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Proofs and Additional Results

EC.1. Proofs in Sections [3] and [4}

Proof for Proposition[l} Consider firm X’s strategy to be ¥ = —x;.” Then the game is
equivalent to the following definition: the strategy sets are ¥; € [—1,0] and y; € [0,1] for
all i. The payoff functions are

n

fx(@,y) :;—;i’ (oc _Zgllx] log(— )+10g(1+fz’—yi)>

when %; =00 or x; +y;, = —% +y; <1 forall i; If —%; + y; > 1 and & < 0 for some 7 then

fx = —oo. Similarly

=
\&31
<
||

Z Yi <0¢ + Zg’fyf log(y;) +log(1+ % — yi)>

i=1 Pi -

wheny; =0o0r —%; +y; <1forall ;; If —%; +y; > 1 and y; > 0 for some i then fy = —

Clearly, fx and fy map [—1,0]" x [0,1]" to RU { —co}. Next we show that the game satisfies

Assumption (A1) to (A4) preceding Theorem 4 in Milgrom and Roberts|(1990) and is thus

a supermodular game.

A1: complete lattice The strategy set Sx = [—1,0]" and Sy = [0,1]" are complete lattices
equipped with the usual component-wise partial order.

A2: order upper semi-continuity We only show this property for fx and that for fy follows
similarly. For fixed y, fx is infinitely differentiable if &; € (y; — 1,0) for all i. When
%; — 0, the corresponding term in fx tends to 0. When &, — y; — 1, fx — —oo. The

point that needs special treatment is when y; = 1 for some i. In thiscase i =1 —y; =0

and the ith term in lim;, _,; fx can either be —oco or 0 depending on the choice of the
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converging sequence. But in both cases, it is easy to verify that limgz, .z fx < fx(&,y)
by our definition of fx. Therefore, fx is order upper semi-continuous and has a finite
upper bound.

A3: supermodularity and A4: inreasing difference We show a stronger result that fx is super-

modular in (&,y), i.e.,

fx(&1,y1) + fx(Z2,92) < fx (&1 A Zo, 1 AY2) + fx(B1V &2, 91 V Y2). (EC.1)

Since the property for fy can be obtained similarly, this implies both A3 and A4.
Consider fx(&;,y1) and fx(&, y»). If either of them is —co, then automatically
holds. If both of them are finite, then!! —&; +y; <1 and —&, +y, < 1, then —&; A
T+ Ay <land =& V&, + y1 V y» < 1. Moreover, fx is finite and infinitely
differentiable inside the hypercube formed by (&1, y1), (£2,y2), (81 A &2, y1 A y2) and

(&1 V &2, 41 V y2). Since

9fx 1—yi dfx i . 8ji .
== > — o7 ot > )
oxay, B+ m -y =0 grag =g T 20 friFi (ECD

by finding a path integral, the standard result in the lattice theory implies (EC.T).
After verifying the assumptions, the game is a supermodular game; from Theorem 5 in
Milgrom and Roberts|(1990), there exists pure-strategy Nash equilibria.
We prove the following lemma. To simplify the notation, we only focus on the case of

symmetric products and show results for i7(x). The claims carry over to asymmetric firms.

LEMMA EC.1 (Property of 1, h~' and 77(x):).
1. The function h maps R, to R; h™' maps R to R~. Both h and h™" are increasing. h'(x) =
1/x4+1. (WY (x)=h*(x)/(1+h*(x)). h'(x) >x for x <1and h™'(x) < x for

x>1.
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2. For0< x < 325 i(x/(1— 2x)) is concave; for 25 < x < 1/2, h(x/ (1 —2x)) is convex.

3. 7(0) =1, y*(0) < 1.

4. We have
) 1- h*l(oc:;x#yx)+1 C
y(x)__l_h—l(zx—1+'yx)' (EC.3)

Moreover, i’ (x) § —1ifand only if x § (exp(a) +1)/7.
5. When x < (exp(«) + 1)/, ¥'(x) is increasing in x. Moreover, ij’ (x) = 0 has one solution

for x> 0.
Proof of Lemmam Part 1 is straightforward by direct calculation. For part 2, note
that

dh(x/(1—2x)) 1—x

dx ~ox(1—2x)2
dh(x/(1—-2x)) —4x*+6x—1
dx? o x2(1—2x)3

It is easy to see that Ehx/1-29) 0 for 0 < x < 35 and Phix/(1-29) - 0 for 5 < x <1/2,

dx? dx?

Part 3 is straightforward by Equation (7). For Part 4, the derivative of §(x) can be cal-

culated directly. Moreover, we have

Yx
h—l(oc—1+'yx)+1<0

7(x)>-1<=1-
— hla—1+yx)<yx—1 (EC.4)
= a—1+yx<h(yx—1)

1+ e*
= x> .
Y

Therefore, 77/ (x) § —1if and only if x ; (exp(a) +1)/7.
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To show part 5, note that

= (a—T1+9x)+1—9x _ _ _ -1
_,, Do arinn _ (T 1= 9x) Qh T 4+ 1ty

7(x)=- dx T 1)) , (ECH)

where we simply omit the parentheses and let ' = k="' (a — 1 + yx) as there is no confu-
sion. When x < (exp(a) +1)/7, 7 (x) < =land h ' (« — 14 yx) + 1 — yx > 0 by (EC.4).

Therefore, 7’(x) > 0 and §7'(x) is increasing in x. For the second claim, by (EC.5)

ht+1 -
7'(x) S0 = W§(’YX—1—}1 Y

Note that the LHS is decreasing in ™!, and thus x, while the RHS is increasing in x
because its derivative in x is 7/ (h~! 4 1). Therefore, there is only one solution to 7"’ (x) =
0, which may or may not fall in [0, 1].

Proof of Proposition We first show that y =h~!'(a« — 1 + 7) + 1 has a unique solution

for v > 0. Define fy(y) £y —h'(a — 1+ ) — 1. By Lemmam

fol) o ia=1+7) L > 0. (EC.6)

dy Cha—149)4+1 hl(a—1+79)+1

Moreover, f5(0) = —h (e — 1) — 1 <0 and fy(+0c0) > 0 because

fo(+0) >0 <= lim (x—h ' (a—1+x)—1)>0 < lim (h(x—1)—(x—1) —a) >0.

X—+00 X——+00

Since fy(-) is a continuous function, fy() = 0 has a unique solution ; € (0, +00).
Next we show that for v < 7; and x € [0,1], 7 (x) < —1 so 7(x) has an inverse x*(y).

According to , we have

Jx) <l <= yx—h'(a—1+yx)—1<0.
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Note that the LHS of the last inequality is f(yx). The inequality holds because yx < <
T, fo(vx) >0, (by (EC.6)) and fo(71) = 0 (by the definition of ). Applying the same
argument to X'(y), we conclude that the inverse of ¥(y) coincides with y*(x).

We proceed to prove the existence of a single symmetric equilibrium. It suffices to
show that 7(x) (the inverse of x*(y)) and y*(x) has one and only one intersection for
x € [0,1]. Since ¥'(y) < —1 (by symmetry), it follows that (y*)’ € (0, —1). This implies that
(7 — y*)’ < 0 and there is at most one intersection of 7(x) and y*(x). Because 7(x) is a
continuous and decreasing function, it must intersect y = x. By symmetry, y*(x) passes
the same intersection. Therefore, 7(x) and y*(x) has one and only one intersection, which
corresponds to the unique symmetric Nash equilibrium.

Proof of Proposition[3| : This proposition is a straightforward corollary to Proposition|5]
Hence, we refer the readers to the proof of Proposition 5}

Proof of Corollary[T} From Definition it is clear that in any Nash equilibrium (x*,y*),

we have

*

x
h (o — 14 9x*)

x*+y*:1_

From Lemma by the property of h~!(-) we have that
1-x' =y =0(y").

To compare the prices in equilibrium, we can write down the difference in prices charged

by firm X minus that by firm Y (after scaling)

=2

(x" —y") — (log(x") —log(y")).
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Figure EC.1  Tllustration of h(x/(1 —2x)) and h(x/(1 — x — xp)).

Since x* — y* > 1 — 24, the first term is linear in v. However, by the equilibrium condition

C e X 4 y
Ay =l h*l(zx—l—k'yx*)_l (e — 1+ yy*)

= z = v
hia—1+yx)  hli(a—1+yy)

*

Note that i (o — 14+ yx*) = Q(y), h (a« — 1+ yy*) > h ' (a — 1). Therefore, y* = O(7y7!)
and —log(y*) grows slower than a linear term in -y. Therefore, the difference is positive
for a sufficiently oy and we have completed the proof.

Proof of Proposition 4| : We will use the following steps to establish the result.

i. Define ay. Show that for given a < &y, we can find 7, so that for ¢ <1,,

X
h<1_2x>—(x—1+'yx (EC.7)

has only one solution x,, which is between 0 and ¥ £ 3-¥5 2 0.19. Note that (EC.7) is
a necessary condition for any symmetric Nash equilibria, which is derived from the

first-order condition (8).
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ii. For a sufficiently small'? «, we can find € so that for y € (7, — €,7.),

X

has three solutions, where x; is the solution to (which depends on a and 7)
and thus automatically one of the solutions to (EC.8).
iii. Combining step i and ii, show that there does not exist any symmetric equilibrium
when « is sufficiently small and y € (7, — €,7.)-
iv. Under the same condition as step iii, show that there exist two asymmetric equilibria.
Next we start proving the result according to the above steps.

Step i: Define

1-=x X

The definition of «, is interpreted as follows. By part 2 of Lemma when x < % (x >
%), h(x/(1 — 2x)) is concave (convex). If we start from the point (%, h(%/(1 —2%))) and
introduce a tangent to #(x/(1 — 2x)) at X, then the tangent has the following expression:

y—h(x/(1-2%)) d(h(x/(1—-2x)))

x—Xx dx

. 1-x
(1 -2%)%

x=Xx

This tangent intersects y-axis at (0,a9 — 1). Equivalently, if we introduce a tangent to
the convex segment (x € [%,1/2)) of h(x/(1 — 2x)) from (0,ap — 1), then the point of
tangency is (%, h(%/(1 — 2%))). Moreover, such tangent is unique, because h(x/ (1 — 2x))
is an increasing convex function for x > £.

For a < ap, we introduce a tangent to the convex segment of /1(x/(1 — 2x)) from (0, ).
This tangent is unique. Let -, denote the slope of the tangent, which, together with the
point of tangency x’, solves

~d(h(x/(1—-2x))) o 1=x
Yo dx e X (1—2x)%

(EC.9)
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_ h(x'/(1-2x")) —a

7

Ve v

/ ~

X > X.

The first equation states that the slope must be equal to the derivative at the point of
tangency; the second equation states that the line must pass (0,«); the third inequality
states that the point of tangency is at the convex segment of i1(x/(1 — 2x)). It is clear that
the expression of the tangent is y = & — 1 + ,x, which is the same as the RHS of (EC.7).
Since h(x/(1 — 2x)) is increasing and convex for x > ¥, it follows that as « < wy decreases,
the point of tangency x’ and the slope <, both increase. This fact will be used in step ii of
the proof.

Next we show that if v < 1,, then there is one solution to (EC.7), which is between 0 and
%. First notice that the tangent y = « — 1 + 7,x is always below the convex segment. Thus,
a—1+yx<a—149x<h(x/(1—-2x)) for x > %, and there is no solution to
that is greater than or equal to %. For x € [0, %), h(x/(1 — 2x)) is increasing and concave;
moreover, lim oh(x/(1 —2x)) = —oc0 and h(X/(1 — 2X)) > a — 1 4 y&. Therefore, by
the continuity of both &(-) and y =« — 1 + -yx, there is one solution x, to that is
between 0 and ¥. Hence we have completed step i. The idea of the proof can be illustrated
graphically by Figure m

Step ii: We will show that for « < —15.2 and 7y = -, as defined in step i, there are three
solutions to @ — 1 + yx = h(x/(1 — x — xp)); that is, there are three intersections of the
dashed line and the red curve in Figure 13 This is sufficient for the claim in step ii
because all functions we are considering are continuous and we can find a sufficiently

small € so that for 7y € (7, — €, 7,) there are still three solutions to (EC.8).
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Figure EC.2  Illustration of step i of the proof for Proposition It is clear from the figure that when v < 7,

y=a—1+yxand h(x/(1 —2x)) have only one intersection, which is between 0 and *.

We first show that if 7, < w,xqo, then there are three solutions to &« — 1 +

YeX =h(x/(1 — x — x0)). By the definition of xo, h(x/(1 — x — x¢)) intersects & — 1 + y,x
at xo. It suffices to show that there are two more intersections of h(x/(1 —x — x;)) and

« — 1 + 7y,x to the right of x,. To prove that, we derive the structure of (x/(1 — x — xo)).

The derivative of h (1_;‘_)(0) is x(ﬁl_;x_oiz)z. We can show that i (1_x"_x0) is concave for 0 <
x < (1 —xp)/3 and convex for (1 — xp)/3 < x <1 — x,. A continuous function consisting
of a concave segment and a convex segment can have at most three intersections with
a straight line. Therefore, we only need to show that there are at least two solutions to

x/(1—x—xq))

h(x/(1—x—xp)) =a—14 v,x to the right of x,. Since 7, < h( 0 | v—x,, it follows
that i(x/(1 —x — x)) > a — 1 4 y,x for x \, xy. Moreover, since lim,_,;_y, h(x/(1 — x —
Xo)) — (& — 1 4 7,x) = 409, it suffices to show that there exists x” € (xy,1 — xp) such that

h(x'/(1—x"—x)) <a —1+7,x". Such x’ is constructed as follows. Suppose the point of
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tangency of &« — 1+ y,x and h(x/(1 — 2x)) is x’. Since x’ > X > x, by step i, it follows that

x' x'
-1 X =h| —— h| —— .
“ R <1—2x’>> <1—x’—x0)

This completes the proof for the claim in this paragraph.

dh(x/(1—x—xq))

dx |+—x,- By the analysis

Next we show that for « < —15.2, we must have v, <
in step i, the point of tangency x’ satisfies

1—x x'
=1 gy P i)

As previously shown in step i, x” is decreasing in a. Therefore, it can be calculated that

when « < —15.2, we have x’ > 0.41. Because the line &« — 1 + 7, x passes (xo, h(x/(1 —x —

Xo))), we have the following relationship between x’ and x, by (EC.9):

Xo 1—x , x'
h = —x')+h : EC.1
(1—2x0> x’(1—2x’)2(x0 2 (1—2x’> (EC10)

The RHS of the above equation can be interpreted as follows: if we introduce a tangent to
h(x/(1—2x)) atx’, then the RHS is the value of y as the tangent intersects x = x,. Because
h(x/(1 —2x)) is convex for x > &, the RHS decreases in x’ for a fixed x,. Therefore, since

x' €[0.41,0.5) and x, < ¥ < 0.2, it follows that

Xo 1-041 0.41
< 2-0. —= ) <>
h<1—2x0>_0.41><(1—0.82)2(02 041)+h<1—0.82>< >

This implies that —log(x,/ (1 — 2x)) > 5 and x, < 0.008. Therefore,

dh(x/(l—x—xo))| _ﬂ>l>—1810 0
dx e B i
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1—x x' x'
>18( 0 (¥ —x)— ~1
= (x’(l—Zx’)z(x %) =Ty Og(l—Zx’>>

1—x 2x'
>18( -t (¥ —x) —
= <x’(1—2x’)2(x %) 1—2x/>

1—x' , 51—-x) 12x
> _ _ _
_3x’(1 —2x’)2<x %o) +3 <x’(1 —2x')2 (' = x) 1 —2x’)

1—x

>3 (x — ,

> 3x’(1 v (x" = xp) (EC.12)
S 1—-x

—x(1-2x) Ta:

Here the second inequality is because exp(1/18x) > 1/x — 2 for x < 0.008 by numeri-

cal computation. Equation (EC.11) is due to (EC.10). Inequality [EC.12|is because of the

following facts: for 0.5 > x’ > 0.41 and x, < 0.008, we have

;o /
5(x' — xp) S 2 S 10 S 12x '
(1—2x)2~ (1—2x)2 ~1—2x — 1-—2x

51-x)
w1 2w ® M2

Hence we have completed step ii.

Step iii: Observe that a necessary condition for a symmetric equilibrium (x*, x*) is that

h( i ):oc—l—{—’yx*.

1—2x*
By step i, the equation only has one solution x, < . We will show that x, is not the best
response to xo; that is, x¢ is a local maximizer but not a global maximizer. Note that by
step ii, the first-order condition, « — 1+ yx — h(x/(1 — x — x¢)) =0, has three solutions.
Both the smallest solution, which is x,, and the largest solution, denoted £, correspond to
local maxima. We only need to show that £ generates a higher profit than x,, so £ is the
global maximizer. We will show this for « < —15.2 and 7y = <,.. Then again, by continuity,

the same claim holds for y € (y, — €,7,) for a sufficiently small e.
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) + 1 — 7.x, into the profit (7),

X

ecl2
If we substitute the first-order condition, & = h(lixixO
then it suffices to show that
1 v v
P+ 1t ol (U EC.13
s (1—32—3(0 2>>x0+x0<1—2x0 2> (EC13)
— > 1, then

1—)?—3(0

By step ii, xy < 0.008 and £ is to the right of ¥. If we can show

1 «
7)>a€>i: i
(=2 %)

R+
1—%—x

and step iii is proved.
> % by contradiction. The fact that « — 1 4 7,x passes

Now we prove 17;7}(0
(2,h(%/(1 —xo—%))) and is the tangent at (x’,h(x’/(1 — 2x"))) implies that
X o 1-X R , x!
h<1—9€—x0>_x’(1—2x’)2(x x>+h(l—2x’> (EC.14)
1 1—x 1—-x I x’ . b4
¢ 1-2v)2) T a—2we "\1-2v) ®1-z2—x
(EC.15)

x<1—x—x0 o
Since £ > x’ by their definitions, it follows from (EC.14) that
/(xl _ xO)

/

X R , X
< X—Xx >
1—x

h _ >h X = x >
1—%—x 1—2x 1—%—x0 1-—2x
(EC.16)
Because x’' > 0.4 and x, < 0.008, we have £ > 0.5 and thus
3% b (1—=x)(2—x") x' — xo 0.402
>h >
M—f—x) 2" T3-S vicovr CO-2pZ(d_2v)
21 —%—x)  (1—=2x) o
002 >1—xp—4(1—2x')2 (EC.17)
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Here the first inequality is because of the fact that 2logx < x for x > 1 and that —— >

17.\77)(0

25 = 1; the second inequality is because of (EC.14); the third inequality is due to (EC.16).

1-0.5

.. . . . 1 (1=2") (x' —xg)
By the proof of step ii, (EC.12) in particular, we have established that - >3 o>

¥ (1-2x7)2

3 x 0.402(1 — 2x') 72, which implies that xo < 0.9(1 — 2x’)%. Therefore, combined with
(EC.17), we have

£>1-49(1-2¢)*>1— (1-2¢)10 (EC.18)
for x’ > 041. If

1 Y 1—x
. — EC.19
1—2%—x <72 2x'(1 —2x')? ( )

then the LHS of (EC.15) is

P 1 1Y n 1—x s 1—x L 1—x
1—%—xy ¥(1—2x')2 (1—2x")27 "2x'(1—2x)% (1—2x')?

1—x 1—(1—2x")t0
= (1—2x')? (1 B 2x' )
(1 —x)(1— (1—2x)0)

- 23 (1 — 2x') <0

Here the first inequality is by (EC.19) and the second inequality is by (EC.18). However,

the RHS of (EC.15) is

x' by x' 1
) s ) -
h<1—2x’> IOgl—ae—xo—h<1—2x/> log =37,
x' 1—x
> — ] -1 _— | >
=2 <1 —2x’> 8 (Zx’(l —2x’)2> 20

where the second inequality is by (EC.19) and the third inequality is by explicitly com-
puting the function for x’ > 0.41. This leads to a contradiction and thus we have proved

step iii.
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Figure EC.3  The curves of 7(x), ¥(y) and the best responses for step iv of the proof of Proposition
The best response functions (e.g. x*(y)) only overlap partially on the corresponding “bar”
functions (e.g. 7(x)) because the latter are non-monotone and do not have inverses. Nash
equilibria must be intersections of 7(x) and %(y), but the converse is not true. First, if at
the intersection one of the “bar” functions is increasing (say 7(x) is increasing at x1), then
it corresponds to a local minimum rather than a local maximum (x; is a local minimizer of
revenue when firm Y plays 7(x1 )). This can be derived by observing the sign of the first-order
condition (B). Second, even if both %(y) and 7(x) are increasing at the intersection (such as
Xp), it may only correspond to a local maximum but not a global maximum. It is shown in

step iii that xg is not the best response if the competitor plays x.

Step iv: Having established that symmetric equilibria do not exist, we will proceed to
show that there exist two asymmetric equilibria. More precisely, we will show that j(x)
and y*(x) intersect at some x; < Xy, and that 7(x) = y*(x;) has only one solution x = x;.

The first claim states that y = y*(x;) is the best response to x = x;; the second claim states
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that x; is the only local maximum of firm X when Y plays y*(x), and therefore the best
response.

To show the first claim, we will first prove that y*(x) is continuous for x € [0, x,]. By
part 5 of Lemma 7' (x) crosses 0 from negative to positive for x > 0. Therefore, 7(x)
can be decreasing, then increasing, and then decreasing as x € [0,4o0] increases. Now
by step ii, 7(x) = xo has three solutions for x € (0,1). This implies that 7(x) must be
decreasing, then increasing, and then decreasing for x € [0,1], as illustrated in Figurem
(we restrict the image of 7(x) to [0,1] in that figure). The same argument applies to %(y)
by symmetry, and therefore for x < xy, ¥(y) = x has three solutions. To show y*(x) is
continuous for x € [0, x|, it suffices to show that from the three local maxima satisfying
%(y) = x, the global maximum is the largest one: the maximizer is continuous if it doesn’t
switch between different local maxima. The proof for this is the same as step iii, when we
show that the largest local maximum is the global maximum for x = x,. In particular, in
(EC.13), the term —— — 2 is still positive for x < x,. By continuity, the fact y*(0) <1 =

1-%—xg

7(0) (Lemma|EC.1) and y*(xg) > x = (o) (step iii of the proof) implies that 7 and y*

intersect for some x; < xy.

Next we prove the second claim. Since 7(x) = x, has three solutions by step ii and
X = X is the smallest solution, it follows from the structure of 7(x) (it is decreasing, then
increasing, then decreasing) that (x) is strictly decreasing in the interval for x € [0, xo].
Therefore, for x € [0, x|, there is only one solution to §(x) = y*(x1), which is x = x;. To
show there is no solution for x € (xo,7(x;)), note that 7(x) = x has only one solution
X = Xo by step i. Furthermore, 7(x) < x when x > x, (see Figure for illustration).

This implies that for x € (xo,7(x1)), we have 7(x1) = y*(x1) > x > 7(x); therefore j(x) =
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y*(x1) has no solution for x € (xg,7(x;)). For x > i(xy), first note that 7(x) is a decreasing
function for x > y*(xo). This is because y*(x) is the largest of the three local maxima to
7(x) = xp and must be on the second decreasing segment of 7(x). By the structure of 7(x),
itis decreasing for x > y*(xp). Since we have shown that 7(x;) = y*(x1) > y*(xo), it follows
that 7(x) < 7(y*(x0)) = x0 = 7(x0) < 7(x1) for x € [§j(x1),1], where the last inequality is by
the fact that 7(x) is decreasing for x < xo. Therefore, there is no solution to 7(x) = y*(x1)
for x in that interval. This completes step iv and the proof.

Proof of Proposition|5| : We will divide the proof into the following steps.

i. For any € > 0, we can find <, sufficiently large so that for v > ;, we have 7' (x) <
—1+e€eand ¥ (y) < —1+ €. As a result, both 7(x) and (y) are decreasing and have
inverses.

ii. We can find a sufficiently large v, > 7, so that for v > ,, there are at most three
Nash equilibria.

iii. Show that for any ¢ € (0,1/4), we can find a sufficiently large 7; > 7, so that for
v > 7,, there exist two Nash equilibria (x7,y;) and (x3,y3), where x7,y; € (1 —5,1)
and x3,y; € (0,9).

iv. Show that there exists another equilibrium (x;,y;) such that x; > x5 > x5 and y} <
¥s < ;3. The equilibria (x7,y7) and (x3,y3;) are stable, while (x3,v;) is unstable.

Step i: We first derive a lower bound for h~!(x). First observe that 1! (x) ; x if and

only if x = 1. Moreover, when x > 1, h(x — log(x)) = x — log(x) + log(x — log(x)) < x.

Hence h'(x) > x — log(max{x,1}). By this lower bound, we have

log(max{a* —1+yx,1}) — a*
(aX =1+ yx)*(aX + yx)*
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where ' (a* — 1 + 7yx) in the numerator is replaced by its lower bound we have just
derived and i!(a* — 1 + 7x) in the denominator is replaced by the lower bound a* —
1+ x. It is clear to see that the LHS of the last inequality is O(log(7y)/7?*) as v — oo
for a given x > 0. Similarly, ¥'(y) < —1 + € can be reduced to an inequality in which a*
is replaced by a¥. Therefore, we can choose 7; sufficiently large, so that 7/(x) < —1+¢€
and ¥'(y) < —1+e€. Asaresult, 7(x) and X(y) are both decreasing; their inverses coincide
with the best responses.

Step ii: As Nash equilibria are solutions to 7(x) = y*(x), we will show that there are
at most three solutions to the equation. It suffices to show that there are at most two
solutions to 7'(x) = (y*)'(x). To prove this, we derive the structures of 7'(x) and (y*)’(x)
in more detail.

Combining step i of the proof and part[4]of Lemma we have

(—o0,—1] x< (e +1)/7 (oo, —1]  y< (e +1)/7

7(x)€ , X(y) €
(-1,—14¢€) x> (e +1)/y (=1,—14¢€) y>(e” +1)/y
(EC.20)

By the property of function inverses, it is equivalent to

(i 1) () < +1)/7
(x")'(y) € ,

[~1,0) X (y) > (e +1)/v

(—t2 1) y(x) < (e +1)/y
(v")'(x) € : (EC.21)

[—1,0) yr(x) > (e +1) /v
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By the fact that y*(x) is decreasing and is the inverse of %(y), y*(x) S (e + 1)/ is

equivalent to x = %((e*" +1)/v), where

. e"‘Y+1 _1_e”‘y+1_ e“y+1
v ) ¥ Yh (@Y + ')

We will show that (e** +1) /vy < %((e*" 4 1) /) for a sufficiently large vy, which implies

that the intervals of 7' (x) € (—o0,—1] and (y*)'(x) € (—7%, —1) do not intersect; more-

1—€’

over, the solutions to 7’(x) = 0 and (y*)”(x) = 0 both fall into ((e‘"X +1) /7, %((e* +

1)/7)).” By (ECJ5), the solution x.; to " (x) = 0 satisfies

_ h 1 4+1
YXs1 — 1—nh 1(DCX -1 —|—'yx51) = m € (0,1),
which implies that
| e+ 40

The left inequality already implies that x5 > (e“X +1)/7. To show xg < X (eaXT“) for a

sufficiently large -y, note that

Y X X X
o 1 a1 2 o 1 o 1
'y>e”‘X+1+e“Y+3+ s :>e * <3Z<e + ):>x51<x<e + )

h1 (Y + o) v v v

Similarly, by the property of function inverses, the solution x,, to (y*)”(x) = 0 satisfies

1y (x2) —1—h7 (&' =1+ 9y (x2)) € (0, 1),

which implies that
e 41 <y (ra) < e 4 2
i Y
The left inequality already implies that x,, < (e*” + 1) /7. To show x > EHXT“ for a suffi-

ciently large -y, note that

X Y X X
o 1 ot +1 2 o 1 o 1
'y>e"‘y+1+e"‘x+3+ ¢+ — ¢ + <JZ<€ + >:>x52>e fy+ )

h=1(aX 4 er™) 0% 0%
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Therefore, we let

e"‘X—i-l e"‘y-l-l}

A aX 41 oY +1
7>%_max{%’e e Jr3+h‘1(0¢") T

which is sufficiently large and partition the interval [0,1] into three sub-intervals,
[0, (e +1)/9], (" +1)/7,%(e* +1/7)],and (&(e* +1/7),1]. By the previous analy-

sis, the solutions to 7”(x) =0 and (y*)”(x) = 0 fall into the mid interval. By (EC.20) and
(EC.21), we have

< —1and increasing x € [0, (e +1)/9]

7(x) 9> -1 xe ((e +1)/y,x(e +1/7)]

> —1 and decreasing x € (%(e* +1/9),1]

< —1and decreasing x € [0, (e +1)/7]
) (x)§ < -1 xe (e +1)/v,x(e" +1/7)]

> —1and increasing  x € (Z(e* +1/7),1]

Hence there exist at most two solutions, in the first and third intervals respectively, to
7" (x) = (y*)'(x). This completes step ii.

Step iii: We first show the following claim: For a sufficiently large 7, if we let x, =
(exp(aX)+1) /7, i.e., the boundary between the first and second intervals defined above,

then 7(x2) < y*(x7). This is because

B 7(x2)
h=t (& — 1+ 77(x2))
Xa S y(x2)
ht(aX —1+9x2) = h ' (a¥ — 1+ v7(x2))

7(x2) <y’ (x2) <= 2(§(x2)) > 12 <= 1—7(x2) > X

—
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<&>e0@‘+1> 1 1_(e“X+1)2
yer' T hTH (e =1+ 77(x2)) yer
= (& —1+97 et e
1) > I et 1
IXX
< o' —1+97(x)) >h (eﬂ’YX:—l — e — 1>
am y _ ye* X
' +77(x) > e —e" +logy
TS24+ tlogy
e +1

Ly s +1)2—a")| +2+ 2 +6(e +1)%

Here (I) follows from the fact that 1! (a* — 1 4 yx,) = exp(a*) and that

X
B B X2 . <€a + 1)2
jl) =1-x, 1 (aX — 14 9x,) 1 yert 7

X
o

(IT) follows from the definition of i(:) and the fact that eZX i e —1 < +y; (III) holds

because 7 > 2|(e* +1)(2 — a¥)| +2+2¢ " +6(e*" +1)? implies I > (e +1)(2 —a¥) +

1+ e *". Moreover, we have ¥ > (¢*" + 1) logy because

v\ log(y) -1
— >0
(10g7> (log)?

for v > 6(e*" 4 1)? and that

aX 2
v 6(e*” +1) S 20" 1 1) 3

log 7y |, gexirz  log(6(e™ +1)2) —

>0 1) = 1 >0 11
e 2 ) = e

forall 4 > 6(e** 4 1). Therefore, summing up the two inequalities gives (III). Hence when

we choose 7 according to the last inequality (III), we always have 7(x,) < y*(x2).
Because 7(x;) < y*(x;) and 1= 7(0) > y*(0) (by Lemma[EC.1), there must be at least

one solution to 7(x) = y*(x) in (0, x,), which corresponds to a Nash equilibrium. More-

over, we can choose ¢ > (e + 1)/ so that the solution is less than x, = (exp(a¥) +
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1)/ < . It establishes the existence of (x3,y3), where x; < ¢ and y; > 1 — §. Symmetri-

cally, we can establish the existence of (x7,y;). From the proof, we can pick

X Y
* 1)(e* 1
7> 75 = max {7, & F )5(3 D ol + 12— ") £ 2426 +6(e” +17,

2[(e +1)(2—a¥)| +2+2e +6(e" +1)%).

Step iv: By step ii, 7' (x) — (y*)'(x) first increases (in the first interval) then decreases
(in the third interval) in x and 7'(x) — (y*)'(x) = 0 has at most two solutions. By step
iii, 7(x) — y*(x) = 0 has two solutions x; (in the third interval) and x; (in the first inter-
val) when 7 > ;. These two observations, combined with the fact that 7(0) — y*(0) >0
and 7(1) — y*(1) <0, imply that 7' (x7) — (v*)'(x;) < 0 and that 7' (x}) — (y*)'(x}) < 0.
As a result, j(xj —e€) —y*(x; —€) >0 and 7(x; + €) — y*(x; + €) < 0 for some small
€ > 0. Because 7(x) and y* (x) are both continuous,'® there is another solution, x; to 7(x) —
y*(x) =0 between xj and x3. Furthermore, 7' (x3) — (y*)'(x5) > 0. This implies that (x},y;)
and (x3,y;) are stable, whereas (x3,y5) is not.

Proof of Proposition[e] We show that if

(@ —1+7)
exp(a¥) +1

ocX>zx1émax{1+h< ),'y+log(fy—1)},

then there is one and only one Nash equilibrium. For such «, it follows from (EC.3) that

rx i Y

h=t(aX —1+9x) +1 <h—1(aX—1)—|—1 <h—1('y—|—log(’y—1)—1)—|—1 =1

=7'(x) <-1 (EC.22)

Moreover,
/ 1- h—1 (:ijf+7x)+1
_ — 1
7(x) h=1(aX — 1+ yx)
1 1 exp(a¥) +1

S R S . S
> h=1(aX —1) > (e — 1) — yh (¥ =14 7)
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These bounds on i'(x), combined with the fact that 7(0) = 1, imply that

i} B exp(a¥) +1 NP exp(a¥) +1
7(x)>1 <1 + @ =15 7) x>1—x @ =15 7)" (EC.23)

On the other hand, it follows from (EC.4) that for 1 >y > (exp(a¥) + 1)/, ¥'(y) > —1

and

SO A y o exp(a)+1
(y)=1-y h*l(txy—1+'yy)<1 y i@ =15 7) (EC.24)

For any Nash equilibrium (x*,y*), we must have %(y*) = x* and 7(x*) = y*. It follows
from (EC.23) that x* +y* > 1 — _opl) il ; and from (EC.24) that y* < (exp(a”) +1)/7.So

yh=1(a¥ —1+7)

we only focus on this region for Nash equilibria. Because j'(x) < —1, the inverse of 7(x)
is x*(y); moreover, by (EC.22), (x*)'(y) > —1. On the other hand, it follows from (E
that ¥'(y) < —1 for y € [0, (exp(a¥) + 1) /7y]. These observations imply that %(y) = x*(y)
has at most one solution for y € [0, (exp(a¥) + 1) /7], and thus there is exactly one Nash

equilibrium since we have established the existence.

EC.2. Proofs in Sections [5] and [6}

Proof of Proposition[/}  The idea of the proof is based on Milgrom and Roberts|(1990).
Suppose there are at least two distinct pure-strategy Nash equilibria. By the proof of
Proposition the transformed game is a supermodular game. Therefore, we can find
the largest equilibrium (Z, ) and smallest equilibrium (z,y) in the transformed game'”,

satisfying & > = and § > y. Without loss of generality, let j be such that [¥; — x;| =

max; {max | % — x|, |7 — zil}}. Because (&,%) and (z,y) are Nash equilibria, we must
have
fx (2 af X _

j j
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We parameterize the path from (z,y) to (Z,g) by t € [0,1]: (z +tH(& —z),y +t(F — y)).

Therefore,
an = = dfx
0= 0x; (z,7) - aTC].(QIQ)
-/, ( aag (@+Hz —z),y+H5 - y)
+ (@ -y) L (“3+t(j—w),y+t(ﬂ—y)>>dt (EC.25)
= 8x]8yl - —/rZ Jd

Equation (EC.2) provides the expressions of the second-order derivatives. In particular,

dfx/0x;0x; > 0 and dfx /dx;0y; = 0 for i # j, dfx/dx;0y; > 0. In addition, we have

Pfx 28 (1—y)?
ox;0x;  PBi Bixi(1+x;i —yi)>

Therefore, we denote (z(t),y(t)) = (z + t(& — x),y + t(§ — y)) and have

BB < (5 2) [ g bl y(0) + 5o (0 (1)

'O (8 L 8 (I—y(t)? 1—y;(t)
/ Zl( ) Bix;(t )(1+x](t)—yf(t))2+ﬁf(1+xj(t)—y/~(t))2dt'

If we can show that when all g;; are sufficiently small, the intergrand is negative for all

points on the path (x(t),y(t)), i.e.,

- (i i (1—y(H) 1—y(t)
; <,31- " ﬁj) " Bixi () (1 + x;(t) — y;(t))? T Bi(1+x,(t) — y;(1))? <0, (EC.26)

then it leads to a contradiction and we can prove the proposition.
Fix some ¢ > 0. Suppose Y. ,(gij/Bi + gji/Bj) < J (this is satisfied when g;; are suffi-

ciently small). We first show (EC.26) holds for t =0 and t =1, i.e., (z,y) and (&,§). For
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t =0 and t =1, the two points are Nash equilibria. Therefore, the first-order condition

holds (we omit () for simplicity)

8ij gﬂ —Xj
1)+ ( >x+h(>:0
~lax Z B B/ L+x—y;
B 8ij gﬂ Yi _
o 1+2<5 ﬁ;)y] h<1+xf—%‘> 0

Because /(-) is an increasing function and has a well-defined inverse from Lemmam

we have

Xj -1
7> —
Yi -1
h(ay—1+0)>—HL— >h ' (« 1).
(Y >_1+X] ]/;_ (Y )

Summing up the inequalities, we draw a conclusion that y; — x; <1 — ¢, for a constant
1> ¢g > 0 that only depends on ax, ay and 4. This implies that —x; <1 —c¢o, 1 —y; > ¢

and moreover

1—vy: ¢
Vo= % 94
—X; —X; 1—00

Plugging those inequalities into (EC.26), we obtain that for t =0 and 1,

8ij | 8ji (1—y;(t)) 1—y;(t)
» (ﬁi i ﬁf) TR 5 -0 B0 -y (D)
(& Sji G 1—y;(t)
= = (5 - .31) 1—co Bi(1+ x;(t) —y;(t))?
(& &) %
Si:l (/31+131) ﬁj(l_CO)'

When g;; are sufficiently small, the above quantity is negative. For t € (0,1), the inequal-

ities y;(t) — x;(t) <1 —co, —xj(t) <1 —co, and 1 — y;(t) > ¢ still hold for the same ¢,
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because of the convex combination. Therefore, (EC.26) holds by the same argument when
gij are sufficiently small. This proves the proposition. From the proof, we can also see that

if we choose s =1and ¢y = (1 + k' (a*) + ' (a¥)) "}, then the condition is met if

n : : . CZ
L (F+5) smnt gty
for all j.

Proof of Proposition : We will use Kakutani’s fixed-point theorem to establish the
existence of such a stationary point. The correspondence we are using, however, is differ-
ent from the best-response correspondence in the standard proof. Let () be the following
compact and convex subset of R?": [0,5]" x [1 — §,1]". We are going to construct a corre-
spondence f : () — () as follows.

(t)

For given (x; ,...,xﬁ,”,ygt),...,yy) ) € Q, consider the following equations for

( (t+1) ’ylt+1 )

(t41) (t+1)

(t+1) ; X;
_1+;<g1] > X; +2g11 —logl_x§t+1) _y5t+1) + 1_x§t+1) _y5t+1)
(EC.27)
® (t41) y(t+1) y(t+1)
-1+ ( i ) Y28y =1lo : + :
; g] ,5, y] 8iilY & 1— xl(tﬂ) - yl(tﬂ) 1— xl(tﬂ) - yl(tﬂ)
(EC.28)

In other words, compared to (5) and (6), the above equations characterize the Nash equi-

librium when firm X and Y are competing on the market share of customer i while

the choice probabilities of the other n — 1 customers are set exogenously (given by x(.t)

and y ). Therefore, regarding )./ ; <g1, ’i”) x}t) and ) (g,-]- ‘g”) y;’ as part of the

exogenous quality of the products, we can apply Proposition[3|and Proposition|[6]to show
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(x(t“) (t+1)

the existence and uniqueness of ;7)) €10,8] x [1—4,1] when g;; are sufficiently

large. Applying the same argument fori =1, ...,1n, we can naturally define the correspon-
dence f, namely, f(xit),...,x,(f),yit),...,y,(f)) = (xYH),...,x,(frl),ygt*l),...,yfﬁl)).

Next we apply Kakutani’s fixed-point theorem. The correspondence f is clearly non-
empty, compact and convex. Moreover, since both sides of and are con-
tinuously differentiable, f is upper hemi-continuous. Therefore, Kakutani’s fixed-point
theorem implies that we can find {x;}/, € [0,6]" and {y;}}, € [1 —J,1]" such that
f(xg, o x,ys, s = (x5, x5,y5, ..., y5). Clearly this is a solution to (5) and (6)
inside Q).

Proof of Proposition Consider the first-order condition (5) for symmetric equilibria:

N v
—1 i >~k:1 L L .
: +Z<g1+ B, ) T 8T ow T1 2w

j=1 i
If B;gi; + Bigji, or equivalently g;; + B:gji/ Bj, is decreasing ini forall j =1,2,...,n, then the
right-hand side h(x; /(1 — 2x})) is also decreasing in i. By the monotonicity of k(-) and
x/ (1 —2x), we can prove the proposition.

Proof of Proposition[9) We provide some additional analysis in Section[EC.3.7]

To prove the first part, similar to Proposition we will use Kakutani’s fixed-point
theorem to establish the existence of such an equilibrium. Let () be the following compact
and convex subset of R*: [1 — §,1] x [0,d] x [0,d] x [1 — §,1]. We are going to construct a
correspondence f : () — () as follows.

For given (x,12) € [0,6] x [1 —§,1], consider the following equations for (x,):

X

X
logl_x_y+1_x_y:[XX_]_+(')’12+')’21)n2x2—|—2n1r)/1x
log— Y 4 Y 14 (i 4 )y + 2m e

1—x—y 1—x—y
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We first show that there exists one and only one solution (£,7) € [1 — J,1] x [0,4] for any
(x2,12) € 10,6] x [1 — J,1], given that ; and 7, are sufficiently large. This result follows
from Proposition Let &% = a* + (712 + y21)12x2 and &° = a¥ + (712 + y21) 2y be the
new quality parameters. Clearly (&%,&") € A 2 [aX,aX + (12 + Y21 )12] % [0X, &% + (712 +
Y21)1>] is in a compact set. Therefore, we can choose 21,79, > max(x 3v)ca{I'}, Where T
is the threshold of v derived in Proposition which is continuous in &% and &'. The
maximum of a continuous function over a compact set is finite, and thus for 7; sufficiently
large, there exists a unique solution, denoted (%1, 7).

Let the first two entries of f(x1,y1,%2,12) be this solution f; = £; and f, = ;. Similarly,
for 7, sufficiently large, there is a unique solution (x,y) to

X

X
logl—x—y+1_x_y:“X_l"’(’)’12+’Yz1)711x1+2n272x
log— 7+ Y 14 (it )y + 2072,

l-x—-—y 1-x-y

denoted %, and 7. Let the last two entries of f be f; = £, and f4 = ,. This defines the cor-
respondence f. Clearly, f is nonempty and convex. Moreover, since the equations
to are continuously differentiable on both sides, f is upper hemi-continuous.
Therefore, applying Kakutani’s fixed-point theorem, we can always find a solution to
and inside Q. It is clear that the fixed point falls into the interior of Q.
Next we show that the fixed point of f, denoted (x;,y;,x3,v3), is indeed a Nash equi-

librium. It suffices to show that for (y;,v;) € (0,9) x (1 —94,1),

X1 X1 x
lo + =aX — 1+ (712 4 V21 ) 12Xz + 21171 X
gl_ﬁﬁ-ﬁ 1-x—y (Y12 + 721) 122 17141
log = + = =a* — 1+ (y12 + y2)mx1 + 212722
l—-x—-y; 1—-x-—yvy;
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does not have other solutions (x3, x,) in the domain when 7; and 7, are sufficiently large.

It suffices to show that

X _ax
h (1—x—y;> =" —1+4+9x (EC.29)

has a unique solution of x for all y; € (0,4] and &% € [a¥,a* + (712 + 721 )12] when 7 is
sufficiently large. The uniqueness of x; is similar.

The proof for this claim is similar to the analysis in the proof of Proposition (4| Note

(1-

that dh (- yl Fe—s and h(=

)/dx—

) is concave for 0 < x < (1 —y;)/3 and con-

vex for (1 —y;)/3 < x <1 —y;j. Because x > 0, the solution to (EC.29) satisfies o
’ 1

h='(&* — 1), implying x > T X)) s

W % as y; <6 < 1/4. Note that £ only depends on

the parameter a*. If £ > (1 — y;) /3, then &% — 1 + yx does not intersect (1_x"_y*) in its

1

concave segment. Hence the solution to (EC.29) is unique. If £ < (1 — y*)/3 < 1/4, then

we choose

1 > a <q> (EC.30)

T2 iG/A_R2 T dx

forally; € (0,6] and 0 < x < (1 —y;) /3. This implies that the slope of ¥ — 1 + «yx is larger

than the derivative of i (1_;‘_%) at their possible intersections in the concave segment.
Because h(x/(1 —x — y;)) — —co as x — 0, there are no such intersections. Similar to
the previous case, there is at most one solution to . Therefore, given (y;,y;), the
solution (x7,x;) obtained from the fixed point is the unique solution to the first order

condition of firm X, which must coincide with the best response. Thus, the fixed point

must be a Nash equilibrium.
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We prove the second part of Proposition[9|by contradiction. Suppose the claim does

not hold. Without loss of generality, suppose x; — x; > €, > |y; — V3

(EC.31) and (EC.32), we have

for some €, > 0. By

Xy x*
h(—t ) —h(—2 ) > _»
<1—X’{—yi> <1—x§—y;>—<712+721 Y1)m€

Because 12 + 721 — 21 > 0 and h(+) is a strictly increasing function, we have 1_;*71_? —
1 1

x5 * * * * * x 2 * *

w > 0. Because xj < x;, wemust have 1 — x] —y; <1—x; —y;,1.e,y; —y; > €. It

contradicts the fact that |y; — y;| < €o. Therefore, we must have x; = x; and y; = y5.
Proof of Proposition[10} The result follows the same steps as in the proof of Proposi-

tion After applying the transformation &; = —x; and substituting « into pfft, we have

that the payoff function of firm X is

. o v X, SR g 3
fx{z} {yl) = Zrt E—Ft <“X - Zgijx]’,tfl —log(—%;;) +1og(1 + %;; — }/i,t)> ’
=1 i=1 i j=1
when %;; =0o0r x;; + ;s = —%i; + yiy < 1foralliand t; If —%; +y; > 1 and ¥; < 0 for some

i then fx = —oco. The payoff function of firm Y can be defined similarly. It is not hard to
show Al to A3 in the proof of Proposition[T|continue to hold in the infinite-horizon case.
Therefore, pure-strategy OLNE always exists.

Proof of Proposition[11]  If lim;_,e ®; = T and lim;_,e Y = Yo, then for all € > 0, there
exists T, > 0 such that for t > T,, ||z; — |2 < € and ||y — Yo |2 < €. Consider firm X’s
revenue generated starting from period T given y;:

Y ) X = ZV*ZJ;” ("‘X +) g% 1 —log <x't>> :
=T 1 i —~

i= =T =1 j= 1—xit —Yi
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Because {z;}{>, and {y:}{>, are OLNE, {x;}* ; maximizes the above quantity. It implies

that x; maximizes

Xit lBg _ Xit
;’Bi ( +Z<gz]x]t 1 r—= B x]t+1> 10g<1_xi,t_yu>>.

By the continuity of the payoff function and the conditions that ||x; — || < € and ||y, —

Yoo ||2 < € for a sufficiently small €, we have

Xico Bigii ) < Xigo )
+ X + 1Ly | —log | — 22—
; pi < Z(g]] B " P\ —ia
X Bigii Xi
> max 2 aX+ <l~x',oo+r ’xoo> —lo <> —€
: {Zﬁ< 5 (o o) o8 (1= 1

for all €; > 0. Because € is an arbitrary positive number, we have that

e R B )l
Xio = argmax ¢ — | a” + i X —log | ——— .
ogxfj;kyilw {,Bz ( ; 8 ﬁj ! 8 1—%—Yieo

The first-order condition is thus

ﬁ xi,oo - xi,oo o
1+ Z (gzj ﬁ] Xj0 — lOg = R P =0.

Similarly, we have

14y ( ) 51‘311’) Yim — log Yico B Yieo _o.
]-:21 8 B " =X = VYiew 1—Xiw— Vi
Compared to (5) and (6), it is clear that they match the static game with &% = a*, &" = a"

and };, (g,] P ’fjf’) =Y, (g,j + ”Séfﬁ ) Thus we have completed the proof.

Proof of Proposition[12] To show that X retains the leading position, we only need to

show that x;; — y;; > (1 — €)J for all i. The proof for t = 2 is similar by induction and
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replacing (1 — €)J by 4. Suppose {x;}~, and {y;}2; form an OLNE. By the first-order

condition for x;;, we have

Bi g]z > Xia . Xi —0

-1 1 —1
o +Z<g1x]0+r ,3 Ogl—le—yi,l 1—xi1—via

j=1
Rearranging the terms, we have

Xi1
h-1 (“X -1 + Z =1 (gzjx]o + rﬁzgﬂ x]2>>

Symmetrically, we have the first-order condition for y;,

Vi1 = 1—x1—

Vi1
h-1 («xv —1+Y, (817%‘,0 g yfz)) |

Xi1 = 1-— Yi1 —

For simplicity, we let

n

ht(x,i,1) 2 h! ( —1+Z<gz]x]o+r’3[§]x]z>>
h_l(y,i,l)é (06 —1+i<gq%o+7’ﬁ&y;2>>

Solving x;; and y;; from both equations, we have

h(x,i,1)
1+h ' (x,i,1)+h(y,i,1)

L h=(y,i,1)
Y T (i, 0) + (1)

Xi1 =

Since x;g — ;o > 0 for all i, using the expressions of x;; and y;;, we have

O (a2 et VAR,
il yl,l_ 1+h71(x,1,1>—'—h71(y/i/1)

Using the facts that 1! (x) < max {1,x} and x;; + y;; <1, we have that

1+h*(x,i,1)+h" (y,11)<max{3zx +u +Zg,]+2rﬁﬁgﬂ}
j=1 ]
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When g;;s are sufficiently large and r is sufficiently small, the above quantity is less than
equal to (1 + ¢€) 27:1 gij, for a small €; > 0. On the other hand, because xj — y;o > J, for

sufficiently large g;,

h'(x,i,1) >a* —1+Z<g,]x]0+rﬁﬁgﬂ ]>
j=1 ]

—log( —1+Z(gqx]o—|—r'3‘3g]ﬂ >>
h ' (y,i, 1)<max{1 x —14‘2(31]%04-7”3;1’%2)}

j=1

which implies that

Big;ji

j

ht(x,i,1) —h ' (y,i,1) > a® —max{2,a"} + Zg,-j(xj,o — Vo) + Z (X2 — i)
P

—log ( -1+ Z (gljx]o + r'B‘B‘ojﬂ ))
€2) 2817'5/
=1

for any small €, > 0 when g;; are large and r is small. Combining the above inequalities,

we have

(1—e) X8
“¥n = (1+€1)2] 18ij

>(1—¢€)d

when €, and €, are small. This proves the result.
Next we show that the revenue of firm X is higher. The difference in revenue can be
expressed as

n

Y (xiepl — viepls)
i=1

Ng=

T
I
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2 n xi, n Xl-,
= Zrt ; Ff (tXX + Zgijxj,t—l — log (1_3@:_%>>

j=1

_Zrtzylt ((x +Zg,]y,t 1 1Og<1_x]1/f y”>>

t=1

N

2 n 1
= Zrt 2 E (xi,t“X - yi,t“Y + Zgij(xi,txj,tq — YieYje1) + (Xir — yie) log(1 — xip — yir)
i j=1

t=1 i=1

— x;log(xit) + yiilog(yis))-

Note that by the first part of the proof, x;; > y;; + (1 — €)¢ for all i and t; moreover,
x;:log(x;) <0 and y;,log(y;:) > —e ! for y;; € (0,1). As g;; becomes sufficiently large,

the above expression is always positive. This proves the claim.
EC.3. Additional Results
EC.3.1. Bertrand Versus Cournot Competition

In this study, we consider Cournot competition instead of Bertrand competition. In other
words, the firms do not compete in the price space but in the quantity space. There are
three reasons. First, the modeling choice between Bertrand and Cournot competitions is
usually viewed in the literature as a way to reflect firms” monopolistic power, or equiv-
alently, the intensity of head-to-head competition. For example, [Singh and Vives|(1984)
establish that Cournot competition is associated with an environment with higher firm
profits and lower consumer surplus than Bertrand competition, thereby is regarded as
more monopolistic than Bertrand competition. We choose Cournot competition because
market dominance usually arises in the network context.

Second, Cournot competition seems to provide more precise description of certain

industries. As/Cabral (2017, Section 8.3, pp. 200-201) articulates, “[i]f output and capacity
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are difficult to adjust, then the Cournot model describes duopoly competition better.” He
also argues that “[m]ost real-world industries seem closer to the case when capacity is
difficult to adjust.” Thus, Cournot competition is the right model because “capacity or
output decisions are normally the long-run variable, prices being set in the short run.” He
gives a number of examples such as wheat, cement, steel, cars, computers, video-game
consoles. While we shall not take it too far to overrule the legitimacy of Bertrand com-
petition, the Cournot model adopted in our paper does reflect some industry practice as
argued by Cabral|(2017).

Perhaps more importantly, in the network context, there is a delicate technical issue
for not considering Bertrand competition. Price competition is usually modeled in two
stages in the network literature: firms set prices in the first stage and customers determine
their quantities in the purchasing subgame (second stage). In the second stage, when the
choice is modeled by MNL, it is well documented that there exist multiple equilibria
(Brock and Durlauf 2001, Du et al.|2016) for given prices. Therefore, without an explicit
rule to choose one particular equilibrium, the game of the first stage is not well defined.
The previous papers studying price competition with network effects either use a linear-
quadratic framework so that there is a unique equilibrium in the second stage (Candogan
et al. 2012, |Chen et al.|2018), or only focus on symmetric equilibria so that one partic-
ular equilibrium is chosen in the second stage (Tan and Zhou||2017). Therefore, in our
setup, we cannot define Bertrand competition properly and Cournot competition is more

reasonable.
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EC.3.2. Positive Prices in the Nash Equilibrium

Here we show that for homogeneous customers, only positive prices may arise from a
Nash equilibrium. Although the MNL model may induce negative prices, it is never opti-

mal to do so for the competing firms.

PROPOSITION EC.1. Suppose Assumptions[T|and[2|hold. Then the equilibrium prices of both

firms are positive.

Proof of Proposition Suppose x* and y* are the equilibrium strategies of firm X

and Y. The equilibrium prices are then

x_L( x X X"
A R 1§ e
y_ 1 TY" v
p B o +— log 71—x*—y*

by Equation[3] Because x* and y* form a Nash equilibrium, we must have

x* =aremaxx [ X+ X _1o <x>>
ogggl—y* < 2 & I—x—y

" Yy Yy
- v+ tog (L))
y =argmaxy (w2 + % —tog (¥ —

If p* <0, then the revenue nx*p* < 0 and we can show that x* is not the best
response. Indeed, since y* < 1, firm X can always choose x sufficiently small, so that
—log (1 P ) > —a* — L% Such choice of x makes positive revenues. Therefore, x* can-

not be an equilibrium strategy and we must have p* > 0. Similarly, we have p* > 0.
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EC.3.3. Existence of Solutions to and

Here we establish the existence of solutions (xi,...,X,,Y1,...,Y,) to and given pf
and p for all i. Consider the following 2n-dimensional nonlinear dynamic system
exp {“X — Bipi + L gijxj,t}
1+exp {“X = BipF + X giz‘xf,t} + exp {“Y = Bip! + X 8z‘jyf,t}
exp {«" = Bip! + X1 8 |
1T+exp {“X — BipF + X gijxj,t} +exp {“Y —Bir’ + X 8ijyj,f} ,

fori=1,...,n. This dynamic system maps (X1, ..., Xut, Y1t ---,Yns) € [0,1]*" to a point in

Xit41 =

Yit+1 =

[0,1]?" itself. Clearly the mapping is continuous and [0,1]*" is a compact convex subset of
the Euclidean space R?". by Brouwer’s fixed-point theorem, there exists a fixed point. The

fixed point is the solution to (1) and (2).

EC.3.4. Uniform Price for All Customers

Although we consider Cournot competition and the firms do not set prices directly, the
prices associated with the Nash equilibrium are usually personalized. That is, different
customers may experience different unit prices. In this section, we formulate the game
when the firms adopt uniform pricing.

For given (y1,...,y,), firm X’s strategy (x1, ..., x,) satisfy . Now we impose the addi-
tional requirement that pX = p* for all i. That is, (xy,...,x,) satisfy

exp {aX —Bip* + L gfjxj}
Xi = .
1+exp {‘XX — Bir* + i 81‘]‘9‘;} +exp {“Y — B’ + L gij%‘}

Combining with (3), the constraint of uniform pricing becomes

1( ¢ & ( X; ) ,
— | a® + E ixi —log | ———— are equal for all i.
ﬁ < P g] ] g 1 X; yi > q

1
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Therefore, the strategy and payoff function of firm X given the opponent’s strategy
(y1,--.,yn) are defined below
max Z;l ("‘X + ) &ix; — log(x;) +log(1 — x; — yi))
j=1

{xi}?zl i=1 Pi

subjectto 0 <x; <1—y;,

1 X 1 < X1 >
—a”+ xXj—log| —— | | =...
51( ;8111 & [ RE— )
1 P < X, )
=—|a"+) guxj—log| ———
an< ;811 & 1—x, — >

Similar to the last section, it is easy to see that for any given p* and (yi,...,y,), there
always exist such (xy,...,x,). So the game is well defined.

However, we suspect that there may not exist pure-strategy Nash equilibrium for this
game. There are two primary methods showing the existence of pure-strategy Nash equi-
libria: Kakutani’s fixed-point theorem and supermodular game. As we have shown, the
best-response function is not continuous with or without the additional constraint and
thus may not have a closed graph. Thus Kakutani’s fixed-point theorem may not be
applied. Moreover, because of the additional constraint, the strategy set is not a lattice any
more and the game may not be supermodular even after transformations. Nevertheless,
for homogeneous customers (Section ) the theoretical results apply to uniform pricing

as well because the resulting prices are always equal for all customers.

EC.3.5. Strong Network Effects for Heterogeneous Customers

The case for strong network effects, however, is more complex. In this case, the multiplic-

ity of Nash equilibria is expected to grow exponentially when customers are heteroge-
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neous. A general treatment for the types of equilibria might be unavailable. Nevertheless,

we are able to derive a slightly weaker result:

PROPOSITION EC.2. Given o*, a¥, B; for all i and 5 € (0,1/4), when the network effects g;; are
sufficiently large for all i and j, there exist {x;}!_, € [0,0]" and {y;}I_, € [1 — 6, 1]" satisfying

the Nash equilibrium first-order conditions (5) and (6) simultaneously.

Although {x;} ; and {y; }; are not guaranteed to be a Nash equilibrium due to the non-
concavity of the payoff functions, the proposition confirms the close relationship between
strong network effects and market dominance. To establish the result, we apply Kaku-
tani’s fixed-point theorem. However, the standard best-response correspondence fails to
meet the conditions of convexity and upper hemi-continuity that are required for the
theorem, because the payoff functions are non-concave. We design a different correspon-
dence based on the following idea: when the choice probabilities of the other n — 1 cus-
tomers are fixed, the equilibrium analysis of an individual customer can be reduced to
the results established in Section [4} especially the existence and uniqueness. Therefore,
the correspondence can be defined by simultaneously updating the Nash equilibrium of
n individual customers while fixing the choice probabilities of others. It can be shown to

satisfy the conditions of Kakutani’s theorem.

EC.3.6. Network Structures: Connectivity and Imbalance

In this section, we investigate the impact of network structure on the duopoly competi-
tion. We follow the setup in Sectionand study symmetric Nash equilibria. That is, a* =

oY =, x; = y; for all i as the unique Nash equilibrium because the networks structures
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are sufficiently weak. Therefore, we can isolate the effect of the network from asymmetric
equilibria.

We first focus on the connectivity of the network, i.e., g;; = g. By the reason explained in
Section[d] the firm may still use targeted marketing and sell different amount to different
customers. This makes comparison of equilibria impossible, because it is hard to nail
down a particular equilibrium. To make comparisons, we impose Assumption 2} i.e., the

consumption x; = x*.
PROPOSITION EC.3. Suppose Assumptions 1 to 3 hold. When g increases, x; increases for all i.

The proof is straightforward using the first-order condition as in the proof of Proposi-
tion|[§]

Next we focus on the network imbalance. For the balanced network, we assume g;; =
g. For the imbalanced network, we fix the total network effects and let customer i =1
be the only hub. That is, g;; = g1 = n*g/(2n + 1) for all j while gij = 0 otherwise. Let
the equilibrium consumption of the balanced network be x* for all customer. For the
imbalanced network, let the equilibrium quantity of customer one be x; and that of other
customers be x;. The next proposition states that imbalance helps the firm gain market
share when the market is large and the product is not very popular either because of low

quality or weak network effects.

PROPOSITION EC.4. Suppose x* < 1/4. Consider the following regime: fix « and ng and

increase n. If n is sufficiently large, then xi > x5 > x*.

In the asymptotic regime we fix ng so that the average network effect of an individual

is constant. The result shows that the consumption of the leaf node in the imbalanced



ec40 e-companion to Chen and Chen: Duopoly Competition with Network Effects in Discrete Choice Models

network is larger than that of the balanced network, not to mention the star in the imbal-
anced network.

F ollowing the proof of Proposition by the first-order conditions, we have the fol-
lowing equations:

* *

X

g =log 15 Y T o
ng . ] X1 X1
—142 —1)xg) =1
a—1+ n2n+1(x1+(n )x3) Og1—2x1‘+1—2xf
* x;

ng . X3
—-1+2 =1
o + n2n+1x1 +

As n increases, x* doesn’t change because « and ng are fixed. At the same time, x; has a
constant lower bound, which is solved from

* *
YN
—2x;  1-—2x3

n *
06—1—|—2?gx1:10g1

Similarly, x; is also lower bounded as n increases, because the left-hand side of the third
equation is lower bounded by a — 1 4 2ng/3x7. Therefore, as n increases the term x; +
(n —1)x; tends to infinity, and as a result, log(x; / (1 — 2x7)) 4+ x7 /(1 — 2x}) tends to infin-
ity. Because of the property of log(x/(1 — 2x)) + x/(1 — 2x) (e.g., by Figure [EC.2), x;
tends to 1/2. This implies that nx} /(2n + 1) > x* when n is sufficiently large. Comparing
the left-hand sides of the first and the third equations, we have x; > x*. It is clear that

* *
X7 > x5,

EC.3.7. Additional Analysis for Section

We focus on the best responses. Similar to Section [4 we only focus on the case that firm

X (Y) will choose a price so that x; (y;) is the choice probability of all customers in com-
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munity 7 for i = 1,2. According to , the best response of firm X, (xy, x,), satisfies

X1 X1

I =a* -1 2 , EC.31

81y — " Tz X — a + (712 + 721) 12X + 211713 ( )
X2 X2 X

1 =a”—1 2 , EC.32

Bl gy Tomoy, ¢ (Metrmntzenn, o (FCS)

for given (11,12). The best response of Y can be derived similarly.

N n

lo + =" — 1+ (Y12 + v21) als + 2mm1ys, EC.33

81— x—y1 l-x—1 (y12 + 721) 122 1 ( )
Y2 Y2 Y

log 4 T T, gy =% L (e )y + 202y (EC.34)

Observe that although the network itself can be asymmetric (y1, # 721), the individual
values of 1, and 9, do not play a role in the first-order conditions as long as their sum

Y12 + Y21 remains the same.

EC.3.8. Additional Figures for the Numerical Experiment

Following the setup in Section[4.4] we find a discontinuous best response need not lead
to type-1II equilibria, as demonstrated by Figure Such complex nature of the equi-
librium structure makes our theoretical results particularly valuable. We have also tested

convex/concave network effects, and the Nash equilibria follow the same structure. See

Section|EC.3.9(in the appendix for more details.

EC.3.9. Nonlinear Network Effects

In this paper, the network effects appear in a linear form according to and (2).
Although linear network effects are common in the literature due to the analytical

tractability (Candogan et al.|2012, |Du et al.|2016, |Chen et al.|[2018), it is also argued
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Figure EC.4  Illustration of complex patterns of Nash equilibria.

that network effects can be either convex or concave, depending on specific products.

In this section, we explore other forms of network effects and compute the Nash equi-
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libria numerically. The objective is to test the robustness of the theoretical results to the
assumption of linear network effects.
We first consider the following convex network effects'®:
exp {10~ Bt + T 8)
L+ exp {0 — BipX + ¥, gy | +exp { ¥ — pipl + 1), gifyf-}'
B exp {“Y —Birl + L 8z‘fyf}
Cl+exp {0 = BipX + s g | +exp {0 = Bip! + T gt |

To simplify the comparative statics, we assume Assumption [1]to[3]and conduct a numer-

X =

Yi

ical experiment similar to Section Recall that the parameter a represents the quality
of both products and <y represents the strength of the network effects. The types of Nash

equilibria are shown in Tablem

Similarly, we use the following model for concave network effects:

exp {IXX - BipF + X gi]’\/YJ}

X = 7
1+exp {“X —Bip + X 8:';‘\/37;} + exp {“Y —Bipf + X gij\/Vf}
exp {“Y - Bip’ + L gij\/]7j}
Yi=

l+exp {ax —Biri + 27:1&]'\/7]} +exp {ay — Biri + 15 gij\/y?} |
The types of Nash equilibria are shown in Table m

The two tables demonstrate the predictive power of the theoretical results in Sec-
tion[4] Although they are derived for linear network effects, the patterns persist for con-
vex/concave network effects. In general, when the network effects are weak, there is a
single symmetric Nash equilibrium; when the network effects are strong, there are three
Nash equilibria, two of which are asymmetric; when the quality is low and the network
effects are neither too strong nor too weak, there are only two asymmetric Nash equilib-

ria.
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« 05 10 20 30 40 50

6 I I I II IOI III 11

4 I I I I IO OU III

2 I I IIT IIT IIT III III

0 I I III IIT II III III

211 I I III IIT III

-4 I I I II II III III

6 I I I II II II II

Table EC.1 The equilibrium types for different qualities and network strength when the network effects

are convex. The type I, II, and III correspond to one, two and three Nash equilibria, which are defined in

Section
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Y

x 0 10 20 30 40 50 150

6 I
4 1
2 1
0 I
2 1
-4 1
-6 1

I

I

I T 1T I I

I 1T I I II

I 1T I I 1I

Ir nr Im Im I

II IO III IIr I

II I I I I

I II II III II

Table EC.2 The equilibrium types for different qualities and network strength when the network effects

are concave. The type I, II, and III correspond to one, two and three Nash equilibria, which are defined in

Section



