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Appendices

Appendix A: Notation

Table EC.1 Table of Notation
v £ Discount factor.
S £ State space.
A, CR*F £ Convex set of feasible actions in state s.
II £ Set of all stationary policies.
J £ Set of bounded measurable functions on S.
g(s,a) £ Single period expected cost of action @ in state s.
P(M|s,a) = Transition probability to set M C S
g €J 2 Single period cost function under policy .
J.€J £ Cost-to-go function under policy 7.
Q,:Sx A—R £ State-action cost-to-go function under policy 7.
J*€J £ Optimal cost-to-go function.
7* 2 An optimal policy (satisfying J,« = J*).
Q* =Q.~ = State-action cost-to go function associated with an optimal
policy.
T.:J —J £ Bellman operator associated with policy 7.
T:7—J % Bellman optimality operator.
p £ TInitial distribution.
n. 2 The discounted state occupancy measure under policy .
See (2).
{m)=(1—7) [J.dp = Expected discounted cost under initial state distribution p,
policy .
© CR? £ Convex set of policy parameters.
e ={m:0 € ©®} = Parameterized policy class.
Jo={Jm:m€me} = Set of cost-to-go functions under parameterized policies.
{(0) ={t(my) = Overloaded notation for £(m).
B(7'|n,J.) = “Bellman” objective or the weighted policy iteration objec-
tive
B(0|n, J.) = B(mg|n,J.) = Overloaded notation for the policy iteration objective at 7.
k, = Effective concentrability coefficient. See (13).
|J]loc = Max-norm sup, |J(s)|.
[|J]li,, = Weighted 1-norm [|J(s)|dn.
| All, for A€ R*™™ £ Matrix operator norm max{||Az||, : |||, = 1}
Amin(A) for A= AT ¢ R"** £ Minimum eigenvalue of A
Amax(A) for A= AT ¢ R**" £ Maximum eigenvalue of A
f =g, f =g for functions f,g = Elementwise inequality, f(z)> g(z) or f(x) > g(z) Vx
A= &

B, A» B for A,B € R"*"

Indicates A — B is positive (semi) definite.
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Appendix B: Discussion on concurrent work of Agarwal et al. (2020).

Here we provide some comparisons to the approach of Agarwal et al. (2020), offering perspective
on the strengths and shortcomings of our approach and highlighting some connections between our
technical results and theirs.

The work of Agarwal et al. (2020) is mostly focused on analyzing specific algorithms, with special
attention given to natural-gradient actor-critic algorithms. Explicit bounds on the convergence
rates of different algorithms are also given. In comparison, we take a broad algorithm-independent
view, focusing primarily on the landscape of the loss function ¢(-) to understand when local policy
search is a sensible approach for reaching a (near) optimal policy. Our choice of focus yields several
results and insights that are not covered by their work:

e In Example 1, we provide a simple illustration of how the multi-period nature of the decision
problem can lead to bad local minima. With policy closure, we show how challenges raised
in that example largely disappear, and the problem is reduced to studying the single period
objective function in (11). This approach of reasoning about the landscape of long-horizon
objective by analyzing structure in single period problems offers new insight and greatly
simplifies our analysis.

e In addition to treating some examples covered by Agarwal et al. (2020), like tabular and
linear MDPs, our analysis seamlessly covers problems with infinite action spaces, structured
cost functions, and deterministic policies — for example linear quadratic control and optimal
stopping.

e Our approach extends to finite horizon problems with non-stationary policy classes as shown
in Theorem 3. We instantiate this theory for an important practical problem of finite horizon
inventory control.

e In stating gradient dominance conditions for convergence rates, our approach to concentration
coefficients implies tighter bounds for some examples as compared to the distribution mismatch
coefficient in Agarwal et al. (2020).

Our focus on an algorithm-agnostic study of the landscape of 4(-) comes at a cost. This is felt most
clearly when studying the softmax parameterization which poses unique optimization challenges
even in the seemingly simple single-state single-period problem with a finite number of actions.
There is no optimal solution; instead optimal performance is attained only as certain components
of the parameter vector tend to infinity. Although our theory applies easily to problems with
entropy regularization (see e.g. Example 5), a more specialized analysis is required for the case
without regularization. Agarwal et al. (2020) do this with a detailed study of specific algorithms
and precisely characterize the convergence behavior for both the cases of with and without regular-
ization. In addition, their work also shows how natural policy gradients can be particularly useful
in alleviating conditioning issues arising with softmax policies and result in faster convergence.

The next subsection tries to clarify some connections between our theory and that appearing in
Agarwal et al. (2020).

Connecting closure conditions to conditions on value function approximation. Com-
pared to our work, a novel theory appears in Agarwal et al. (2020) on function approximation.
Specifically, they analyze a natural gradient actor critic method working with a class of softmax
linear policies and compatible function approximation (Sutton et al. 1999, Konda and Tsitsiklis
2000), i.e. deriving features for approximating the Q-function from score function of a stochastic
policy. Although we do not treat this case in detail, we briefly remark on an interesting connection
which shows that in one important setting (linearly parameterized Q-functions and the correspond-
ing softmax linear policies), accuracy of value function approximation error implies approximate
closure as shown in Condition 5.

This observation follows from a natural duality between a parametric class of policies and a
parametric class of value functions. In Example 6, for instance, we leveraged the fact that if a
parametric class of value functions {Q’ : 6 € ©} can approximate each @, then the class of greedy
policies induced by this class of value functions is closed under policy improvement. A similar
observation holds for approximate closure as shown below in Example EC.1.
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ExamMpLE EC.1. As in Example 3, we assume the set of feasible actions A, is the same for every
state s and denote this by A. We also assume there is a finite set of k& deterministic actions to choose
from and take A= A*~! to be the set of all probability distributions over these actions. Suppose
g(s,a) and P(s'|s,a) are linear in a, as in (14). Fix a feature mapping ¢ : S x {1,---,k} — R%
Consider the class of policies, Ilg = {7y : € R?} where my(s) = (mg(s,1),---ma(s,k)) € A"~ has
components my(s,7) < exp{f'¢(s,i)}. O

LEMMA EC.1 (Accurate function approximation implies approximate closure). In the
setting of Example EC.1, suppose that for each m € llg,

min E(S )~ @Unif [(Q,r(s, e;) — ngb(s,i))Q} <k, (EC.1)

wERI
Then Ilg satisfies Condition 5.

Proof of Lemma EC.1 Given 7, let w satisfy E( )y, ounit [(QW(S,ei) —quﬁ(s,i))2] = el /k?
where € < €/2. Set

Qwsa ZaQﬂse Za (" B(s,1)).

to be the resulting approximate Q—functlon. For a scalar ¢ > 0, consider the policy m.; which assigns
probability 7.4 (s,7) < exp{c- Q. (s,e;)} to base action ¢ in state s. We show that 7., approximately
optimizes the policy iteration objective when c is large. Note,

B(7ei | Ny Jx) 2/(Qw(5 Tea(s))) Nx(ds)
< [ (Qulssmeats)) nelds) + [ mase| @as1) = Quss)] ()
g/(@,r(s,wc@(s)w N (ds) + €o

where the final inequality follows from using the identity E[X?2] > (E[|X|])? for any random variable
X and observing that

A,T(s, a) — Qx(s,a)

max

acA I (dS)

mds) < [ gjc?ﬁ(s,ei)—czﬂ(s,e»
s

<k /k;—l zk: (Qw(s,ei) — Q. (s, ei))Q N (ds) < €.

Qn (s, €:) — Qn(s,€:) |1 (ds)

This implies,

lm B(7eq | Dy Jr) < hm ( Qr (s, Tew(s ) ) ) nx(ds) + €

/hm ( (8, Tew (s )nﬂ(ds)JreO

c— 00

< mlnB

aeis( CLECORE
ml

0 (Qx(5,a)) 1 (ds) + / ma Q- (5,) ~ Qu(s,0) < ds) + <o
(7 | e J2) + 260,
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The first and second equality use the monotone convergence theorem together with the fact that,
for each s, Q (8, Tew(s)) T max,ca Q= (s,a). Since €y < €/2 we can choose a ¢ € R such that B(mz |
Ny Jr) <ming+eq Bt |0y, Jr) +e. O

The theory in Agarwal et al. (2020) is a tour-de-force, containing many ideas which are not

reflected in the result above. Let us remark on two of them:

1. Agarwal et al. (2020) treat generalizations of Example EC.1 where policies are still stochas-
tic but are not log-linear. If my(s,7) ox exp{ fo(s,i)}, then the theory of compatible function
approximation (Sutton et al. 1999) implies modeling Q. (s,e;) = w' Vg fa(s,i) for some choice
of weights w € R?. When this approximation is accurate, natural gradient updates to the
parameter vector will tilt the policies’ action probabilities towards selecting actions with higher
(Q-values. Because it is local in nature, such a property appears to no longer imply closure of
the policy class under policy improvement steps, which involves global properties of the policy
class. The choice to focus on natural gradient methods helps Agarwal et al. (2020) to analyze
this example, since there is an explicit formula for the parameter updates which has a very
close connection to compatible approximation of the Q-function.

2. Agarwal et al. (2020) state their results in terms of a notion called transfer error. This measures
implicitly depends on both issues of approximation, as in (EC.1), and issues of distribution
shift, as in our term x,. It is a very nice insight that this term is what is really needed in the
analysis.

Appendix C: On the necessity of an exploratory initial distribution

Our results critically rely on using an exploratory initial distribution (see Assumption 1). This
is not an artifact of the proof techniques and it is well known that, in the absence of strong
assumptions on the transition kernel, policy gradient methods have poor convergence properties
if applied without some form of sophisticated exploration. While this aspect of policy gradient
methods is not always highlighted in the literature, many applied papers assume access to a diverse
set of starting states using either explicit restarts (Fu et al. 2018, Haarnoja et al. 2018) or some
form of continual learning that aims to increase the support of a training distribution (Lesort et al.
2020, Zhu et al. 2020).

The following example, which is commonly known as a “chain” MDP (Thrun 1992, Kakade
and Langford 2002) or the “river swim” problem (Strehl and Littman 2008, Osband et al. 2013),
illustrates the challenges for policy gradient in the absence of sufficient exploration. Many other
examples in the reinforcement learning literature, like the “combination lock” problem (Koenig
and Simmons 1993) and the “grid world” problem (Azar et al. 2011) highlight the same issue.
While these examples are typically used to highlight a statistical challenge, here we focus on the
optimization landscape. This example is partly inspired by one in Kakade and Langford (2002). A
similar discussion appears also in Agarwal et al. (2020). We include this section to keep the paper
self contained. In addition, it does not seem that past work has shown clearly that ¢(-) may have
suboptimal local minima in the absence of an exploratory initial distribution, instead showing the
existence of suboptimal polices with small but nonzero gradient norm.

ExamMpLE EC.2. Consider the MDP shown in Figure EC.1. There are N states and the agent can
move either left (L) or right (R) from each state. The agent always begins in the leftmost state (i.e.
p(s1) =1). She incurs a cost of 2 per-period when in any state other than the leftmost or rightmost
state, a cost g(s1) =1 from the leftmost state and a cost of g(sy) =0 per period in the rightmost
state. A stationary policy 7 € [0,1]" is a vector13. where 7(s) specifies the probability of choosing
the action R in state s. When the horizon is sufficiently long, the optimal policy moves right in
each period. From Lemma 6, one can calculate the policy gradient as

o)~ "(5) (@n(5: B) = Qn(5,1)).
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Figure EC.1 A simple chain MDP example to illustrate how policy gradient methods face suboptimal local
minima in the absence of an exploratory initial distribution.

We argue that a suboptimal policy 7 that always moves left, i.e. 7(s;) =0Vi € {1,..., N}, is a local
minimum of ¢(-). To see this, first note that the agent will always start and stay in the leftmost
state, so 7;(s;) =0 when i > 2. The only possible nonzero component of V¢(x) is the first term
corresponding to state s;. Therefore, for any policy 7’ € [0,1]",

(Ve(m), 7" = 7) = (1) (Qn (51, R) = @ (51, L)) (7'(51) = 7(s1)) = 0,

which follows as Q,(s1,R) > Q,(s1,L), given that moving to s, for a single period is more costly
than staying in s; and the fact that w(s;) =0, so 7'(s1) — 7(s1) > 0 for any feasible policy 7.

Similar issues arise under a (non-degenerate) stochastic policy. The main idea is that policies
which are more likely to move left from every state are expected to require exponentially (in the
number of states) many periods to reach the rightmost state. An explicit bound confirming that
the policy gradient can be exponentially small in NV is shown in Agarwal et al. (2020). O

Appendix D: Omitted proofs.
In this section, we provide proofs for some of the main results along with the supporting lemmas.

D.1. General results.

We prove some key lemmas which are used to show our general results in Theorems 1 and 2. We
start with some useful background on Bellman operators.

Bellman operators.

For bounded cost-to-go functions, Bellman operators are monotone, meaning that J < J’ implies
TJ<TJ" and T,J < T,J’, and contractive in || - || with modulus . A useful consequence of
contractivity relates optimality gap to errors in the cost-to-go functions.

. 1
i =l < T e = T (EC.2)

where J* is the optimal cost-to-go function. A simple argument (Bertsekas 1995) shows (EC.2).

[Jr = Tl = 1T = TTr + TJr = J*|| o S| Tade =Tzl + | T T =TT |
ST dw =TTl o + YN Tr = T ||

Balance equation.

The best way to understand equation (EC.2) below is by analogy to an equivalent undiscounted
problem: n, is the steady state distribution in a problem in which the next state is drawn from the
restart distribution p(-) with probability 1 —~ and otherwise is drawn according to the transition
kernel under the policy . This result is only used explicitly in one place, but may provide helpful
intuition throughout.
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LEMMA EC.2. The discounted state occupancy measure satisfies the balance equation,

nn(M):/[(1—v)p(M)+7P(M!$,ﬂ(8))]nn(d8) YMCS.

S

Proof of Lemma EC.2. This can be directly verified by using the tower property of conditional
expectation as follows:

(M) =(1=7) > +'E][L(s; € M)]

=1 =7)pM)+(1-7)E] [i Y'P7 [se € M| St—l]]

t=1

t=1

=1 =7)pM)+ (1 —7)E] [Z WtP(Mlstl,W(stl))]

=1 =7)pM)+~v(1-7)E]

thP(MISM(St))]

t=0

= (1= 7)p(M) +7 / P(M]s, 7(s))n.(ds). O

Optimal policies and minimizers of the policy gradient loss.
For the reader’s convenience, we recall Lemma 1, which relates minimizers of /(-) to the classic
definition of optimal policies in dynamic programming.
LEMMA 1 A policy satisfies m € argmin . €(7") if and only if J, = J* p-almost surely, i.e.
p{seS:J.(s)=J*(s)}) =1.

Proof of Lemma 1. Recall £(m) = (1 —7) [ J( . An optimal policy 7* satisfies J«(s) =
J*(s) for every state s € S. Since J, (s ) > J*(s) for each s € S, we have

{(m) = (m") = (1 =) / (J=(s) = J*(s)) p(ds) = 0. (EC.3)

Since this holds for every policy m, it is clear that ¢(7*) = min, ¢ €(7).

A basic fact in measure theory states that, for a non-negative function J:S8 - Ry, [Jdp=0
if and only if J =0 p-almost surely. Since J,(s) > J*(s) for each s € S, applying this fact with a
choice of J = J, — J* implies equality holds in (EC.3) if and only if J, — J* =0 p-almost-surely.

O

Performance difference and telescoping sums.

Throughout the analysis, we use a basic result which relates the difference in cost-to-go functions
to the gap in Bellman’s equation at future states. For any two cost-to-go functions, J,,J € J, and
any starting state sy € S, we have

Jr(s0) — J(s0) =TrJ (s0) — J(S0) + T dr(s0) — T J (S0)
= TwJ(SO) — J(s0) + 7P (Jz(s0) — J(s0))

where we use the notation ( = [ J(s')P(ds'|s,m(s)). Unrolling this recursion, taking expec-
tation over some initial dlstrlbutlon v, and notmg that (PrJ)(s;) =E™ [J(Si41)|s:], we have

7 [Jx(s0) = J(s0)] =EJ | > 4" [T (50) = J(s1)]| , (EC.4)
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where we use the tower property of conditional expectation to simplify the telescoping sum. Kakade
and Langford (2002) use this to give a particularly convenient form, which is commonly known
as the performance difference lemma. Choosing J = Jz,v = p in (EC.4) and recalling that ¢(7) =

(1 =7)E,[Jx(s0)] gives

)~ 1(7) = (L= )E} | Yo" (Trn(s1) - Jw<st>>] — [ (e~ 3. (EC.5)

t=0

The second equality follows using the definition of the discounted state occupancy measure,
Ne(M) = (1 =7)E} [32;2,7"1(s: € M)] for any measurable set M C S.

A policy gradient formula.

We give a short of the policy gradient theorem in Lemma 6 assuming the differentiability conditions
hold.

LEMMA 6 Under Condition 0, £(0) is continuously differentiable and

VUO) = V5 B0 | 11y Jx,)

0=0

Proof of Lemma 6. Recall that B(0|ng, Jo) = [ Jx,d1x,. From the performance difference lemma
in (EC.5), we have

O~ 600) = | (ZyJo — Jo) oy = By Jo) ~ By, J).
Expanding the total derivative in terms of partial derivatives gives,

VUO) =V5B(Olng. Jo)|  —VgB(Olng. Jo)|  =V§BOne,Js)| . O

0=6 0=0 0=0

D.2. No suboptimal stationary points: Proof of Theorem 1.

For reader’s convenience, we first restate Theorem 1.

THEOREM 1 Suppose Conditions 0, 1, and 2.A hold. Then, ¢ is continuously differentiable and
0 € © is a stationary point of £(-) if and only if £(my) = €(7*).

Proof of Theorem 1. To establish theorem 1, we first give a key lemma which establishes a
Bellman-type equation that holds when the single period objective 6 — B(f | 1x,, J=,) has no bad
stationary points.

LEMMA EC.3. Suppose Condition 2.A is satisfied. If 0 is a stationary point of £:0 — R, then

/Jﬂgdnwe = min / (TwJﬂg)dnﬂg.

wellg

Proof of Lemma EC.3. If 0 is a stationary point of £:© — R, then by the policy gradient
theorem in Lemma 6, it is also a stationary point of the function 6 — B(6 | ,, Jx,). Since Condition
2.A holds, this implies 7

B(O | Ny Jrp) = I?IéiélB(@ | Mgy )

Recalling the definition of B(6 |7, J,) in (11) lets us rewrite both sides of this equation as,

/Jﬂgdnﬂe = / |:T779J779:| ANy =BO | Nry, Ir,) = min B(6 | Nrgs Img) = min/ [TWJW} dng,. O
9co gco
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On average Bellman equation:

Next, in Lemma EC.4, we state an “average” form of Bellman’s equation which shows that under
an exploratory initial distribution (see Assumption 1), an optimal policy has zero average Bellman
error.

LEmMA EC.4 (On average Bellman equation). For any w1,
) = (") > /(Jﬂ —TJ)dp=0.

Proof of Lemma EC.4. Recall that a non-negative function f satisfies [ fdp =0 if and only if
f =0 almost surely under the probability distribution pu. We also use the fact that J, = J*, by
definition of the optimal cost-to-go, and J, = T'J,, as shown in (5).

Take 7 to be the policy iteration update at =, i.e. T+ J, = T'J,. To show the left hand side,
recall that by definition, ¢(7) — £(n’) = (1 — ) [ (Jr — Jx) dp.Therefore, ¢(r) = £(m*) implies that,

0= / (Jﬂ — J*)d,o > / (Jﬂ - J,T+)dp @ (1 —")/)71 / (JTr - Tn+Jn) A+
- (1 - ’7)71 / (Jw - TJTr) dﬂﬁ
2/(J7T ~TJ)dp>0.
where (a) follows by using the performance difference lemma in (EC.5) with 7 =n". The penulti-
mate inequality uses that 7,+ = (1 —~)p while the final inequality follows by using that J, = TJ,.
To show the other side, suppose [(J, —TJ,;)dp=0. Let Sy = {s: J.(s) — T'J.(s) =0} and S§

denote its complement. Since J, —T'J, = 0, we must have p(S§) =0. But as we assumed 7,+ to be
absolutely continuous with respect to p, we have that p(S5) =0 = 7,+(S5) = 0. Therefore,

/ (Jo — T )dne = 0.

As J, = J*, we have () — {(7*) = (1 —~) [ (J. — J*)dp> 0. Then, we get our result by noting

0<{(m)—4L(rm™) @ / (Jo = T ) dnpps < / (Jo =T Jr)dn.=0
where (b) follows from the performance difference lemma in (EC.5). O

Completing proof of Theorem 1:

We now complete the proof of Theorem 1. To show the first direction, note that ¢(0) = ¢(7*) implies
that 6 is a minimizer of ¢(-). By the first order necessary conditions of optimality, § must be a
stationary point of ¢(-). To prove the other direction, suppose that 6 is a stationary point of £(-).

Then,
/ Trydilr, = min / [T Ty ] iy = / (T Ty ] ity

where the first equality follows from Lemma EC.3 (implied by Condition 2.A) while the second
equality uses the closure property in Condition 1. By the definition in (2), 7, = (1 —v)p. Using
that J, =TJ,, we have

0:/[JﬂQ—TJﬂQ}dT]WQ2(1—’)/)/[JTFG—TJ,F9]deO.

The “on average Bellman equation” in Lemma EC.4 lets us conclude that ¢(0) =¢(7*). O
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D.3. Convergence rates: Proof of Theorem 2.
For reader’s convenience, we first restate Theorem 2.

THEOREM 2 If Conditions 0, 1, and 2.B hold, then £(-) is ((1”_—@) e, % -,u) —gradient dominated.

Proof of Theorem 2. Our proof can be divided into two key steps. First, we use closure property
(Condition 1) to bound the optimality gap of a policy, ¢(7) — £(7*), by the improvement under a
weighted PI update. The second step uses the policy gradient theorem in Lemma 6 to translate this
inequality into a gradient dominance condition on £(-). It is noteworthy that our results crucially
depend on using an exploratory initial distribution under which &, < co.

Proof. We first derive a consequence of the closure condition:

() — min O(m) = (1) / [Ty — T dp 2 (L= )y — T

Tell
(b)

< /i/JHJTrg _TJTFQHLIJ

(I=7)

Kp

@ _Fy L
i (/ oy A gﬁg/[TﬂJﬂe]de

K . ,
= @ jV) (B(G | N> Irg) — min B | 1r,, Jﬂ9)> .
Here (a) uses that J., = J*, (b) applies the definition of , in (13), (c) uses that n,, = (1 —~)p
(see the definition in (2)) and (d) uses closure property of the policy class.
By Condition 2.B, 8 — B(6 | 0, Jx,) is (¢, u)-gradient dominated. Using gradient dominance and
the policy gradient theorem in Lemma 6, we find

”Jﬂo - TJﬂ'e ”17777\'9

9=0
< —min [C<V9€(9),U —0) + %HU - 9\!3} :

- vEO

. / . oy 1%
B0 | 1y, Jrg) = 0BG | 11, Jrg) < —miin [CWGB(@I%,%) ,v—9>+2llv—9|!§]

Combining this with the preceding calculation yields the desired result. [J

D.4. Non-stationary policy classes: Proof of Theorem 3.
For the reader’s convenience, we restate Theorem 3.

THEOREM 3 Suppose Conditions 3 and 4 hold. If the parameterized policy class Ilg contains an
optimal policy, then any stationary point 6 of £: 0O — R satisfies €(mg) = £(7*).

Proof of Theorem 3. Before giving a detailed proof, we outline a brief sketch to give intuition.
The proof proceeds by backward induction. We first show that at any stationary point 6 of £(-),
Jr,(s)=J*(s) holds p-almost surely for all s € Sy. We then argue that the same statement holds
for s € S, for all h < H as well. Our result then follows by invoking Lemma 1.

To give a more transparent proof, it is helpful to develop some notation that highlights a (limited)
sense in which the problem decomposes across time periods. With some abuse of notationl4., for
any parameter vector 0 = (6,---,0p), define my, : S, — A to be the restriction of the policy my to
Sh, 1.e. my(s) =y, (s) for all s €S,
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Single period Pl objectives.
Similarly, define

B0 | n, J,) = / Qx (5,9, (5))n(ds)

so that

T

B(e | m, Jﬂ) :ZBh(Gh ‘ 777J7r)'

h=1

Because the parameter space factorizes as © = ©; x --- X Oy, this separability of the weighted
Bellman objective implies,

0 € argmin B(0 |1, J,) <= 0, € argmin By, (6, |1, ;) Vh. (EC.6)

0co 0n,€0p,

Single period characterization of stationary points.
The policy gradient formula in Lemma 6 states Vgl(0) = VzB(0 | 0ry, Jx,)|5_g- Therefore, 6 is a

stationary point of mingg ¢(0) if and only if it is a the stationary points of the optimization
problem mingcg B(0 | 7x,, Jx,). Because © = ©, x --- x Oy, this problem separates across time

periods, and we find 6 is a stationary point of ming g £(6) if and only if 6, is a stationary point of
ming, .o, Bi(6n | Nxy» Jr,) Vh. That is,

(VL(6),0'—0) >0 V§ €O <—

o
TB 6 Ky 7J7r
80h h( h|77 0 9)

](egeh)zo V0, € ©,,Yh (EC.T)

Ehzah

Inductive proof.

We argue that any stationary point 6 of £(-) must satisfy J., = J* p-almost surely. By Lemma
1, this implies it is a minimizer of ¢(-). By assumption 3, n, < p for any 7 € Ilg. In the reverse
direction, 7, = (1 — )p by definition, which implies p < 7, for each 7 € Ilg. Therefore, we can
throughout claim that certain events hold “almost surely” without reference to whether the base
measure is p or 7).

Let 6 be a stationary point of £(-). We proceed by backward induction, showing J.,(s) = J*(s)
almost surely for s € Sj,. As a base case, consider h = H + 1. By definition, J.,(s) = J*(s) =0 for
all s € Syy1 as Syy1 = {7} contains a single costless absorbing state.

Now, for any h < H, suppose Jr,(s) = J*(s) almost surely for s € Sj1,1. We first claim that
B (0n]1ry s Iry) = Br(0n|nx,, J*) for all 8, € ©,. This is a consequence of our induction hypothesis
and Assumption 3. In particular,

0< Bh(§h|7]7f97’]ﬂ9) _Bh(ghm‘"e’ J*) :/ [Qﬂe(saﬂéh(s)) - Q*(Svﬂ-@h (3))] 777r9(d8)

Sh
— / / Uy (5') — J*(5')] P(ds' |5, 75, (5)) 1y (d5)

Sp s'€Sp 41

¢ / () — T (5")] 1, (d5')

8/65h+1
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where we use throughout that Q., = Q* or J;, > J*. Inequality (a) is justified by the following
balance equation that holds for the discounted state occupancy measure: for any h € {1,--- ,H}
and and M C Sy,41,

e (M) = (1= 7)p(M) + 4 / P(Ms, 7(5))11- (ds).

This follows from the general balance equation of Lemma EC.2, which states 7,(M) = (
Y)p(M) + [ P(M]s,m(s))n.(ds) holds for all M C S, and the fact that P(Sy11s,m(s)) =0 for
s ¢ S;, due to Condition 3. Inequality (b) uses the induction hypothesis that J.,(s) = J*(s) for
s € Sp11 almost surely.

Having shown Bh(§h|17,r9,J7T9) = Bh(§h|77ﬂ9,J*) for all 8, € ©,, we now complete the induc-
tion step. As 6 is a stationary point of ¢(-), the characterization of stationary points in (EC.7)
implies that 6, is a stationary point of the optimization problem ming, e, Bh(§h|7],r9,J,r9), or
equivalently, of ming .o By(0n[nx,,J*). But in Condition 4 we assumed that 6 — B(6 | 7,,J*)
has no suboptimal stationary points. By the separability structure highlighted in (EC.6), this
implies that 6, — Bj,(0), | 1r,,J*) also has no suboptimal stationary points, so we have shown

0n € argming, .o, By (Gh | g s J*). Putting it all together, we get,

/ Ty (8)11mg (d5) = / @y (5.0, (5)) 11y (45) = B (Bn | 1y T ) = BB | 1y T*)
Sh S,

= min Bh (éh ‘ nﬂg,J*)

ghe@h

~ min / Q" (5,75, (5))1y ()

ghEQh

© / T ()1, (d5),

Sp

where equality (c) applies our assumption that the policy class contains an optimal policy, i.e. there
exists ¢, € ©), such that Q*(s,m, (s)) = min,eca, Q*(s,a) = J*(s) for all s €S, Since J, = J*, we
conclude that J,,(s) = J*(s) for s € S;, almost surely, completing the induction step. The statement
in Theorem 3 follows by invoking Lemma 1. [

D.5. Concentrability coefficients.

THEOREM 4 The following results apply under the general problem formulation in Section 2.
(a) If S is finite, then k, <1/ (minses p(s)).

(b) Let m* denote any optimal stationary policy. Then, k, < dZ’;* N
(¢) The bound k, < C/c holds if T is a contraction with modulus y wn a norm || - || that satisfies

cl TN <IN, <CIT| YT € Jo.

Proof of Theorem 4. The proof of part (a) follows as a simple corollary of the result in part

(b).

Proof of part (b).

Recall that 7* denotes an optimal policy. Using that J, = J* and the performance difference lemma
in (EC.5), we get

(1-) / (o= T dp= (1= )| Ty — J*||u, = () — £(*) = / (Jy — Ty ) iy
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(a)
< /(JW—TJW)an*

Y [ -1a) (@;") dp

d7]7r*
< J.—TJ.)d
_Hdp w/( )dp
(©) || A"
o =

where (a) follows by using that T,.J = T'J for any policy " and each J € 7, (b) uses definition of
the Radon-Nikodym derivative and (c) follows as J, =T J,. O

Proof of part (c).

From (EC.2), if T is contraction with modulus « in || - ||, then ||J — J*|| < (li"/) |J —TJ*||. Our
result follows by noting,

C C
|J=TJ| < ————|J=TJ|,, O
(1—7) c(1-7)
Lemmas 11 and 12 which state the concentrability coefficients for optimal stopping and LQ
control are proved in Appendix E where both these examples are treated in detail.

[T =T, <CIlT =7 <

D.6. Closure under approximate policy improvement: Proof of Theorem 5.
For reader’s convenience, we first restate Theorem 5.

THEOREM 5 Suppose Conditions 0, 2.A and 5 hold. Then, £ is continuously differentiable and any
stationary point 6 of £(-) satisfies,

Umg) — O(m) < —2 ¢

(1)

Proof of Theorem 5 Suppose 0 is a stationary point of £: ©® — R. Under Conditions 2.A and 5,
we have

7\'+€H@ 7T+€H@

:/ [‘]ﬂe _T‘]ﬂe] Az,
= ||J7T9 _TJﬂ'ng,??-:rea

e> min B(7"|0ny, Jrp) —migB(w'\nﬂg,Jﬂe) = min </ [TﬁJﬂe] dme> —/ [TJW,] dng,
e

where the second equality follows from Lemma EC.3 and the final equality uses that J., =T J,,
for any my € Ilg. Then, we have

b(ma) —min€(m) = (1) [ [Jey =T} dp = (1=l Ty = Tl
< HpHJTrg _TJTFQHLP
Kp
-T
= (1_7 HJﬂ'G Jﬂ'
K'/p'E

(1—v

The first inequality follows from the definition of x,, the second uses that n,, = (1 —v)p and the
final inequality follows from Condition 5. [

A

0”177]7\'9

~—

IN

~—
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Appendix E: Example details.

E.1. Finite state and action MDPs with natural parameterization.
We restate and prove the convergence rate result for tabular MDPs given in Lemma 7. We use
a result in (Agarwal et al. 2020) which shows that for the policy gradient objective with natural

parameterization, V£ is Lipschitz continuous with constant L = 51‘%'2.

LEMMA 7 Consider the finite state action MDP with natural parameterization as formulated in
Ezample 3. Assume v > 1/3 and per-period costs are normalized with ||g|l. < 1. For projected
gradient descent, 7)) = Proj (7' — aVi(x"))) with a = U= ok

27[Al Y
Ty _ e o | SUSIMIKS (€(r°) — £)
Umt) =4 S\/ (1) T )

where £* =inf ey 0().

Proof of Lemma 7. We assumed that the per-step costs are normalized, i.e.
SUP,cs.qcal9(s,a)] < 1. As the weighted PI objective 7' — B(r'|n.,J;) in (15) is (1,0)-gradient
dominated, Theorem 2 implies that ¢(- ) ( ,0)-gradient dominated. For finite state-actions

MDPs, Theorem 4 implies x, < sup,cg (s)) Apphcatlon of Lemma 3 also requires smoothness

conditions. For this, we appeal to Lemma D3 in (Agarwal et al. 2020) which shows that V¢
is Lipschitz continuous with constant L = (21'“4‘ Note that there is a difference of a factor of
(1 —+) in the denominator as compared to the result in Lemma D3 of Agarwal et al. (2020),
due to our definition of the policy gradient objective. While we consider the discounted average
cost, £(m) = (1 =) > ,cs J=(s)p(s), Agarwal et al. (2020) consider the undiscounted objective,
U(m) = ,cs Jx(5)p(s). Finally, it is easy to compute the constants R and k in part (1) of Lemma
3 for tabular MDPs with natural parameterization as:

R= sup |7 —7'||s <+/2|S], (EC.8)
7, €Il

k=sup ||[Vi(m)|2 <~ A (EC.9)
mell (1—=7)

where (EC.8) follows from the fact that Zk [(m(s,e5) —7'(s,e;))* <2 for any s € S and 7 € I
For (EC.9), we use that 24" — 1 (5)Q,(s,¢,), where |Q, (s, ;)| <

1
o (s, e]) (1—7)
costs are normalized and 0 < 7, (s ) < 1 by our definition of the discounted state occupancy measure.

As % > % for v > 1/3, the claim follows by letting o = % and c= (1'1"7) in the statement of Lemma
3 part (1). O

since we assume per-step

E.2. Regularized finite state and action MDPs with natural parameterization.

LEMMA 8. Let £5(m) denote the average cost function for the problem described in Example 4 with
a given reqularization parameter X > 0. Then, if 75 € argmin_ £ (7),

* . C
by (m3) < Ernel%[lfA(ﬂ') + A (1 +log (1 + X>> where c¢= 2(12%X|g5,i’)/(1 —).

Proof of Lemma 8. To make the dependence on A explicit, we consider the MDP M, =
(S, A, gx, P,v,p) where

k

ga(s,a) =g a+X-Dxe(Ulla) = go(s,e:)a; + A+ Dyr(U||a)

i=1



ecl4 e-companion to Bhandari and Russo: Global Optimality of PG methods

For the regularized problem, we write the appropriate terms as 17, T\, ¢y (m), Q%, Q%, Jx, J{. For
ease of notation, we write D(:||-) to denote Dki,(+||-). We prove this result in a sequence of steps.

Step 1: Cost-function decomposition: Using the relationship between the per-step cost function
and the average cost function, we have that for any 7 € 1l,

= 1e(8)gr(s,7(5)) =D _1(5) (90(5,7(s)) + A~ D(U]|(5))) +A2nw D(U||r(s)).

seS seS
(EC.10)
Step 2: We construct a policy wy with bounded sub-optimality gap for the unregularized objective:
Essentially, we show that there exists a 7y, with

lo(my) <minly(m) + A (EC.11)

mell

To do this, define 7 as the solution to the following regularized optimization problem,

(s )—argmm ZQO s,ei)a; +A-D(Ul|a). (EC.12)

U‘EIZl

where )} denotes the optimal state-action cost-to-go function of the unregularized MDP. We can
interpret D(Ulla) = —¢ Zle log(a;) —log(k) as a log-barrier penalty function for the probability
simplex with effective regularization parameter A/k. The log-barrier regularization plays a key role
in the theory of interior point methods (Boyd and Vandenberghe 2004, Chaper 11). In particular,
we use a result (Boyd and Vandenberghe 2004, page 566) which shows that optimal solutions to
log-barrier regularized problems are near-optimal for un-regularized ones. For our construction in
(EC.12), this implies

ZQO s,e;)ma(i]s) < minIZQ;(s,ei)ai—i-)\
where 7, (s) = (mx(1]s),- - ,7r,\(k|s)). In terms of Bellman operators, this means
TorJy <ToJy+Xe=Jj+ Xe (EC.13)

where e is a vector of 1’s. Repeatedly applying 75> to each side of this expression and using
the monotonicity and constant shift properties of the Bellman operator (Bertsekas 1995) shows
JorN 2T+ ﬁe. Combining this with definition of the average cost, €o(7) = (1 —7)>_, p(s)JJ(s),
shows our result in (EC.11).

Step 3: Bound D(U||my(s)): Combining the result in (EC.11) with the cost decomposition in
(EC.10) implies,

(7(m3) < minbo(m) + A+ A S 12(5) D(Uma (5)) (EC.14)

seS

We now show an upper bound on D(U||my(s)) which shows our result. For simplicity, focus on a
single fixed state s and take

a* =Ty(s )—argmm Qo S,€;) Zlog a;).

Without loss of generality, assume actions are ordered such that Q(s,e1) > Qi(s,e;) for all j.
In this case we must have that aj <aj for each j, i.e. aj <1/k. From the first order optimality

conditions, we have
Ak ANk .
/8 _ gitaep— ) y5

1 J

Qo(s,e1) —
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This implies,

o 1 e ) e )

1 =2 1 =2

A (k=1)/k
L s (k= 1)/k

(s,ej)a
T1- aj 4 1—aj
=2
Rearranging terms gives
AME A (k-1
/* A *)/ —Qi(s,e) (s,e;
aj 1—aj

Here, A is roughly interpreted as the excess cost of action 1 over the weighted average of other
actions. We use the uniform bound A < e¢. Multiplying each side by k/A and using that a} <
1)k = 1—a;>(k—1)/k,

a;:i'A+f_;{ g%-A+kgk(1+E).
)

Since D(Ul|a*) = + 2?21 log (a% —log(k) <log(1/a}) —log(k) <log (1+ %), we have that
J

c
D(U||mx(s)) < Alog (1 + X) .
Since this holds for every s, combining it with (EC.14) gives,

c
i < < mi R
Efrgﬁl&(ﬂ <ly(my) < rglelﬁléo(ﬂ) + A+ Alog (1 + )\)
Our final result follows by noting that for any policy m, ¢o(m) < £\(m). In particular, if 75 €
argmin,_ . £, (m), then o(75) <mingep Oy (m). O

E.3. Regularized finite state and action MDPs with nonlinear parameterization.

We prove Lemma 9 as discussed in Example 5. Given a feasible descent direction D, which by
definition means 7y + aD €1l is a feasible policy for sufficiently small «, our goal is to verify that
there exists IV solving the linear system [88%] N = D. For simplicity, imagine there is only a single
state, so that a policy is described by the vector (my(1),---,m(k)). If there were multiple states,
the same argument could be repeated for each block of parameters corresponding to each distinct
state.

Since we have effectively fixed a choice of #; =0 in Example 5, [8”9] N =D is a system of k
equations with k& — 1 variables, denoted N = (Na,---,Ny). We first temporarily ignore the first
linear equality and show we can solve the remaining k — 1 equations: a%ogi)Ng 4+ ag%ﬁ(:)]\fk =D;
for each ¢ > 2. To see this, consider the (k — 1) x (kK — 1) sub-matrix of the Jacobian that comes
from dropping the first row:

mo(2)(1 —m(2)) —me(2)me(3) -+ —me(2)me(k)
[&rg(z’)] —me(2)me(3)  me(3)(1 —me(3)) -+ —ma(3)Ta(k)

00; - : : : :
—mg(2)mo(k)  —me(3)me(k) - me(k)(1 —mo(k))

This matrix is diagonally dominant and therefore non-singular, implying a solution to these k —1
linear equations exist.
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We now show that the first linear equation is redundant and follows from the other k£ — 1. In
particular we have

87r9 )y Z( oyl )N])_Z’“:( '_28@ ) ZD Dy,

=2 =2

=2

where the first equality uses that my(1) +--- +mp(k) =1 and the final equality uses that D; +---+
D, =0 for any feasible descent direction.

E.4. LQ control.

Preliminaries.

We consider the LQ control problem as described in Example 2 with all the notations and assump-
tions introduced there. Even though this example doesn’t fit our general formulation as the per
period costs are not uniformly bounded, the important properties of Bellman operators that are
used in our proofs hold when restricting attention to stable linear policies and quadratic value
functions. Define the set of strictly convex quadratic cost to go functions as

J,={J:s€ER"—s"Ks| KcR™" K =0}

LEMMA EC.5 (Bellman operators for LQ control). Consider the LQ control problem formu-
lated in Example 2. For J,J € J, and a stable linear policy m € {my: 0 € Og}, the following hold:
1. (Closure on the set of quadratic cost-to-go functions) T,J € J, and TJ € J,.
2. (Monotonicity) If J = J, then TyJ < TyJ and TJ <TJ.
3. (Bellman equation) J, =Ty J, and J, =lim_,o, T*J. Moreover, J =TJ if and only if J = J*.

We use these properties extensively for our analysis but omit the proofs as these results can be
found15. in standard textbooks (e.g. Bertsekas 1995). In addition, we use the following standard
property of the trace operator repeatedly in our analysis. This can be found in (Fang et al. 1994), for
example. Let Apin(A4) and M. (A) denote the minimum and maximum eigenvalues of a symmetric
matrix respectively.

LEMMA EC.6. For any two symmetric and positive semi-definite symmetric matrices A, B € R"*™,
Amin(A) Trace(B) < Trace(AB) < Apax(A)Trace(B)

Finally, we use several times the following observation. Recall that the second moment matrix of
the initial state, denoted X, =T, [sos, ] is assumed to be finite and positive definite.

LemMA EC.7. For a square matriz M with Frobenius norm || M|/ = +/Trace(M T M),
Amin (5) (1M 1[5 < B, [I1M50]15] < Ammax (3) M-
Proof of Lemma EC.7. Using Lemma EC.6 gives
E, [[[Msoll3] =E, [sg M " Mso| =E [Trace (sq M " Ms,)| =Trace (M T MX,)
> Amin (3,) Trace(M " M)
— i () | M2
An identical argument yields a corresponding upper bound. [

Stability in LQ control.

The following lemma is a straightforward adaption of classical understanding of stability in linear
dynamical systems to our setting, which considers the cumulative discounted cost incurred from
a random initial state. To ensure reproducibility, a proof of the following result is given in the
supplementary technical report (Bhandari and Russo 2021).

LEMMA EC.8. In the LQ control problem formulated in Example 2, £(0) < 0o if and only if 6 € Og.
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Smoothness properties for LQ control.
Recall the cost cost function in LQ control is

Jrp(S0) = lim Z’y (0TRO+C)s, where s,=][A+ Bb)'s,.

T—o0

Since s; is differentiable in 6, differentiability properties for finite T' follow almost immediately.
For stable policies, (,/7)"s; — 0 at a geometric rate, so later terms in the sum have a negligible
contribution to the total cost. It is then natural that smoothness properties hold for stable policies,
which is shown carefully by Rautert and Sachs (1997) (though derivative calculations seem to date
back even to Kalman et al. (1960)). The next lemma states this finding in a form that is sufficient to
apply results on the convergence of first-order algorithms like Lemma 2. The idea is that, beginning
with a stable linear policy 0y, iterates produced by first order methods with appropriate step-sizes
are assured to stay in the sublevel set Cj,), which only contains stable policies.

LEMMA 4. Consider the LQ control problem formulated in Fxample 2. The set ©g is open and £ is
twice continuously differentiable on ©g. For any o € R, the sublevel set C,, := {9 eR™k . 4(0) < a}
is a compact subset of ©g and, if it is nonempty, supyec, |V24(0)]2 < oo.

Proof of Lemma 4. That any sublevel set only contains stable policies, i.e. C, C Og, is an
immediate consequence of Lemma EC.8. With a little bit of algebraic simplification (see Rautert
and Sachs (1997) in continuous time and Bu et al. (2019) in discrete time), one can show that £(9)
is twice continuously differentiable for any 6 € ©g and hence over sublevel sets (as C, C Og).

We show that sublevel sets are compact by showing that they are closed and bounded. As
¢(-) is continuous over Og, by definition its sublevel sets are closed. We show £(f) is a coercive
function, meaning lim_. £(6) = co. (By the equivalence of norms in finite dimensional spaces, the
definition does not depend on the choice of matrix norm.) By definition, sublevel sets of a coercive
function are bounded, (see for example (Peressini et al. 1988)) so this completes our argument. To
show £(-) is coercive, we lower bound it using Lemma EC.7 as

(1— Z*y (0TRO+C)si| >E, [(050) R(050)] > Amin(R)E, [||030]12]

> )‘min(R)Amin(EP)Heniﬁ

which clearly tends to infinity as [|0]|% — oo. Recall that ¥, =E, [sosg ]. To prove the final claim,
observe that as £(-) is twice continuously differentiable, [|[V2£()|, is a continuous function. Because
any sublevel set C,, of £(-) is compact, the Extreme Value Theorem implies ||[VZ¢(6)||, is bounded
on any sublevel set, i.e. maxgec, [|[VZ(0)]2 <oco. O

Optimality of stationary points for LQ control: Proof of Lemma 5.

LEMMA 5. For the LQ control problem formulated in Example 2, any stable linear policy 0 satisfies
VE(0) =0 if and only if J., = J*.

Proof of Lemma 5. 1f 6 defines an optimal policy, then the first order necessary conditions imply
V{(0) = 0. Now consider a sub-optimal stable linear policy 7y and let 75 be the policy iteration
update to my. That is, 0 satisfies T dry =T Jr,. Set 0 = (1—a)0 + af for some a € [0,1]. As both

7g and 7y are linear policies, this implies, mpa(s) = (1 — a)fs + afs . For every s € R",
Trego Jrp (8) = Qry (8,90 (8)) = Quyp (5, (1 — )05 + afs)
< (1-0)Quy(5.05) + aQr, (5.05)
(1= )Ty Jny (8) + L5 Ty (5)
=(1 Oz)J,r (s) —|— aTJr,(s)
= Jny(8) — & (Jry () = Ty (5)) (EC.15)
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where the first inequality uses that a — Q, (s, a) is convex, as noted in Section 4. As J, = T'J,,, we
conclude from (EC.15) that J,, = T% . Jx,. Repeatedly applying the Bellman operator and using
the monotonicity property gives,

Jrg = Trgadng = T2 Jug = vz i T T = T (EC.16)

k— o0

As, J;,. = Jx,, the interpolated policy mga is stable. Then from (EC.15) and (EC.16), we have

Jﬂga — Jﬂg < Tﬂ'ga J7r9 - J7r9 < [TJWQ — Jﬂ"g] .

o - o

Multiplying each side by (1 —+), taking the expectation over s, drawn from the initial distribution
p, and then taking o — 0 gives

L40)] < (1) By [Ty (30) — iy 50)] = (1), [E(so)] (EC.17)

a=0
where we have denoted the error in Bellman’s equation by E(s) = J.,(s) — T J,,(s).

We know E(s) >0 for all s because J., = T'J., and the inequality is strict at some s because
the policy 7y is sub-optimal by assumption and therefore J,, # T'J,,. We argue that E,[E(sq)] > 0,
showing that the right hand side of (EC.17) is negative and hence € cannot be a stationary point.
To show this, we first observe that, since J,, € J, and T'J,, € J, are both quadratic functions (See
Lemma EC.5), E(s) is a quadratic function. We can then write E(s) =s' Ks for some symmetric
matrix K satisfying K > 0 and K # 0. Applying Lemma EC.7 gives,

E, [E(s0)] = E, [s¢ Ks0] =E, [IK"2s0l13] > Amin( E)IE ]2 = Auin(E,) - Trace(K) > 0. O

Concentrability coefficient for LQ control.
We first recall the lemma statement from Section 7.

LEMMA 12. Consider the LQ control problem formulated in Example 2. Let 0* € R™** denote the
parameter of an optimal policy and define ¥,:=E, [sosy] and X =E,,. [s0sq]. Then,

N g

|J— T, < \J—=TJ|, VJe{Js, 00O}

Kk
(1=7)
where

Mo (S, )
)‘min (Ep)

The proof leverages the performance difference lemma, described in Subsection D.1 and equation
(EC.5) in particular. Here, to make precise the result used in the proof, we state in Lemma EC.9
below, an analogue of that formula in linear quadratic control, which restricts to stable policies to
rule out divergent sums. The proof is essentially identical to that leading to (EC.5) and is therefore
omitted. Observe that, since the dynamics are deterministic with states evolving according to
s.41 = (A + B0)s,, all randomness is due to the initial state s, drawn from p.

R =

LEmMA EC.9 (Performance difference lemma for LQ control). Consider the L(Q) control
problem formulated in FExample 2. For any 0,0 € Og,

08) - £(0) = [27 (T (1) Jm(st))] _ / [Ty~ 12, ] i
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Proof of Lemma 12. For any my € Og, by Lemma EC.5, J,, € J, and TJ,, € J,. Therefore
Jrg =TIy, € Ty, which means there exists symmetric K € R™*" such that J,(s) —TJ.,(s) =s' Ks
for all s. Since J;, =T J,,, we have that K = 0. We get

| ey = TJryll1p =E, [Jw@ (so) — TJ,TB(SO)] =E, [SJKSO] = Trace(KX,). (EC.18)

This simplifies the right hand side in the definition of x,. To simplify the left hand side, we use
the performance difference lemma above (with a choice 6 = 6*),

(=D ay = T lhog == €0 = 6O) = [ [ 1, = Tey ey i < [ (10, =TT ],
=E,,. [SJKSO]
= Trace (KE%S* ) )

where the inequality used that T'J < T; . J holds for all cost-to-go functions J. Combining this
with (EC.18) and applying Lemma EC.6 gives,

||<]7T9 - J*Hl,P < ]. . Tra’ce(KE"]wG*) < 1 . )\nlax (Enﬂ9*> |:|
HJTre - TJHI,p I e Trace(sz) I e )\min(zp)

E.5. Optimal Stopping.

We now consider the optimal stopping problem as described in Example 7, continuing with the
notation and assumptions introduced there. Recall that in our formulation, for each context x € X,
the offer distribution is assumed to have a density, ¢.(-), with continuous derivative and support
{yeR:q.(y) >0} = (Ymin, Ymax) Where yuin > 0. We set Y = [Ymin, Ymax)- We also assume the initial
distribution places zero probability on trivial instances that begin in the terminal state (i.e p(7) =0)
and factorizes over continuation states as p(z,dy) = v(z)q,(y)dy where v(z) >0 for all x € X.

Preliminaries and notation.

Technically, the state at time ¢ consists of both the context x; and the offer y;. But since y; depends
only on x; and not on the previous state, it is helpful to work directly with the state variable x;
and then separately take expectations over offers drawn from g, (-). To this end, we develop some
specialized notation. Let 7/ denote the marginal distribution over X U {7} under the discounted
state occupancy measure 7,, and note that

Y2

e ({ah ¢ ()) =1 0) [ )y (EC.19)

1

We find it convenient to directly work with n and ¢,(y). We now state several formulas in terms
of n. and ¢,(y) that will be used throughout the analysis. For an action a € [0,1], indicating a
probability of stopping,

Q= ((2,y),a) =

ay+ (1 —a)y ZP(I’\w)/yJw((wﬁy’))qu(y’)dy’] = ay + (1 - a)cx(x)

z’ex

where

cr(x) =7 Z p(z'|x) /y T (@' 9" ) (Y)Y € [0, YYmax) (EC.20)

z'ex
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is called the “continuation value” from context x under policy m. That ¢, (z) < YYmax is due the
basic fact that J,(2',9y") < Ymax, i-e. no policy can accrue expected reward exceeding the maximum
possible offer. Similarly, the weighted policy iteration objective becomes,

Ymax

BO T =Y rla) [ Qellen). 1> 0)a.(w)dy

=) n.(x) / [y1(y > 0,) + cx(2)1(y < 0.)] ¢ (y)dy. (EC.21)

Here we use that there is zero value-to-go from the terminal state 7 to restrict the sum to contin-
uation states. We now proceed to verify all the conditions needed to apply our general results.

Condition 1: Closure under policy improvement.

It is easy to verify that the class of threshold policies is closed under policy improvement. For any
7 € Ilg, the policy iteration update for any state s = (z,y) € Sc is given by

™ (2,y) =argmax Qx((z,y),a) = 1(y > cx(x)).
ac{0,1}

This result can be seen immediately from the formula for @,(-) given above. Clearly the policy
iteration update is another threshold policy. In particular, the policy iteration update to 7 is a
new threshold policy my+ with parameters

0 = max{ymin , cx ()} (EC.22)

for each x € X. This works because a policy with stopping threshold y,,;, accepts the next offer
with probability one when ¢, () < ymi, and otherwise and we are assured that ¢, () € [Ymins YYmax)
is a feasible choice for 6.

Condition 2.A: No suboptimal stationary points for the weighted Pl objective.
This result here is implied by the gradient dominance result that follows, but it provides a warm-up
for that analysis.

We now show that 6 — B(6|n,, /) has no suboptimal stationary points for each m € Ilg. As
we formulate the optimal stopping example as a maximization problem, any stationary point
satisfies,

0
00,
for every x € X. It is possible to separate the stationarity condition into a component wise inequality

in this manner because the parameters space is the Cartesian product © = Y!¥!.
From (EC.21), we have the following formula for the derivative:

0
00,

B(Oln, J.)- (0. —0,)<0 V0. e,

B(O |1, Jz) = (ca(x) = 00) 07 (2) G2 (62) (EC.23)

Therefore, 6 is stationary point when (¢, (z) —6,.) - (6, —6,) <0 for all 0, € [Ymin, Ymax)- If cx(z) €
(Ymins Ymax) 1s in the interior of the feasible region, this implies 0, = ¢, (x). Otherwise (since it is
impossible to have ¢, () > Ymax), we have ¢, () < ymin and a stationary point must satisfy 6, = Y-
We have found any stationary point € satisfies, 0, = max{ymin, ¢-(z)}, which matches the formula
(EC.22) for the policy iteration update that maximizes 6 +— B(0 | n,, J,).
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Concentrability coefficient for optimal stopping.
We first recall the claim.
LEMMA 11. For the optimal stopping problem in Example 7, consider a policy mc that never stops,

i.e. ma(s) =1 for all s € Sc. Let p be a stationary distribution of the induced Markov process,
meaning p(M) = [ P(M]s',1)u(ds’) for any M CS. Then, choosing p = p implies r, < 1.

Proof of Lemma 11. We show that the Bellman operator T is a contraction with modulus v in
|| - ||1,,- The proof then follows immediately using part (c) of Theorem 4.

For a policy that never stops, the stationary distribution over continuation states, (z,y) € Sc
factorizes as p(z,y) = p'()q. (y) where p' is the marginal stationary distribution over context states
X such that p'(z") = 4 p'(x)p(2’|z). Then, for any bounded cost-to-go functions J,J' € 7,

1T =TT = 4 (a) /y (T (y) — T (2, 9)] 42 ().

reX

By definition,
T3(a.y) =max(y.y - ple'le) [ I (u)dy).
z'eXx Y

Note that for any scalars (x,x2,y), we have |max{y, x;} — max{y,z2}| < |x; — x2|. Therefore,

T (2,y) =T (@, 9)| <7 Y pla'|x) /y (") = T (@' ) g (y)dy. (EC.24)

z'ex

As the right hand side in (EC.24) is independent of y, integrating (EC.24) with respect to ¢,()
gives

/y TI(,y) ~ T @) ey < 3 pla'|) /y T o) — T () 4o )y

z’ex

Therefore,

17T =TT =3 (@) /y T T ()~ TT(@,9)| s (v)dy

zeX

<y W(@) Y paz) / Ty = T (@) g (v )dy
TxEX z'eXx y
(a) 12 / / / ! / / / /
@, u<x>/u<x,y>—J<x,y>qz«y)dy
Yy

z'ex

:’YHJ_ JIHLM

where (a) follows as u' is the stationary distribution over X. For p = u, we have C,c¢=1 in part
(c) of Theorem 4, implying that x, <1. O

Further results in the supplementary technical report.

One expects that many smoothness results hold for this problem (since with a continuous offer
distribution, infinitesimal changes to a stopping threshold should have an infinitesimal impact on
performance), and we have already calculated one derivative in (EC.23). For completeness, we
give a detailed verification of the differentiability properties in Condition 0 in the technical report
Bhandari and Russo (2021).
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For a reader who is interested in this specific optimal stopping problem, we note that it possible
to prove stronger results that yield convergence rates rather than just convergence to an opti-
mal policy. For example, in the technical report, we prove the following gradient dominance and
smoothness results, which are sufficient to guarantee the convergence rates in Lemma 3. Notice
that the gradient dominance constant depends on a measure of the degree of uniformity in the offer
distribution ¢, (-). We know £ is finite because X’ is finite, ¢, (y) > 0 for each y € Y (by assumption),
and ) is compact.

LEMMA EC.10 (Gradient dominance for optimal stopping). Consider the optimal stopping
problem formulated in Example 7. For any 7 € llg, the function 0 — B(0|n.,J,) is (5,0)—gradient-

dominated where f =maxX,ecx yey ¢ (Y)/ Mingex yey ¢ (Y)-

LemMA EC.11. For the optimal stopping problem in Example 7, maxgce ||[V2£(0)]] < oo.

E.6. Finite horizon inventory control.

Differentiability and derivative calculations.

In inventory control, an attractive approach for computing derivatives with respect to policy
parameters is described in detail in Glasserman and Tayur (1995). One can compute derivatives
of expected costs with respect to the base-stock levels by calculating the derivative for many sim-
ulated sample paths (i.e. realizations of the initial state and demands) and averaging the result.
Making such an argument rigorous requires justifying the exchange of an integral and derivative.
This is essentially treated in past work like Glasserman and Tayur (1995), but for reproducibility
we carefully verify the partial differentiability requirements in Condition 0 in the technical report
(Bhandari and Russo 2021). The proof also shows that under any base-stock policy, the distribution
of the inventory levels (xg,z;,---) has a density, which is a basic consequence of the assumption
that the demands follow a continuous distribution.

Verifying Condition 4.
The following lemma shows how Condition 4 holds for the finite horizon inventory control problem.

LEMMA EC.12. Consider the finite horizon inventory control problem in Example 8. Let J* be
the cost-to-go function corresponding to the optimal policy. Then, for any w,my € llg, the weighted
policy iteration objective B(0|n,, J*) has no suboptimal stationary points.

Proof of Lemma EC.12. Recall Q*(s,a) = Q+(s,a) denotes the Q-function corresponding to
an optimal policy. We follow a classical approach to rewriting costs as a function of the target
inventory level x 4 a rather than the state and action. We find

Q" ((xz,h),a)=c-a+E, bmax{r+a—w,0} + pmax{—x —a+w,0} + J* ((z +a—w,h+1))]
=c-2+Gp(x+a)

where the expectation is taken over the demand distribution and G(y) := E, [bmax{y —w,0} +
pmax{—y+w,0}+J*((y —w, h+1))]. Here y is thought of as a target inventory level. The function
Gh(-) is well known to be convex (see e.g Bertsekas 1995).

Recall that mp((z, h)) = max{6, —x, 0}. We can then calculate the derivative of the weighted PI
costs in terms of Gj(+) as

;ghza(eyw*) _ 2 / Q" (2, 1), mo(x, 1)) 1. (da, )
0

[ @@ b= [ @ (w0

>0p

:870’1

(a) 0
= —Q"((x,h),0, —x)n.(dx,h
L<eh o0, ((@,R), 6 ) )
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= G;z(gh) ﬁw(d%h)

x<0p

— G (0h) / 0 (dz, h)
I<9h

where (a) uses the Leibniz rule. Since 6, is constrained to lie above 0, and negative (i.e. back-
ordered) inventory levels are possible under the initial distribution, we know [ <6, N (dz, h) > 0.
Let 6% an optimal vector of base-stock levels, so ¢ € argmin, G (y). If ), is not a minimizer of
G1(+) (so it is a suboptimal base-stock level), then by convexity G} (0;,) - (65 —0;) <0, implying 6,
cannot be a stationary point of B(:|n,,J*). O

E.7. Linear MDPs: proof of Lemma 10.
The proof sketch in the body of the paper already established Condition 1 and that

B |1 2) = [ Qe ($))a(ds) = [ 20Q7 (s mun(5)(d)

Our remaining goal is to show that %Qﬁ (s,m9a(s)) < 0 for any state at which Q%" (s,-) # Q%" (s,-).
To see this, note that one can rewrite the problem max,c4 Q- (s,a) as max,,, ,cx f(a1.x-1,y)
where f is as in Lemma EC.13, a;.,_; are components of the action except a; (which is redundant,
as ap=1—a; —---—ap_1) and y; =] ®(s)f — e] ®(s)f. Using Lemma EC.13, one can establishes
the claim.

LEMMA EC.13. Define X ={x e (0,1)*: 3" "0, <1} and f: X xR SR by

i=1

f(z,0)=2"0+\H(z)

where H(x) = E]? Llog (1/_]“) with v, =1 — Zf;ll z;. For fized 6, € R*~1, define

h(0)= f(x*(0),0p) where x*(f)=argmin f(z,0).
reX
Then h(-) is differentiable, 0, is its unique minimizer, and (6p — 0)"Vh(0) = —||6y —
Olltw2 s (or o1 /A <0
Proof of Lemma EC.13. The function H satisfies V2H (z) = 0. It is well known that z*(6) satis-
fies 27 (0) = Ce~%/* where C =1+ Zle e~%/* Instead of using this formula, we use implicit differ-
entiation to derive a formula for Va*(6). Since z*(0) is an interior solution (i.e. 0 < ZLQ z*(0); < 1),

the first order condition implies 6 + AVH (z*(0)) = 0. Differentiating this expression again and
re-arranging terms yields the formula Vz*(0) = — (V2H(2*(0))) " € RE=Dx(k=1)_ Then

Vh(8) = (Va* () + A(Vr* (0)) VH(x" (6)) = (V" (6)) (6 — 6) = A~ (V2H(z"(6))) " (6 —6)

where the second equality uses the first order optimality condition. Taking the dot product of both
sides of the equation above with 6y — 6 yields the result. [
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Endnotes

13. Note that unlike Example 1, this policy class is closed under policy improvement.

14. Technically, for this to be appropriate we should imagine ©,,---,0y are disjoint, which we
could assume without loss of generality.

15. It is worth mentioning that many references state such results in terms of the cost matrices
instead of the functions J € J,. For example, the uniqueness of solutions to the Bellman optimality
equation within 7, is identical to the more common statement that the algebraic Riccatti equation

has a unique positive definite solution.
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