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E-Companion to:
Dynamic Relocations in Car-Sharing Networks

Appendix A: Proofs and Preliminary Results

A.1. Notation

We introduce the following notation to simplify the exposition of the proofs. We use e to denote

the vector of all ones, and ei to denote the ith unit vector, whose dimensions will be typically clear

by context. We use Ei to denote a matrix of all zeros except for its ith column which is e.

A.2. Equivalence of Fluid Approximations

In this section, we describe the original LP fluid approximation model from Braverman et al. (2019)

for the dynamic car relocation problem described in Section 3.2, and we show it is equivalent to

Problem P in Section 3. Problem P is more amenable for our analysis, since it removes redundant

constraints and constraints that will never be tight at optimality if the expected relocation travel

times and costs satisfy the triangle inequality. Indeed, since our analysis is based on studying the

subset of tight constraints at optimality, then removing redundant constraints and constraints that

will never be tight at optimality is useful.

We introduce some notation to match the exposition in Braverman et al. (2019). Let ai be the

average availability at location i, i.e., the long-run fraction of time that there is at least one empty

car at location i. Then, the LP fluid approximation model from Braverman et al. (2019) is

max
eij ,fij ,ai

∑
i

∑
j

aiλiαijpij −
∑
i,j ̸=i

cijµ
e
ijeij (EC.1a)

s.t. aiλiαij = µf
ijfij 1≤ i, j ≤ n (EC.1b)

µe
ijeij ≤

n∑
k=1

µf
kifki 1≤ i, j ≤ n, j ̸= i (EC.1c)

n∑
k=1,k ̸=i

µe
kieki ≤ λiai ≤

n∑
k=1,k ̸=i

µe
kieki +

n∑
k=1

µf
kifki 1≤ i≤ n (EC.1d)

λiai +
n∑

j=1,j ̸=i

µe
ijeij =

n∑
k=1,k ̸=i

µe
kieki +

n∑
k=1

µf
kifki 1≤ i≤ n (EC.1e)

n∑
i=1

n∑
j=1

(eij + fij) = 1 (EC.1f)

0≤ ai ≤ 1 1≤ i≤ n (EC.1g)

fij ≥ 0 1≤ i, j ≤ n (EC.1h)

eij ≥ 0 1≤ i, j ≤ n (EC.1i)
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To avoid repetition, we omit explaining the LP fluid model (EC.1) in detail. Indeed, in Lemma

EC.1 below we show it is equivalent to Problem P , and we explain this version of the problem in

detail in Section 3.3.

Lemma EC.1. If the expected relocation-times and the relocation costs satisfy the triangle inequal-

ity, then Problem (EC.1) is equivalent to Problem P .

Proof. Adding up constraint (EC.1b) over all j we can replace aiλi by
∑

k µ
f
ikfik, thus Problem

(EC.1) can be rewritten as follows:

max
eij ,fij

∑
i

p̄i
∑
j

µf
ijfij −

∑
i,j ̸=i

cijµ
e
ijeij (EC.2a)

s.t.
∑
k

µf
ikfikαij = µf

ijfij 1≤ i, j ≤ n (EC.2b)

µe
ijeij ≤

n∑
k=1

µf
kifki 1≤ i, j ̸= i≤ n, (EC.2c)

n∑
k=1,k ̸=i

µe
kieki ≤

∑
j

µf
ijfij ≤

n∑
k=1,k ̸=i

µe
kieki +

n∑
k=1

µf
kifki 1≤ i≤ n (EC.2d)

∑
j

µf
ijfij +

n∑
k=1,k ̸=i

eikµik =
n∑

k=1,k ̸=i

µe
kieki +

n∑
k=1

µf
kifki 1≤ i≤ n (EC.2e)∑

i

eii +
∑
i

∑
j ̸=i

eij +
∑
i

∑
j

fij = 1 (EC.2f)

0≤
∑
j

µf
ijfij ≤ λi i≤ i≤ n (EC.2g)

fij ≥ 0 1≤ i, j ≤ n (EC.2h)

eij ≥ 0 1≤ i, j ≤ n (EC.2i)

Since eii ≥ 0, and these variables only appear in constraint (EC.2f), then without loss of generality

we can remove them from the problem changing the equality in constraint (EC.2f) to an inequality,

making it equivalent to constraint (1e).

It remains to show that constraints (EC.2c) and (EC.2d) can be dropped from problem (EC.2).

We now show that constraint (EC.2d) is redundant. First, the fact that the second inequality in

constraint (EC.2d) is redundant follows directly from constraint (EC.2e) and eik ≥ 0. Second, the

first inequality in constraint (EC.2d) is implied by constraints (EC.2c) and (EC.2e).

Finally, we show that if the expected relocation-times and relocation costs satisfy the triangle

inequality then constraint (EC.2c) can be dropped from problem (EC.2). Specifically, we prove

that if there exists an optimal solution to Problem P , then there always is an optimal solution to
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Problem P that will satisfy constraint (EC.2c)9. In fact, let (f∗
ij, e

∗
ij)i,j∈N be an optimal solution

to Problem P . If (f∗
ij, e

∗
ij)i,j∈N satisfies constraint (EC.2c) we are done. Therefore, assume that

µe
kle

∗
kl >

∑n

i=1 µ
f
ikf

∗
ik for some nodes k and l. From the equilibrium constraint (1c) it then follows

that
∑

j µ
f
kjf

∗
kj <

∑
l ̸=k µ

e
lke

∗
lk. Namely, the solution (f∗

ij, e
∗
ij)i,j∈N simultaneously has a larger relo-

cation rate out of node k than the rate at which matched cars arrive into node k, and a larger

relocation rate into node k than the rate at which matched cars leave node k. It follows that the

same matchings f∗
ij can be attained in equilibrium by relocations ẽij ≤ e∗ij for each i, j ̸= i∈N , with

ẽkl < e∗kl, such that
∑

j ̸=i µ
e
jiẽji−

∑
j ̸=i µ

e
ij ẽij =

∑
j ̸=k µ

e
jie

∗
ji−

∑
j ̸=i µ

e
ije

∗
ij for each node i, i.e., the net

relocation rate into each node i stays the same as with the relocations e∗ij, and µe
klẽkl ≤

∑n

i=1 µ
f
ikf

∗
ik.

Since by assumption the expected relocation-times and relocation costs satisfy the triangle inequal-

ity, then (f∗
ij, ẽij)i,j∈N is feasible in Problem P and it attains an objective value that is no smaller

than the one attained by the optimal solution (f∗
ij, e

∗
ij)i,j∈N , completing the proof.

A.3. Proof of Lemma 1

Proof. Let (f∗
ij, e

∗
ij)i,j∈N be an optimal solution to Problem P and assume, in order to arrive to

a contradiction, that
∑

j µ
f
ijf

∗
ij <λi for all i, and

∑
i

∑
j ̸=i e

∗
ij +

∑
i

∑
j f

∗
ij < 1.

Then, it follows that there exists ϵ > 0 small enough such that the solution (f̃ij, ẽij)i,j∈N , with

f̃ij = f∗
ij + ϵπi

αij

µ
f
ij

≥ 0 for all i, and ẽij = e∗ij ≥ 0 for all i, j, is feasible for Problem P and it attains

an objective value strictly larger than the optimal solution (f∗
ij, e

∗
ij)i,j∈N , a contradiction.

We first verify that the solution (f̃ij, ẽij)i,j∈N is feasible for Problem P .

Indeed, constraint (1b) is satisfied since

µf
ij f̃ij = µf

ijf
∗
ij + ϵπiαij = αij

(∑
k

µf
ikf

∗
ik + ϵπi

)
= αij

∑
k

µf
ikf̃ik.

Constraint (1c) is satisfied since∑
j

µf
ij f̃ij +

∑
j ̸=i

µe
ij ẽij =

∑
j

µf
ijf

∗
ij + ϵπi +

∑
j ̸=i

µe
ije

∗
ij =

∑
j

µf
jif

∗
ji + ϵπi +

∑
j ̸=i

µe
jie

∗
ji

=
∑
j

µf
jif̃ji +

∑
j ̸=i

µe
jiẽji + ϵ

(
πi −

∑
j

πjαji

)
=
∑
j

µf
jif̃ji +

∑
j ̸=i

µe
jiẽji,

where the first and third equalities follow from the definition of (f̃ij, ẽij)i,j∈N , the second equality

follows since (f∗
ij, e

∗
ij)i,j∈N satisfies constraint (1c), and the last equality follows since π= πA.

9 A stronger result, where any optimal solution to Problem P is optimal in problem (EC.2) holds if we assume

relocations are costly. However, Braverman et al. (2019) assume cost-less relocations and for consistency we show a

weaker result.
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Constraint (1d) is satisfied since for all nodes i, and for ϵ > 0 small enough,∑
j

µf
ij f̃ij =

∑
j

µf
ijf

∗
ij + ϵπi ≤ λi.

Constraint (1e) is satisfied since, for ϵ > 0 small enough,∑
i

∑
j ̸=i

ẽij +
∑
i

∑
j

f̃ij =
∑
i

∑
j ̸=i

e∗ij +
∑
i

∑
j

f∗
ij + ϵ

∑
i

πit
f
i ≤ 1.

Hence, (f̃ij, ẽij)i,j∈N is feasible for Problem P . We now verify that it attains an objective value

strictly larger than the optimal solution. Indeed, for any ϵ > 0∑
i

p̄i
∑
j

µf
ij f̃ij −

∑
i

∑
j ̸=i

cijµ
e
ij ẽij =

∑
i

p̄i
∑
j

µf
ijf

∗
ij + ϵ

∑
i

p̄iπi −
∑
i

∑
j ̸=i

cijµ
e
ije

∗
ij

>
∑
i

p̄i
∑
j

µf
ijf

∗
ij −

∑
i

∑
j ̸=i

cijµ
e
ije

∗
ij,

a contradiction with the optimality of (f∗
ij, e

∗
ij)i,j∈N . □

A.4. Proof of Proposition 1

Proof. We solve the linear system of equations from the statement of the proposition in closed

form. We start by rewriting it in a vector form more convenient for analysis. Indeed, to simplify

the exposition, define zi =
∑

j µ
f
ijfji to be the total matching rate at node i. From (1b), i.e.,

µf
ijfij = αij

∑
k µ

f
ikfik, it follows that∑

j

µf
jifji =

∑
j

αji

∑
k

µf
jkfjk =

∑
j

αjizj.

Then, by defining z and βββ to be row vectors we can rewrite the linear system of equations more

compactly as,

z= zA+βββ,

zel = λl.

Since A is the transition matrix of an ergodic Markov Chain, z= zA+βββ has only n− 1 linearly

independent equations. Therefore, without loss of generality we drop the lth equation and combine

it with zel = λl to form a system of n linearly independent equations.

Let βββl be the row vector obtained when replacing the lth component of the vector βββ by λl. Then,

zAl =βββl.

Since Al is invertible we can solve for z in closed form as follows,

z=βββl(Al)−1. (EC.3)
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We now show that the components of the lth row of the matrix (Al)−1 are z̄lk =
πk
πl
. Since πππ(I −

A) =000T , then πππ
πl
Al = eT

l . Therefore,

z̄lz̄lz̄l =
πππ

πl

= eT
l (A

l)−1 = (Al)−1
l· . (EC.4)

Substituting (EC.4) in (EC.3) and expanding we obtain,

zk =
∑
i ̸=l

βib
l
ik + z̄lkλl =

∑
i

(∑
j ̸=i

µe
jieji −

∑
j ̸=i

µe
ijeij

)
blik + z̄lkλl =

∑
i

∑
j ̸=i

(bljk − blik)µ
e
ijeij + z̄lkλl,

(EC.5)

where the first equality follows by definition of Al and βββl. The second equality follows from the

definition of βi, and recalling that by definition bllj = 0 for all j. The third equality follows by

interchanging the sums in the first term.

Thus, we conclude

f l
km =

αkm

∑
i µ

f
kif

l
ki

µf
km

=
αkm

µf
km

zk =
αkm

µf
km

(
z̄lkλl +

∑
i

∑
j ̸=i

(bljk − blik)µ
e
ijeij

)
,

where the first equality follows from (1b), the second equality follows from the definition of zk, and

the last equality follows from (EC.5), completing the proof.

A.5. Proof of Corollary 1:

Proof. Follows directly from Proposition 1 and the reformulation (5) of Problem P when con-

straint (1d) is tight for node l.

A.6. Proof of Proposition 2

Proof. Analogous to the proof of Proposition 1, we solve the linear system of equations from

the statement of the proposition in closed form.

We start by rewriting it in a vector form more convenient for analysis. To simplify the exposition,

define zi =
∑

j µ
f
ijfji to be the total matching rate at node i. From constraint (1b), i.e., µf

ijfij =

αij

∑
k µ

f
ikfik, it follows that∑

j

µf
jifji =

∑
j

αji

∑
k

µf
jkfjk =

∑
j

αjizj,

and ∑
i

∑
j

fij =
∑
i

∑
j

αij

∑
k µ

f
ikfik

µf
ij

=
∑
i

∑
k

µf
ikfik

∑
j

αij

µf
ij

=
∑
i

zit
f
i = ztf ,

where the last equality is by definition of zi and tfi . Then, by defining z and βββ to be row vectors

we can rewrite the linear system of equations more compactly as follows,

z= zA+βββ,

ztf = 1−
∑
i

∑
j ̸=i

eij.
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Since A is the transition matrix of an ergodic Markov chain, z= zA+βββ has only n− 1 linearly

independent equations. Therefore, without loss of generality we drop the last equation and combine

it with ztf = 1−
∑

i

∑
j ̸=i eij to form the following system of n linearly independent equations,

zA0 = z
[
(I −A)−n

∣∣tf]= [βββ(−n)

∣∣∣1−∑
i

∑
j ̸=i

eij

]
.

Namely, A0 is invertible and we can solve for z in closed form as follows,

z=

[
βββ(−n)

∣∣∣1−∑
i

∑
j ̸=i

eij

]
(A0)−1. (EC.6)

We now show that the components of the last row of (A0)−1 are z̄0k =
πk∑
i πit

f
i

. Since πππ(I−A) =000T ,

then πππ
[
(I −A)−n

∣∣tf]= [0, . . . ,0,∑i πit
f
i

]
. Therefore,

πππ=

[
0, . . . ,0,

∑
i

πit
f
i

][
(I −A)−n

∣∣tf]−1

=
∑
i

πit
f
i (A

0)−1
n·

Hence, we conclude

(A0)−1
n· =

πππ∑
i πit

f
i

= z̄0z̄0z̄0. (EC.7)

Substituting (EC.7) in (EC.6) and expanding we obtain,

zk =
∑
i ̸=n

βidik + z̄0k

(
1−

∑
i

∑
j ̸=i

eij

)

=
∑
i

(∑
j ̸=i

µe
jieji −

∑
j ̸=i

µe
ijeij

)
dik + z̄0k

(
1−

∑
i

∑
j ̸=i

eij

)

=
∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij + z̄0k

(
1−

∑
i

∑
j ̸=i

eij

)
, (EC.8)

where the second equality follows from the definition of βi and recalling that by definition dnk = 0

for all nodes k. The third equality follows by interchanging the sums in the first term.

Thus, we conclude

f0
km =

αkm

∑
i µ

f
kif

0
ki

µkm

=
αkm

µkm

zk =
αkm

µkm

(
z̄0k

(
1−

∑
i

∑
j ̸=i

eij

)
+
∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij

)
,

where the first equality follows from (1b), the second equality follows from the definition of zk, and

the last equality follows from (EC.8), completing the proof.

A.7. Proof of Corollary 2:

Proof. Follows directly from Proposition 2 and the reformulation (11) of Problem P when

constraint (1e) is tight.
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A.8. Proof of Theorem 1

Proof. We first show the one-to-one mapping stated in the Theorem.

On the one hand, let (E,F ) be a feasible solution to problem P that satisfies at least one of the

constraints (1d) or (1e) with equality, and OBJ be its objective value. From Propositions 1 and 2

and by construction of the Problems P l and P 0, E is feasible under at least one of the Problems

P l, l ∈N , and P 0, and it has the same objective value OBJ .

On the other hand, let Er be a feasible solution to some Problem P 0 or P l, l ∈N , and OBJr

be its objective value. Moreover, let F r = F (Er) be the induced matches according to (2) if Er is

feasible in Problem P l, for some l ∈N , or (8) if Er is feasible in Problem P 0. Propositions EC.1 and

EC.2 in Appendix B show that F r is well defined. Indeed, even if Er belongs to the shared facet

between Problems P l, for some l ∈N , and P 0, or to the shared facet between Problems P l and Pm

for some l,m∈ {1, . . . , n}, Propositions EC.1 and EC.2 show that then the respective formulas for

F (Er) coincide. From Propositions 1 and 2 and by construction of P l and P 0, (Er,F r) is feasible

in problem P and it has the same objective value OBJr.

Finally, by Lemma 1, any optimal solution to Problem P must satisfy at least one of the con-

straints (1d) or (1e) with equality. Therefore the last statement in the Theorem follows directly

from the one-to-one mapping above, completing the proof.

Appendix B: Additional Results and Proofs for the Partition of the eij-Space

Recall the linear programs P given in (1), P l for l ∈N given in (5), and P 0 given in (11). In this

section we provide the details that confirm that problems P l, l ∈N , and P 0 span the space of all

relocations that induce at least one of the constraints (1d) or (1e) to be tight.

We start with Proposition EC.1, which formalizes that the feasible set of P 0 shares a facet

with the feasible set of each P l, l ∈N . In particular, Proposition EC.1 shows that the closed-form

expression for the matches from node k to m when the demand rate at node l is fully served,

f l
km, derived in (2) in Proposition 1, and when the supply is fully utilized, f0

km, derived in (8) in

Proposition 2, are consistent on the shared facet between P 0 and P l.

Proposition EC.1. Constraint (5c) in Problem P l and constraint (11b) in Problem P 0 are

a shared facet between P l and P 0. Specifically,
∑

j µ
f
ljf

0
lj ≤ λl if and only if

∑
i

∑
j f

l
ij ≥ 1 −∑

i

∑
j ̸=i eij. Moreover, if constraint (11b) is tight (or equivalently constraint (5c) is tight) then

f l
km = f0

km for each node k and m.

Proof. We first show the first statement in the proposition. Recall that constraint (11b) in

Problem P 0 is equivalent to

∑
j

µf
ljf

0
lj =

∑
i

∑
j ̸=i

(djl − dil)µ
e
ijeij + z̄0l

(
1−

∑
i

∑
j ̸=i

eij

)
≤ λl, (EC.9)
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where the first equality is by definition, cf. (8).

On the other hand, constraint (5c) in Problem P l is equivalent to∑
i

∑
j

f l
ij ≤ 1−

∑
i

∑
j ̸=i

eij

⇐⇒
∑
k

z̄lkλlt
f
k +
∑
i

∑
j ̸=i

∑
k

(bljk − blik)t
f
kµ

e
ijeij ≤ 1−

∑
i

∑
j ̸=i

eij

⇐⇒ λl

z̄0l
−
∑
i

∑
j ̸=i

(djl − dil)µ
e
ijeij

z̄0l
≤ 1−

∑
i

∑
j ̸=i

eij

⇐⇒
∑
j

µf
ljf

0
lj =

∑
i

∑
j ̸=i

(djl − dil)µ
e
ijeij + z̄0l

(
1−

∑
i

∑
j ̸=i

eij

)
≥ λl,

where the first equivalence is by definition, cf. (2). The second equivalence follows since by definition∑
k z̄

l
kt

f
k =

∑
k

πk
πl
tfk = 1/z̄0l , cf. equations (3) and (9), and from (EC.15) in Lemma EC.3 below,

which shows that (djl − dil) = −z̄0l
∑

k(b
l
jk − blik)t

f
k . The third equivalence follows from (EC.9),

completing the proof of the first statement in the proposition.

We now show the second statement in the proposition. Assume
∑

j µ
f
ljf

0
lj = λl, i.e., assume (EC.9)

with equality, then∑
j

µf
kjf

0
kj =

∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij + z̄0k

(
1−

∑
i

∑
j ̸=i

eij

)

=
∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij + z̄0k

(
λl

z̄0l
−
∑
i

∑
j ̸=i

(djl − dil)µ
e
ijeij

z̄0l

)

=
∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij + z̄0k

(
λl

z̄0l
+
∑
i

∑
j ̸=i

∑
k

(bljk − blik)t
f
kµ

e
ijeij

)

=
∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij +πk

λl

πl

+
∑
i

∑
j ̸=i

(bljk − blik)µ
e
ijeij −

∑
i

∑
j ̸=i

(djk − dik)µ
e
ijeij

= πkz̄
l
k +
∑
i

∑
j ̸=i

(bljk − blik)µ
e
ijeij

=
∑
j

µf
kjf

l
kj,

where the first and last two equalities are by definition, cf. Propositions 1 and 2. The second equality

follows from (EC.9) with equality. The third equality follows from (EC.15) in Lemma EC.3 below.

The fourth equality follows from the fact that by definition z̄0i is proportional to πi for each node

i, cf. (9), and from (EC.14) in Lemma EC.3 below, which shows that bljk = djk − dlk +
∑

i b
l
jit

f
i z̄

0
k.

To conclude the proof, note that f l
km = f0

km for each node k and m then follows directly from

constraint (1b) and the chain of equalities above.

Similarly, Proposition EC.2 formalizes that the feasible sets of each pair P l and Pm, for l,m ∈
{1, . . . , n} share a facet. In particular, Proposition EC.2 shows that the closed-form expressions for
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the matches from node i to j when the demand rate at node l is fully served, f l
ij, derived in (2) in

Proposition 1, is consistent when the demand rate at node m ̸= l is also fully served, fm
ij , i.e., on

the shared facet between P l and Pm.

Proposition EC.2. Constraint (5b) for node m in Problem P l when the demand rate for node

l is fully served, and constraint (5b) for node l in problem Pm when the demand rate for node

m is fully served are a shared facet between P l and Pm. Specifically,
∑

j µ
f
mjf

l
mj ≤ λm if and only

if
∑

j µ
f
ljf

m
lj ≥ λl. Moreover, if

∑
j µ

f
mjf

l
mj = λm (or equivalently

∑
j µ

f
ljf

m
lj = λl) then f l

ij = fm
ij for

each node i and j.

Proof. We begin by showing the first statement in the proposition. Constraint (11b) for node

m in Problem P 0 when the demand rate for node l is fully served is equivalent to∑
j

µf
mjf

l
mj = λlz̄

l
m +

∑
i

∑
j ̸=i

(bljm − blim)µ
e
ijeij = λl

πm

πl

+
∑
i

∑
j ̸=i

(bljm − blim)µ
e
ijeij ≤ λm, (EC.10)

where the equalities are by definition, cf. Proposition 1.

Analogously, constraint (11b) for node l in Problem P 0 when the demand rate for node m is

fully served is equivalent to ∑
j

µf
ljf

m
lj = λm

πl

πm

+
∑
i

∑
j ̸=i

(bmjl − bmil )µ
e
ijeij ≤ λl

⇐⇒ λm

πl

πm

− πl

πm

∑
i

∑
j ̸=i

(bljm − blim)µ
e
ijeij ≤ λl

⇐⇒ λm ≤ λl

πm

πl

+
∑
i

∑
j ̸=i

(bljm − blim)µ
e
ijeij

⇐⇒
∑
j

µf
mjf

l
mj ≥ λm,

where the first equivalence follows from (EC.17) in Lemma EC.3 below, which shows that (bmjl −
bmil ) =−πl/πm(b

l
jm − blim). The third equivalence follows from (EC.10), proving the first statement

in the proposition.

We now show the second statement in the proposition. Assume
∑

j µ
f
mjf

l
mj = λm, i.e., assume

(EC.10) with equality. Then,∑
j

µf
kjf

l
kj = λlz̄

l
k +
∑
i

∑
j ̸=i

(bljk − blik)µ
e
ijeij

= πk

(
λl

πl

−
∑

i

∑
j ̸=i(b

k
jm − bkim)µ

e
ijeij

πm

−
∑

i

∑
j ̸=i(b

m
jl − bmil )µ

e
ijeij

πl

)

= πk

(
λl

πl

−
∑

i

∑
j ̸=i(b

k
jm − bkim)µ

e
ijeij

πm

+

∑
i

∑
j ̸=i(b

l
jm − blim)µ

e
ijeij

πm

)

= πk

(
λl

πl

−
∑

i

∑
j ̸=i(b

k
jm − bkim)µ

e
ijeij

πm

+
λm

πm

− λl

πl

)
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= λmz̄
m
k +

∑
i

∑
j ̸=i

(bmjk − bmik)µ
e
ijeij

=
∑
j

µf
kjf

m
kj

where the first and last equalities are by definition, cf. Proposition 1. The second equality follows by

definition of z̄lk in (3) and (EC.16) in Lemma EC.3, which shows (bljk − blik)/πk +(bkjm− bkim)/πm+

(bmjl − bmil )/πl = 0. The third equality follows from (EC.17) in Lemma EC.3. Finally, the fourth

equality follows from (EC.10) with equality.

To conclude the proof, note that f l
ij = fm

ij for each node i and j then follows directly from

constraint (1b) and the chain of equalities above.

For completeness, we now provide the statements and proofs of the auxiliary lemmas that were

used in the analysis in this section.

First, Lemma EC.2 shows an identity connecting the expanded fundamental matrix when node

l is absorbing, Bl, with the original transition matrix, A. In fact, (EC.2) can be interpreted as the

equilibrium condition for each row i of the matrix Bl, namely Bl
i·A=Bl

i· − eT
i + eT

l .

Lemma EC.2. Let A be the transition matrix of an ergodic Markov chain, and Bl be the expanded

fundamental matrix when the Markov chain is modified to make node l absorbing.

Recall that I is the identity matrix, and El is such that E·l = e and E·i = 0 for all i ̸= l, then

BlA=Bl − I +El.

Proof. To simplify the exposition of the proof, assume without loss of generality that l = n.

Then,

BnA=

[
(I −Qn)−1 0

0T 0

][
Qn (A·n)−n

(An·)−n αnn

]
=

[
(I −Qn)−1Qn (I −Q)−1(A·n)−n

0T 0

]
. (EC.11)

Since (I −Qn)−1(I −Qn) = I, then

(I −Qn)−1Qn = (I −Qn)−1 − I. (EC.12)

Moreover, we also have

(I −Q)−1(A·n)−n = e, (EC.13)

because the ith component of the vector (I −Q)−1(A·n)−n is the probability of being absorbed in

the absorbing state n when starting from the transient state i, see for example Resnick (1992).

Since n is the only absorbing state, then (EC.13) trivially holds.

Substituting (EC.12) and (EC.13) into (EC.11) we conclude that

BnA=

[
(I −Q)−1 − I e

0T 0

]
=Bn − I +En.

Since l= n was chosen arbitrarily, we conclude that BlA=Bl − I +El, completing the proof.
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Lemma EC.3 below shows several useful identities between the linear coefficients used in Propo-

sition 1, blij, and the linear coefficients used in Proposition 2, dij.

Lemma EC.3. Recall that A0 =
[
(I −A)−n

∣∣tf]; dni = dnj = 0 for all i, j; the coefficients dij, for

i ̸= n, are the (i, j)th elements of (A0)−1; and z̄0k =
πk∑
i πit

f
i

are the (n,k)th elements of (A0)−1.

While blij are the (i, j)th elements of Bl, the expanded fundamental matrix when node l is absorb-

ing. Then, for each j, k, l ∈N ,

bljk = djk − dlk +
∑
i

bljit
f
i z̄

0
k. (EC.14)

Therefore, for each i, j, l ∈N ,

(djl − dil) =−z̄0l
∑
k

(bljk − blik)t
f
k . (EC.15)

Moreover, for each i, j, k, l,m∈N ,

(bkjl − bkil)

πl

+
(bljm − blim)

πm

+
(bmjk − bmik)

πk

= 0. (EC.16)

Hence, for each i, j, l,m∈N ,

(bmjl − bmil ) =− πl

πm

(bljm − blim) (EC.17)

Proof. From Lemma EC.2 we have Bl(I −A) = I −El. Then, we have the following system of

n linearly independent equations,

BlA0 =Bl
[
(I −A)−n

∣∣tf]= [(I −El)−n

∣∣Bltf
]
,

and since A is the transition matrix of an ergodic Markov chain, then A0 is invertible and we can

solve for Bl as follows,

Bl =
[
(I −El)−n

∣∣Bltf
]
(A0)−1 ⇐⇒ bljk = djk − dlk +

∑
i

bljit
f
i z̄

0
k.

This completes the proof of (EC.14), which implies

bkjl − bkil = djl − dil +
∑
m

(bkjm − bkim)t
f
mz̄

0
l , (EC.18)

for any i, j, k, l ∈N . Letting l= k in (EC.18), and recalling blil = 0 for all i completes the proof of

(EC.15). From equations (EC.15) and (EC.18) we have that, for each i, j, k, l,m∈N ,:

(bkjl − bkil)

z̄0l
=−

∑
n

(bljn − blin)tn +
∑
n

(bkjn − bkin)tn

(bljm − blim)

z̄0m
=−

∑
n

(bmjn − bmin)tn +
∑
n

(bljn − blin)tn

(bmjk − bmik)

z̄0k
=−

∑
n

(bkjn − bkin)tn +
∑
n

(bmjn − bmin)tn
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Adding up these three equations, and recalling that z̄0k is proportional to πk for each k, results

in (EC.16). Letting k =m in (EC.16) and recalling blil = 0 for all i gives (EC.17), completing the

proof of the lemma.

Appendix C: Projected Gradients and their Properties

In this section, we define the projected gradients used in our method for dynamic relocations in car-

sharing networks described in Section 5.1. We additionally prove they have interesting properties,

which simplify the implementation of our method.

We first introduce some notation to have a consistent exposition with Section 5.1 and the

Appendix in Section 8. For any node l ∈N , let rlmij = (bljm − blim)µ
e
ij denote the coefficients of the

demand constraint (5b) in Problem P l for node m ̸= l and rl0ij = 1 +
∑

k t
f
k(b

l
jk − blik)µ

e
ij denote

the coefficients of the supply constraint (5c) in Problem P l. Recall, from Corollary 1, that glij =(∑
k p̄k(b

l
jk − blik)− cij

)
µe
ij denotes the coefficients of the gradient in Problem P l, l ∈N .

Similarly, let r0kij = (djk − dik)µ
e
ij − z̄0k denote the coefficients of the demand constraint (11b)

for node k in Problem P 0. Recall, from Corollary 2, that g0ij =
(∑

k p̄k(djk − dik − z̄0k/µ
e
ij)− cij

)
µe
ij

denotes the coefficients of the gradient in Problem P 0.

Moreover, consider any subset S of the indices for P 0 and P l, l ∈N , with at least two members,

i.e., S ⊆ N ∪ {0}, s = |S| − 1 ≥ 1. Then, for any index l ∈ S let Wl(S \ {l}) denote the subspace

defined by the demand (and supply) constraints indexed by S \ {l} in Problem P l being tight.

Specifically, let S \ {l}= {k1, . . . , ks} and define

Wl(S \ {l}) =Nul

— rlk1
i· —
...

— rlks
i· —

=Span
{
rlk1
i· , . . . ,rlks

i·

}⊥
. (EC.19)

Namely, Wl(S \ {l}) is the orthogonal subspace to the subspace spanned by the vectors

{rlk1
i· , . . . ,rlks

i· } (Strang 1993).

Interestingly, we first show in Lemma EC.4 below that the subspace Wl(S \{l}) only depends on

the subset of indexes S and it is independent of the index l ∈ S. Namely, for any indexes l,m∈ S,

l ̸=m, the subspace defined by the demand (and supply) constraints indexed by S \{l} in Problem

P l being tight is equal to the subspace defined by the demand (and supply) constraints indexed by

S \ {m} in problem Pm being tight. This symmetry is an important feature of the reformulation

of the fluid model for car relocations, which helps to simplify our analysis.

Lemma EC.4. For any subset of indices S ⊆N ∪{0}, s= |S|−1≥ 1, and indices l,m∈ S, l ̸=m,

Wl(S \ {l}) =Wm(S \ {m}).
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Proof. Let S \ {l}= {k1, . . . , ks}. Assume, without loss of generality, that m= k1, then

Wl(S \ {l}) = Span
{
rlmi· ,rlk2

i· , . . . ,rlks
i·

}⊥

=Span
{
rlmi· ,rmk2

i· , . . . ,rmks
i·

}⊥

=Span
{
rml
i· ,rmk2

i· , . . . ,rmks
i·

}⊥

=Wm(S \ {m}),

where the first and last equalities are by definition, c.f. (EC.19). The second equality has two

cases. If l,m ∈N then the second equality follows from (EC.16) and (EC.17), which imply r
lki
i· =

(πk/πm)r
lm
i· + r

mki
i· , hence Span{rlki

i· } = Span{rlmi· ,r
mki
i· }, for each i ∈ {2, . . . , s}. Alternatively, if

without loss of generality l= 0, then the second equality follows from (EC.15) and (EC.18), which

imply r
0ki
i· = (πk/πm)r

0m
i· + r

mki
i· , hence Span{r0ki

i· }= Span{r0mi· ,r
mki
i· }, for each i ∈ {2, . . . , s}. The

third equality also has two cases. If l,m ∈N then the third equality follows from (EC.17), which

implies rlmi· = −(πm/πl)r
ml
i· , hence Span{rlmi· } = Span{rml

i· }. Alternatively, if without loss of gen-

erality l = 0, then the third equality follows from (EC.15), which implies r0mi· = −z̄0mr
m0
i· , hence

Span{r0mi· }=Span{rm0
i· }, completing the proof.

We are now ready to define the projected gradients we use in our method for dynamic relocations,

which apply standard machinery in orthogonal projections, see Strang (1993).

Definition EC.1. Let (gl
i·)Wl(S\{l}) denote the gradient of relocations out of node i in Problem

P l, l ∈ S ⊆ N ∪ {0}, projected on Wl(S \ {l}), the subspace defined by the demand (and supply)

constraints indexed by S \ {l} in Problem P l being tight. Moreover, let Jl(S \ {l}) denote a matrix

such that its columns form a basis for the subspace Wl(S \ {l}). Then,

(gl
i·)Wl(S\{l}) = Jl(S \ {l})

(
Jl(S \ {l})TJl(S \ {l})

)−1
Jl(S \ {l})Tgl

i·. (EC.20)

In order to provide further intuition, we note that when considering only two nodes (analogously

one node and the index 0 for P 0 and the associated supply constraint), i.e., if S = {l,m} ⊆N ∪{0},

then (EC.20) simplifies to,

(gl
i·)W (l,{l,m}) = gl

i· −
(

gl
i· · rlmi·

rlmi· · rlmi·

)
rlmi· .

Namely, (gl
i·)W (l,{l,m}) is the projection of gl

i· onto the hyperplane defined by the normal rlmi· .

Proposition EC.3 below shows the main result in this section. Namely, that the projection of gl
i·

–the gradient for relocations out of node i in Problem P l– is equivalent to the projection of gm
i·

–the gradient for relocations out of node i in problem Pm– onto Wl(S \ {l}) =Wm(S \ {m}) –the

subspace defined by the demand (and supply) constraints indexed by S \ {l} in Problem P l being
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tight (or equivalently from Lemma EC.4, the constraints indexed by S \{m} in problem Pm being

tight)–. In order to prove it, we introduce the following notation.

Recall that p̄i =
∑

j αijpij is the expected revenue per match at location i. Analogous to the

definition A0 in Proposition 2 we now define Ap =
[
(I −A)−n

∣∣p̄], hni = hnj = 0 for all i, j, the

coefficients hij, for i ̸= n, are the (i, j)th elements of (Ap)−1, and z̄pk =
πk∑
i πip̄i

are the (n,k)th elements

of (Ap)−1. Importantly, note that by substituting the coefficients dij by hij, z̄
0
i by z̄pi , and tfi by p̄i,

all the results in Lemma EC.3 apply (following exactly the same proof). The proof of Proposition

EC.3 below relies heavily on these results.

Proposition EC.3. For any subset of indices S ⊆N ∪{0}, s= |S| − 1≥ 1, and indices l,m ∈ S,

l ̸=m, (gl
i·)Wl(S\{l}) = (gm

i· )Wm(S\{m}).

Proof. It is sufficient to show that for any nodes l,m∈N , l ̸=m, it must be the case that

gl
i· −gm

i· =
rlmi·
z̄pm

, (EC.21)

gl
i· −g0

i· = rl0i· . (EC.22)

Indeed, (EC.21) and (EC.22) imply that for any l,m ∈ S ⊆N ∪{0}, l ̸=m, gl
i· − gm

i· ∈ Span{rlmi· }.

Hence, letting S \ {l}= {k1, . . . , ks} and noting that m= ki for some i ∈ {1 . . . , s}, it follows that

gl
i·−gm

i· ∈ Span{rlk1
i· , . . . ,rlks

i· }. Since by its definition in (EC.19) Wl(S \{l}) = Span{rlk1
i· , . . . ,rlks

i· }⊥

then we conclude

(
gl
i· −gm

i·
)
Wl(S\{l}) = 0 ⇐⇒

(
gl
i·
)
Wl(S\{l}) = (gm

i· )Wl(S\{l}) ⇐⇒
(
gl
i·
)
Wl(S\{l}) = (gm

i· )Wm(S\{m}) ,

where the first equivalence follows from the linearity of orthogonal projections, and the second

equivalence follows from Lemma EC.4.

We now prove (EC.21). Note that

glij − gmij
µe
ij

=
∑
k

p̄k(b
l
jk − blik)−

∑
k

p̄k(b
m
jk − bmik)

=
bljm − blim

z̄pm
− hjm −him

z̄pm
−

bmjl − bmil
z̄pl

+
hjl −hil

z̄pl

=
bljm − blim

z̄pm

=
rlmij
z̄pmµe

ij

,

where the first and last equality are by definition. The second equality follows from (EC.18) –

substituting dij by hij, z̄
0
i by z̄pi , and tfi by p̄i. The third equality follows from (EC.15) and (EC.18)

–substituting dij by hij, z̄
0
i by z̄pi , and tfi by p̄i– which combined show

hjl−hil

z̄
p
l

− hjm−him

z̄
p
m

− bmjl−bmil
z̄
p
l

= 0,
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completing the proof of (EC.21).

We now prove (EC.22). Note that

glij − g0ij
µe
ij

=
∑
k

p̄k(b
l
jk − blik)−

∑
k

p̄k

(
djk − dik −

z̄0k
µe
ij

)

=
∑
k

p̄k

(∑
m

tfmz̄
0
k(b

l
jm − blim)

)
+

1

µe
ij

=
∑
m

tfm(b
l
jm − blim)+

1

µe
ij

=
rl0ij
µe
ij

,

where the first and last equality are by definition. The second equality follows from (EC.18) and∑
k p̄kz̄

0
k = 1. The third equality follows from

∑
k p̄kz̄

0
k = 1, completing the proof.

Appendix D: Asymptotic Optimality of the DG Policy in Networks with Two Nodes

In this section, we prove the asymptotic optimality of the DG policy in networks with n = 2

nodes. In networks with two nodes, the state-dependent routing induced by the DG policy is

continuous, which allows building on Mandelbaum and Pats (1998) to extend the approach from

Braverman et al. (2019) to state-dependent stochastic networks. Since we follow Braverman et al.

(2019), we focus on maximizing availability and assume costless relocations.

Analyzing the asymptotic optimality of the DG policy for networks with n ≥ 3 nodes would

require generalizing the approach from Braverman et al. (2019) to large networks with multiple

discontinuous state-dependent routing and is beyond the scope of this paper. Motivated by service

systems with customer returns and service speedup, Chan et al. (2014) use Filippov analysis (Fil-

ippov 1988) to analyze the multiple possible cases of the fluid limit of a queueing network with two

stations and one state-dependent discontinuity in both network routing and the service rate of one

of the queues. In contrast, a car-sharing network with n = 3 nodes is modeled by 18 queues (15

infinite server queues for customer trips and relocations, and 3 single server queues for idle cars at

each node), with up to 9 network routing discontinuities, making the approach from Chan et al.

(2014) intractable for large car-sharing networks.

D.1. DG Policy for Car-Sharing Networks with Two Nodes

Consider a car-sharing network with two nodes denoted by i and j. Then, the DG policy is fully

characterized by the following continuous network routing:

QDG
kk (E(t),F (t)) =

(κzoutk −µe
lkElk(t)−Ekk(t)∑

m∈{i,j} µ
f
mkFmk(t)

)+

∧ 1

 , k, l ∈ {i, j}, k ̸= l, (EC.23)
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zoutk =


∑

m∈{i,j} µ
f
kmf̂

∗
km if ê∗kl > 0,

λ̂k if ê∗kl = ê∗lk = 0,

(1+ sk)λ̂k if ê∗lk > 0.

sk =
ê∗lk

ê∗lk + ê∗kl
k, l ∈ {i, j}, k ̸= l (EC.24)

QDG
kl (E(t),F (t)) = 1−QDG

kk (E(t),F (t)), k, l ∈ {i, j}, k ̸= l. (EC.25)

as specified in Algorithm 1 in Section 5.1, where we explicitly consider that there are two nodes in

the network (i and j).

D.2. The Fluid Model Induced by the DG Policy and its Equilibrium Point

In this section, we specify the fluid model induced by the DG policy. For conciseness, we largely

follow the exposition of Section 4 in Braverman et al. (2019), specialized to car-sharing networks

with two nodes i and j. We focus on the main points where the analysis differs. Specifically, consider

the following extension of the fluid model Braverman et al. (2019) in this special case.

fkl(t) = fkl(0)+λkPkl(t−uk(t))−µf
kl

∫ t

0

fkl(s)ds, k, l ∈ {i, j} (EC.26)

ekl(t) = ekl(0)−µe
kl

∫ t

0

ekl(s)ds+QDG
kl (κeee(t), κfff(t))

∑
m∈{i,j}

µf
mk

∫ t

0

fmk(s)ds, k, l ∈ {i, j}, k ̸= l,

(EC.27)

ekk(t) = ekk(0)−λk(t−uk(t))+µe
lk

∫ t

0

elk(s)ds+QDG
kk (κeee(t), κfff(t))

∑
m∈{i,j}

µf
mk

∫ t

0

fmk(s)ds, k, l ∈ {i, j}, k ̸= l,

(EC.28)

uk(t) is non-decreasing with uk(0) = 0 and

∫ ∞

0

ekk(s)duk(s) = 0, k ∈ {i, j}. (EC.29)

We focus on car availability maximization. Let āk = limt→∞ 1− u̇k(t) denote the car availability

at node k ∈ {i, j} in equilibrium.

Proposition EC.4. Any equilibrium (ā, ē, f̄) of the fluid model (EC.26)-(EC.29) must satisfy∑
m∈{i,j}

µf
mkf

∗
mk ≤

∑
m∈{i,j}

µf
mkf̄mk, k ∈ {i, j}.

Hence, any equilibrium attained by the DG policy in the LP fluid model is asymptotically optimal

as κ→∞ for the dynamic car relocation problem in networks with two nodes.
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Proof. The process-level convergence as κ→∞ of the car relocation problem dynamics induced

by the DG policy in networks with two nodes to the fluid model (EC.26)-(EC.29) follows from the

analysis in Braverman et al. (2019). Therefore, we focus here on its steady-state convergence.

Since the state-dependent network routing induced by the DG policy is continuous in car-sharing

networks with two nodes, we can take derivates in (EC.26)-(EC.28) to get,

ḟkl(t) = λkPkl(1− u̇k(t))−µf
klfkl(t), k, l ∈ {i, j}, (EC.30)

ėkl(t) =−µe
klekl(t)+QDG

kl (κeee(t), κfff(t))
∑

m∈{i,j}

µf
mkfmk(t)

+ Q̇DG
kl (κeee(t), κfff(t))

∑
m∈{i,j}

µf
mk

∫ t

0

fmk(s)ds, k, l ∈ {i, j}, k ̸= l, (EC.31)

ėkk(t) =−λk(1− u̇k(t))+µe
lkelk(t)+QDG

kk (κeee(t), κfff(t))
∑

m∈{i,j}

µf
mkfmk(t)

+ Q̇DG
kk (κeee(t), κfff(t))

∑
m∈{i,j}

µf
mk

∫ t

0

fmk(s)ds, k, l ∈ {i, j}, k ̸= l,

(EC.32)

while from (EC.29) we get,

ekk(t)u̇k(t) = 0 k ∈ {i, j}. (EC.33)

By imposing (ė(t), ḟ(t)) and Q̇DG to be equal to zero we conclude that any equilibrium (ā, ē, f̄)

of the fluid model (EC.26)-(EC.29), if it exists, must satisfy,

λkPklāk = µf
klf̄kl, k, l ∈ {i, j}, (EC.34)

µe
klēkl =QDG

kl (κē, κf̄)
∑

m∈{i,j}

µf
mkf̄mk, k, l ∈ {i, j}, k ̸= l, (EC.35)

λkāk = µe
lkēlk +QDG

kk (κē, κf̄)
∑

m∈{i,j}

µf
mkf̄mk, k ∈ {i, j}, (EC.36)

ēkk(1− āk) = 0, k ∈ {i, j}. (EC.37)

Hence, we conclude

QDG
kk (κē, κf̄) =

(zoutk −µe
lkēlk − ēkk∑

m∈{i,j} µ
f
mkf̄mk

)+

∧ 1

=

∑
m∈{i,j} µ

f
kmf̄km −µe

lkēlk∑
m∈{i,j} µ

f
mkf̄mk

, k, l ∈ {i, j}, k ̸= l

(EC.38)
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where the first equality follows from (EC.23), and the second equality follows from (EC.34) and

(EC.36). Therefore, we get∑
m∈{i,j}

µf
mkf

∗
mk ≤ zoutk ≤

∑
m∈{i,j}

µf
mkf̄mk + ēkk, k ∈ {i, j}, (EC.39)

where the first inequality follows from (EC.24) and the second inequality follows from (EC.38).

The result in the proposition then follows from (EC.37) and (EC.39). Indeed, if ēkk = 0 in

(EC.39) we are done. Alternatively, if ēkk > 0 then from (EC.37) we have āk = 1 or equivalently∑
m∈{i,j} µ

f
mkf̄mk = λk ≥

∑
m∈{i,j} µ

f
mkf

∗
mk, concluding the proof.

Appendix E: Additional Numerical Results, Plots and Tables

E.1. Steady-State Performance for the Greedy and JLCR-0.5 Policies

Percentile 100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

95% 14.48% 1.2% -7.77% -15.56% -20.24% -25.82% -28.69% -33.4% -37.04% -41.03% -40.59%
75% 8.73% -10.76% -28.35% -41.97% -50.51% -61.68% -72.53% -75.38% -81.66% -87.69% -96.85%
50% 3.29% -30.54% -60.96% -85.49% -105.46% -124.53% -138.93% -151.43% -158.5% -174.75% -178.5%
25% -5.4% -65.76% -108.97% -140.45% -165.24% -199.24% -226.03% -250.81% -262.57% -282.07% -293.52%
5% -30.1% -144.75% -226.85% -295.35% -334.09% -392.11% -426.71% -442.96% -493.81% -521.57% -505.33%

Average -1.03% -45.31% -82.58% -110.49% -131.06% -155.33% -174.37% -187.34% -199.91% -214.15% -220.21%
95 % Conf. [-4.08%, [-55.08%, [-98.15%, [-129.15%, [-152.03%, [-180.53%, [-202.79%, [-215.96%, [-231.05%, [-247.76%, [-251.92%,
Interval 2.03%] -35.55%] -67.00%] -91.83%] -110.09%] -130.13%] -145.96%] -158.72%] -168.77%] -180.53%] -188.50%]

Table EC.1 Percentiles of availability gap closed by the Greedy policy in steady-state for fleet sizes

κ∈ {100, . . . ,5000}.

Percentile 100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

95% -3.38% -5.89% -10.16% -16.66% -19.87% -27.05% -28.98% -37.64% -31.64% -40.18% -45.11%
75% -12.55% -16.43% -24.3% -35.55% -37.89% -45.88% -51.07% -56.49% -59.3% -64.78% -68.05%
50% -22.18% -31.15% -41.74% -51.19% -61.1% -70.54% -78.77% -85.1% -89.78% -96.52% -106.39%
25% -37.6% -50.75% -65.82% -73.11% -78.88% -92.85% -103.13% -115.33% -124.23% -130.01% -137.01%
5% -54.07% -94.21% -144.24% -188.32% -208.29% -242.02% -306.33% -287.72% -320.28% -343.22% -332.2%

Average -25.69% -38.24% -52.8% -64.7% -74.07% -86.87% -98.09% -105.02% -110.95% -118.55% -123.03%
95% Conf. [-29.20%, [-44.42%, [-61.85%, [-75.02%, [-85.68%, [-100.40%, [-113.97%, [-121.12%, [-127.49%, [-135.87%, [-140.60%,
Interval -22.17%] -32.06%] -43.74%] -54.38%] -62.46%] -73.34%] -82.20%] -88.91%] -94.40%] -101.24%] -105.46%]

Table EC.2 Percentiles of availability gap closed by the JLCR-0.5 policy in steady-state for fleet sizes

κ∈ {100, . . . ,5000}.
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Figure EC.1 Boxplots of availability gap closed by DG and JLCR-0.5 policies in steady-state.

Figure EC.2 Boxplots of availability gap closed by DG, JLCR-0.5, and Greedy policies in steady-state.
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E.2. Steady-State Performance of the DG over the Static Policy in Percentage Improvement

In this section, we make the results from Section 6.3, on the steady-state performance of the DG

policy with stationary parameters, directly comparable to the results in Sections 6.4 and 6.5, on

the short-term performance of the DG policy with time-varying parameters.

Namely, we use a different metric to report the results from Section 6.3. Specifically, in Section

6.3, we reported a lower bound on the static policy’s optimality gap closed by the DG policy, i.e.,

∆Gap=
ΠDG −ΠStatic

P ∗ −ΠStatic
× 100%.

In contrast, below, we report the percentage improvement of the DG policy over the Static policy,

i.e.,

%Imp=
ΠDG −ΠStatic

ΠStatic
× 100%.

Recall that the latter is the metric we use in Sections 6.4 and 6.5, because there is no known tight

upper bound on the performance of the optimal policy in a short-term setup with time-varying

parameters.

Figure EC.3 Boxplot of availability percentage improvement of DG over Static in steady-state.
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Percentile 100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

95% 14.38% 7.84% 6.08% 4.94% 4.56% 4.13% 3.87% 3.69% 3.89% 3.41% 3.44%

75% 12.21% 6.18% 4.68% 3.79% 3.41% 3.02% 2.87% 2.77% 2.65% 2.56% 2.5%

50% 9.56% 4.61% 3.41% 2.77% 2.54% 2.2% 2.1% 1.9% 1.92% 1.77% 1.82%

25% 6.99% 2.84% 2.12% 1.96% 1.58% 1.49% 1.25% 1.29% 1.28% 1.25% 1.13%

5% 2.48% 0.77% 0.3% 0.15% 0.09% 0.01% -0.01% 0% -0.07% 0.03% -0.01%

Average 9.28% 4.54% 3.31% 2.72% 2.47% 2.17% 2.04% 1.92% 1.9% 1.79% 1.78%

95% Conf. [8.54%, [4.08%, [2.95%, [2.41%, [2.19%, [1.92%, [1.79%, [1.69%, [1.66%, [1.58%, [1.57%,

Interval 10.03%] 4.99%] 3.67%] 3.03%] 2.75%] 2.43%] 2.29%] 2.15%] 2.14%] 2.00%] 1.99%]

Table EC.3 Percentiles of availability percentage improvement of DG over Static in steady-state for fleet sizes

κ∈ {100, . . . ,5000}.

Figure EC.4 Boxplot of profit percentage improvement of DG over Static in steady-state.



ec22 e-companion to Hosseini, Milner, and Romero: Dynamic Relocations in Car-Sharing Networks

Percentile 100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

95% 13.43% 7.57% 5.78% 4.93% 4.54% 3.99% 3.85% 3.66% 3.66% 3.48% 3.51%

75% 11.15% 5.96% 4.41% 3.58% 3.36% 2.92% 2.84% 2.62% 2.49% 2.41% 2.43%

50% 8.43% 4.17% 3.25% 2.79% 2.36% 2.25% 2% 1.98% 1.97% 1.74% 1.7%

25% 6.61% 2.85% 2.12% 1.73% 1.53% 1.55% 1.34% 1.24% 1.23% 1.15% 1.17%

5% 0.15% -0.17% -0.36% -0.45% -0.41% -0.47% -0.33% -0.29% -0.31% -0.33% -0.25%

Average 8.11% 4.14% 3.09% 2.61% 2.34% 2.12% 2.01% 1.87% 1.82% 1.75% 1.72%

95% Conf. [7.30%, [3.64%, [2.71%, [2.28%, [2.04%, [1.85%, [1.74%, [1.63%, [1.58%, [1.51%, [1.49%,

Interval 8.92%] 4.64%] 3.47%] 2.94%] 2.64%] 2.39%] 2.27%] 2.11%] 2.06%] 1.98%] 1.95%]

Table EC.4 Percentiles of profit percentage improvement of DG over static in steady-state for fleet sizes

κ∈ {100, . . . ,5000}.
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E.3. Time-varying Results for Lookahead Parameter T = 0.75

Figure EC.5 Boxplot of percentage improvement of DG-0.75 over static-0.75 for κ = 2000 in the time-varying

setting.

Percentile Hour1 Hour2 Hour3 Hour4 Total

95% 9.65% 48.47% 8.53% 4.58% 10.95%

75% 5.24% 28.31% 4.69% 3.37% 8.06%

50% 1.81% 21.11% 2.38% 2.34% 5.96%

25% 0.95% 15.21% -1.69% 0.81% 2.7%

5% 0.14% 5.99% -9.23% -6.08% -3.86%

Average 3.44% 23.11% 1% 1.32% 4.89%

95 % Conf. [2.73%, [20.53%, [-0.23%, [0.52%, [3.91%,

Interval 4.15%] 25.69%] 2.22%] 2.13%] 5.86%]

Table EC.5 Percentiles of percentage improvement of DG-0.75 over Static-0.75 for κ= 2000 in the

time-varying setting.
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Figure EC.6 Boxplot of availability absolute improvement of DG over Static in steady-state

E.4. Absolute Improvement in Availability by DG Policy Compared to Static

In this section, we use absolute improvement (ΠDG−T −ΠStatic−T)× 100% to evaluate the per-

formance of the DG policy. We do so for the availability objective only, since it is scale-free, as

opposed to the profit objective.

Specifically, Figure EC.6 and Table EC.6 in this section use absolute improvement to illustrate

the same results Figure EC.3 and Table EC.3 in Section E.2 show for percentage improvement.

Similarly, Figure EC.7 and Table EC.7 in this section use absolute improvement to illustrate the

same results Figure 2 and Table 4 in Section 6.4 show for percentage improvement.

Finally, Figure EC.8 and Table EC.8 in this section use absolute improvement to illustrate the

same results Figure EC.5 and Table EC.5 in Section E.3 show for percentage improvement.



e-companion to Hosseini, Milner, and Romero: Dynamic Relocations in Car-Sharing Networks ec25

Percentile 100 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

95% 6.76% 4.14% 3.41% 2.87% 2.56% 2.35% 2.22% 2.09% 2.19% 1.92% 2.02%

75% 5.42% 3.18% 2.33% 1.99% 1.89% 1.7% 1.6% 1.52% 1.46% 1.4% 1.39%

50% 3.99% 2.23% 1.67% 1.35% 1.22% 1.08% 0.96% 0.93% 0.9% 0.92% 0.9%

25% 3.05% 1.59% 1.2% 0.99% 0.9% 0.78% 0.68% 0.67% 0.65% 0.61% 0.62%

5% 1.66% 0.63% 0.25% 0.1% 0.05% 0.01% -0.01% 0% -0.07% 0.03% -0.01%

Average 4.14% 2.31% 1.73% 1.43% 1.32% 1.16% 1.1% 1.03% 1.03% 0.97% 0.97%

95% Conf. [3.81%, [2.07%, [1.53%, [1.26%, [1.15%, [1.01%, [0.95%, [0.89%, [0.89%, [0.85%, [0.84%,

Interval 4.47%] 2.54%] 1.93%] 1.61%] 1.48%] 1.31%] 1.24%] 1.17%] 1.18%] 1.10%] 1.09%]

Table EC.6 Percentiles of availability DG-Static in steady-state for fleet sizes κ∈ {100, . . . ,5000}.

Figure EC.7 Boxplot of availability absolute improvement of DG T = 0.5 lookahead policy over static T = 0.5

lookahead policy for κ= 2000 in the time-varying setting.
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Percentile Hour1 Hour2 Hour3 Hour4 Total

95% 7.92% 16.24% 3.77% 2.71% 4.28%

75% 4.69% 10.77% 1.98% 1.74% 3.3%

50% 1.76% 8.14% 1.08% 1.13% 2.48%

25% 0.92% 6.19% -1.07% 0.48% 1.15%

5% 0.14% 2.86% -5% -4.26% -2.29%

Average 2.92% 8.69% 0.08% 0.51% 1.7%

95% Conf. [2.37%, [7.85%, [-0.67%, [-0.05%, [1.13%,

Interval 3.47%] 9.53%] 0.83%] 1.07%] 2.27%]

Table EC.7 Percentiles of availability absolute improvement of DG T = 0.5 lookahead policy over static

T = 0.5 lookahead policy for κ= 2000 in the time-varying setting.

Figure EC.8 Boxplot of availability absolute improvement of DG T = 0.75 lookahead policy over static T = 0.75

lookahead policy for κ= 2000 in the time-varying setting.
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Percentile Hour1 Hour2 Hour3 Hour4 Total

95% 7.92% 28.98% 4.05% 2.57% 5.6%

75% 4.69% 19.46% 2.31% 1.65% 4.5%

50% 1.75% 15.75% 1.04% 1.12% 3.39%

25% 0.94% 11.93% -0.95% 0.48% 1.84%

5% 0.14% 5.61% -5.85% -4.73% -2.38%

Average 2.92% 15.97% 0.06% 0.49% 2.6%

95% Conf. [2.37%, [14.62%, [-0.75%, [-0.06%, [1.98%,

Interval 3.47%] 17.31%] 0.87%] 1.04%] 3.22%]

Table EC.8 Percentiles of availability absolute improvement of DG T = 0.75 lookahead policy over static

T = 0.75 lookahead policy for κ= 2000 in the time-varying setting.
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Appendix F: Appendix for Section 6

Figure EC.9 Neighborhoods included in our NYC instance are colored.




