation and all newly arrived demands in

classes 1,...,7— 1 will be fully backlogged until the end of the sales horizon, incurring the following

expected total backlogging cost:
1—1 B T
>0 (T +1-0(D) —a)) + (T +1-9)EID])).
7j=1 s=t

For j=1,...,i—1, define ©'(d) = g;(T+1—t)d— 3._,(T +1—s)E[D!]). Then, ©(-),...,0"_(-)

i—1
are linear functions, and we can rewrite the above cost as —3 7/~ ©%(z} Dt)

We next consider the remaining part of the value function ©*(X! D) associated with classes
., N. From the system state (EC.10), the effective state variables are the class-i capacity z! and
the outstanding demands (D D Tiiq,. .. ,Dt — ') in classes i,..., N. To apply Theorem 1,

we transform these state variables to X' := (2{,2!,z!,,,...,2Y%), where &} = —z!, 2! = &} + D}, and

A /\

xz 2t 1—|—Dt t-,j:z'+1,...,N. The state space for x¢ is

Vi={x € (~00,0] x RV |zo <w; <miypy <--- <y}

Define V;(x) as the optimal expected total cost from period t onward, given that the system

state is x at the beginning of period t. For convenience, define X' := (z}, z!

7t wt At
t...,Z%), where z} = &}

and 75 =25 + D} +---+ D}, j=1i,...,N. Then, X* € V and it is the system state after demand
D, realizes. Define V,(X) as the optimal expected total cost from period ¢ onward, given that the
system state is X after demand D! realizes in period ¢. Then,

i+1 N
Vi(x) =Ep: {‘z(£0afii+Dfa§3i+l +ZD;‘7 N +ZD§)} . (EC.11)
=i

j=i
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With the system state X, the firm needs to make decisions y};,9;;,1,...,¥i y subject to the
constraints 0 < yfj <Z; —Zj_1, j=14,...,N and Zj\;l yfj + Ty < 0. We further transform these
decision variables to ¥ := (%o,%;-..,Yn—1), where §; =T, + ij:jH Yt j=0,4,...,N — 1. Then,

the decision constraints for y is given by

Cx)={y € (—o0,0l x RV " | (7,Zn) EV, Yo—To =i — T; >+ > Yn—1 — Tn_1 > 0}.

With the system state X, the value functions V;(%) and V;(X), and the new decision variables y,

after simple algebra we can rewrite the optimality equation (11) as follows: for t =t,,...,T,
N-1
Vi(x) = Ieﬂci(n){—anﬂo + E(ai,j — @ 541)Y; + Vi (¥, jN)}

Yy X .
j=i

N-1

+ (i — 9:) %o + Z(ai,jJrl — Qi+ 9; = 9j+1)T; + gNTn. (EC.12)
j=i

The boundary condition is given by Vr.(-) =0.

We next prove by induction on t that V,(%X) is additively convex in x on V and V(%) + (o ; —
@, j+1)&; is increasing in Z;, j=1,...,N — 1. Since Vr4(-) =0 and «; is decreasing in j, these
results clearly hold for period T 4 1. Suppose that they hold for period ¢+ 1. Then, it follows that
the minimand in (EC.12) is additively convex in (y,Zy) and increasing in (g;,...,Jn_1). Applying
Theorem 1 on the minimization problem (EC.12) with k = N —i and n = N —i+ 1, and noting that
gi > giy1 > -+ > gy, we obtain that V;(X) is additively convex in X on V and V;(X) + (o j — i j11)T;
is increasing in z;, j =1,...,N —1. By (EC.11), we have V,(x) is additively convex in x on V" and
Vi(%) + (o j — v j+1)&; is increasing in &, j =14,..., N — 1. Thus, the results hold for period t. The

induction proof is complete.

Then, for t =tg,...,T and x € V, we have V,(X) = V;o(Z0) + Vii(Z:) + -+ + Vi n(Zn), where

Vio(+), Vii(+) ..., Vin(-) are convex functions. Define
Ol(x)=—-Vig(—z), and O (x)=-V,u(—=x), i'=1i,...,N. (EC.13)
Then, ©}(-), ©{(z),...,0%(x) are concave functions and ©%(x) + (a; ; — @ j41)z is increasing in x

for j=1,...,N — 1. One can easily verify that

i+1
0!(X!, D) Z@f at — DY) = Vi(—a!,—2t+ D! (~at+ D), ... Z( 2t + D)+ ()
]'71‘ VE)

i—1

—Z@t ! —Dt +0 —i—Z@t Zx —Dt +Z

i'=i jF#i
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Therefore, the decomposition result on ©*(X*, D*) holds.

Following Definition 1 in Yu et al. (2015) and the decomposition result on ©*(X*, D), we can

express the optimal protection level pﬁj as follows: for j=¢+1,..., N,

Pij —argmax{ ai;p+ O (p) Z@tH

Since ©%" () + (ay; — @i j41) is increasing in @ for j=i+1,...,N —1, one can easily verify that
0< pfz n < pi i < <k - The expression of the optimal upgrading quantity y ¥ follows directly
from the remark after Definition 1 in Yu et al. (2015).

Finally, we provide the detailed procedure and formulas for computing ©/(-) and {©%(-)}X,.
By their definitions in (EC.13), it suffices to compute V;o(-) and {V;;(-)};L,. The calculation is
proceeded recursively and backwardly on periods 7,7 —1,...,t+1,t, with the boundary condition
Vri10(:) = Vrgai() =+ =Vry n(-) = 0. Suppose we have computed the functions V;i;0(-) and
{Vit1,; ()}, We describe below how to compute V; o(-) and {V; ;(-)}}L;.

First, we compute the convex functions V,o(-) and {V;;(-)}X.; such that the additively convex
function Vi(Zo, Zi, ..., Zn) := Vio(Zo) + Z;V:Z V;.;(Z;). To this end, we apply the formulas in the

proof of Theorem 1. Define f; o(x) = —ay;x 4+ Vii1,0(2), and
fri(@) = (ai; — aij1)o+ Vigaj(x), for j=i,...,N—1.

One can easily prove by induction on ¢ that f; o(z) is decreasing in z. In addition, f; ;(x) is increasing
in x for j =1i,...,N —1. Define &, o = argmin, . f;0(z) and & ; = argmin, o { f.0(x) + fri() +- -+
frj(x)}, for j=i,...,N—1. Then, 0=E§;0 <&, <--+ <& n-_1. Further, one can easily verify that
pﬁj =—¢ ,for j=i+1,...,N. Thus, the protection levels {pU ", 41 can also be computed through

the computation of {gm N

By applying the formula of g(x) in the proof of Theorem 1 on (EC.12), we obtain that V; o(z) =
(asi — gi), and

Vm(fﬂ) = fro(min{max{&;, z},0}) + fri(max{&, x}) — fio(&) — fri(&) + (Quiv1 — i+ i — giy1) 7,
Vij(@) =fro(min{max{&;,2;},&§_1}) + Y frw(minf{max{&;, 2;}, &1 }) + fo; (max{¢;, z,})

=i

—ftogj thl §] ”+1—ai7j—i—gj—gj+1)xj forj:i+1,...,N—1,

i'=i

Vin(2) =fro(min{éy 1, 2}) + Z fror(min{§y_1,2}) + Vig v (@) + gn.

=i
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Second, we compute the convex functions V; o(-) and {V;;(-)}}_;. From identity (EC.11), we have

J
Vio(®) = (i — gi))x, and Vi;(z)=Ep:[V,;(z+ ZD;)], j=t,...,N.

=i

This completes the computation of Vi o(-) and {V;;(-)}7,. Q.E.D.

Appendix B: Technical Details for Section 3.1

Appendix B.1: Stochastic Inventory Control with Remanufacturing

In this appendix, we revisit the stochastic inventory control problem for a hybrid manufactur-
ing/remanufacturing inventory system with multiple types of returns studied by Zhou et al. (2011),
and apply our two preservation results (i.e., Theorems 1 & 2) to prove an additive-convexity result

established in Zhou et al. (2011).

Consider a periodic-review inventory system which produces a single product over a planning
horizon of T periods, indexed by 1,2,...,T. In each period ¢, the manufacturer receives random
customer demand D, for the serviceable product and K types of random customer returns of
cores with varying physical conditions, denoted by R,.,...,R; k. The demands and returns in
different periods are independent, but they could have an arbitrary joint probability distribution
within the same period. A serviceable product can be either manufactured from raw materials with
ample supply or remanufactured from each type of cores, with identical zero lead times. The unit
manufacturing cost is p, and the unit remanufacturing cost of a type-k core is rp, k=1,..., K,
with 71 <17y <--- <rg <p. There are a unit holding cost s and a unit disposal cost u for cores,
regardless of their types. We assume p+u —rx > 0 to ensure that producing a serviceable product
via remanufacturing a type-K core is less costly than via manufacturing and meanwhile disposing
a type-K core (since otherwise the manufacturer will never remanufacture but dispose all type-K
cores). Unsatisfied demand in each period is backlogged. The expected holding and backlogging
cost function of the serviceable products in period ¢ is denoted by G,(-), which is assumed to be
convex. With the one-period discount factor a € (0, 1], the manufacturer’s objective is to find the
optimal manufacturing, remanufacturing, and disposal policy in each period that minimizes its

expected total discounted cost over the planning horizon.

For each period t, the system state can be represented by the vector x; = (x,0,..., % ), where
xio is the starting inventory level of the serviceable product and =z, , is the aggregate starting
inventory level of the serviceable product and type-1 to type-k cores, k=1,..., K. Since unsatisfied

demand in each period is backlogged, the state space is given by

Vi={xeRf |zo<2, < <k}
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Given the system state x;, denote V;(x;) as the optimal expected total discounted cost from period

t onward, t=1,...,T. For t=1,...,T, the optimality equation can be written as
K K
Vi(xe) = mi}{l{z TeWe g+ 5(Yek — Yok 1))+p(yto—fﬂto—zwtk
WYt k=1

K
+ Z WX — Top—1 — Yok — Yeo-1) — We) + Ge(Yio)
k=1

K
+akE [Vt+1 (yt,o — Dy — D+ Ry, Y x + Z Ry — Dt)] }7 (EC.14)

k=1

subject to the decision constraints

0<wpp <z —Tep-1— Yk —Ye—1), k=1,....K,

Yok > Y1, k=1,..., K,
K

Zwt,k < Yt,0 — Tt,0-

k=1

And the boundary condition is given by V;,(-) =0.

In equation (EC.14), the decision variables are w; = (w;1,...,w: k) and y: = (Yr0s-- -, Yt.x )5
where w, j, is the remanufacturing quantity of type-k cores, v, o is the inventory level of the ser-
viceable product after manufacturing and remanufacturing decisions but before the demand D; is
realized, and vy, is the aggregate inventory level of the serviceable product and type-1 to type-k
cores after all decisions are made but before demand and returns occur. Then, the manufacturing
quantity is y, 0 — 4,0 — Zle wy i, and the disposal quantity of type-k cores is @y, — Ty p—1 — (Ye.x —
Yik—1) — Wi, k=1,..., K. The decision constraints above ensure that the manufacturing, remanu-
facturing and disposal quantities are all nonnegative; and the ending inventory levels of all types of
cores are nonnegative. Inside the brackets, the first term is the total remanufacturing and holding
cost of cores; the second term is the total manufacturing cost; the next two terms are the total
disposal cost and the expected inventory holding and backlogging cost of the serviceable product;

and the last term is the optimal expected discounted cost-to-go from period n + 1 onward.

The dynamic programming problem (EC.14) appears very complex: the value function V;(x;)
has a state space V of K + 1 dimensions and there are in total 2K + 1 decision variables in each
period. It turns out that, however, this problem has a very simple optimal policy structure since
the value function V;(x;) is additively convex for each period n. Zhou et al. (2011) established the

following important result.

THEOREM EC.1 (Zhou et al., 2011). Fort=1,2,...,T+1,
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(a) Vi(x) is additively convez in x;, on V;
(b) —(repr —71) SOVi(x,) /0204 <0, fork=1,.... K — 1, and 0Vi(x;) /01 > —(p—7K).

To prove this result, Zhou et al. (2011) fully characterize the optimal policy in period ¢ by
inductively assuming Theorem EC.1 holds for period ¢ + 1, and based on that verify parts (a)
and (b) for period ¢ by discussing case-by-case the forms of V;(x;) in different regions and their
boundaries in the whole state space V. Since the optimal policy divides the state space into multiple
regions, the resulting proof is very complex and tedious even for the case with K = 2. We show

how to apply our preservation results to prove Theorem EC.1 as follows.

As preparation to prove Theorem EC.1, we first replace the decision vector w, = (wy 1, ..., w; k)
by z, = (241, .., 2 k) Where 2y p = Xy + Y0 — Te0 — Zle wy; for k=1,..., K. Here, 2, represents
the aggregate inventory level of the serviceable product and type-1 to type-k cores after the man-
ufacturing and remanufacturing decisions but before the disposal decisions. It is easy to calculate

that
Wi 1 =Yt,0 — Tro — (Zt,l - xt,l)v
and for k=2,..., K,
Wik = 2t k—1 — L k—1 — (Zt,lc - Imk)-
Thus, choosing the decision vector z, is equivalent to choosing w;. With the decision vector z; and

after some simple algebra, we can rewrite the optimality equation (EC.14) as follows
K-1

Vi(x) = min{ Z (Thgr = 7T1) 20k + (P +u—7TK) 20k + (11— 8)Yr0 + Gi(Yro) + (5 — W)y x

Yt 2zt
’ k=1

K
+ o [VtJrl (?/t,o - Dtvyt,l —D;+ Rt,la s Yk T ZRt,k - Dt)] }

k=1
K-1

—TTto — Z (Th1 =) Tep — (P — TR )T i, (EC.15)

k=1
subject to the constraints

0<wy1—Yo0<211—Yt0<Ty1— L0,
0< Yk —Yrh-1 =<2tk — 2t h—1 < Tpp — Ty 1, for k=2,... K,

Tt K < ZtK-

We next divide problem (EC.15) into two layers of optimization problems, where we first optimize
the manufacturing and remanufacturing decisions in the first layer and then optimize the disposal

decisions in the second layer. Specifically, we define, for any (y;0,2z:) €V,

A

Vt(yt,oa Zt) = inég ft(Yt)a (EC~16)
t
02yt,1—2¢,1 2 2Vt K — %4, K
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where

fe(ye) = (r1i—8)yeo + Ge(Yeo) + (s —w)ye

K
+0E[Vigr (Y0 — Desyes = Do+ Ruts sy + 3 Ruw — Dy) . (EC.17)

k=1

Then, the optimality equation (EC.15) can be rewritten as

K-—1
Vt(Xt) = (yt?ZiBGV gt(yt,mzt) — 110 — Z(T’k+1 - T’k)ﬂUt,k - (p - rK)xt,Ka
yt,oﬂﬁt,oZZz,l*@,12“2%,1{*%,1{20 k=1
(EC.18)
where
K-1
(r0:2e) = > (Men — )2k + (P+Hu— i) 20k + ViYeo, 22). (EC.19)
k=1

We now prove Theorem EC.1 by induction on n. Since Vi, (x) =0, the theorem obviously holds
for period T+ 1. Now assume inductively that the theorem holds for period t+ 1. In what follows,
we prove that it also holds for period t. By the inductive assumption, V;,(x) is additively convex
in x and satisfies the properties in Theorem EC.1(b). Then, it follows from (EC.17) that f;(y;) is

additively convex in y; and satisfies
_a(rkJrl - Tk:) < 8ft(yt)/8yt,k < 07 for k= ]-7 s 7K - 17

and 0f:(y:)/0yr.xk > s—u—a(p—rk). By applying Theorem 2 on problem (EC.16), we obtain that

\A/;(yt70,zt) is additively convex in (y;0,2;) and satisfies
—a(rpp1 — 1) < ﬁﬂ(yt,o,zt)/aztyk <0, fork=1,..., K —1,

and OV, (ye.0,2:) /02 > min{s —u—a(p—rg),0}. Then, it follows from (EC.19) that g(ys.0,2) is

additively convex in (y;0,2;) and satisfies
(I—a)(rpsr — %) <09:(Yt,0,24) /021 fp <Tpy1 — 7y, for k=1,..., K —1,

and 0¢;(Yi,0,2:)/0z k > min{s + (1 —a)(p—rg),p+u—rg}. Since 0 <a <1, p>rg>--->1r,
s>0, and p+u —rg >0, it follows that g;(y:0,2;) is increasing in z,1,...,2, k. Finally, after
applying Theorem 1 on (EC.18), we obtain that V;(x;) is additively convex in x; and satisfies that
—(Tip1 — i) <OVi(x4) /0y <0, for k=1,...,K — 1, and Vi (x;)/0x¢ x > —(p — rk). Thus, the

theorem holds for period t, completing the induction proof.

Finally, we remark that our preservation results can also be applied to prove two other additive-

convexity results in the literature for stochastic inventory systems with remanufacturing. First,
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Decroix (2006) studied a multi-echelon inventory system with remanufacturing and showed that the
value functions are additively convex if the remanufactured products flow into the most upstream
stage or if they flow into a downstream stage but without core disposal. Second, Zhou and Yu
(2011) extended Simpson (1978)’s model to include the acquisition effort of cores and showed that
the value functions are additively convex. For both systems, we can apply our preservation results
to prove the additive-convexity results easily. We expect that there are other stochastic inventory
systems with remanufacturing having additively convex value functions and our preservation results

would be useful in identifying such systems.

Appendix B.2: Dynamic Inventory Rationing with Multiple Demand Classes

In this appendix, we revisit the dynamic inventory rationing problem with backlogging and multiple
demand classes studied by Topkis (1968) and Bao et al. (2018), and apply our first preservation

result (i.e., Theorem 1) to prove an additive-convexity result established in Bao et al. (2018).

Consider a single-product single-period inventory rationing problem with n distinct classes of
demands. The period is divided into k intervals, indexed by t =k, k—1,...,1. At the beginning of
each interval ¢, the firm first reviews its on-hand stock level z;, and for each j =1,...,n, the amount
b/ of backlogged class-j demand from previous intervals. Then, the firm observes, for each j =
1,...,n, the newly arrived class-j demand @/ in this interval; and thus the total outstanding class-j
demand in interval ¢ is B! := b/ +d’. After that, the firm decides how much outstanding demand
from each class to satisfy with the on-hand inventory. Let u/ denote the amount of unsatisfied
outstanding class-j demand at the end of interval t. Then, B! —u? is the amount of class-j demand
the firm satisfies in interval ¢. At the end of the interval, the leftover inventory is carried over to
the next interval; and any unsatisfied demand in each class is backlogged to the next interval. The
demands for classes 1,...,n in each interval can have an arbitrary joint probability distribution,
while the demands in different intervals are independent. Let h;(-) denote the function of holding
cost in interval ¢, which is assumed to be convex on ®t. For j =1,...,n, let p! denote the unit
backlogging cost for class-j demand in interval ¢, with 0 < p} < p? <..- < p? for each ¢. The
firm’s objective is to find the optimal inventory rationing policy that minimizes the expected total
cost over the planning horizon. For convenience, we denote d; = (d},...,d")T, u; = (uj,...,ul)T,
B, = (B},...,B")T, and p; = (p},...,p}); and we represent 0 and 1 as the vectors of all 0’s and
all 1’s with length n, respectively. We will also suppress the subscript ¢ unless confusion would

otherwise arise.

We next formulate the firm’s optimization problem as a dynamic program. For each interval ¢, the

system state is given by an initial inventory level z and a vector of unsatisfied outstanding demands
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B =(By,...,B,). Clearly, we have z >0 and B > 0. Given the system state (z,B), denote f,(z,B)
as the optimal expected total cost from interval ¢ onward. Then, for t =1,...,k, the optimality
equation can be written as

fi(z;,B)= min {p;,ru+h(z—1-(B—u))+E[fi 1(z2—1-(B—u),u+d; )]}, (EC.20)

0<u<B
1.(B—u)<z

where dy =0 (since no demand arrives in interval 0). The boundary condition is given by
fo(z,B) =v1(2) +v2(2—1-B),
where v;(+) is convex on R and v,(+) is convex on R.

In equation (EC.20), the decision variables are u = (u1,...,u,). Then, the ending on-hand inven-
tory level after decisions is z —1-(B —u) =z — 3" (B; — u;). The decision constraints sim-
ply ensure that the ending on-hand inventory level and the amounts of satisfied and backlogged
demands in classes 1 to n are all nonnegative. Inside the brackets, the first two terms are the total
backlogging and holding cost incurred in interval ¢, respectively; and the last term is the optimal

expected total cost-to-go from interval ¢ — 1 onward.

Topkis (1968) showed that the optimal rationing policy for each interval ¢ is a rationing level
policy, which is completely characterized by n critical rationing levels. However, since the dynamic
programming problem involves an (n + 1)-dimensional state space, Topkis (1968) raised the diffi-
culty of calculating the rationing levels due to the curse of dimensionality. Bao et al. (2018) revisited
this problem and proved that after a state transformation the value functions are additively convex.
Specifically, they transformed the state variables (z,B) to x:= (2°,2%,...,2™), where 2° = —2z and
a)=—z+3 " .. B for j=1,...,n. Since >0 and B > 0, the state space of the transformed
state x becomes

Vi={x€(—00,0] xR |2’ <a' <..-<a"}.

For any x € V, define V,(x) as the optimal expected total cost from interval ¢ onward, given that the
transformed system state is x at the beginning of interval ¢. Then, they established the following

important additive-convexity result.

THEOREM EC.2 (Bao et al., 2018). Fort=1,...,k, Vi(x) is additively convez in x onV and

increasing in (z,z%, ..., 2" ).

In what follows, we apply Theorem 1 to prove Theorem EC.2. To start with, we change the
decision variables u in problem (EC.20) to y := (y°,y',...,y" '), where y° = —2z+1- (B —u) and

y =y "t +unttI for j=1,...,n— 1. With the transformed state variables x, the value function
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Vi(x) and the new decision variables y, after some simple algebra we can rewrite the optimality

equation (EC.20) as follows: for t =1,...,k,

yeC(x)

n—1
Vix) = min {ha(—g")=ppy + (07 = pi )yt pla”
=1

FEVia () + 0. Y0 dig Yo (EC.21)

i=n—1

where
Cx)={y € (00,0l xR" " |(y,a") eV, * =" >y' —z' > .. >y" ' 2" " >0}

In addition, the boundary condition is given by V(x) = v;(—2°) 4+ vo(—2™).

We now prove Theorem EC.2 by induction on ¢. Since Vj(x) = vy (—2°) + v2(—2™), with both
v1(+) and v(+) being convex functions, the theorem is clearly true when ¢t = 0. Now we assume
inductively that the theorem holds for interval ¢ — 1, i.e., V;_;(x) is additively convex in x on V'
and increasing in (z',...,2"!). Since p; <p? <--- <p}, it follows that the minimand in (EC.21) is
additively convex in (y,z™) and increasing in (y',...,y"!). Hence, by applying Theorem 1 on the
optimization problem (EC.21) with £k =n — 1, we obtain that V;(x) is additively convex in x and

1 n—l)

increasing in (z',...,z . Therefore, the theorem holds for interval ¢, completing the induction

proof.

Appendix C: Serial Inventory System with Disposal

In this appendix, we apply Theorem 2 to a serial inventory system with inventory disposal, and
prove that its value functions are additively convex under a sufficient condition on its cost param-

eters for prioritized optimal disposal decisions.

Consider a serial inventory system modified from the one studied in §3.2 as follows: the system
is not allowed to expedite inventory, but can dispose inventory at different stages at the beginning
of each period. Specifically, we assume that the system receives a unit revenue r; for disposed
inventory at stage ¢, 2 =1,...,n. The other settings and notation are the same as those in §3.2. We

assume that ¢, > ar, to avoid arbitrage through procurement and disposal at stage n.

Same as §3.2, we use x; = (4 0,...,%:,) to represent the system state in period ¢ and V' is the
state space. Define y; = (Y41, .., Yin), where y,; is the echelon inventory level at stage i after the
disposal decisions but before the ordering decisions, ¢ = 1,...,n. Then, the disposal quantity at

stage 1 is x; —y; and that at stage i is (v¢; — *+i-1) — (Yt.i — Yt.i—1), @ = 2,...,n. Since the disposal
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quantity at each stage is nonnegative and at most the inventory level at that stage, the decision

constraints for y; are given by y,; € C,(x;), where

Ci(x)={(y1,- ) ER" | 2o <1 <+ <y, Y — 2, <+ <yy —x; <O}

Further, define §;, = (G1.0,---,Jt.n), Wwhere g, ,; is the echelon inventory position at stage i after all
the decisions are made, i =0, ...,n. Then, the order quantity from stage 1 to stage zero is g, o — 0
and that from stage i + 1 to stage 7 is 9;; — Y14, ¢ =1,...,n. The decision constraints for y; are

given by y; € Cy(y¢), where

C2($07Y):{(g07"'7gn)€§Rn+1 ’ xoﬁgoﬁyl Sgl Sgynggn}

Define V;(x) as the optimal expected total discounted cost from period ¢ onward, given system

state x at the beginning of period t. For t =1,...,T, the optimality equation can be written as

Vi(x) = min {]E[ho(xo — D))" +b(D; —x0)"] = (co+ hi)xo

y€Cy(x)

- Z(Ci + 71 — 7 — by 4+ hig1)yi + ge (o, Y)} + Z(THl —T§) T (EC.22)
=1 )

where h,, 1 =r,;1 =0 and

n

g:(z0,y) = min {Zci;&i—l—aE[VtH(@O—Dt,...,g)n—Dt)]}. (EC.23)
y€Ca(=0,y) o
The boundary condition is Vyi;(x) = — Z;;l ri(z; —x;_1). That is, we assume that all the invento-

ries at stages 1 to n are disposed at the end of the planning horizon. This assumption is nonessential

and can be easily relaxed.

In what follows, we apply our second preservation result (i.e., Theorem 2) to establish the additive
convexity of the value function V;(x) for each period ¢ under a sufficient condition. We first present

our sufficient condition and main result as follows.
ASSUMPTION ECl C; =+ TH—I —T;— hz + hi—i—l Z (Ci =+ a(TH—I — T'i))+, = ]., e, — 1
THEOREM EC.3. Under Assumption EC.1, fort=1,...,T, the value function V,(x) is additively

. —1 . . .
convez in x and Vy(x) + > 1 (r; — 1)@ is decreasing in @1, ..., Ty 1.

We next apply Theorem 2 to prove Theorem EC.3 by induction on ¢. Once can directly check
from the boundary condition that the theorem holds for period T+ 1. Now suppose the theorem
holds for period ¢+ 1, and we prove below that it holds for period ¢. By the inductive assumption,
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Vigr(x) =>"1 o Vi1 (@) for any x € V, where V)% (), ..., V/1,(-) are convex functions and V/, | (x;) +

(r; —rit1)x; is decreasing in x; for i =1,...,n — 1. Then, we can rewrite (EC.23) as

gi(wo,y)= min {cofo + aE[Vt%(.@o - D)}

z0<90<v1
n—1

+3 min {egi+aBIV;, (5 — DI + min {eag+ B[V, (50 — D)}, (EC.24)
= Yi<9i <Yit+1 In>yn

By applying Karush’s Lemma (see Lemma EC.1) on (EC.24), one can verify that g;(zo,y) is
additively convex in (zg,y) and g;(zo,y) — (¢; +a(ris1 —7;)) T y; is decreasing in y; fori =1,...,n—1.
By Assumption EC.1, the minimand in (EC.22) for period t is additively convex in (x,y) and
decreasing in y,...,Yy,—1. Applying Theorem 2 with k=1, we obtain that the term mingyec, x){}
in (EC.22) is additively convex in x and decreasing in xy,...,x,_;. Consequently, the theorem

holds for period t. This completes the proof of Theorem EC.3.

We now provide some remarks on Theorem EC.3 and Assumption EC.1. First, problem (EC.23)
corresponds to a serial inventory system with orders having one period of lead time. For this
problem, the additive-convexity property is preserved under the optimal policy. Second, problem
(EC.22) corresponds to an optimal disposal problem with n resources. By Theorem 2, the additive-
convexity property is also preserved if the optimal policy disposes inventories at more upstream

stages with higher priorities. Assumption 2 provides a sufficient condition on the cost parameters

for these priorities, and requires the following two inequalities for each i=1,...,n—1:
Tiv1 — i 21— hiy1 — ¢, (EC.25)
Tit1 + (CW"l' — hi) 2 T; + (C”ni—&-l — hi+1)' (EC26)

These inequalities can be interpreted as follows. Suppose there are one unit at stage ¢ and one
unit at stage ¢ + 1. The inequality (EC.25) requires that, if we need to dispose one unit now
and keep one unit at stage ¢ in the next period, then it is more profitable to dispose the unit
at stage ¢ + 1 than dispose the unit at stage i (while shipping the unit from stage ¢ + 1 to stage
i). The inequality (EC.26) requires that, if we need to dispose the two units in two consecutive
periods, then it is more profitable to dispose the unit at stage ¢+ 1 first. When both inequalities are
satisfied for ¢ =1,...,n — 1, the optimal policy assigns higher priorities on disposing inventories at
more upstream stages, and the additive-convexity property is preserved under the optimal disposal

policy.

We note that Angelus (2011) studied a similar serial system where inventories at all stages can be

disposed under Markovian-modulated demands. Angelus (2011) proposed a heuristic called disposal
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saturation policy to manage this system, which requires a prioritized disposal policy (i.e., inventory
at each stage cannot be disposed unless all inventories at its upstream stages are disposed). Angelus
(2011) did not address the issue of when this heuristic is optimal. Partly inspired by this study, we
consider a slightly different system without allowing inventory disposal at stage 0. For our system,
Theorem EC.3 implies that the disposal saturation policy is optimal under Assumption 2. We
expect a similar result to hold for Angelus (2011)’s system and leave the detailed investigation to

the interested reader.

Appendix D: Numerical Study in Section 3.3

We consider problems with N =4 products and T € {3,10,20} periods. The unit backlogging costs
of the four products are g; =1, g» = 0.9, g3 = 0.8, and g4 = 0.7. The profit margins o;;, 1 <i < j < N,

are given by the matrix
16 14 12 10

(05 ) s = 0 151311
GAAT 0 0 14 12
0 0 013

When T = 3, the demands for each class ¢ in different periods follow the same uniform distribution
with support [0, D]; and the maximum demands (D!,..., D*) are chosen from the six scenarios in
Table EC.1. In each scenario, product i’s initial capacity X; is chosen from {0,T,2T, ..., DT/2} to
ensure the robustness of our results. We drop the instances where at most one of the initial capacities
X1, X5, X3 is positive where APSR is optimal. That is, we only test the instances where APSR may
be suboptimal. In total, we test 1866 instances with 7= 3 under different initial capacities and
maximum demands. When T'= 10 and 20, for tractability of the optimal policy, we suppose that
the demands for each class ¢ in different periods follow the same uniform distribution with support
[0, D?/2]. In addition, we test the initial capacities by choosing X; from {T'/2,T/2+5,..., DT /4}.
In total, we test 720 instances with 7" =10, and 5670 instances with 7'= 20 under different initial

capacities and maximum demands.

Table EC.1 Scenarios of maximum demands of four products when 7'=3

Scenario| 1 2 3 4 5 6
Dt 8 8 8 8 8 8
D? 6 6 4 4 10 10
D? 4 10 10 6 6 4
D* 10 4 6 10 4 6

Following Yu et al. (2015), given an initial capacity X, we define the performance measure as

| Hapsr(X) —II(X)
S T

x 100%,
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where I14p5r(X) and II(X) are the expected total profits under APSR and the optimal policy,
respectively. Then, A,,; measures the optimality gap in percentage by using APSR rather than
the optimal policy. For each instance, we use backward induction to evaluate I1(X) for the optimal
policy; and for APSR, we first use backward induction to calculate the protection levels and then
Monte Carlo simulation to evaluate I14psr(X). All the numerical experiments are conducted using
Matlab 2015b and run on a Unix server with 3.06GHx Quad-Core Intel Xeon X5667 processor.
The longest running time to evaluate II(X) for an instance is about 82 hours, whereas that to
evaluate I14p5p(X) is about 5 minutes. Thus, APSR is much more efficient in computation than

the optimal policy.

The statistics for the A,,; values are summarized in Table EC.2. It can be seen that APSR
performs consistently very well, with an average optimality gap of 0.169% and the maximum

optimality gap of 8.959% over a total of 8256 instances with N =4 and T € {3,10,20}.

Table EC.2 The optimality gap A,,: of APSR compared with the optimal policy
90%- 95%- 99%-
Mean Std. Median percentile percentile percentile Max.
T=3 0.022% 0.033% 0.013% 0.050% 0.076% 0.175%  0.536%
T=10 0.1056% 0.329% 0.319% 0.243% 0.474% 1.400% 4.017%
T=20 0.381% 0.871% 0.075% 1.099% 2.015% 4.207%  8.959%
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