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E-Companion to:
Dynamic Relocations in Car-Sharing Networks

Appendix A: Proofs and Preliminary Results
A.1l. Notation
We introduce the following notation to simplify the exposition of the proofs. We use e to denote

the vector of all ones, and e; to denote the 7*® unit vector, whose dimensions will be typically clear

by context. We use E° to denote a matrix of all zeros except for its i*" column which is e.

A.2. Equivalence of Fluid Approximations

In this section, we describe the original LP fluid approximation model from Braverman et al. (2019)
for the dynamic car relocation problem described in Section 3.2, and we show it is equivalent to
Problem P in Section 3. Problem P is more amenable for our analysis, since it removes redundant
constraints and constraints that will never be tight at optimality if the expected relocation travel
times and costs satisfy the triangle inequality. Indeed, since our analysis is based on studying the
subset of tight constraints at optimality, then removing redundant constraints and constraints that
will never be tight at optimality is useful.

We introduce some notation to match the exposition in Braverman et al. (2019). Let a; be the
average availability at location ¢, i.e., the long-run fraction of time that there is at least one empty

car at location i. Then, the LP fluid approximation model from Braverman et al. (2019) is

max Z Zaz)\za”pm — Z cij,ufjeij (ECla)
i g

€ij>fij-a; —
1,j#1
Wi ;€ij SZuiifm 1<i,j<n,j#i (EC.1c)
k=1
Z HiiCri < Aia; < Z Hii€ri + Zﬂiifki 1<i<n (EC.1d)
k=1,k#i k=1,k#i k=1
)\iai + Z ufjeij = Z ,uzieki + Z,u,);fkl 1 < 7 <n (ECle)
j=1,j#i k=1 ki k=1
S eyt fy)=1 (EC.1f)
i=1 j=1
0<ag; <1 1<:<n (EC.1g)
fi; 20 I<i,j<n (EC.1h)
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To avoid repetition, we omit explaining the LP fluid model (EC.1) in detail. Indeed, in Lemma
EC.1 below we show it is equivalent to Problem P, and we explain this version of the problem in
detail in Section 3.3.

Lemma EC.1. If the expected relocation-times and the relocation costs satisfy the triangle inequal-
ity, then Problem (EC.1) is equivalent to Problem P.
Proof. Adding up constraint (EC.1b) over all j we can replace a;\; by >, ,u{k fir, thus Problem

(EC.1) can be rewritten as follows:

max sz Z,uwfw Z Cijlhi;€ij (EC.2a)

eijfij

1,JF#1
s.t. kafikaij =ul fis 1<i,j<n (EC.2b)
k
pies < ki 1<ij#i<n,  (EC.2¢)
k=1
Z lu’kzekl < Zlu’zgf’LJ — Z :u’kzekl + Zlu’szkl 1 S i S n (Eczd)
k=1,k#1 k=1 k7$7,
Z/‘I"{jfm + Z Cikik = Z :uklekz + Z,u]”sz 1 S { S n (Ecze)
j k=1,k#1 k=1,k#i
Zeu *22 et 2 =l (EC.26)
i j#i
OSZMijfij <A\ 1<i<n (EC.2g)
J
£, >0 1<i,j<n (EC.2h)
e;; >0 1<ij<n (EC.2i)

Since e;; > 0, and these variables only appear in constraint (EC.2f), then without loss of generality
we can remove them from the problem changing the equality in constraint (EC.2f) to an inequality,
making it equivalent to constraint (1le).

It remains to show that constraints (EC.2¢) and (EC.2d) can be dropped from problem (EC.2).

We now show that constraint (EC.2d) is redundant. First, the fact that the second inequality in
constraint (EC.2d) is redundant follows directly from constraint (EC.2e) and e;;, > 0. Second, the
first inequality in constraint (EC.2d) is implied by constraints (EC.2¢) and (EC.2e).

Finally, we show that if the expected relocation-times and relocation costs satisfy the triangle
inequality then constraint (EC.2c) can be dropped from problem (EC.2). Specifically, we prove

that if there exists an optimal solution to Problem P, then there always is an optimal solution to
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Problem P that will satisfy constraint (EC.2c)°. In fact, let (f}, e
to Problem P. If (f}

L €5;)ijen be an optimal solution

+i,€1j)ijen satisfies constraint (EC.2c) we are done. Therefore, assume that
pges > S ik fii for some nodes k and I. From the equilibrium constraint (1c) it then follows
that > uijf,jj <Dk Hixeiy- Namely, the solution (f,€];)i jen simultaneously has a larger relo-
cation rate out of node k than the rate at which matched cars arrive into node k, and a larger
relocation rate into node k£ than the rate at which matched cars leave node k. It follows that the
same matchings f;; can be attained in equilibrium by relocations é;; < ej; for each i,j # i € N, with
€ < €f,;, such that Zﬂéi 15:€50 = D50 155€05 = D i ap M5:€55 — D0 Mi;€5; for each node 4, i.e., the net
relocation rate into each node i stays the same as with the relocations ej;, and uj,éx < S u{kfi*k.
Since by assumption the expected relocation-times and relocation costs satisfy the triangle inequal-

ity, then (f5,€;;)i jen is feasible in Problem P and it attains an objective value that is no smaller

than the one attained by the optimal solution (f};,€};)i  jen, completing the proof. O

A.3. Proof of Lemma 1
Proof.  Let (f,e5;)i
a contradiction, that . pli fi; < A for all i, and Y-, dmCit o> fh <L
Then, it follows that there exists € >0 small enough such that the solution ( ﬁj,éij)i jen, with

jen be an optimal solution to Problem P and assume, in order to arrive to

ﬁ-j =[5+ emi a” >0 for all 7, and é;; =e€j; > 0 for all 4, j, is feasible for Problem P and it attains
ZJ

an objective value strictly larger than the optimal solution (f}:,e}.); jen, a contradiction.

€53
Jr g
We first verify that the solution (fi;,&;,) en is feasible for Problem P.

Indeed, constraint (1b) is satisfied since

phi iy = nl £+ emioy = (Z o f+ vr) =iy pwhfir-

k k

Constraint (1c) is satisfied since

Zulﬂf13+zuljel] Zulﬂf1]+€7rl+zuw Z] Z'u]lfﬂ'—FETrl—{_ZMﬂ ]Z

J#i J#i j#i
—Zﬂjzfgz+2/‘jz€]%+€ (771 Zﬁjaﬂ> Zﬂngyz+2%63u
JFi VE)

where the first and third equalities follow from the definition of ( f}-j,éij)i,je ~, the second equality

follows since (f;, ef;) jen satisfies constraint (1c), and the last equality follows since 7 =1 A.

Jr g

9 A stronger result, where any optimal solution to Problem P is optimal in problem (EC.2) holds if we assume
relocations are costly. However, Braverman et al. (2019) assume cost-less relocations and for consistency we show a

weaker result.
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Constraint (1d) is satisfied since for all nodes i, and for € > 0 small enough,
Sl fiy =Dl g+ em <
J J
Constraint (1le) is satisfied since, for € >0 small enough,
IDBIEDN DN ILEDMH AL DLES
[ [

Hence, ( ﬁj, €ij)ijen is feasible for Problem P. We now verify that it attains an objective value

strictly larger than the optimal solution. Indeed, for any ¢ >0

Zplz'“wf” ZZC”"%@” szzﬂmfﬁezpﬂ ZZC”“U Cij

[AVE [AVE

>Z]%ZMU 1] ZZCUNW €5

i g
a contradiction with the optimality of (£, e};)ijen. O
A.4. Proof of Proposition 1

Proof. 'We solve the linear system of equations from the statement of the proposition in closed

form. We start by rewriting it in a vector form more convenient for analysis. Indeed, to simplify

the exposition, define z; =3, ,ulfjfji to be the total matching rate at node i. From (1b), i.e.,
pl fij = oy S, il fin, it follows that

Zuflfﬂ = Zaﬁ Zufkfjk = Zajizj‘
J J k j

Then, by defining z and B to be row vectors we can rewrite the linear system of equations more

compactly as,

z=zA+p,
ze;, = )\l'
Since A is the transition matrix of an ergodic Markov Chain, z =zA + 8 has only n — 1 linearly

independent equations. Therefore, without loss of generality we drop the I'" equation and combine

it with ze; = A\; to form a system of n linearly independent equations.

lth

Let B! be the row vector obtained when replacing the I*® component of the vector 8 by A;. Then,

Al — ,Bl
Since A! is invertible we can solve for z in closed form as follows,

z=pB(A)". (EC.3)
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We now show that the components of the I** row of the matrix (A')~! are z}, = Z£. Since (I —
A) =07, then T A'=ej. Therefore,
z’:%:ef(Al)—lz(Al);l. (EC.4)

Substituting (EC.4) in (EC.3) and expanding we obtain,

Zk:zﬂlbik+zll€>\l :Z (Z/’L]'lejl Zluzj€2]> bzk+zk>\l ZZ /’szelj +Zk:)\l’

i#l i J#i J#i i j#i
(EC.5)

where the first equality follows by definition of A' and B!. The second equality follows from the
definition of §;, and recalling that by definition bfj =0 for all j. The third equality follows by
interchanging the sums in the first term.

Thus, we conclude

fopl
1 Wkm D Ml Qkm akm _
fkm: f = f Rk = < k)\l+zz zk: /’nge71> ’
k

Hrm Him lu’ m i g

where the first equality follows from (1b), the second equality follows from the definition of z;, and
the last equality follows from (EC.5), completing the proof. O
A.5. Proof of Corollary 1:

Proof. Follows directly from Proposition 1 and the reformulation (5) of Problem P when con-
straint (1d) is tight for node . O
A.6. Proof of Proposition 2

Proof. Analogous to the proof of Proposition 1, we solve the linear system of equations from
the statement of the proposition in closed form.

We start by rewriting it in a vector form more convenient for analysis. To simplify the exposition,
define z; =3, ,u{jfji to be the total matching rate at node i. From constraint (1b), i.e., ,ulfjfij =
iy 3 Wy firs it follows that

Z “fifji = Z Qji Z/’L;ckfjk = Z QjiZj,s
j j k j
and

Z Z f” Z Z i k ’ulkf?k § : § l’l’zkflk? g 701? = E Zztf = th,
M s
gl j i i

where the last equahty is by deﬁmtlon of z; and t{ . Then, by defining z and 8 to be row vectors

we can rewrite the linear system of equations more compactly as follows,
z=2zA+p,

ztle—ZZew

i g
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Since A is the transition matrix of an ergodic Markov chain, z=2zA + 8 has only n — 1 linearly
independent equations. Therefore, without loss of generality we drop the last equation and combine

it with zt/ =1-3",>" to form the following system of n linearly independent equations,

1—22%1.

)

j#i Cid

240 =2 (T - 4)_,|t] = [ﬂm

Namely, A° is invertible and we can solve for z in closed form as follows,

PIPBLE

i g

We now show that the components of the last row of (A")~! are z)) =

then’n’[([ A)_ ‘tf} { e 0,37, ﬂitﬂ. Therefore,

— [0, . ,O,th{] [(I - A)_n‘tf] o > ] (A%,

(A%~ (EC.6)

. Since w(I — A) =07,

Zzzz

Hence, we conclude

_ ™
(A%, = T =z°. (EC.7)

Substituting (EC.7) in (EC.6) and expanding we obtain,

2 = Zﬁidik + 2 (1 - ZZ%‘)

7 i A
= Z (Z €50 — Z MZ&‘;‘) dir + 2, (1 — Z Z 61’3‘)
( J#i j#i Pl
_ZZ it — dik uwew"i_zk ( ZZ€ZJ> ) (EC.8)
LI i jF

where the second equality follows from the definition of 3; and recalling that by definition d,,;, =0
for all nodes k. The third equality follows by interchanging the sums in the first term.

Thus, we conclude

f fo
oo Qgern %kz:szkz — Z::zk o km ( (1—ZZ%> +EZ ik — ik ,ulje”> :

i A i j#

where the first equality follows from (1b), the second equality follows from the definition of z;, and
the last equality follows from (EC.8), completing the proof. O
A.7. Proof of Corollary 2:

Proof. Follows directly from Proposition 2 and the reformulation (11) of Problem P when

constraint (le) is tight. O
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A.8. Proof of Theorem 1

Proof. We first show the one-to-one mapping stated in the Theorem.

On the one hand, let (E, F') be a feasible solution to problem P that satisfies at least one of the
constraints (1d) or (1e) with equality, and OBJ be its objective value. From Propositions 1 and 2
and by construction of the Problems P! and P°, E is feasible under at least one of the Problems
P!, 1€ N, and P° and it has the same objective value OB.J.

On the other hand, let E” be a feasible solution to some Problem P° or P!, I € N, and OBJ"
be its objective value. Moreover, let F" = F/(E") be the induced matches according to (2) if E" is
feasible in Problem P!, for some [ € A/, or (8) if E" is feasible in Problem P°. Propositions EC.1 and
EC.2 in Appendix B show that F" is well defined. Indeed, even if E” belongs to the shared facet
between Problems P!, for some | € N/, and PP, or to the shared facet between Problems P! and P™
for some I,m € {1,...,n}, Propositions EC.1 and EC.2 show that then the respective formulas for
F(E") coincide. From Propositions 1 and 2 and by construction of P! and P°, (E", F") is feasible
in problem P and it has the same objective value OBJ".

Finally, by Lemma 1, any optimal solution to Problem P must satisfy at least one of the con-
straints (1d) or (le) with equality. Therefore the last statement in the Theorem follows directly

from the one-to-one mapping above, completing the proof. ]

Appendix B: Additional Results and Proofs for the Partition of the ¢,;-Space

Recall the linear programs P given in (1), P! for [ € N given in (5), and P° given in (11). In this
section we provide the details that confirm that problems P!, I € N/, and P° span the space of all
relocations that induce at least one of the constraints (1d) or (1e) to be tight.

We start with Proposition EC.1, which formalizes that the feasible set of P° shares a facet

with the feasible set of each P!, [ € N. In particular, Proposition EC.1 shows that the closed-form
expression for the matches from node k£ to m when the demand rate at node [ is fully served,
ft., derived in (2) in Proposition 1, and when the supply is fully utilized, fp , derived in (8) in
Proposition 2, are consistent on the shared facet between P° and P'.
Proposition EC.1. Constraint (5¢) in Problem P' and constraint (11b) in Problem P° are
a shared facet between P' and P°. Specifically, > ulfjfg- <X\ if and only if 32,5, h>1 -
>i 2 jzi€ij- Moreover, if constraint (11Db) is tight (or equivalently constraint (5c) is tight) then
ftm = fon for each node k and m.

Proof. We first show the first statement in the proposition. Recall that constraint (11b) in

Problem P° is equivalent to

Z“lfjflg‘ = ZZ(dﬂ — dig) €05 + 2 (1 - ZZ&-J) <A, (EC.9)
j

i i i i



ec8 e-companion to Hosseini, Milner, and Romero: Dynamic Relocations in Car-Sharing Networks

where the first equality is by definition, cf. (8).

On the other hand, constraint (5c) in Problem P' is equivalent to

2.2 51000 e

i g
— Z )\ztf+zzz bék bly) tk,u”ew<1 Zze”
% J;éz k )
= Aoy y it s,
i j#i (VE
— Zﬂzgfzj ZZ (dji —dir ,umezg-kzl (1—ZZ%>>)\[,
[AE [AES

where the first equivalence is by definition, cf. (2). The second equivalence follows since by definition
S, 2kt =),k t£ =1/z), cf. equations (3) and (9), and from (EC.15) in Lemma EC.3 below,
which shows that (dji — d) = =203, (b, — bl )tL. The third equivalence follows from (EC.9),
completing the proof of the first statement in the proposition.

We now show the second statement in the proposition. Assume | i ufj fiy =i, i.e., assume (EC.9)

with equality, then

Ziu“k:]fk‘j ZZ ik — zk /'szel]+zk (1_EZ€”>

i g#i i A
dyy — da) 5 €55

I S R S

i g S A
_ZZ (d;1, — dix u”ew—i-zk <0 +ZZZ bék b,) tk,ume”>

T jF i j#i k
—ZZ ]k zk /1’7,_761] +7Tk7+zz bzk Hz]elj ZZ Jk lk 'U’WGU

[V E i jF i j#L
—TFka—i-ZZ bék ,U,” ij

)

:Zﬂijf’ij7
J

where the first and last two equalities are by definition, cf. Propositions 1 and 2. The second equality
follows from (EC.9) with equality. The third equality follows from (EC.15) in Lemma EC.3 below.
The fourth equality follows from the fact that by definition z) is proportional to m; for each node
i, cf. (9), and from (EC.14) in Lemma EC.3 below, which shows that b', = d;x — dy + 3, blt] 20.
To conclude the proof, note that f. = f2 for each node k and m then follows directly from
constraint (1b) and the chain of equalities above. O
Similarly, Proposition EC.2 formalizes that the feasible sets of each pair P' and P™, for I,m €

{1,...,n} share a facet. In particular, Proposition EC.2 shows that the closed-form expressions for
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the matches from node i to j when the demand rate at node [ is fully served, filj, derived in (2) in
Proposition 1, is consistent when the demand rate at node m # 1 is also fully served, f/7, i.e., on
the shared facet between P! and P™.
Proposition EC.2. Constraint (5b) for node m in Problem P' when the demand rate for node
[ is fully served, and constraint (5b) for node l in problem P™ when the demand rate for node
m is fully served are a shared facet between P' and P™. Specifically, Z‘anj fnj < An if and only
if >, ,u,ljflT > \i. Moreover, if 3, umj = Am (o7 equivalently > /’Ll]fl] M) then fl; = f* for
each node i and j.

Proof. We begin by showing the first statement in the proposition. Constraint (11b) for node

m in Problem P° when the demand rate for node [ is fully served is equivalent to

Zufm i )\lz +ZZ im ,u”e” —)\1—4—22 i umew <Am, (EC.10)
J

L E i i
where the equalities are by definition, cf. Proposition 1.
Analogously, constraint (11b) for node [ in Problem P° when the demand rate for node m is

fully served is equivalent to

Zui}f{}? = + SN W - b en <A

A

<— ———ZZ —bl ,u”e”<)\l

)

= A <Al—+zz i — Vi )15 €45

)
S fopl
Z:umj mj —
J

where the first equivalence follows from (EC.17) in Lemma EC.3 below, which shows that (b7} —
b)) = =m0 /7 (b, —b.,,.). The third equivalence follows from (EC.10), proving the first statement

in the proposition.

l

We now show the second statement in the proposition. Assume }, ,uilj i

(EC.10) with equality. Then,

Zuijféj:)‘l +ZZ bgk /Luew
J

)
(Al 3 3 (bh, = bE ges Zizj#(b;?b;?)ufjeij>
. _

T Tm, Uy

= A\, l.e., assume

i ()\l B > Zj;ﬁi(bfm - b?m)ﬂfjeij n > Zj;éi(bé'm - bém)ﬂfjeij>
Tm,

Uy Tm,

= <)\l B Zz Z];éz(bfm - bfm)ufjeiﬂ- + ﬁ - Al)

m T Tm Uy
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=\ 20+ Z Z(bﬂ — by ) 15 €4

)
_ f
—Zﬂkjf;?}
J

where the first and last equalities are by definition, cf. Proposition 1. The second equality follows by
definition of 2 in (3) and (EC.16) in Lemma EC.3, which shows (b}, — b}, ) /7 + (b, = bf,,) /T +
(b5 — bit)/m = 0. The third equality follows from (EC.17) in Lemma EC.3. Finally, the fourth
equality follows from (EC.10) with equality.

To conclude the proof, note that f}; = f;* for each node i and j then follows directly from
constraint (1b) and the chain of equalities above. O

For completeness, we now provide the statements and proofs of the auxiliary lemmas that were
used in the analysis in this section.

First, Lemma EC.2 shows an identity connecting the expanded fundamental matrix when node
[ is absorbing, B!, with the original transition matrix, A. In fact, (EC.2) can be interpreted as the
equilibrium condition for each row i of the matrix B!, namely B! A= B! —e! +e/.
Lemma EC.2. Let A be the transition matrixz of an ergodic Markov chain, and B' be the expanded
fundamental matriz when the Markov chain is modified to make node | absorbing.

Recall that I is the identity matriz, and E; is such that E;=e and E; =0 for all i #1, then
B'A=B'-I1+E,.
Proof. To simplify the exposition of the proof, assume without loss of generality that [ = n.

Then,

- [ ] 0] e

Since (I — Q™)™ '(I — Q") =1, then

([-QM) Q" =(I-Q") ' — L (BC.12)

Moreover, we also have

(I-Q) (A,)-n=e, (EC.13)

because the i*® component of the vector (I —Q)~'(A.,)_, is the probability of being absorbed in
the absorbing state n when starting from the transient state i, see for example Resnick (1992).
Since n is the only absorbing state, then (EC.13) trivially holds.

Substituting (EC.12) and (EC.13) into (EC.11) we conclude that

noA __ (I_Q)il_l‘e _nn
BA_[ o] =B~ 1+

Since | =n was chosen arbitrarily, we conclude that B'A = B! — I + E;, completing the proof. [J
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Lemma EC.3 below shows several useful identities between the linear coefficients used in Propo-
sition 1, bi , and the linear coefficients used in Proposition 2, d;;.
Lemma EC.3. Recall that A° = {(I — A),n’tf] s dpi =d,; =0 for all i, j; the coefficients d;;, for
i#mn, are the (i,7)" elements of (A°)~1; and 22 = Z::itf are the (n, k)™ elements of (A°)~!
While bﬁ.j are the (i,7)" elements of B!, the expanded fundamental matriz when node l is absorb-

ing. Then, for each j,k,l €N,

by = djy — diye + Z b.tlz). (EC.14)
Therefore, for each i,j,l € N,

(djy —di) = =2 Y (b, — bl )t (EC.15)

k
Moreover, for each i,j,k,l,meN,

Ty Tm Tk

=0. (EC.16)
Hence, for each i,j,l,meN,
m m G l l
(b5 —bi) = _?(bjm = bim) (EC.17)

Proof. From Lemma EC.2 we have B!(I — A) = I — E;. Then, we have the following system of

n linearly independent equations,
B'A— B [(1 A)_ ytf] [(1 E)- thf}

and since A is the transition matrix of an ergodic Markov chain, then A° is invertible and we can

solve for B! as follows,

jllk‘

B = [(I E)_.|B tf} (A = b=dy—diut Y bt 2

This completes the proof of (EC.14), which implies z
bh, — bk =dj — Z+Z =k )t 20, (EC.18)
for any 4, j,k,l € N. Letting [ = k in (EC.18), and recalling b}, =0 for all i completes the proof of

(EC.15). From equations (EC.15) and (EC.18) we have that, for each 4,j,k,[,m e N :
(b

o —bk)
1 %) Z L Z k 5
(bl —b)

S =S+
Lﬂ i) _ Zb’“ — bk t+me—bm
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Adding up these three equations, and recalling that z{ is proportional to m for each k, results
in (EC.16). Letting k =m in (EC.16) and recalling b}, = 0 for all i gives (EC.17), completing the

proof of the lemma. 0

Appendix C: Projected Gradients and their Properties

In this section, we define the projected gradients used in our method for dynamic relocations in car-
sharing networks described in Section 5.1. We additionally prove they have interesting properties,
which simplify the implementation of our method.

We first introduce some notation to have a consistent exposition with Section 5.1 and the
Appendix in Section 8. For any node [ € N, let r" = (b}, — bl )uS; denote the coefficients of the
demand constraint (5b) in Problem P! for node m # ! and 7% =1+ 3, (b}, — b}, )us, denote
the coefficients of the supply constraint (5c) in Problem P!. Recall, from Corollary 1, that gﬁj =
(325 Du(bhy, — bly) — ¢i5) pis; denotes the coefficients of the gradient in Problem P!, l € N.

Similarly, let 7F = (d;, — dx,) pi5; — Zj, denote the coefficients of the demand constraint (11b)
for node k in Problem P°. Recall, from Corollary 2, that g% = (3, pe(djr — dir, — 20/ ;) — ¢ij) 155
denotes the coefficients of the gradient in Problem P°.

Moreover, consider any subset S of the indices for P° and P', [ € N, with at least two members,
ie., SCNU{0}, s=|S|—1>1. Then, for any index [ € S let W;(S\ {l}) denote the subspace
defined by the demand (and supply) constraints indexed by S\ {/} in Problem P' being tight.
Specifically, let S\ {l} ={k,...,ks} and define

lkq
e

Wi(S\ {I}) = Nul : :Span{rlkl,... r!kS}L. (EC.19)

i s Ly,
1kg
— s —

Namely, W;(S \ {l}) is the orthogonal subspace to the subspace spanned by the vectors
{ri¥t ... ri} (Strang 1993).

Interestingly, we first show in Lemma EC.4 below that the subspace W;(S\ {{}) only depends on
the subset of indexes S and it is independent of the index [ € §. Namely, for any indexes I,m € S,
[ # m, the subspace defined by the demand (and supply) constraints indexed by S\ {/} in Problem
P! being tight is equal to the subspace defined by the demand (and supply) constraints indexed by
S\ {m} in problem P™ being tight. This symmetry is an important feature of the reformulation

of the fluid model for car relocations, which helps to simplify our analysis.

Lemma EC.4. For any subset of indices S CN'U{0}, s=|S|—1>1, and indices ,me S, l #m,

Wi(S\{1}) = Win(S\ {m}).



e-companion to Hosseini, Milner, and Romero: Dynamic Relocations in Car-Sharing Networks ecl3

Proof. Let S\ {l} ={k1,...,ks}. Assume, without loss of generality, that m = k;, then

1
Wi(S\ {1}) = Span {rim v, .. x|

i- 2+

L
= Span {r%_m,r;nkz, e ,r;’f‘ks}

L
= Span {rf‘l,r?kz, . ,r?‘ks}
= Wm(S \ {m})a

where the first and last equalities are by definition, c.f. (EC.19). The second equality has two
cases. If [,m € N then the second equality follows from (EC.16) and (EC.17), which imply r} =

(75 T )EI™ + ¢ hence Span{r,“} = Span{r!™ r™ i}, for each i € {2,...,s}. Alternatively, if
without loss of generality [ =0, then the second equality follows from (EC.15) and (EC.18), which
imply r2 = (7, /7, )12 + £ hence Span{r;*} = Span{r®™ r}™}, for each i € {2,...,s}. The

third equality also has two cases. If [,m € N then the third equality follows from (EC.17), which

implies ri™ = —(7,,,/m)r™, hence Span{ri™} = Span{r™'}. Alternatively, if without loss of gen-
erality [ = 0, then the third equality follows from (EC.15), which implies r?™ = —z% r™° hence
Span {r{™} = Span {r™°}, completing the proof. O

We are now ready to define the projected gradients we use in our method for dynamic relocations,
which apply standard machinery in orthogonal projections, see Strang (1993).
Definition EC.1. Let (g} )w,s\u}) denote the gradient of relocations out of node i in Problem
P!, 1€ S CNU{0}, projected on Wi (S\ {l}), the subspace defined by the demand (and supply)
constraints indexed by S\ {l} in Problem P' being tight. Moreover, let J;(S\ {l}) denote a matriz
such that its columns form a basis for the subspace W, (S\ {l}). Then,

(8l wisvn =SS\ (FS\ AN IS\ (D) IS\ {1 g (EC.20)

In order to provide further intuition, we note that when considering only two nodes (analogously
one node and the index 0 for P° and the associated supply constraint), i.e., if S = {l,m} C N U{0},
then (EC.20) simplifies to,

1 Im
1 ol 8i. T Im
(8w m)) =& — <I'lllml'ln‘> r.
Namely, (g})w {,m}) is the projection of g} onto the hyperplane defined by the normal rj™.
Proposition EC.3 below shows the main result in this section. Namely, that the projection of g!
~the gradient for relocations out of node i in Problem P'- is equivalent to the projection of g™

—the gradient for relocations out of node ¢ in problem P™— onto W;(S\ {l}) = W,.(S\ {m}) —the
subspace defined by the demand (and supply) constraints indexed by S\ {I} in Problem P' being
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tight (or equivalently from Lemma EC.4, the constraints indexed by S\ {m} in problem P™ being
tight)—. In order to prove it, we introduce the following notation.
Recall that p; = > ; Qijpij is the expected revenue per match at location i. Analogous to the

definition A° in Proposition 2 we now define AP = [(I — A),n|f)], hyni = hy,; =0 for all ¢, j, the

coefficients h;;, for i # n, are the (i, )™ elements of (A?)~!, and z} = s a5 are the (n, k)™ elements
of (A?)~'. Importantly, note that by substituting the coefficients d;; by h,;, 20 by z°, and t/ by 7,
all the results in Lemma EC.3 apply (following exactly the same proof). The proof of Proposition
EC.3 below relies heavily on these results.
Proposition EC.3. For any subset of indices S CN U{0}, s=|S|—1>1, and indices ,m € S,
L#m, (8L)wys\p) = (8w s\(m))-

Proof. Tt is sufficient to show that for any nodes I,m € N, [ # m, it must be the case that

Ilm

r’
& — 8 = 2 (EC.21)
g — gl =T1p. (EC.22)

Indeed, (EC.21) and (EC.22) imply that for any I,m € SC N U{0}, [ #m, gl. — g™ € Span{rj™}.
Hence, letting S\ {I} = {k1,...,ks} and noting that m = k; for some i € {1...,s}, it follows that
gl —gm e Span{r;**,... ,ri*}. Since by its definition in (EC.19) W;(S\ {I}) = Span{rj*,... ri*}+

then we conclude

1 _ 1 _ 1 _
(81— &) wsvan =0 = (8 wevapn = @ wsion = (8 wysp = B wuisi o

where the first equivalence follows from the linearity of orthogonal projections, and the second
equivalence follows from Lemma EC.4.

We now prove (EC.21). Note that

l m
9ij — 9ij _ _
’ P o= Zpk(bz‘k - bfk) - Zpk(b% —biy)
i - .
— bé'm —bim _ Pjm — Rim _ by — by T hji — hi
Zm Zm z zr
l !
_ bjm - bzm
zh
_
B zfnﬂff

where the first and last equality are by definition. The second equality follows from (EC.18) —
substituting d;; by h;;, 22 by zF, and t/ by p;. The third equality follows from (EC.15) and (EC.18)

pm_pm

—substituting d;; by hy;, 20 by 2°, and t/ by p,— which combined show hﬂ;ph” — By him I =0,

i -
1 Zm l
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completing the proof of (EC.21).
We now prove (EC.22). Note that

gl —g° z0
= Zpk(bé'k —by) — Zﬁk <djk —d, — l;>

ij & & ij
_ _ 1
A - i
f ol | 1
_Ztm(b]m_bzm)+ e
m v
ij ’

where the first and last equality are by definition. The second equality follows from (EC.18) and
> PrZy = 1. The third equality follows from }, pyZj = 1, completing the proof. O

Appendix D: Asymptotic Optimality of the DG Policy in Networks with Two Nodes

In this section, we prove the asymptotic optimality of the DG policy in networks with n =2
nodes. In networks with two nodes, the state-dependent routing induced by the DG policy is
continuous, which allows building on Mandelbaum and Pats (1998) to extend the approach from
Braverman et al. (2019) to state-dependent stochastic networks. Since we follow Braverman et al.
(2019), we focus on maximizing availability and assume costless relocations.

Analyzing the asymptotic optimality of the DG policy for networks with n > 3 nodes would
require generalizing the approach from Braverman et al. (2019) to large networks with multiple
discontinuous state-dependent routing and is beyond the scope of this paper. Motivated by service
systems with customer returns and service speedup, Chan et al. (2014) use Filippov analysis (Fil-
ippov 1988) to analyze the multiple possible cases of the fluid limit of a queueing network with two
stations and one state-dependent discontinuity in both network routing and the service rate of one
of the queues. In contrast, a car-sharing network with n =3 nodes is modeled by 18 queues (15
infinite server queues for customer trips and relocations, and 3 single server queues for idle cars at
each node), with up to 9 network routing discontinuities, making the approach from Chan et al.

(2014) intractable for large car-sharing networks.

D.1. DG Policy for Car-Sharing Networks with Two Nodes
Consider a car-sharing network with two nodes denoted by ¢ and j. Then, the DG policy is fully

characterized by the following continuous network routing;:

k2" — i B (t) — B (t)
Zme{i,j} :uz;kak(t)

PE(B®),F(t) = ( ) AL, kilefi,i},k#L, (EC.23)
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Zme{i,j} /’[’chmf;ckm if éZl > 07

2= {3, if &, =5 =0, sk:é*e_l:é* ke li g}, k1 (EC.24)
(14 51) A if e, > 0. te Tk
PE(E(), F(t) = 1 - QRS(B(1), F(1), kL€ {i,j}k#L. (EC.25)

as specified in Algorithm 1 in Section 5.1, where we explicitly consider that there are two nodes in

the network (7 and j).

D.2. The Fluid Model Induced by the DG Policy and its Equilibrium Point

In this section, we specify the fluid model induced by the DG policy. For conciseness, we largely
follow the exposition of Section 4 in Braverman et al. (2019), specialized to car-sharing networks
with two nodes ¢ and j. We focus on the main points where the analysis differs. Specifically, consider

the following extension of the fluid model Braverman et al. (2019) in this special case.
t
fkl(t):fkl(0)+)\kpkl(t_uk(t))_luliz/ fu(s)ds, k,led{i,j} (EC.26)
0

cult) = eu(0) =y [ euls)ds + QRS (re).nf(0) Y il / Fn(s)ds, kL€ (i3}, kL

me{i,j}
(EC.27)
t
eun(t) = €xa(0) = Mt~ un(t)) + iy | en(s)ds-+ QES (net),nf (1) 3 il / Fus)ds, ko€ (i3}, kL
0 me{i,j}
(EC.28)

uy(t) is non-decreasing with u;(0) =0 and / ek (s)dug(s) =0, ke{ij}. (EC.29)
0

We focus on car availability maximization. Let aj = lim; , ., 1 — 4, (¢) denote the car availability
at node k € {i,j} in equilibrium.

Proposition EC.4. Any equilibrium (a, e, f) of the fluid model (EC.26)-(EC.29) must satisfy

Z Mmkfmk Z Mmkfmk7 ked{i,j}.

me{i,j} me{i,j}
Hence, any equilibrium attained by the DG policy in the LP fluid model is asymptotically optimal

as kK — oo for the dynamic car relocation problem in networks with two nodes.
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Proof. The process-level convergence as k — oo of the car relocation problem dynamics induced
by the DG policy in networks with two nodes to the fluid model (EC.26)-(EC.29) follows from the
analysis in Braverman et al. (2019). Therefore, we focus here on its steady-state convergence.

Since the state-dependent network routing induced by the DG policy is continuous in car-sharing

networks with two nodes, we can take derivates in (EC.26)-(EC.28) to get,

Fia(t) = MNPl =i (1)) = iy fa (8), k,le i, g}, (EC.30)
en(t) = — pien(t) + QR (re Z Mmkfmkr
me{i,j}
+Qp (ke N nmk/ (s ke {i,j}, k#1, (EC.31)
me{z 7}
Exn(t) = = M(1 = () + e (t) + Qpy (re(t) ) >t fuk(t)
me{i,j}
+Q]ICDIS( Z :U’mk/ fmk kvle{iv.j}a k#la
mef{i,j}
(EC.32)

while from (EC.29) we get,

By imposing (é(t), f(t)) and QPC to be equal to zero we conclude that any equilibrium (a, e, f)
of the fluid model (EC.26)-(EC.29), if it exists, must satisfy,

)\kPle_Lk = iu“ilfkl’ k‘,l S {Z,]}, (EC34)
NZIékl = QE[G(K'éa ’if) Z ankfmkv k7l € {Zvj}’ k 7é l7 (ECSE))
me{i,j}
ik = i@+ QR (K&, KF) D by fonis ke {i,j}, (EC.36)
med{i,j}
ékk(l—(_lk) =0, ke {Z,]} (EC37)

Hence, we conclude

, kle{ijhk#l

(EC.38)

Ze™ — pip€ur — ekk) Al = 2 metingy Mom fiom — Higin

Qi (ke K f) = ( :
Zme{i,j} Iu’rfnkfmk Zme{i,j} Iu’rfnkfmk
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where the first equality follows from (EC.23), and the second equality follows from (EC.34) and
(EC.36). Therefore, we get

me{i,j}

me{i,j}

Sl fan <A< Y i For i k€ {i, g},

(EC.39)

where the first inequality follows from (EC.24) and the second inequality follows from (EC.38).

The result in the proposition then follows from (EC.37) and (EC.39). Indeed, if éx =0 in

(EC.39) we are done. Alternatively, if €, > 0 then from (EC.37) we have a; = 1 or equivalently

Zme{m} ,uf;kfmk =A; > Zme{i’j} ,ufnkf;k, concluding the proof.

Appendix E: Additional Numerical Results, Plots and Tables

E.1. Steady-State Performance for the Greedy and JLCR-0.5 Policies

Percentile

| 100

| 500

| 1000 | 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
95% 14.48% 1.2% T7T% -15.56% -20.24% -25.82% -28.69% -33.4% -37.04% -41.03% -40.59%
5% 8.73% | -10.76% | -28.35% | -41.97% -50.51% -61.68% -72.53% -75.38% -81.66% -87.69% -96.85%
50% 3.29% | -30.54% | -60.96% | -85.49% | -105.46% | -124.53% | -138.93% | -151.43% | -158.5% | -174.75% | -178.5%
25% -5.4% | -65.76% | -108.97% | -140.45% | -165.24% | -199.24% | -226.03% | -250.81% | -262.57% | -282.07% | -293.52%
5% -30.1% | -144.75% | -226.85% | -295.35% | -334.09% | -392.11% | -426.71% | -442.96% | -493.81% | -521.57% | -505.33%
Average | -1.03% | -45.31% | -82.58% | -110.49% | -131.06% | -155.33% | -174.37% | -187.34% | -199.91% | -214.15% | -220.21%
95 % Conlf. | [4.08%, | [-55.08%, | [[98.15%, | [-129.15%, | [152.03%, | [-180.53%, | [-202.79%, | [-215.96%, | [-231.05%, | [-247.76%, | [-251.92%,
Interval 2.03%)] | -35.55%)] | -67.00%] | -91.83%] | -110.09%] | -130.13%] | -145.96%] | -158.72%)] | -168.77%] | -180.53%] | -188.50%)]
Table EC.1

k€ {100, ...,5000}.

Percentiles of availability gap closed by the Greedy policy in steady-state for fleet sizes

Percentile | 100 | 500 | 1000 | 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
95% -3.38% -5.80% | -10.16% | -16.66% | -19.87% | -27.05% -28.98% -37.64% -31.64% -40.18% -45.11%
5% -12.55% | -16.43% | -24.3% | -35.55% | -37.89% | -45.88% -51.07% -56.49% -59.3% -64.78% -68.05%
50% -22.18% | -31.15% | -41.74% | -51.19% | -61.1% -70.54% -78.77% -85.1% -89.78% -96.52% | -106.39%
25% -37.6% | -50.75% | -65.82% | -73.11% | -78.88% | -92.85% | -103.13% | -115.33% | -124.23% | -130.01% | -137.01%
5% -54.07% | -94.21% | -144.24% | -188.32% | -208.29% | -242.02% | -306.33% | -287.72% | -320.28% | -343.22% | -332.2%

Average | -25.69% | -38.24% | -52.8% 64.7% | -74.07% | -86.87% -98.09% | -105.02% | -110.95% | -118.55% | -123.03%

95% Conf. | [-29.20%, | [-44.42%, | [-61.85%, | [-75.02%, | [-85.68%, | [-100.40%, | [-113.97%, | [[121.12%, | [-127.49%, | [-135.87%, | [-140.60%,

Interval | -22.17%] | -32.06%)] | -43.74%)] | -54.38%)] | -62.46%] | -73.34%)] | -82.20%] | -88.91%] | -94.40%)] | -101.24%] | -105.46%)]

Table EC.2

Percentiles of availability gap closed by the JLCR-0.5 policy in steady-state for fleet sizes

k€ {100, ...,5000}.
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Figure EC.1
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E.2. Steady-State Performance of the DG over the Static Policy in Percentage Improvement

In this section, we make the results from Section 6.3, on the steady-state performance of the DG
policy with stationary parameters, directly comparable to the results in Sections 6.4 and 6.5, on
the short-term performance of the DG policy with time-varying parameters.
Namely, we use a different metric to report the results from Section 6.3. Specifically, in Section
6.3, we reported a lower bound on the static policy’s optimality gap closed by the DG policy, i.e.,
[IPG _ ]Static

AGap = W X 100%

In contrast, below, we report the percentage improvement of the DG policy over the Static policy,
ie.,
HDG _ HStatic

%Imp = W X 100%

Recall that the latter is the metric we use in Sections 6.4 and 6.5, because there is no known tight
upper bound on the performance of the optimal policy in a short-term setup with time-varying

parameters.

Percentage improvement of DG over Static for availability

18%

DG

15% A

13% A

10% 1

8% - T

Percentage improvment

Zi :“'; """ '_"I_"J'"i'":I"":l.""_l."".l.""'l_“

100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Fleet size k

Figure EC.3 Boxplot of availability percentage improvement of DG over Static in steady-state.
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Percentile | 100 500 | 1000 | 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
95% | 14.38% | 7.84% | 6.08% | 4.94% | 4.56% | 4.13% | 3.87% | 3.69% | 3.89% | 3.41% | 3.44%
5% | 12.21% | 6.18% | 4.68% | 3.79% | 3.41% | 3.02% | 2.87% | 2.77% | 2.65% | 2.56% | 2.5%
50% 9.56% | 4.61% | 3.41% | 2.77% | 2.54% | 2.2% | 21% | 1.9% | 1.92% | 1.77% | 1.82%
25% 6.99% | 2.84% | 2.12% | 1.96% | 1.58% | 1.49% | 1.25% | 1.29% | 1.28% | 1.25% | 1.13%
5% 2.48% | 0.77% | 0.3% | 0.15% | 0.09% | 0.01% | -0.01% | 0% |-0.07% | 0.03% | -0.01%

Average | 9.28% | 4.54% | 3.31% | 2.72% | 2.47% | 2.17% | 2.04% | 1.92% | 1.9% | 1.79% | 1.78%

95% Conf. | [8.54%, | [4.08%, | [2.95%, | [2.41%, | [2.19%, | [1.92%, | [1.79%, | [1.69%, | [1.66%, | [1.58%, | [1.57%,

Interval | 10.03%)] | 4.99%] | 3.67%] | 3.03%] | 2.75%) | 2.43%] | 2.29%] | 2.15%)] | 2.14%] | 2.00%] | 1.99%]

Table EC.3  Percentiles of availability percentage improvement of DG over Static in steady-state for fleet sizes

Figure EC.4

k€ {100, ...,5000}.
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Boxplot of profit percentage improvement of DG over Static in steady-state.
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Percentile | 100 500 | 1000 | 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
95% | 13.43% | 7.57% | 5.78% | 4.93% | 4.54% | 3.99% | 3.85% | 3.66% | 3.66% | 3.48% | 3.51%
75% | 11.15% | 5.96% | 4.41% | 3.58% | 3.36% | 2.92% | 2.84% | 2.62% | 2.49% | 2.41% | 2.43%
50% 8.43% | 4.17% | 3.25% | 2.79% | 2.36% | 2.25% | 2% | 1.98% | 1.97% | 1.74% | 1.7%
25% 6.61% | 2.85% | 2.12% | 1.73% | 1.53% | 1.55% | 1.34% | 1.24% | 1.23% | 1.15% | 1.17%
5% 0.15% | -0.17% | -0.36% | -0.45% | -0.41% | -0.47% | -0.33% | -0.29% | -0.31% | -0.33% | -0.25%

Average | 8.11% | 4.14% | 3.09% | 2.61% | 2.34% | 2.12% | 2.01% | 1.87% | 1.82% | 1.75% | 1.72%

95% Conf. | [7.30%, | [3.64%, | [2.71%, | [2.28%, | [2.04%, | [1.85%, | [1.74%, | [1.63%, | [1.58%, | [1.51%, | [1.49%,

Interval | 8.92%)] | 4.64%) | 3.47%] | 2.94%)] | 2.64%)] | 2.39%] | 2.27%] | 2.11%] | 2.06%)] | 1.98%] | 1.95%)
Table EC.4  Percentiles of profit percentage improvement of DG over static in steady-state for fleet sizes

k€ {100, ...,5000}.
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E.3. Time-varying Results for Lookahead Parameter T'=0.75

Percentage improvement DG-T" = 0.75 over Static-7' = 0.75
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Figure EC.5 Boxplot of percentage improvement of DG-0.75 over static-0.75 for x = 2000 in the time-varying

setting.

Percentile | Hourl Hour2 Hour3 | Hourd4 | Total

95% 9.65% | 48.47% | 8.53% | 4.58% | 10.95%
75% 5.24% | 28.31% | 4.69% | 3.37% | 8.06%
50% 1.81% | 21.11% | 2.38% | 2.34% | 5.96%
25% 0.95% | 15.21% | -1.69% | 0.81% | 2.7%

5% 0.14% | 5.99% | -9.23% | -6.08% | -3.86%

Average | 3.44% | 23.11% 1% 1.32% | 4.89%

95 % Conf. | [2.73%, | [20.53%, | [-0.23%, | [0.52%, | [3.91%,

Interval | 4.15%)] | 25.69%)] | 2.22%)] | 2.13%)] | 5.86%]

Table EC.5 Percentiles of percentage improvement of DG-0.75 over Static-0.75 for x = 2000 in the

time-varying setting.
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DG-Static for availability
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Figure EC.6 Boxplot of availability absolute improvement of DG over Static in steady-state

E.4. Absolute Improvement in Availability by DG Policy Compared to Static

In this section, we use absolute improvement (ITP¢-T — I8tatic=T) » 100% to evaluate the per-
formance of the DG policy. We do so for the availability objective only, since it is scale-free, as
opposed to the profit objective.

Specifically, Figure EC.6 and Table EC.6 in this section use absolute improvement to illustrate
the same results Figure EC.3 and Table EC.3 in Section E.2 show for percentage improvement.

Similarly, Figure EC.7 and Table EC.7 in this section use absolute improvement to illustrate the
same results Figure 2 and Table 4 in Section 6.4 show for percentage improvement.

Finally, Figure EC.8 and Table EC.8 in this section use absolute improvement to illustrate the

same results Figure EC.5 and Table EC.5 in Section E.3 show for percentage improvement.
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ec2

Percentile | 100 | 500 | 1000 | 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | 4500 | 5000
95% | 6.76% | 4.14% | 3.41% | 2.87% | 2.56% | 2.35% | 2.22% | 2.09% | 2.19% | 1.92% | 2.02%
75% | 5.42% | 3.18% | 2.33% | 1.99% | 1.89% | 1.7% | 1.6% | 1.52% | 1.46% | 1.4% | 1.39%
50% | 3.99% | 2.23% | 1.67% | 1.35% | 1.22% | 1.08% | 0.96% | 0.93% | 0.9% | 0.92% | 0.9%
25% | 3.05% | 1.59% | 1.2% | 0.99% | 0.9% | 0.78% | 0.68% | 0.67% | 0.65% | 0.61% | 0.62%
5% 1.66% | 0.63% | 0.25% | 0.1% | 0.05% | 0.01% |-0.01% | 0% |-0.07% | 0.03% | -0.01%

Average | 4.14% | 2.31% | 1.73% | 1.43% | 1.32% | 1.16% | 1.1% | 1.03% | 1.03% | 0.97% | 0.97%

95% Cont. | [3.81%, | [2.07%, | [1.53%, | [1.26%, | [1.15%, | [1.01%, | [0.95%, | [0.89%, | [0.89%, | [0.85%, | [0.84%,

Interval | 4.47%)] | 2.54%) | 1.93%] | 1.61%)] | 1.48%)] | 1.31%] | 1.24%] | 1.17%)] | 1.18%)] | 1.10%] | 1.09%)

Table EC.6 Percentiles of availability DG-Static in steady-state for fleet sizes x € {100, ...,5000}.

DG-T = 0.5 -Static-T" = 0.5
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Figure EC.7  Boxplot of availability absolute improvement of DG T = 0.5 lookahead policy over static T'= 0.5

lookahead policy for x =2000 in the time-varying setting.
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Percentile | Hourl | Hour2 | Hour3 Hour4 Total

95% 7.92% | 16.24% | 3.77% | 2.71% | 4.28%
75% 4.69% | 10.77% | 1.98% | 1.74% 3.3%
50% 1.76% | 8.14% | 1.08% | 1.13% | 2.48%
25% 0.92% | 6.19% | -1.07% | 0.48% | 1.15%

5% 0.14% | 2.86% -5% -4.26% | -2.29%

Average | 2.92% | 8.69% | 0.08% | 0.51% | 1.7%

95% Conf. | [2.37%, | [7.85%, | [-0.67%, | [-0.05%, | [1.13%,

Interval | 3.47%] | 9.53%] | 0.83%] | 1.07%] | 2.27%]

Table EC.7 Percentiles of availability absolute improvement of DG 7" = 0.5 lookahead policy over static

T = 0.5 lookahead policy for x = 2000 in the time-varying setting.

DG-T = 0.75 -Static-T = 0.75
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Figure EC.8 Boxplot of availability absolute improvement of DG T'= 0.75 lookahead policy over static T'=0.75

lookahead policy for k =2000 in the time-varying setting.
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ec27

Percentile | Hourl | Hour2 | Hour3 | Hour4 | Total
95% 7.92% | 28.98% | 4.05% | 2.57% 5.6%
75% 4.69% | 19.46% | 2.31% | 1.65% | 4.5%
50% 1.75% | 15.75% | 1.04% | 1.12% | 3.39%
25% 0.94% | 11.93% | -0.95% | 0.48% | 1.84%
5% 0.14% | 5.61% | -5.85% | -4.73% | -2.38%

Average | 2.92% | 15.97% | 0.06% | 0.49% | 2.6%

95% Conf. | [2.37%, | [14.62%, | [-0.75%, | [-0.06%, | [1.98%,

Interval | 3.47%] | 17.31%] | 0.87%)] | 1.04%] | 3.22%]

Table EC.8 Percentiles of availability absolute improvement of DG T = 0.75 lookahead policy over static

T =0.75 lookahead policy for x =2000 in the time-varying setting.
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Appendix F: Appendix for Section 6

Figure EC.9  Neighborhoods included in our NYC instance are colored.





