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Online Appendix

This online appendix contains supplementary information for the paper. Specifically, Appendix
A details an extended model with multiple replenishment opportunities, Appendix B provides
supplementary information for the numerical study including the heuristics examined in the study
and the results for a three-product setting, Appendix C contains proofs of Equation (10) and
Example 1 in the paper, as well as statements and proofs of technical lemmas used in the proofs
of the propositions, and Appendix D presents the proofs of the propositions in the paper and in
Appendices A and B.

A. Multi-Season Problems

In the base model, we consider a single selling season with N periods: the demand is realized at the
end of each period, inventory replenishment occurs at the beginning of the season, and left-over
inventory is salvaged at the end of the season. In this section we extend the single-season model
to multiple seasons, finite or infinite. The seasons are indexed by t =1,2,.... Same as in the base
model, each season consists of NV periods, and at the end of each period product demand is realized.
Let the demand be an independent and identically distributed random sequence, {Dy,t=1,2,...},
where Dy = (Dj,i =1,...,k,n=1,...,N) denotes the demand matrix in season t and D, is the
demand for product ¢ in period n of season t. Within each season demand is independent across
different periods (i.e., D;,; is independent of Dj,,, for any 7, j, and m # n). Within each period,
however, demand for different products can be dependent (i.e., D;,; can be dependent of D, for
i# 7). As in the base model, assume that demand of each product in each period of any season
has a finite and positive mean: 0 < E(D;,,;) < oo for all 4, n, and ¢. The selling prices, component
costs, and holding costs are stationary over time. For simplification, we assume that the starting
inventory at the beginning of the first season (before replenishment) is zero. This assumption could

be relaxed for the infinite-horizon problem, as we shall explain in §A.2.

A.1l. Finite Horizon

Consider a finite horizon of T selling seasons, where the first season is referred to as season 1, and
the season after season ¢ as season ¢t + 1. Inventory replenishment is allowed at the beginning of each
season, but inventory salvage occurs only at the end of season T'. That is, inventory salvage takes
place only at the end of the multiple-season horizon, and is disallowed in season t =1,....,T — 1. As
in the base model, inventory is salvaged at cost.

In the following we will first establish a connection between the expected total profit in the
multi-season horizon and that in a single selling season under a feasible policy. The connection will

then be applied to analyze the decisions in the multi-season horizon.



ec2 e-companion to Yu et al.: Joint Order Fulfillment and Inventory Management in ATO Generalized W Systems

Consider a general feasible policy w = {(X7,Y,”),t =1,2,3,...}, where (X7,Y,”) specifies the
two control actions in season ¢: the replenishment decision (order-up-to level) X7 = (2§, 27, ..., x5,)
at the beginning of season ¢, and the allocation decision Y, = (y7,) with y;,; as the sales quantity
of product ¢ =1,...,k in period n=1,...,N of season ¢ (after demand is realized in the period).
Furthermore, let X! denote the starting inventory at the beginning of season ¢ before replenishment.
Note that X? is also the left-over inventory at the end of season ¢ — 1 after the order fulfillment in
season t — 1 is completed.

In particular, for a policy to be feasible, it must satisfy, for each season ¢, each period n and

each product i,

k n n
0
XF>XP, 0<yZ, <die, > YT.<a8, > yS, <af,

i=1 m=1 m=1
where d;,,; is the realized demand of product 7 in period n of season t.

Following the single-season analysis, define
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as the profit obtained in a single season (excluding component procurement cost) where the starting
inventory (i.e., before replenishment) is zero, the inventory after replenishment is X7, the sales
quantities are Y;7, and any leftover inventory is salvaged at cost.

Denote by IIF (X)) the expected total profit over the T-season horizon obtained by policy @

with starting inventory X9 at the beginning of the horizon (i.e., before replenishment). We have:

k k
[RIXTZ.YE) = cgalyyy =Y ei(af—al)|+ RIXTYE) = > cj(af — %)

t=1 Jj=0 j=0 j=0
T k k
> (R(th,Yf’) —chxﬁ> +chx§?1] (EC.1)

where the first equality is due to the following two cases:

7 (XY) = Ex

e For the last season, i.e., season T, given inventory X2 before replenishment and inventory X%
after replenishment, with inventory salvage at the end of the season (as this is the last season), the
profit obtained by policy w in season T is R(X%, Y7 ) — Zfzo c; (x5 — x9p), where Z?:o cj(w5 —

x97) is the inventory replenishment cost.
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e For season t € {1,...,T — 1}, with inventory X before replenishment and X7 after replenish-
ment, the profit obtained by policy w in season t is R(X7,Y,”) — Z?:o T — Zf:o c; (x5 —9,),
where Z?:o ¢; (x5 — ;) is the inventory replenishment cost. Note that the function R(-,-) assumes
leftover inventory salvaged at cost at the end of a season, while inventory salvage does not occur in
season t. Thus, the salvage value Zf ¢;x}, ., is deducted from the profit, where recall that z9,,,

is the starting inventory in the next season and also the left-over inventory in the current season t.

(EC.1) establishes an important relationship between multi-season profit and single-season profit.
It allows us to convert the control problem for multiple seasons into one for a single season. Below
we exemplify the transformation using the optimal control policy and the heuristic policy q.

Specifically, denote by X the optimal inventory at the beginning of season ¢, and Y;* the optimal
allocation in season t. Recall from the single-season analysis that, given inventory X right after
replenishment, R, (X) is the expected total profit of the season under optimal fulfillment policy,
excluding the inventory replenishment cost and including the season-end salvage values. Assuming
that the starting inventory is zero, the expected profit of the season (net of the inventory replen-
ishment cost) is m(X) = Ry (X) — Z?:o ¢;x; and the optimal inventory X* = argmax m(X). Thus,
Ry(X) = Ey#[R(X,Y)")] and m(X) = By [R(X,Y]")] - Z?:o c;x;. Note that by the definition of X*,
for any feasible (X=,Y®),

Ey=[R(X%,Y7)] chx <7m(X*) (EC.2)

(EC.1) implies that, given the starting inventory X < X*, the optimal policy in each season is
a base-stock policy with an order-up-to inventory level X*, combined with the optimal allocation
policy Y;*. Thus, provided that X? < X*, X = X* and the expected total profit over the T-season
horizon obtained by the optimal replenishment and fulfillment policies, denoted by 11 (X?), is

k k

:ZW(X*)"’_ZCJ )= T”(X)‘FZ(le‘?l)- (EC.3)

t=1 5=0 3=0

Similarly, suppose that the fulfillment policy ¢ with an inventory order-up-to level X is imple-
mented in every season of the selling horizon. That is, in each season order fulfillment follows the
static nested allocation policy and inventory replenishment follows a base-stock policy with order-
up-to inventory level X?. In this case, (EC.1) implies that, provided that X? < X4, the expected
total profit over the T-season horizon obtained by such a policy, denoted by IT%(XY), is

k

I (K1) = 31X + D) = To(X) + D ey (EC.4)

j=0
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where recall that 77(X7?) is the expected single-season profit given initial inventory X7 (after
replenishment and before fulfillment) and the static nested allocation policy and, more specifically,
m(X7) = Eya[R(X?, YY')] — Z?:o c;z§, where Y{" consists of the sales quantities y;, as in (9).
Analogous to the single-season analysis, we define asymptotic optimality of a policy in the multi-
season problem as follows. We define a stochastic problem with scale m=1,2,... as a stochastic
problem in which the demand for product ¢ in period n is DE:Z) and the starting inventory at the
beginning of the horizon (before replenishment) is X ! (™) The superscript (m) labels the scale-m
problem and is omitted for the scale-1 problem. Assume that for each problem m, E(sz)) =

mE(D;,;) and that the normalized demand m*1D§$) converges in distribution to the expected

demand in the scale-1 problem, E(D;,;). That is, mle%) gE (Dint)-

Recall the notations for the scale-m problem: for a single-season problem with zero starting
inventory, denote by X*(™ the optimal inventory level for replenishment and by 7™ (X*(™)) the
single-season profit obtained by the optimal replenishment and fulfillment policies. Similarly, denote
by X9™ the heuristic inventory order-up-to level and by 79(™ (X%™) the single-season profit
obtained by adopting the order-up-to level X ™) and following the heuristic fulfillment policy g.

Next we will prove that, in the multi-season problem, provided that X < min(X4(m) X*(m)
(recall that we assume X f (m) = 0), the expected profit obtained by applying the order-up-to level
X ™) and fulfillment policy ¢ in each season, denoted by HqT(m) (X f (m)), approaches the expected
profit obtained by applying the optimal order-up-to level X*(™) and the optimal fulfillment policy

in each season, denoted by 7™ (X?"™), in the high-demand regime. That is,

Iy ()

im ———————= =
)

By (EC.3) and (EC.4), it is equivalent to prove

Tro) (X)) 54 (0™

lim - =1
moee Tr(X) 305 o (er ™)

Jjl

To this end, first note that because w2(™ (X 1m)) < (X *(m)),

palm) (Xatm))  Tatm)(Xatm))  Prim(Xam) 4338 (™)

_ < <, EC.5
m(Xm) TRX) T TR(X )+ 5 (™) e
. 7a(m) (m) . . .
Furthermore, recall lim,,, ., % =1 (proved in the single-season analysis). Thus, by (EC.5),
I 2™ (x20m)y
im T =

Proposition A.1 For the finite-horizon problem with zero inventory at the beginning of the hori-
zon, a heuristic in which an order-up-to level X9™) and demand fulfillment policy q are adopted

i each season is asymptotically optimal.
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A.2. Infinite Horizon

Now we consider the problem of infinite horizon with long-run average expected profit. For any

feasible policy w, denote the long-run average expected profit by

w 0
ﬁW(XO):nminfM.
! T

T—o0

Proposition A.2 Assume X?=0. The optimal policy that mazimizes the long-run average profit
1 as follows: in season t, order up to X* and follow the optimal fulfillment rule. Moreover, the

optimal long-run average profit, denoted by I1*, equals to w(X*).

Similarly, we define policy ¢: in season t, order up to X? and follow the static nested policy.
Denote the long-run average profit achieved by policy ¢ by I17(X?). Same as before, we define the

scale-m problem and add superscript (m) in the notations for the scale-m problem.

Proposition A.3 Assume X?(m) =0. Policy q is asymptotically optimal for the infinite-horizon
fatm) (x0(m))

problem. Specifically, 1imy, oo —5m

We can easily show that the condition X =0 in Propositions A.2 and A.3 is not necessary. Note
that for infinite horizon problem with long-run average profit, if it is optimal to follow a stationary
policy 7 in all seasons, then it is also optimal to follow another feasible policy 7’ (which may not
be optimal) for a finite number of 7" seasons, and switch to policy 7 after that. Thus, for any given
positive XV the firm may always follow some feasible policy to exhaust all on-hand inventories

first, and then follow the optimal policy 7 after that.
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B. Supplementary Information for Numerical Study
B.1. Definitions of Fulfillment Heuristics

B.1.1. Fixed Priority Heuristic by Zhang (1997) Zhang (1997) considers backlogging of
unsatisfied demand and proposes an allocation scheme based on fixed product type-based priority.
Specifically, according to pp. 313 of Zhang (1997) the scheme follows the three rules below:

e First-come-first-served: Demands arriving in an earlier period have priority in receiving com-
ponent stocks over demands arriving in a later period, regardless of product types.

e Product type-based priority: Of the demands that arrive in the same period, product 1 has
priority over product 2, which has priority over product 3, and so on.

e Stock commitment: Once component stock units are issued to a particular demand based on
the first two rules, these units remain committed to the allocated product and become unavailable
to other demands.

Here, “the numbering of product types is such that the most important product is labeled type 1;
such a ranking may be determined by exogenous factors such as the revenue margins or marketing
orientations of each product.” In our lost-sales model of the generalized W systems, under this
fixed product type-based priority, in period n=1,..., N, given demand realization d;, for product
i=1,...,k, the realized demand is fulfilled in an increasing order of the product index, and the

sales quantities satisfy

yln — min(dlnyxth)u
i—1 +

yin:min din7xi7 Ty — E Yin ) 222;7]{:
Jj=1

B.1.2. Fair-Shares Heuristic by Agrawal and Cohen (2001) Agrawal and Cohen (2001)
consider a fair-shares heuristic, whereby component allocation in a period is proportional to prod-
ucts’ realized demand in the period. In the context of our generalized W systems, the fair-shares

heuristic stipulates that the sales quantity of product ¢ =1,...,;k in period n=1, ..., N is d;, A x; A

( (iinxo
Zi=1 din

. . k k
across products. Hence, even in a balanced system (i.e., zo =) ,_, x;), when zo < > ,_, d;, and

). That is, zy units of common components are shared among all the realized demands

dy, < 1, the sales quantity of the most-profitable product 1 is dy,, Az, A (%) <dy,, implying
=1 “"1n

that some demand of the most-profitable product 1 is rejected under the fair-shares heuristic.
B.1.3. Order-Based Heuristic by Akcay and Xu (2004) By Algorithm 1 on pp. 105 of
Akgay and Xu (2004), an order-based heuristic applied to our model of the generalized W systems

is as follows: in period n and for a given n** € (0, 1]:



e-companion to Yu et al.: Joint Order Fulfillment and Inventory Management in ATO Generalized W Systems ec’

e Step 1, initialize the set of unfilled demand € = {i|d;,, > 0}; initialize the fulfillment y;, = 0 for
all i ={1,...,k}; initialize STOP = 0;
e Step 2, if z; Axy =0 for all 1 € &, set STOP =1; Otherwise, for product

j= argma@x[(pi —ci—co+ (N—=n+1)h; + (N —n+1)ho) min(z;, zo)],
1€

fill Ay, = dj, Amax(|n*(z; A xg)],1) units. Then, update y;, by replacing it with y;,, + Ay;,,
update the on-hand inventory of component j, i.e., z;, by replacing it with x; — Ay;,, update
that of common component, xy, by replacing it with x, — Ay;,,, update d;,, by replacing it with
d;, — Ay;,; replace € by dropping j if 7°* =1 or the updated d;, is 0.

e Step 3, repeat Step 2 until the set € is empty or STOP = 1.

We assume n** = 0.5 in our numerical studies.

B.1.4. Heuristics by Reiman and Wang (2015) Reiman and Wang (2015) consider a
setting with continuous-review, positive replenishment lead time, and demand backlogging. They
use a two-stage stochastic program (SP) to develop inventory replenishment and allocation policies.
Specifically, the inventory replenishment policy is a base-stock policy in which the base-stock
levels of components are determined by the first-stage optimal solution of the SP. The inventory
allocation policy is based on target backlog levels derived from the second-stage SP recourse linear
program.

The replenishment policy proposed by Reiman and Wang (2015) is readily applicable to our
model of the generalized W systems. Nevertheless, since our model assumes lost sales of unmet
demand, their allocation policy cannot be directly applied. In the following we first review the
policies in Reiman and Wang (2015), and then develop an allocation heuristics for the generalized
W systems according to their idea.

e Inventory Replenishment

On pp. 721 of Reiman and Wang (2015), a family of base-stock policies is proposed that uses
weighted average of two solutions, y* and y?°, as base-stock levels, where the two solutions are
derived from two different stochastic programs. That is, as in (18) of Reiman and Wang (2015),

the proposed base-stock levels are:

Y=y +(1—-7)y° 0<y<1

The authors further recommend using v = 0 based on their numerical results. Thus, we shall use y°
in our study. Specially, with the notations in our model, the base-stock levels X° = (x9, 3, ...,z%)

are as below:
. _ — —
X =argmin [h'X—Fb-E(D) —Ez[o(X; D)] ,

¢+(X,_B) = m>ag({c -z]|z < B, Az <X}
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where the bill of materials is given by matrix A of which element aj; represents the amount of
component j needed to assemble one unit of product i (in our context A is a (k+ 1) x k matrix),
h is the vector of holding costs of components, b is the vector of backlog costs of components, c is
the vector with element ¢; = b; + Zf;l aj;h;, and B is the demand.

Applying this heuristic to our model of the generalized W systems, at the beginning of each

season, a base-stock policy is applied with base-stock levels X7 = (X757, X5 ... X7 as below:

X = argmaxEg =N Y (hya;) + (X, D)

7=0

where

with B = (D1, Dy, ...,Dy) and D; has the same distribution as ) D;,. This policy is based on the
hypothetical scenario in which components are allocated in the last period after observing demand
in all the periods and, thus, the holding cost saving from fulfilling a unit of product-i demand is
h; + hg, i.e., for one period.

e Inventory Allocation

In Reiman and Wang (2015), at the end of each period, a backlog target is computed based on
the current inventory level and demand arrival in the current period. The firm then fills demand
such that the actual backlog for each product, if higher than the target, gets close to the target
as much as possible. Specifically, as in (19) of Reiman and Wang (2015), the backlog targets that

minimize the total cost are
B*(t) =argmin{c-B|B >0, AB > Q(¢)},

where Q(t) is the shortage of on-hand inventory for clearing existing backlogs at time ¢. The
allocation principle is as follows (pp. 722 of Reiman and Wang (2015)):
No product should have its backlog level strictly above its target if all required components have

sufficient inventories, i.e., an allocation policy must yield

[Bi(t) = BX®)]* A | min (I,(t) —a; +1)*| =0, 1<i<m.

¢ Jjia;;>0

In addition, any product whose backlog level is below or at the target is not served, i.e.,

z(t) < [B; (t)— B (t)]t, 1<i<m.
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where B, (t) and I;(t) are the backlog level of product ¢ and the inventory level of component j at
time ¢ after demand fulfillment and backlogging, B; (¢) is the backlog level of product i at time ¢
after demand arrival and component receipt but before component allocation, and z;(t) is product-i
demand served at time ¢.

In particular, for a two-product W system, the authors note that the allocation principle leads

to “clear as many backlogs as possible while giving the priority of using component 0 to product

1”7 and, as in (23) of Reiman and Wang (2015), the backlog targets are

B*(t) = arg min {0131 +0232‘Bi >0, B; > Qi(t)7 B+ By, > Qo(t)7 1= 172}7
= (QF (1), Q5 ()N (Q5 (1) —QF (1))

As noted earlier, the heuristic of backlog targets cannot be directly applied to our model due
to our lost-sales assumption. Thus, we develop a heuristic based on lost-sale targets, which are
computed based on the current inventory level and demand arrival in the current period. The firm
fills demand such that the actual lost sales for each product, if higher than the target, gets close to
the target as much as possible. Specifically, let d;, be the realized demand of product 7 in period n,
and x; be the remaining inventory of component j at the beginning of the period. The component

shortage Q;,7 =0, ...,k is defined as:
QO:Zdin_x(h Qj:djn_xjvjzla'“vk

The lost-sales target is defined as:

k
Ly, ...L;.) =arg min Z [(pi+(N—=n+1)h;+ (N —n+1)ho—c; — co) L)

Ins---» Lgn i—1

L =(L}

1n>

k
subject to ZLm > Qo, Ljn >Qj, j=1,....k; all L;,,’s are nonnegative.

i=1

For i =1, ..., k, the fulfilled quantity of product i, denoted by y:F, satisfies:
Yin < (din—Lj,)" (EC.6)
and
k
min <(dm L) =yl w — nynp, T; — yﬁf) =0 (EC.7)
i—1

There may exist more than one solution {y7F,i=1,...,k} that satisfy both (EC.6) and (EC.7).

As the authors noted in their backlogging setting (e.g., Reiman and Wang 2015), the backlogs can
be cleared in any sequence that the firm “finds appropriate, e.g., giving higher priority to products
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with higher ¢;s”, where ¢; represents backlogging cost in their papers. Hence, in the heuristic that

we develop based on their paper, we shall follow the sequence of our product priorities, i.e., in an

increasing order of the product index. That it, y¥ is first determined and followed by y57, ..., and
y2P. Thus, y7F satisfies:
P <(dy— L)t i=1,....k (EC.8)
min ((di, — Ly,) " = y70 20 = yi s 21— Y1, ) =0, (EC.9)
min <(dzn - L:n)Jr - y;S;ZP’a:O - Zy}gnpuxl - yfnp> = 07 1= 27 teey k (EC]'O)
j=1

In the following we derive the optimal lost-sales targets and the corresponding fulfillment quan-
tities. Note that we have assumed p; > ¢; + ¢y, which implies p; + (N —n+1)h; + (N —n+ 1)ho —

¢; —cg > 0. The optimal lost-sales targets are as below:
Lemma B.1
Ly, =(din—x) ", i=1,..,k—1,

<Z din - l‘o) - Z(din - xi)Jr]

i

Ly, =(dpn — )" +

Lemma B.2 Given the optimal lost-sales targets in Lemma B.1 and the fulfillment following an

increasing order of the product indez, the sales quantities satisfying both (EC.6) and (EC.7) are

sP __ _ -
yln - mln(d1n7l’0,$1)
i—1 +
SP __ _ 2 : SP .
yin = 1min dina 950_ yjn 7351' 3 2—27...,]{:.
=1

This implies a nested policy without component reservation for future demand.

B.2. Endogenous Inventory for Each Fulfillment Heuristic

B.2.1. Fixed Priority Heuristic by Zhang (1997) For exposition, given the initial inven-
tory X, we define 7*(X |B) as the profit achieved under realized demand D= (D11, ..., Dyy,) by
adopting the fixed priority heuristic. That is,

WZ(X\B):‘ZZ(X]B)—ZQ@

where, for n € {1,..., N},
V(X D) = J(X, Dis s D),
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with

J(X, D1y, ..., Diy)
k k B k
= Z[Pz?/m - hi(ﬂfi - y'm)] - ho(ﬂfo - Z?Jm) + VnZH(X - Zymai|8)
1=1 =1 1=1

where (Y1, ..., Yrn) is obtained through the following, sequentially from y;,, t0 yp,:

Yin = min(xla Dlna Jfo)

i—1
Yin = min(x;, D;,, (xo — Zyjn)Jr), fori=2,...,k
j=1

with 7 = max(z,0). The boundary condition for the problem is: at the end of last period,

~ — k
V]\Z,+1(X|D) = ;)Ci*xi-

With definition of 7 (X \B), the endogenous inventory, X7, is obtained according to the following
algorithm:

e Step 0: let M =1,000, .S =50 and S’ =1,000; Initialize [ + 0;

e Step 1: [ [ +1; generate a vector (Bls(l), ,BZS(S)), which has S elements, i.e., Bf(]) with
j=1,...,5, and each element Bf(]) is a random sample of (Dyy, ..., Dyx). Then, given Bf(j) for

j=1,...,.5, we find an initial inventory X} to maximize the average of WZ(X\B), ie.,

S5 w(X|BEG)
S b)

X[ =argmax
X

In searching for the maximizer X, for product i, the upper bound of x; is the highest season-wide
demand for product 7 in all the samples BIS(]), ji=1,...,8, ie., max{zgzl D, s.t.,(Diy,...,Dpn) €
{Bf(l), e Bf(S)}}, and the upper bound of x, is the sum of the upper bound of z; over all . If
I < M go to Step 1, otherwise go to Step 2;
:>Sl —)S/ —)S/ ’ . , . —)S, . .

e Step 2: Generate a vector D° = (D?® (1),..., D> (5’)), which has S’ elements, i.e., D (j) with
j=1,...,5, and each element BS/(j) is a sample of (D, ..., Dyx); Initialize [ < 0;

e Step 3: Set [+ [+ 1 and calculate

S5 m (XEBE ()

2z z éS/
™ (Xl ‘D ): S/ i

If | <M go to Step 3; otherwise go to Step 4;
e Step 4: Choose

= ot
X* =arg max (X |DY).
Xe{XF, I=1..,.M}
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B.2.2. Fair-Shares Heuristic by Agrawal and Cohen (2001) For exposition, we define
(X \B) as the profit achieved under the initial inventory X and realized demand D =
(D11, ..., Dy,,) by adopting the fair-shares heuristic by Agrawal and Cohen (2001) in the subsection
above. That is,

7 (X|B) = Veo(X|D) — > e,

where, for n € {1,..., N},
Vee(X|B) = Jo(X, Dins ors Din).

with
Js (Xlenv 7Dkn)
k
= Z PilYin — ’L X yzn)] - hO(xO - Zy'm + V:j1 Zyznaz’B
1=1 i=1
where
D.
Yin = min xi,Din, o Zo s for 221,,k‘
> Dijn
j=1

The boundary condition for the problem is: at the end of last period, ‘7](}31 X |B Z CiT;.

With definition of 7¢(X |B the endogenous inventory for problem AC, X, is obtalned accord-
ing to the following algorithm:

e Step 0: let M =1,000, .S =50 and S" = 1,000; Initialize [ <+ 0;

e Step 1: [+ [+ 1; generate a vector (Bf(l), ,Bf(S)), which has S elements, i.e., BS ) with
j=1,...,5, and each element Bf(]) is a random sample of (Di1,..., Dy ). Then, given BS for
j=1,...,5, we find an initial inventory X** to maximize the average of 7% X\B ), i.e.,

S5 wee (X[ D))
S b

X[ =arg max

If | <M go to Step 1, otherwise go to Step 2;
e Step 2: Generate a vector DY — BS/ vy BS/(S’)) which has S’ elements, i.e., B (j) with
j=1,...,5, and each element BS (j) is a sample of (D11, ..., Dy ); Initialize [ < 0;
e Step 3: Set [+ [+ 1 and calculate
S/ ac ac 4
2w (X B ()
S’ '

ac ac éS/
(XD ) =

If | <M go to Step 3; otherwise go to Step 4;
e Step 4: Choose

= o
X% =arg max (X |DS).
Xe{Xae, I=1...,M}
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B.2.3. Order-Based Heuristic by Akcay and Xu (2004) For exposition, given the initial
inventory X, we define 7% (X ]B) as the profit achieved under realized demand D= (D11 ey Di)
according to the order-Based Heuristic by Akcay and Xu (2004) in the subsection above. That is,

7 (X| D) = Voo (X| D) — > e,

where, for n € {1,..., N},
Vs (X|B) = J%(X, Dy, ... Dyn),

with

‘EI(Xlena '-'7Dkn)

4

k k
= Z[Piym — hi(w; — ym)] —ho(wo — Zyzn) + Vfﬁ - Zyinai’B)
i=1 i=1

i=1
where (Y1, ..., Yrn) is obtained through the following algorithm:in period n and for a given n** €
(0,1]:
e Step 1, initialize the set of unfilled demand €& = {i|d;,, > 0}; initialize the fulfillment y;, =0 for
all i ={1,...,k}; initialize STOP = 0;
e Step 2, if z; Axg =0 for all 7 € €, set STOP =1; Otherwise, for product

j= argma@x[(pi —ci—co+ (N—=n+1)h;+ (N —n+1)ho) min(z;, z¢)],
1€

fill Ay, = dj, Amax(|n*(z; A zo)],1) units. Then, update y;, by replacing it with y;,, + Ayj,,
update the on-hand inventory of component j, i.e., z;, by replacing it with x; — Ay,,, update
that of common component, x,, by replacing it with xzy — Ay;,, update d;, by replacing it with
d;n, — Ay;,; replace € by dropping j if 7°* =1 or the updated d;, is 0.

e Step 3, repeat Step 2 until the set € is empty or STOP = 1.
We assume 7** = 0.5 in our numerical studies. The boundary condition for the problem is: at the

~ k
end of last period, VJ\‘}L(X]B) = ¢y
i=0

With definition of 7%* (X ]B), the endogenous inventory for problem AX, X“*, is obtained accord-
ing to the following algorithm:

e Step 0: let M =1,000, .S =50 and S’ =1,000; Initialize [ + 0;

e Step 1: [ <[+ 1; generate a vector (Bls(l), ,BIS(S)), which has S elements, i.e., BS ) with
j=1,...,S, and each element Bls(j) is a random sample of (D, ..., Dyx). Then, given BS for
j=1,...,.S, we find an initial inventory X/* to maximize the average of 7" X|B ), i.e.,

S (XIBEG).
g ;

X" =argmax
X

If | <M go to Step 1, otherwise go to Step 2;
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e Step 2: Generate a vector DY — BS/ vy BS/(S’)), which has S’ elements, i.e., B (j) with
j=1,...,5, and each element BS (j) is a sample of (D11, ..., Dy ); Initialize [ < 0;
e Step 3: Set [+ [+ 1 and calculate
Sl ax axr ! >
5 (X B ()
S’ '

= ot
= (Xp D) =

If | <M go to Step 3; otherwise go to Step 4;
e Step 4: Choose

= !
X% =arg max 7 (X | D).
Xe{Xp®, I=1...,.M}

B.2.4. Heuristics by Reiman and Wang (2015) Recall that for the heuristic by Reiman
and Wang (2015) in the subsection above,

k
%
#(X, D)= max Z(pz +hi+ho—c; —co)y
i=1

Y1:---Yk

k
s.t. Ogyzgazl/\D“ ’izl,...,k7 ZyiSZITo.
i=1

%
with D = (D, ..., D), and D; is a realization of the total demand for product i =1, ...,k over the
selling season. For exposition, we define 7" (X\B) =—N Zfzo(hjxj) +o(X, B) Then, the initial
inventory heuristic X" is obtained according to the following SAA algorithm:

e Step 0: let M =1,000, .S =50 and S’ =1,000; Initialize [ + 0;

e Step 1: 1+ [+ 1; generate a vector DS BS ), which has S elements, i.e., B ) with
j=1,...,S, and each element BZS (7) is a random sample of (D11, ..., Dy ). Then, glven BS for
j=1,...,5, we find an initial inventory X;™ to maximize the average of WTW(X]D), ie

S Tw S
S (XU DEG))

S ?

X" =argmax
X

If | <M go to Step 1, otherwise go to Step 2;

e Step 2: Generate a vector DY — BS/ vy BS/(S’)) which has S’ elements, i.e., B (j) with
j=1,...,58, and each element BS (j) is a sample of (D11, ..., Dy ); Initialize { < 0;

e Step 3: Set [+ [+ 1 and calculate

S/ Tw Tw ! S
S (XD ()

= o
D) = . ;

If | <M go to Step 3; otherwise go to Step 4;
e Step 4: Choose

= o
X" =arg max 7 (X|DY).
Xe{X]W, I=1...,.M}
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B.3. Additional Numerical Results for Three-Product Systems

Impact of Parameters on Heuristic Performance

For three-product generalized W systems, we vary the problem parameters as follows:
e Problem scale: m € {1,10,100}

e Common-component procurement cost: ¢, € {300, 350,400, 450,500,550}

e Common-component holding cost: hg € {5, 10, 15,20, 25, 30, 35,40, 45,50}

e Demand proportion: p € {0.2,0.4,0.6,0.8}

resulting in a total of 720 (=3 x 6 x 10 x 4) problem instances.
By Tables EC.1 and EC.2, the results regarding impact of parameters on heuristics performance

is similar to those under k =4.

Average profit gaps (in %) under heuristic ¢ and different co: k=3

Table EC.1
co =300 | co =350 | co =400 | co =450 | ¢co =500 | co =550
m=1 21.15 22.07 23.09 24.19 25.57 26.69
m =10 6.22 6.52 6.68 6.63 6.57 6.10
m =100 1.95 2.06 2.10 2.06 2.03 1.87

Average profit gaps (in %) under heuristic ¢ and different ho: k=3

Table EC.2
ho=5|ho=10 | hg=15| ho =20 | hg =25 | ho =30 | ho =35 | ho =40 | ho =45 | ho =50
m= 18.09 19.38 20.55 22.30 23.54 25.70 25.19 26.86 29.22 27.10
m =10 5.33 5.65 5.96 6.50 6.63 7.26 6.52 6.85 7.52 6.32
2.07 2.28 2.03 2.12 2.34 1.93

m =100 | 1.66 1.76 1.87 2.05
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C. Proofs of Equation (10), Example 1, and Technical Lemmas

C.1. Proof of Equation (10)

To prove the formula of the remaining quotas, for exposition, we define @ = Zf:z v; representing
total quotas available for product i. According to the definition of the static nested policy (i.e.,

policy ), the vector ((y,...,¢) satisfies ¢; = ¥, where (¢}, ...,¢;) is defined as follows:

k
(= Ui —
1 J Yin,
Jj=1

k
g;zzujmgj{l, j=2,...,k,

g
J =7

(which implies that ¢{ > (3 >...>(}), and ({f,...,(l), i=2,...,k is defined recursively (with the

superscript ¢ referring to the i-th iteration):

C;:C;il_yinu ]:1771
CJZ :C;*l /\Cj15717 j:2+ 1’...’]{7 (ECll)

under which ¢; > (3> ... > (] and

k k
G=C = === ) Y= =) Y (EC.12)
j=i

j=it1

Recall that our objective is to prove
) k k
G = Zuj - Zyjm
j=1 j=1

k k
éi:(Zuj—Zyjn)/\@_l, 2:2,,/€
j=1 j=t

To this end, first note that the remaining quota for product 1 is

k k k
G=¢= f_l—ykn:g_zyjn:zuj _Zyjn-
j=2 j=1 j=1

Then, for i > 2, we show that, for j >, (!, AC' = A Z?’:j u; so that (EC.11) is equivalent

to
C=C iy =1,

k
(i= ]?71/\2%,, j=i+1,...k: (EC.13)

.
J =7
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If ¢! = Zf/:j ugy G NG = A Zj/:j u; while if (71 < Zj/:j uy, the individual quota
of product j has been used in the (i — 1)-th iteration or before, that is, the individual quota of
product j € {i+1,...,k} has been used in filling the demand of products 1,2,...,i — 1. As the
individual quota for product 7 — 1 has a higher priority of being used to fill the demand of products
1,2,...,7 — 1 than the individual quota for product j, the fact that some individual quota for
product j has been used implies that all the individual quotas for product j — 1 have been used up.
Thus, after filling the demand of products 1,2,...,7— 1, the available quotas of product j — 1 are
the same as those of product j because now both have the same source: the (remaining) individual
quotas for product 7,7 +1,...,k, so ;j = (:;71. This together with (3_1 < ;j (by definition
of ¢!_;) and the condition ;™' < Zf/:j uy leads to ¢f, < (T =¢7' < Zf/:j u . Therefore,
NG =G =G ATy

As a consequence,

k k k
G=C = = =G =D U = (DA w) =Dy
Jj=t Jj=1 Jj=1

k k k k k
= (Cf:f - Zyjn) A (Z Uj — Zyjn) = @4 A (Z Uj — Z?/jn),

where the fifth equality comes from (EC.13) and the last equality comes from (EC.12). Q.E.D.

C.2. Analysis of Example 1

Analysis of Example 1 with z, =2:

Recall that in period 1, the sales quantities of products are as follows:
yn=dn=1, 0<yy; <dy=1, and 0<ys; <dsz=1.

Given a component profile (zg,x1, T2, 23) = (3 — Y21 — Y31,2,2 — Yo1, 1 — y31) in the last period, the

optimality of the nested allocation policy leads to
Yio =To AT1 Adia, Yoo = (To — Yia) AT Adap, and Y3y = (To — Yia — Y3) A T3 A dss.

We present the optimal strategy and the generated profit under each demand realization in Table
EC.3, where dy = (dj2,d22,d32) and the column “Prob” is the probability of having d;; units of
demand for product i € {1,2,3}.

For example, in the case of dj5 =0 and dy; = 1 with a probability 0.2 (the first two rows of Table
EC.3), the sales quantity of product 1 is trivially y;, = 0 (since dj; = 0). The sales quantity of
product 2 is y3, = g Axa Adas = (3—ya1 — Y31) A (2—ya1) A1 =1 because 0 < yp; <1 and 0 <yz < 1.
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Table EC.3 Optimal Component Allocation and Profit in Period 2

Prob  d, Yor+ys <1 Yor+Ys =1

Yia Yo Yia Jo(3 = Yo1 = ¥31,2,2 — Y1, 1 — ya1. diz, daa, dio) Yia Yo Yia Jo(3 = yo1 = ¥31,2,2 = yo1, 1 — ys1, drz, doo, dyz)
0.05 (0,1,1)| 0 1 1—ya P2+ p3(1—ya1) + (co — ho) (1= y21) 0 1 1—ys P2 +ps(1—ya1) + (co — ho) (1 — ya1)
0.15 (0,1,0)| 0 1 0 P2+ (Co = o) (2 = yor — ya1) 0 1 0 P2+ (co = T0)(2 = yor — Y1)
0.05 (0,2,1)| 0 2—yn 1—ys P2(2 = y21) +pa(l —ys1) 0 2—yn 1—ys P2(2 = y21) +pa(1l —ya1)
0.15 (0,2,0)| 0 2-yn 0 P2(2 = y21) + (o — ho) (1 = ya1) 0 2-yn 0 P2(2=yo1) + (co = o) (1 = ya1)
0.025 (1,1,1)| 1 1 1—yo1 —yn p1+p2+ps(l—ya1 — ys1) 1 2= Yo — Ys 0 P+ p2(2 = Yo — ya1)
0.075 (1,1,0)| 1 1 0 p1+p2+(co—ho) (1= ya1 — ya1) 1 2= Yo —Yn 0 D1+ P2(2 = Yo1 — Ya1)
0025 (L2,1)| 1 2-yn—ys 0 PL4P2(2 = Y21 — Y1) 1 2=yn—yn O Pr+p2(2 = yo1 — Ys1)
0.075 (1,2,0)| 1 2—yxn —ys 0 D1+ P2(2 = Yo1 — Ya1) 1 2= yn —Yn 0 D1+ P2(2 = Yo1 — Ya1)
005 (2,L,1)| 2 1—yn—yn 0 2p1 +pa(1 = Y21 — Y1) 3—yo1— Y1 0 0 P1(3 = Y21 — Y1)
0.15 (2,1,0)| 2 1-ya—yn 0 2p1 +pa(1 = Y21 —ys1) 3= Y2 — Y1 0 0 P13 =y — Y1)
0.05 (2,2,1) 2 1—ym—yn 0 2p1+p2(1 = Y21 — ys1) 3= Yo — Y1 0 0 P13 —y21 —ya1)
0.15 (2,2,0)| 2 1—yn—yn 0 2p1 +p2(1 = Y1 —yz) 3=y — s 0 0 P1(3 =y — Y1)

Then, the remaining number of common components is 3 — o1 — Y31 — Ysg = 2 — Y21 — Y31. 1f the

realized demand for product 3 is ds, =1, then
Yo = (2= Y21 — Y1) AN@3 Ad3a = (2= Y21 —ys)) AN(1 —ys)) AN1=1—yz

because 0 < yo; < 1. So, in this case the profit earned in period 2, together with the salvage value of
the leftover component, is py +p3(1 —y31) — ho(1 — ya1) + co(1 — y21), where ho(1 —ys;) is the holding
cost for the leftover 1 — y,; units of common component, and c¢y(1 — yo1) is the salvage value of
these 1 — 4, units of common component. If, however, ds, = 0, then in this case the profit earned in
period 2, together with the salvage value of the leftover component, is ps + (¢o — ho)(2 — Y21 — Y31),
where ho(2 —ya1 — y31) is the holding cost for the leftover 2 — ys; — y3; units of common component,

and cg(2 — ya1 — y31) is the salvage value of these 2 — yo; — y3; units of common component.

Similar analysis can be performed for other cases. Then, we obtain
3
RQ(X — a1 — Zyilai)
=2

P14 (1.3 = 0.7ya1 — 0.5y51)pa + (0.125 — 0.025y21 — 0.125y31)ps

- +(CO — ho)(0575 — 0275y21 — 0375y31), if Y21 + Y31 S 1
(14 — 0.4y21 — 0.4y31)p1 + (1 — 0.4y21 — 0.2y31)p2 + 01(1 — y31)p3
+(Co—ho)(0.5—0.2y21—0.3y31), if Yo1 + Y31 > 1.

Back to period 1, selling 1 unit of product 1, ys; units of product 2 and ys; units of product 3
yield an immediate profit p; +y21p2 + y3193 — ho(3 — Y21 — ys1). As a result, if 0 <oy +y31 < 1, the
total profit Jy(X,dy1,d21,d3y) is

max [2p1 + (13 + 0-3y21 - 0.5y31)p2 + (0125 — 0025y21 + 0875y31)p3

Y21, Y31

+¢0(0.575 — 0.275y21 — 0.375y31) — ho(3.575 — 1.275y51 — 1.375y51)] .

Note that the first derivative of the expression in the bracket with respect to ys; is —0.5p, +
0.875p3 — 0.375¢cy + 1.375hy. Under the condition

9 1 1
Pz <p2 < gPs— gCO‘i‘ gho (or p3 —co <p2—cp < %(m —¢co) + éhO)a
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—0.5py 4+ 0.875p3 — 0.375¢o + 1.375hg > —0.5(p2 — ¢o) + 0.875(p3 — ¢p) + 0.0625h,

> 0,
thus it is optimal to set y3; =1 — 91, and correspondingly,

JI(X7 d117d217d31)

— Imax [2]?1 + (08 + 0.8?/21)]?2 + (1 — O.gygl)pg + 00(0.2 + Olygl) — h0(22 + 01?/21)] .

Y21
Because the first derivative of J; (X, d;1, ds1,ds1) with respect to ya; is 0.8ps —0.9p5+0.1¢co —0.1h <
0 under the condition p; < p, < %pg — %co + ého, it is optimal to set y,; as small as possible, i.e.,
121 = 0, which results in y3; = 1.
Meanwhile, if Y21 + Ys1 Z 1, the total proﬁt J1 (X, dll,dgl,d:ﬂ) is

Y21, Y31

+Co(0.5 - O.2y21 - 03y31) - h0(35 - 1.2y21 - 13y31)] .

Note that the first derivative of the expression in the bracket with respect to yo; is —0.4p; +
0.6p2 — 0.2¢y + 1.2hg. Under the condition p; > 1.5p; — 0.5¢¢ + 3hg (or p; — co > 1.5(ps — ¢o) + 3ho),
—0.4(p1 — co) +0.6(p2 — ¢p) + 1.2hy < 0, thus it is optimal to set yo; = 1 — y31, and correspondingly,

JI(X7 d117d217d31)

= max[2p1 + (].6 - O8y31)p2 + (0]. + 0.9?/31)]?3 + 00(0.3 - 01?/31) - h0(23 - 01?/31)]

Y31
Under the condition p; < p, < §ps — £¢o + gho, the first derivative of J; (X, d1, da1, d31) with respect
to y31 is —0.8ps 4+ 0.9p3 — 0.1¢cg 4+ 0.1hg > 0 it is optimal to set y3; as large as possible, i.e., y3; =1,
which results in y5; = 0.
Summarizing the two cases above, the overall optimal strategy is y5;, =0 and y3, =1 with a total

proﬁt 2p1 =+ O8p2 +p3 =+ 0.260 — 22h0

Analysis of Example 1 with z, =5:

Given a component profile Xy = (3 —y2; —y31,2,00,1 —y31) in the last period, the generated profit
under each demand realization is shown in Table EC.4, where the bolded strategies are different
from their counterparts in Table EC.3. That is, they represent changes in the optimal strategy and
profits due to an unlimited supply of component 2. From Table EC.4, we obtain

Ry (X5)
1+ (1.3 — 0.5y21 — 0.5y31)p2 + (0.125 — 0.075ya1 — 0.125y31)ps
+(co — ho)(0.575 — 0.425ys1 — 0.375y31), i 0<ym +ysi<l1
(1.4 — 0.4y21 — 0.4y31)p1 + (1.2 — 0.4ya1 — 0.4y31)p2 + 0.05(1 — y31)p3
+(co — h)(0.35 — 0.2y21 — 0.15y3,), if Ya1 + ys1 > 1.
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Table EC.4  Revised Example: Optimal Component Allocation and Profit in Period 2 (Assume Unlimited z2)
Prob  d, Yortys <1 Yor Yz =1
Yia Y3a Ys2 Jo(3 = 421 = ¥31,2,2 = Yau, 1 — Y1, diz. oz, dia) Yia Y3a Vi 23—y —¥31,2,2 — yor, 1 — Y1, dia, dag, daz)
0.05 (0,1,1)| 0 1 1—ys P2+ p3(L—ys1) + (co— ho) (1 —y1) 0 1 1—ys P2+ ps(L=yz1) + (o — ho) (L = ya1)
0.15 (0,1,0)| 0 1 0 P2+ (co—N0) (2= ya1 — Y1) 0 1 0 P2+ (co—To) (2= yo1 — Y1)
0.05 (0,2,1)| 0 2 1-y21—Yya 2p2 +Ps(1 —ya1 — ya1) 0 3—ya1—Yya 0 P2(3 —ya1 —ya1)
0.15 (0,2,0)| 0 2 0 2p2 + (co —ho)(1 — y21 —ya1) 0 3 -y —Yya 0 P2(3 —y21 —¥a1)
0.025 (1,1,1) | 1 1 1—ya1 —ys 1 P2+ ps(1 = Yo — yar) 1 2—yn—yn 0 D1+ P2(2 = Y21 — Y1)
0.075 (1,1,0)| 1 1 0 p1+p2+(co—ho) (1 —yor —ya1) 1 2= Yn —yn 0 D1+ Dpa(2 = Yo1 — ya1)
0.025 (1,2,1)| 1 2—yn —yu 0 P12 = Y21 — ys1) 1 2=yn—ys 0 Pr+p2(2 = Y21 — ya1)
0.075 (1,2,0) | 1 2—yor—yn 0 PL+p2(2 = Y1 — Y1) 1 2—yn—yn 0 D1+ P2(2 = Y21 — Y1)
0.05 (2,L,1)| 2 1—yo —yn 0 2p1 +p2(1 = Y21 — Ya1) 3= Y21 — s 0 0 Pi(3 =y — Y1)
0.15 (2,1,0)| 2 1-ym —ysn 0 2p1 +p2(1 = ya1 — Y1) 3= yn —yn 0 0 P1(3 = Y21 — Y1)
0.05 (2,2,1)| 2 1=y —ym 0 2p1 +pa(1 = ya1 — Y1) 3=y —yn 0 0 P1(3 =21 — Y1)
0.15 (2,2,0)| 2 1—9o —ym 0 2p1 +p2(1 — Y21 — Ya1) 3= Y1 —yn 0 0 Pi(3—yn —ya1)

Back to period 1, selling 1 unit of product 1, ys; units of product 2 and ys; units of product 3

yield an immediate profit p; + y2102 + y3193 — ho(3 — Y21 — ¥s1). As a result, if 0 <oy +y31 < 1, the

total profit is

max [2p1 + (13 + 0.5y21 — 0.5y31)p2 + (0125 — 0075y21 + 0875y31)p3

Y21, Y31

+¢0(0.575 — 0425151 — 0.375y31) — ho(3.575 — 1.425y51 — 1.375y51)] .

Note that the first derivative of the expression in the bracket with respect to y,; is 0.5p, —0.075p3 —

0.425¢c¢ 4+ 1.425hy > 0, and it is optimal to set yo; =1 — y31, and correspondingly,

Jl(X7 d117d217d31)

= max[2p1 + (18 — y31)p2 + (005 + 095y31)p3 + 00(015 + 005y31) — h0(215 + 005:/./31)],

Y31

and it is optimal to set y3; as small as possible, i.e., y3;1 = 0, because the first derivative of the

expression with respect to ys3; is

—(p2 — o) +0.95(ps — co)

—(p2 —co) + (p3 — o)

0.

Meanwhile, if Y21 + Ys1 Z 1, the total proﬁt J1 (X, dll,dgl,d:ﬂ) is

max

Y21, Y31

+Co(035 - 0.23/21 - 0].53/31) - h0(335 — 1.2y21 - 115y31)] .
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Note that the first derivative of the expression in the bracket with respect to y»; is 0.6py — 0.4p, —
0.2¢co+ 1.2hy < 0 under the condition p; > 1.5p; — 0.5¢o + 3hg, thus it is optimal to set yo; =1 —y31,

and correspondingly,

JI(X7 d117d217d31)

= max [2p; + (1.8 — y31)p2 + (0.05 + 0.95y31)p3 + ¢0(0.15 + 0.05y31) — ho(2.15 + 0.05y5)] ,

Y31

and it is optimal to set y3; as small as possible under p3 < p, < %pg — %co + %ho, i.e., y31 =0, because

the first derivative of the expression with respect to y3; is

Dy +0.95ps +0.05¢0 — 0.05hg < —ps +0.95ps +0.05¢,
= —(p2 — co) +0.95(p3 — co)

< —(p2—co) + (ps — co) <0.

Summarizing both cases above, we have y;; =1 and y3, =0 with a total profit 2p; + 1.8p, +

Analysis of Example 1 (continued):

At the beginning of period 1, o =4, x; =1, x5 =2 and x3 = 1 result in a balanced system, so all
the demand in period 1 should be filled, i.e., y§; =3, = y5; = 1. Then, the remaining component
inventory at the end of period 1 is (1,0,1,0), which will incurs a holding cost hq at the end of
period 1, and yield a profit p, in period 2. As a consequence, R;(4,1,2,1) = p; + 2ps + p3 — ho.

Given g =4, x; =1, x5, =2 and x3 = 1.1 at the beginning of period 1, after filling product 1 with
Y31 =1, there remains no inventory for component 1, thus the system is reduced to a two-product
system, in which the demand for product 2 should be filled as much as possible. Therefore, y;, = 1.
Then, the remaining component inventory is zo = 2, x» = 1 and z3 = 1.1, which implies that at most
22 =1 unit of product 2 can be sold, and one unit of product 3 should be sold, i,e., y3, = 1. Hence,
the remaining component inventory at the end of period 1 is (1,0, 1,0), which will incurs a holding
cost hg at the end of period 1, and yield a profit p, in period 2. So, R;(4,1,2,1.1) = p; +2ps +p3 — ho.

Example 1 verified that R;(4,3,2,1) = 2p; 4+ 0.8py + p3 + 0.2¢ — 2.2hy. It remains to show
Ri(4,3,2,1.1) = 2p; + 0.8py 4+ 1.005p3 + 0.195¢5 — 2.195h. After filling the demand for product 1,
i.e., yi; = 1, the optimal strategy and the generated profit under each demand realization in the last
period is shown in Table EC.5. For example, in the case of djs =0 and dyy = 1 with a probability
0.2 (the first two rows of Table EC.5), the sales quantity of product 1 is trivially yj, = 0 (since
dy12 =0). The sales quantity of product 2 is yso =g Axa Adaa = (3 —yo1 —y31) AN (2 —yo1) A1 =1

because 0 < yo1,y31 < 1. Then, the remaining number of common components is 3 — yo1 — Y31 — Y5y =
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2 — yg1 — y31. If the realized demand for product 3 is dzs =1, yhy = (2 — Yo1 — Y31) AN T3 A dzo =
(2—=ya1 —y31) A(L.1 —y3;) Al = (1.1 —ys;) A1l under the condition 0 < y9; + y31 < 1. So, in this
case, when ds, = 1, the profit earned in period 2, together with the salvage value of 1 —ys; — ys;
units of common component , is py + p3 + (co — ho)(1 — Y21 — y31) if 0 < yz; < 0.1, while the
profit earned in period 2, together with the salvage value of 0.9 — y,; units of common compo-
nent, is py + p3(1.1 — ys31) + (co — ho)(0.9 — yo1) if 0.1 < y3; < 1. However, if ds, = 0, the profit
earned in period 2, together with the salvage value of 2 — y5; — y3; units of common component, is

P2+ (co— ho)(2 — Yo1 — Ya31)-

Table EC.5 Optimal Component Allocation and Profit in Period 2 with (3 —y21 —y31,2,2 — y21, 1.1 — y31)

Yo +yn <1
Prob  d Y31 <0.1 Y31 >0.1
Yia Y3a Yio Jo(3 = Y21 — 931, 2,2 = g1, 1 — g1, diz, daa, dio) Yia Yao Yia J2(3 = yor — ¥51,2,2 — Y1, 1 — g1, dia, daa, )
0.05 (0,1,1) 0 1 1 Pa+p3+ (co—ho) (1 —yor — ya1) 0 1 1.1—ys po+p3(1.1 —yz1) + (co — ho) (0.9 — ya1)
0.15 (0,1,0) 0 1 0 P2+ (co—ho)(2 — Ya1 — Y31) 0 1 0 P2+ (co—ho)(2 — Yo1 — Y31)
0.05 (0,2,1) 0 2-yn 1—ys D2(2 = y21) +p5(1 — 1) 0 2-yn 1=y D2(2 = y21) +ps(1 — Y
0.15 (0,2,0) 0 2—Yn 0 P2(2 = y21) + (co — ho) (1 — y31) 0 2—Yn 0 P2(2 = yo1) + (co— ho) (1 —y31)
0.025 (1,1,1) 1 1 1=y —yn P P2+ pa(l = Y1 = ya) 1 1 1=y —yn prtpe+ps(l=yor —yn)
0.075 (1,1,0) 1 1 0 P14 D2+ (co— ho)(1 = yo1 — Y1) 1 1 0 p1+p2+ (co—ho)(1 = yo1 — Y1)
0.025 (1,2,1) 1 2 — Yoy — Y31 0 P14 D2(2 = Y21 — Y1) 1 2=y —Yn 0 P+ p2(2 = y21 — Y1)
0.075 (1,2,0) 1 2= yor — Y 0 PrL+Dp2(2 =y —yn) 1 2= Yo — Yn 0 P+ D22 = Yo — Y1)
0.05 (2,1,1) 2 1—yo1 —Ys1 0 2p1 4+ pa(1 = yo1 — ys1) 2 1 =421 —ys1 0 2p1 4 pa(1 = yo1 — ys1)
0.15 (2,1,0) 2 1—yo —ym 0 2p1 4 pa(1 = yo1 — ys1) 2 1—yo1—ys1 0 2p1 4 pa(1 = yor — Y1)
0.05 (2,2,1) 2 1—yo1 —Ys1 0 2p1 4+ pa(1 = yo1 — ys1) 2 1—yo1 —ysn 0 2p1 4+ pa(1 = yo1 — ys1)
0.15 (2,2,0) 2 1=y —ys 0 2p1 +p2(1 = Y1 — ys1) 2 L—yo1—ys 0 2p1+p2(1 = yo1 — ys1)
Yo +ys =1
Y21 < 0.9 Y21 > 0.9
0.05 (0,1,1) 0 1 11—y Pp2+3(1.1 —ys1) + (co — ho) (0.9 — yo1) 0 1 2 — Yo — Y1 Do+ p3(2— Y21 — Y1)
0.15 (0,1,0) 0 1 0 P2+ (co— ho)(2 — Yo1 — Y31) 0 1 0 P2+ (co— ho)(2 = Yo1 — Y31)
0.05 (0,2,1) 0 2-yn 1—ys P2(2=y21) +ps(1—ya) 0 2-yn 1=ys P2(2 = y21) +pa(1 = ya)
0.15 (0,2,0) 0 2—Yn 0 P2(2 = yo1) + (co — ho) (1 — y31) 0 2—yn 0 P2(2 = yo1) + (co— ho) (1 — y31)
0.025 (1,1,1) 1 2= Yo — Yn 0 P P22 =Y — Y1) 1 2 — Yo — Y 0 P22 = Y1 — Y1)
0.075 (1,1,0) 1 2— Yo — Y 0 PrL+Dp2(2— Y2 —Yn) 1 2= Yo — Yn 0 P+ D22 — Y21 — Y1)
0.025 (1,2,1) 1 2—Yo1 — Y31 0 Pr+Dp2(2— Y2 —Yn) 1 2=y —yn 0 Pr+p2(2—yo1 — Y1)
0.075 (1,2,0) 1 2= Y1 — Y1 0 Pr+Dp2(2— Y21 — Y1) 1 2— Y21 — Y1 0 Pr+p2(2—Yo1 — Ys1)
0.05 (2,1,1) |3 —y21 —ys 0 0 P13 = Y21 —¥31) 3=y —Yn 0 0 D1(3 = y21 — Ys1)
0.15 (2,1,0) |3 —yo1 — ys1 0 0 P1(3—= Y21 —ys1) 3—Yo1 — Yz1 0 0 P1(3—=yo1 —ys1)
0.05 (2,2,1) |3 —ya1 —ys 0 0 P13 = Y21 — Y31) 3= Y2 —Ys 0 0 D1(3 = 21— ys1)
0.15 (2,2,0) |3 —ya1 —yn 0 0 13— yo1 —ym) 3= Y2 —Yn 0 0 P13 = g1 —ym)
Then, in the case of ys; + y31 < 1 we obtain
Ro(3 —y21 —31,2,2 — Y21, 1.1 — yz1)
P1 + (13 — 0.7y21 — 0.5y31)p2 + (0125 — 0075y21 — 0025y31)p3
+(Co - ho)(0575 — 02752/21 — 0425y31), if 0 < Y31 < 0.1
P1 + (13 — 0~7y21 - 0.5y31)p2 + (013 — 00252/21 - 0125y31)p3
+(CO — ho)(057 — 0275y21 — 0375y31)7 if 0.1 S Y31 S 1.

Therefore, the total profit under yo; +y3; <1 is

max [p1 + Y2102 + Yz103 — ho(3 — Yo1 — Yz1) + R2(3 — Y21 — Y31, 2,2 — ya1, 1.1 — y31)] .

Y21,Y31
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It is easy to check that the first derivative with respect to ys; is 0.975ps — 0.5p, — 0.425¢9 + 1.425h
if 0 <wys3; <0.1, while 0.875p3 — 0.5p, — 0.375¢o + 1.375h if 0.1 < y3; < 1. Both are positive under
P2 < 9p3/8 — %co + %ho. So, in this case it is optimal to set y5; =0 and y3, =1, which results in a
total profit 2p; + 0.8py + 1.005p5 + 0.195¢¢ — 2.195h.

On the other hand, in the case of ys; + y3; > 1 we obtain

R (3 — Y21 — ¥31,2,2 = yo1, 1.1 — y31)
(14 — 0.4y21 — 0.4y31)p1 + (]. — 0.4y21 — 0.2y21)p2 —+ (0105 — 0.1y31)p3

- +(Co - ho)(0495 — 0.2y21 — 0.3y31), if 0< Y21 <0.9
(14 — 0.4y21 - 0.4y31)p1 —+ (]. — 0.4y21 - 0.2y21)p2 + (015 — 005y21 — 0.1y31)p3
+(Co—h0)(045—015y21—03y31), if 09§y21 S 1.

Therefore, the total profit under y; +y3; > 1 is

max [p1 + Y2102 + Y103 — ho(3 — Yo1 — Yz1) + R2(3 — Y21 — Y31, 2,2 — yo1, 1.1 — y31)] .

Y21,Y31
It is easy to check that the first derivative with respect to ys; is 0.6py — 0.4p; — 0.2¢o + 1.2k if
0 <99 <0.9, while 0.6p; — 0.4p; — 0.05p3 — 0.15¢5 4+ 1.15h¢ if 0.9 <y, < 1. Both are negative under
p1 > 1.5ps — 0.5¢¢ + 3ho. So, in this case it is optimal to set y;, =0 and y;, =1, which results in a
total profit 2p; + 0.8p, + 1.005p5 + 0.195¢9 — 2.195h.
Summarizing both cases above, we obtain y;; = 0 and yj; = 1 under component profile

(4,3,2,1.1), which results in R;(4,3,2,1.1) =2p; 4+ 0.8py + 1.005p3 + 0.195¢¢ — 2.195h,.

C.3. Technical Lemmas about the Joint Concavity
LEmMA EC.1. If f(X) is jointly concave in X = (xg,21,...,2;) € 2 CR* !, where == {X|z; >

07 jzoa"'uk}7 then f(xmxlw"7xk7y17"'7yk) = f(IO_Z?zlyﬁxl —?/17---7953' _yja"'uxk_yk)
is jointly concave in (To,T1,..., Tk, Y1,---,Yr) for X €= and Y € A(X) CR*, where

k
AX)={(1, - 90| Dy <o, 0<y; <y, j=1,....k}.

j=1

Proof: Note that both = and A(X) are convex sets, and (xo— Zle YisT1 = Y1see oy Tj—Yjyenn, T —
ye) € B for Y € A(X). It suffices to prove that given A € [0,1], Af(X,Y) + (1 = A\ f(X,Y) <
FOX4+A =X AN +1-NY) for X,X €2, Y€ A(X)and Y € A(X"), where

k
f(XaY):f(mO_Zyjaml_ylw"ax]’_yja"'amk_yk)7
j=1
5 k
f(X aY):f(xo_zyjaxl_yh'-wx]'_yja"'axk_yk)v and
j=1
FOX +(1=NX Y +(1-NY)

=f </\(xo - Zyj) + (1= A)( —Zy})vk(fcl =)+ (1= M@ = y1)s- - A — ) + (1= N)(z, —y;)> :
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Let X = (zg— Zle Yirs 1 — Y1y T — Yg) and X' = (2 — Zle Y5, T — Y1, T — i) The joint
concavity of f(-) implies Af(X)+ (1 —A)f(X') < f(AX + (1 —\)X’). That is:

MXY) + 1 =NAX Y)Y < FOX+1 =X AY +(1-A)Y).

Q.E.D.

LemMA EC.2 (Simchi-Levi et al. (2004), Proposition 2.1.15(b)). Given a conver set = C
R™, for any Z = (21,...,2m) €EZ, there exists an associated conver set A(Z) € R* which is closed
and bounded, and C:={(Z,Y)|Z € Z,Y = (y1,...,yx) € A(Z)} is a convex set. If f(Z,Y) is jointly
concave in (Z,Y) and the function f(Z):= max f(Z,Y) is well defined, then f(Z) is jointly

YEA(Z)
concave in 4 over =.

LEmMA EC.3. For a generalized W system with component profile X = (xg,x1,...,x), R.(X) in
(1) is jointly concave in X. Moreover, J,(X,dip,...,d,) in (1) is jointly concave in X for given
(diny -y dpn)-

Proof: Recall the definition of R,(X) in (1): Ry (X) = 2?20 c;xj, and for n > 1, R, (X) =

EDln ’’’’ DknJ”(X’ D1n7 ey Dkn)) where Jn(X, d1n7 e 7dkn) is
k k k
Y ma}; [_ Z(hjxj) + Z((p’b + hi + hO)yzn) + RnJrl(xO - Zyinyxl —Yin, .-y Tpg — ykn)]
Ins--Ykn
j=0 i=1 i=1

k
s.t. Ogymgxl/\dm, ’i:17...7k7 Zymgxo.
i=1

We prove the lemma by induction. First note that as a linear function, Ry, (X) = Zfzo(cjxj) is

jointly concave in (xg,z1,...,2;). Assume R, (2o, x1,...,2}) is jointly concave in (xg, 1,...,2x).

To show the concavity, note that == {z; > 0,5 =0,1,...,k} is a convex set. Also, fixing d;,,,
j=1,...,k, for any X = (zg,x1,...,x}), it is easy to check that A(X) = {(Yins--sYrn)|0 < yin <
Tiy Yin < dip, Zle Yin <x0,0=1,...,k} is a convex set, because all the constraints are linear. Fur-
thermore, for any given X, A(X) is a closed and bounded set in R*.

Now we prove that C = {(X,Y)|X € 2,Y € A(X)} is a convex set. Note that for (X,Y), (X ,Y") e
C and 0 <X <1, we have

A+ (1= Nz, >0, j=0,1,....k
0 < Ayin + (1= Mgy <Az + (1= Nz i=1,..k
Ain + (1= Ny, <dipy i=1,... .k,

k k
A i+ (1= N>yl < Aao + (1— Nz,
i=1

i=1
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since all the constraints are linear. Thus, (AX + (1 — X)X ,AY 4 (1 = \)Y') € C and C is convex.
By the induction hypothesis and Lemma EC.1, R, ;(x¢ — Zle Yins 1 — Yins -+ Tk — Ygn) 18
jointly concave in (xg,Z1,..., Tk, Y1n,-- - Yrn). Meanwhile, — Z?zo(hjxj) + Zle((pi + hi + ho)yin)

is clearly jointly concave in (zg,Z1,..., %k, Y1n,-- -, Yrn). Thus,
k k k
- Z(hjxj) + Z((pz + hi 4+ ho)Yin) + Rny1 (20 — Zym, L1 = Yins s Th — Ykn)
=0 i=1 i=1
is jointly concave in (g, Z1,..., %k, Yin,---,Yrn). By Lemma EC.2, this result, together with that

A(X) is closed and bounded convex set and C is a convex set, implies the joint concavity of
Jo(X,dyp, ... dyyn) in X = (29,21, ..,x;) for given (dy,,...,d,). As taking expectation preserves
concavity, taking expectation of J,,(X,dy,,...,d,) over (dy,,...,d,), we have the joint concavity

of R,(X) in X = (z¢,21,...,2;). This completes the proof. Q.E.D.

C.4. Technical Lemmas for Proposition 2

In this subsection we first show the optimality of the nested allocation policy for a W system in
Lemma EC.4. To characterize the critical function y(X) in Proposition 2, we then recall some
important concepts and results on anti-multimodularity from Li and Yu (2014). These are presented
in Lemmas EC.5 through EC.7 (and the definitions prior to the lemmas), and are used to prove

Proposition EC.1, which is then used to prove the properties of the critical function (X ) in Lemma

EC.8.
C.4.1. Optimality of Nested Policy in W system

LEMMA EC.4. Consider a W system, i.e., k=2.
(i) yi, =xo ANx1 Adyy,. Thus, for a W system, a nested policy is always optimal.
(i) The optimal profit-to-go after observing d;, units of demand for product i € {1,2}, as defined

in (2), can be rewritten as
2
Tn( X, din, don) = (P14 I+ ho)ys, =Y (hja)) + Go(X — yi,a1, da), (EC.14)
7=0

where Yy, = x1 Nxo Ndy, and

Go(X,dy,) = HylaX [(p2 + o+ ho)yan + Rig1 (X — y2n00)] (EC.15)
2n
subject to 0 <yop, < TaAday, Yon < To.
Proof: (i) The result is due to the facts that product 1 is of the highest “effective” margin among

all the products (i.e., p; + h; + hg — ¢y — ¢; is the highest when i =1) and p; > ¢y + ¢;. A formal

proof is provided below.
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It suffices to prove that R, (X +ea;) — R, (X) <e(p1 + h1 + ho) for any arbitrarily small € > 0.
Specifically, we compare two systems: system 1 has a component profile X, while system 2 has a
component profile X + ea;.

Next, we show R, (X +e€a;) — R,(X) <e€(p1 + h1 + ho) by induction. The boundary case is when
n=N+1:

Ry (X +e€ay) — Ry (X) =€(er+ o) <e(pr+hy+hy)

for any X. For n < N, given the induction hypothesis R, 1(X +€a;) — R, 1(X) < €(p1 + hy + ho)
for any X, we shall show that

Jn(X + fadlnadQn) - Jn(Xa dlnadQn) < f(pl + hl + hO)

With this result, R, (X + €a;) — R,,(X) < €(p1 + h1 + ho) then follows by taking expectation over
(din,dan).

For expositional convenience, we only consider x; < x in the following proof (it is easy to verify
that the result holds when x; > z since (z; — )™ units of component 1 generate no additional
revenue). Denote by y;,, and y;,, respectively, the optimal sales quantity of product 1 and product
2 in system 2 for period n. Clearly, 0 <3, < dy,, 0<vy3, <ds,, ¥5, <x1+e<z0+¢€ and y;, <
Zo A (o + € — yi,). It suffices to consider (a) 0 <y;, <z, and (b) z; <yj, < x; + €, respectively.
For exposition, within this proof we define p; :=p; + h; + ho, i1 =1, 2.

In the following, we first investigate two sub-cases for scenario (a) 0<y;, <x;.

e (a.1): 0<y;, <z, and 0 <y;, <y A (70 —yj,). Selling yy, units of product-1 and y;,, units
of product-2 is feasible in system 1, because 0 <y;, < xo Az =1 and 0 <y;, <za A (To —Y5,)-

Hence, the difference between the profit-to-go in system 2 and system 1 is

Jn(X + 6a17d1n7d2n) - Jn(X7 dlnu d2n)

2
< —ho(zo +€) — ha(21 +€) — howa + Z(ﬁi?ﬁj) + R (X + (e = yi,) a1 — ¥3,02)
i—1
2 2

[ (hywy) + > (i) + R (X = yi,01 — 43,02))]

j=0 i=1

= —e(ho+h1) + Rt (X + (e — 91, )ar — y5,02) — Ryt (X — 41,01 — 43,02)
S 6]51‘ = G(pl + hl + ho),
where the first inequality is by the feasibility of (y;,,vs,) in system 1 and the second inequality is

from the induction hypothesis and hg+ h; > 0.
o (a.2):0<y;, <z and 0 <zy A (xo—y5,) <Ys, < T2 A(xo+€—yi,). Note that, if x5 <xo—y;,,

this case is invalid. Thus, we focus on zo > xy — yj,, below. Under this condition, the sub-case
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implies xg — y3,, < V3, < T2 Ada,. Hence, selling yj,, units of product 1 and x, — y7,, units of product
2 is feasible in system 1. Thus,

Jn(X + faladlnadQn) - Jn(Xa dlna d2n)

2
< —ho(zo+€) — hy(x1 +€) — hoxo + Z(ﬁzy:j) + Ry (X + (e —y1,) a1 — ¥5,02)

i=1
2

_[_ Z(h’]xj) +ﬁ1yrn +ﬁ2($0 - yrn) + Rn+1(X - yrnal - (.'170 - yrn)a‘Q)]

=0
= —€(ho+h1) + Ry 1 (X + (€= y1,)a1 — y5,a2) + P2(Y7,, + Y5, — o) — Run (X —y7,a1 — (20 — y1,,)az)

S RnJrl(X + (6 - yrn)a’l - y;naQ) +ﬁ2(yrn + y;n - l’o) - RnJrl(X - yrnal - (ZEO - yrn)%)
< R (X + (6= yin)an — ¥5,02) + P1(Yi, + Yo, — o) — Rug1 (0,21 + 45, — 0, 22 — Y3,,)

= €(p1+ h1 + ho),

Next, we examine scenario (b) z; <yj, <x; + € and consider the following two subcases.

o (b.l): xy <wyj, <z +eand 0<yj, <x3 A (xg— 21). In system 1, a feasible policy is to

sell z; units of product 1 and y;, units of product 2 because 0 < z; < y;, < di,, 1 <z and

0<wy;, <xyA(xg—x1). Clearly, the induction hypothesis implies

Ry (X + (e—yin)ar — y3,02) — Ry (X — 2101 — y5,,02)

< (e+ o1 — 7)) (p1+ ha + ho).
Therefore,

Jn(X + 6a17d1n7d2n) - Jn(X7 dlnu d2n)

IN

—ho(zo+€) — hi(x1 + €) — howa + Pryy, + Poys, + R (X + (e —yi,) a1 — y5,a2)
2

—[=) (hja;) + Prwvs + oy, + Ry (X — 2100 — 93,02)]
=0
= —¢€(ho+h1) + (p1 +hy +ho) (Y, — 71) + Rt (X + (e —v1,)a1 — ¥5,02) — Ry 1 (X — w100 — y5,02)

< ep1 <€(p1+hi+ho).

o (b.2):z <y;, <zi+eand 0 <zoA(xg—x1) <3, < T2 A (o +e—y7,). If x9 <xo—x1, this case

is invalid. Thus, we focus on x5 >z — z; below. Note that under this condition, z; <y}, <z +¢€
and zo —z1 <3, <x2 A (x9+€—y;,). Then, it suffices to check the following two subcases.

(b.2.1): Suppose y3, < zo. In system 1, a feasible policy is to sell xy — y;,, units of product 1 and

ya, units of product 2, because y;, < xy (from the condition of Subcase b.2.1), y5, <z, (by the

optimality of y5, in system 2) and x¢ —y5, < x; < dy, (the first inequality is due to xo —z1 <3,
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from the conditions of Case b.2, and the second inequality follows from x; < yj, < dy, with z; <y7,

from the conditions of Case b.2). Clearly, we have

Ry (X +(e—y1,)ar — y5,a2) — Ry (X — (0 — y3,) a1 — Y3,02)

< (€40 = yin — Y3,) (P14 ha + ho)
according to the induction hypothesis. Therefore,

Jn(X + 6a17d1n7d2n) - Jn(X7 dlnu d2n)

< —ho(zo+€) — hy(x1 +€) — hoxo +Pry1, + P2y, + Rt (X + (e — 1)) a1 — y5,a2)
2

-[= Z(hjl’j) +D1(T0 = Y3,) + P2Ys + Ryp1 (X — (20 — y3,,) a1 — Y3,2)]
=0
= —¢€(ho+h1) +D1(Y1, + Y5, — To) + R (X + (e =97, ) a1 — ¥5,02) — Ry (X — (0 — y3,,) a1 — Y3,02)

S 6(p1 + hl + ho)

(b.2.2): Suppose zg <y, < 3 A (zo+€—y;,). In system 1, a feasible policy is to sell yi, Az =2

units of product 1 and zq — z; units of product 2, because x; < zg, x; < y;, < dy,, (from the
conditions of Case b.2), xg — z1 < g < y;, < da, (the second inequality is due to the condition of
Subcase b.2.2) and xq — 21 < z,. This will deplete all the common components in system 1, and
thus in system 1 the firm makes no sales in the remaining season and only incurs the salvage value

and holding costs. As a consequence,

R,1(0,0,20 — (xg — 1)) = —hao(N —n) (22 — (0 — 71)) + co(@o — (T — 1))

Similarly,

Rn+1(07 —Zo + T +y;n7x2 - y;n)

= —h (N —n)(—zo+ 21 +¥3,) — hao(N —n) (22 — y3,) +c1(—T0 + 21 +¥5,) + Ca(22 —Y3,)-

Hence,

R, 1(0, —xo + 21 + Yop> To — y;n) - Rn+1(07 0,2, — (5130 - 5131))
=—hi(N —n)(=zo+21+¥s,) — ho(N —n) (22— y5,) +c1 (=20 + 21 + ¥3,,)
+co(w2 = y5,) +ho(N —n) (w2 — (10 — 21)) — c2(@2 — (20 — 71))

= —(h1 = ha)(N —n)(=xo + 1+ ¥3,) + (€1 — c2) (=20 + 1+ ¥3,)
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Thus,

Ry1 (o + € = Yl — Yo T1 + € — Y1, To — Ys,) — R0 (0,0, 22 — (29 — 21))

= Roy1(To+ €Yl — Yo T1 + €= Y1, T2 — Y3,) — Ry (0, =20 + 21 + 45, T2 — 5,,)
—(h1 —ho)(N —n)(—xo+x1 4+ y5,) + (1 — c2) (—x0 + 21+ Y5,,)

< R (o + €= Yin — You T1 €= Yl @2 — ¥3,) — Ryt (0, =20 + 21 + 43, 22 — 43,
+(cr —co)(—wo+ 21+ 15,)

< (pr+ha+ho) (w0 +€—y3, — ¥5,) + (€1 — c2) (=20 + 71 +¥5,), (EC.16)

where the first inequality follows from hy; > hy and —x + 21 + ¥35,, > 0, and the second inequality
holds because of the induction hypothesis.

Hence,

Jn(X + €y, dlna d2n) - Jn(Xa dlnadQn)

< —ho(zo+€) = hi(x1 +€) — hoto + D1y, + PaYs, + Rngr (X + (e —y1,)ar — y5,a2)
2

—[= ) (hyw;) + Pravs + Pal@o — 1) + Rura (0,0, — (g — 21))]
j=0
= —e(hjo +hy) 4 (p1 + ha + ho) (Y3, — 1) + (P2 + ha + ho) (z1 + ¥, — Zo)
+ Ry 1 (To+ €= YT, = Yon, T1 H €= Y, T2 — Ys,) — Ry1 (0,0, 22 — (30 — 21))
< —€(ho+hy) + (p1+ hy + ho) (v, — 21) + (P2 + ho + ho) (21 + ¥, — To)
+(p1+h1+ho)(zo +€—yi, — ¥5,) + (€1 — c2) (21 + Y3, — o)
< (p1+hi+ho)(xo+e—x1 —y3,) + (P2 +ho + ho+c1 — o) (21 +y5, — %o)

< G(pl + hl + ho),

where the first inequality is due to the feasibility of selling x; units of product 1 and zy — z;
units of product 2 in system 1, the second inequality is by (EC.16), the third inequality is due to
—€(ho + hy) <0, and the fourth inequality is implied by p; + hy + hg — ¢1 > p2 + ho + hg — ¢, and
—xo+ 21+ Y3, > 0.

Combining all the cases (a) and (b) above, we obtain
Jn(X + €ay, dlna d2n) - Jn(Xa dlna dQn) S 6(pl + hl + hO)
Thus, R, (X +e€a;) — R,(X) < e(p1 + hy + hg) implying

AR, (X + 1
% =lim = (R, (X + car) = Ro(X)) <1+ + ho.
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As aresult, p; +h, +ho+ %&yl"‘”) >0, i.e., the first derivative of the expected-profit function
with respect to yi, is always nonnegative, which implies that the demand for product 1 is always
fulfilled if both component 0 and component 1 are available. In other words, it is always optimal
to set ¥y, =xo Az Adip.

(ii) As implied in part (i), we can reformulate the decisions at the end of period n as a two-
stage dynamic programming problem: the first stage is to fill as much of the product-1 demand
as possible, while the second stage is to process (that is, either accept or reject) each demand for

product 2. These two stages of the dynamic programming problem are represented by (EC.14) and
(EC.15). Q.E.D.

C.4.2. Results on Anti-multimodularity
Definitions (Li and Yu (2014)). A set = C R" is called a polyhedron if there exist a; € R"
and (; € R, such that == {v=(vy,...,v,) ER"|a;-v>p;,i=1,2,...,m} for some m € N. Anti-
multimodular (multimodular) functions are defined on a special polyhedral form:

(P1) Each n-dimensional vector «; has the form +(0,...,0,1,...,1,0,...,0); that is, the nonzero
components of «; are either consecutive 1’s or consecutive —1’s.

Let = CR™ and W C R be polyhedrons satisfying (P1). A function ¢ : 2 — R is anti-multimodular
(multimodular) if ¥ (x,y) = g(z1 — y, o — 1,..., %, — T,y1) is supermodular (submodular) on S =
{(x,y) CR" xRlye W, (x1 —y, T2 — X1,...,Tp — Tpy1) €=}

The lemma below shows that anti-multimodularity implies decreasing difference and concavity.
LEmMA EC.5 (Li and Yu (2014)). Suppose that g(v) is anti-multimodular.

(i) If g(v) is continuous, then it is jointly concave.

(ii) If g(v) is twice differentiable, then for all i,

2 2 2 2
09, 99 . 99 ... 99
81}3 8vi€)vi+1 8viavi+2 8vi8vn

2 2 2 2
81}3 - 8’01‘8111‘,1 - 8’[)1'8111‘,2 - - 8%81)1 -

The following are basic operations preserving anti-multimodularity.

LEMmA EC.6 (Li and Yu (2014)). (i) If g(v) is anti-multimodular and k > 0, then kg(v) is
anti-multimodular.

(ii) If g(v) is anti-multimodular, then g(—wv) is anti-multimodular.

(iii) If f(v) and g(v) is anti-multimodular, then f(v)+ g(v) is anti-multimodular.

(i) If g(v,d) is anti-multimodular in v for any given d and D is a random variable, then Eg(v, D)
is anti-multimodular in v.

(v) If f:R—R is concave, then g(v) = f(vi +ve+---+v,) is anti-multimodular.
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(vi) If g(v) is anti-multimodular, then §(v,,v,y1,...,v1) i anti-multimodular.
(vii) If g(v) is anti-multimodular, then g(vy,va, ..., Vi 1,W1 4+ + Wy, Vig1,--.,Vp) 1S also anti-
multimodular in (vy, Vg, ...,V 1, W1, Way. .., Wy, Vit1y.--yUp).

Note that the order of arguments in Lemma EC.6(vi) and (vii) matters. Additionally, we have

the following properties.

LEmmA EC.7 (Li and Yu (2014)). (i) If C ={(v,w)|lve SCR",we A(v) CR™} is a polyhe-
dron satisfying (P1), g(v,w) is anti-multimodular in (v,w) on C, then f(v)=max{g(v, w)we
A(v)} is anti-multimodular in v on S.

(ii) Suppose that g(v,() is anti-multimodular on C, where C CR™ xR is a polyhedron satisfying
(P1). Let (*(v) be the largest value of ¢ that mazimizes g(v,(). Then, (*(v) is nonincreasing in v,
and if ¢*(v) is differentiable in v, then
oc” < oc <o < oc

= v

-1<

<0.
T 0v, T Oupgt T -

Q

Based on the results in Li and Yu (2014), next we will show the anti-multimodularity of R, (X),
Jo(X,d1n,dsy), and G, (X,dy,) for the W system and as defined in Lemma EC.4. To this end,
we will first apply a change of state variables, from X = (x,x;,22) to X = (z1,5,x2), where
B =20 — 1 — . Accordingly, we rewrite and redefine the value functions also with respect to X.
That is, let R, (X) := Rp(X), Jo(X,d1n, don) := Jn(X,d1n, doy), and G, (X, doy) := G (X, ds,). The

following proposition characterizes the value functions.

ProPOSITION EC.1. (i) R,(X) is anti-multimodular in X = (1, ,x,). Moreover, for any given
di, and ds,, both én(X7d2n) and jn(X7d1n7d2n) are anti-multimodular in X = (z1,0,22).
(i) Given n>1, for R,(X),

9?R, _ 0°R, %R, 9?R, _ O°R,

< < <0, < <0,
0x? — 0x, 08 ~ Ox0xy — 0pB2 — 0B0x,
9?R, _ O°R, 9?R, _ O°R, %R,

< <0, < < <0.
0B%2 — 0BOxy — 0x3 0x208 ~ Oxy01,

(iii) For the W system, in period n and given component inventory X at the beginning of the period,
there exists a critical function §,(X), with (xo—x1)" < §,(X) < 2 Ao, such that it is optimal to
first fill as much of the demand for product 1 as possible, i.e., yi, = xo A x1 Ady,, and then to fill
at most G, (X — yi,a1) units of product 2 demand, i.e., ys, = dop N Y (X —y3,01).

Proof: (i) Since RNH(X) = (¢1 + co)z1 + (c2 + co)xa + B is a linear function, RNH(X) is anti-

multimodular in (zy,,2,). Next, we prove the anti-multimodularity of R,(X) for any integer
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n € [1, N] by induction, that is, we will show that, if RnH(X) is anti-multimodular in (zy, 8, z,),
50 is Ry (X).

As shown in Lemma EC.4(ii), the decisions on processing the realized demand in period n can
be made in two sequential stages: in the first stage fulfill the product-1 demand as much as allowed

by component inventory, and then process the product-2 demand in the second stage. That is,

R’ﬂ(xh/@7x2) = EDln,Dgn [jn(xh/@7x27D1nu-D2n)]7

where

2
Jn(xhﬁux%dlnden) = max [_ Z((ho + h])xj) - hO/B + (pl + hl + ho)?/m + én(xl - y1n7ﬁ7x27d2n)]
j=1

Yin

subject to Y1, <1, Y1n <21+ B+ 22, 0 <y, <dyy.

and
én(l”hﬁyﬂfz, don) = HylaX (p2 + ha + ho)yan + Rn+1(x17/87x2 — Yon)
2n
subject to Yo, <2, Yo <1+ B+ T2, 0 < yon < day.
To apply the results on anti-multimodularity, we define ¢;,, = —y1,, and ¥, = —y2,, and rewrite

the expressions of J, and G,, as follows:

Yin

2
jn(xlyﬁux%dlnden) = maX [_ Z((ho + h])xj) - hO/B - (pl + hl + hO)gln + én(xl +g1n7ﬁ7x27d2n)]

j=1
subject to 1 + 41, >0, 1 + B+ 22 + Y1, >0, —T1,, > 0, Y1, +dy,, > 0.

and

én(l”hﬁyﬂfz, don) = Hy};lx [—(Pz + ho + ho)Ton + Rn+1($1757$2 +ﬂ2n)]

subject to Ty + Yoy, >0, 21 + B+ T2+ Yon, >0, —Fop, > 0, Yo, + day, > 0.

Our proof follows two steps: (i-a) we show that given that R, .,(z1,[,2) is anti-multimodular

in (xy,8,22), Gu(x1,B,22,dz,) is anti-multimodular in (z,/,x2) for given dy,; and (i-b) we
then prove that given that én(xl,ﬂ,xg,dgn) is anti-multimodular in (z,,3,x,) for given ds,,
jn(xl,ﬂ,xg,dm,dgn) is anti-multimodular in (x4, 3, x2) for given (dy,,ds,).

(i-a) According to the induction hypothesis, R,.;(z1,[,25) is anti-multimodular in (z,,3,,).

Thus, by Lemma EC.6(vii), R,1(z1, 8, %2+ J2,) is anti-multimodular in (z1, 8, x2, Ja, ). Also note
that —(pg + ha + ho) Yoy, is anti-multimodular in (x4, 5, 22, ¥, ). Hence,

_(p2 + h2 + hO)g2n + RnJrl(xh ﬁu Lo + an)
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is anti-multimodular in (xy, 5,22, %o, ). It is also clear to see that the feasible set of s, is a poly-
hedron satisfying (P1). By Lemma EC.7(i), G, (21, 8, 2, d,) is anti-multimodular in (z1, 3, 2,).

(i-b) The anti-multimodularity of G, (z1, 3, %, ds,) in (21, 8,2), together with Lemma EC.6(vii),
implies that G, (1, + &1, 3, &, day,) is anti-multimodular in (Y1n, x1, B, x2). Also note that —(p; +

hi+ ho)91, is anti-multimodular in (g1, x1, 5, 22). Hence,
2 ~
- Z((ho +hj)x;) = hofB — (p1+ hi + ho)Fin + G (Jin + 21, B, 72)
j=1

is anti-multimodular in (gy,, 21, 5,22). It is also clear to see that the feasible set of g, is a polyhe-

dron satisfying (P1). By Lemma EC.7(i), J,(z1, 8, x2,d1,,d2,) is anti-multimodular in (x1, 5, x5)
for given (dy,,ds,). Further applying Lemma EC.6(iv), as

Rn(xlaﬂva) = EDln,Dgnjn(xlvlgax%DlnaDQn)a

we conclude that Rn(xl,ﬂ,xg) is anti-multimodular in (x4, 5, x2).

(ii) It follows from part (i) and Lemma EC.5.

(iii) As shown in Lemma EC.4, the nested fulfillment policy is optimal. Further, as in the proof of
part (i) above, the fulfillment of the demand for product 2 is characterized by

Gn(xlv B, %, dsy) = n;ax —(p2+ ha+ ho)Yon + Rn+1($17 B2+ an)]
2n
subject to Ty + Yoy, >0, 21 + B+ X2+ Yon, >0, —Fop, > 0, Yo, + day, > 0.

Now we derive the optimal solution 73,. Recall from part (i-a) that R, (1, 8,22 + J,) is anti-

multimodular in (z1, 3, %2, ¥2, ). Thus, by Lemma EC.5(i), R, 1 (21,8, T2+ J2,) is concave in g,. So
is —(pg + ho +ho)ijon + R (21, B, 22 + 2, ). Hence, the optimal solution is 73, = don A (21, 3, 22),
where
Un (21, B,22) = arg max [—(p2+ ha + ho)§ + R (21, 8,22 + 7).
JE[—((z1+B+z2)Az2),0]

Specifically, if

8-Rn (IE,ﬁ,ZEQ—Fg)
—(p2+ha+ho) + B lag lg=—((z1+B+a2)nz2) <O,

then g, (71,8, 22) = —((z1 + B +32) Awy); if

8Rn+1(l‘1,,3,l’2 + g)
9y

—(p2+ha+ho) + lj=0 >0,

then g, (xy, 8, x9) = 0; otherwise, g, (z1, [, 22) is the solution in [—((x; + 5+ x2) A x2),0] to
aRnJrl(:Bh ﬁu T2 + g)

95 =0.

—(p2+ha+ho)+

If multiple solutions exist in [—((z1 + 8+ 22) Ax2),0], define g, (1, 5, z2) to be the largest solution.
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Per definition, ¢s,, = —y2,. Thus, the optimal selling quantity of product 2 is v, = da, A 7 (X),
where ¢, (X) := —9,(x1, 3, 22) and z¢g = x; + f+ x5. That is,

Un(X) = argmax [(p2 + ho + ho)y + R, 1 (X — yas)]. (EC.17)

y€[0,z9 2]

More specifically, if (py + hy + ho) + 22| () > 0, then §,(X) = @0 A wo; if (pa +
ho + ho) + W!FO < 0, then g, (X) =0; otherwise, ,(X) is the solution in [0,x¢ A x5] to
(p2 + ha+ ho) + W = 0. If multiple solutions exist in [0,z A z5], define g, (X) to be the

largest solution. Q.E.D.
C.4.3. Characterization of the critical threshold y,(X)

LEMMmA EC.8. 3,(X) decreases in xy, and increases in xy and xy. Additionally, §,(X) decreases

when either product’s demand in period n+1 (i.e., the next period) stochastically increases.

Proof. We first prove the monotonicity of ¢, (X) in xg, z;, and x,. As in the proof of Proposition
EC.1(iii), gn(z1,8,22) is the largest go, € [—((x1 + B + x2) A x2),0] that maximizes —(ps + ho +
ho)Yan + Rnﬂ(azl,ﬁ,xg + U2n). Also recall that —(py + ho + ho)Yon + Rn+1(a§1,ﬁ,x2 + U2,) is anti-
multimodular in (x1, 5, 22,72,) and that the feasible set of 7, is a polyhedron satisfying (P1).
Thus, by Lemma EC.7(ii), for g, (xy, 8, z2),

1< agn(xh/@7x2) < agn(xh/@7x2) < 8@71(3517/87352)
B 8.’172 o 66 o 8.’171

<0.

Since 8 =1xq — 1 — x5 and ¥, (X) = =y, (21, 5, 2),

_1< 8’!]”(1’0,:171,:172)

< OYn (o, 21, 22)
o 81’1

<0, 0< <1 and 0< @)

8950 B B 8&72 -
which follow from

8gn(X) _ _8gn(3517/67x2)

8350 o 8,8
8gn(X) :_[agn(xhﬁaab) _8gn(x17/87x2)] le 92
Iz; O ap ’ o

In the following, we prove that g, ;(X) decreases when either product’s demand in period n (i.e.,
the next period) stochastically increases. Consider two markets A and B, which are identical except
for the demand distribution in period n. Demand in period n for product i € {1,2} in market
n € {A, B} is D}, and follows distribution F}’. By Miiller and Stoyan (2002), if F/A(x) < FB(z) for
4 stochastically dominates D2 in the first

order, denoted by DP <, Di{}. We will show that if DE <, D{} or DZ <, D3 4, , is lower in

all x, then the demand for product ¢ in market A, D

market A than its counterpart in market B.
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To this end, for market n = A, B, denote by R!(X) the optimal profit-to-go in the remaining n
periods, by G"(X,ds,) the optimal profit-to-go from the second stage of period n to the end of
the season, and by J7(X,d;,,ds,) the optimal profit-to-go from the first stage of period n to the
end of the season. To show that 7,,_; is lower in market A than its counterpart in market B, by
definition of 7, (X) in (EC.17), it suffices to show 8R2(§y_y“2) < OB (X—yaz)

dy
o pA B
dR”(g(y_y@) < 9By (gy_yag), it suffices to show that for small € > 0,

To show
Jn(X +€ag,dyp, day,) — (X, dyp, day,) increases in d;,, i =1,2. (EC.18)

To see the sufficiency, note that D7) >, DB implies F[g(D;\)] > E[g(DE)] for any increasing
function g(x). Thus, (EC.18) implies that

E[JNX + €ay,dyp,don)] — B[N X, dyy, don)] > E[JE(X 4 €ay, din, don)] — E[JP (X, dyn, don)].-
That is equivalent to
Ry (X +eaz) — Ri(X) = R)(X + eaz) — R})(X),
which further implies
IR, (X —yas) < 8RE(X—?N2)'

Ay Ay
To prove (EC.18), we first prove it for i =2 and it is equivalent to proving that

Al(é) = Jn(X +6a27d1n7d2n +6) - Jn(Xa dlnadQn +5) - (Jn(X +6a27d1n7d2n) - Jn(Xa dlnadQn)) Z 0

for any n>1, e >0 and § > 0. By the proof of Proposition 2 (i),

2
Jn(Xu d1n7d2n) = - Z(hjxj) + (pl + hl + hO)yIn(X) + G’ﬂ(X - ?/In(X)ahd%%

=0
where y;,,(X) =z Az Ady,. Thus, yi,(X) <y;, (X +€az). Consider the following two cases:
e Case (i) y;,,(X) =5, (X +€az): In this case,
A1(6) == Gp(X +eas —yi,(X)ar,doy, +6) — G (X — vy, (X)ay, dan, +9)
—(Gu(X +ear —yi,(X)ar, don) — Go(X — 45, (X) a1, d2y)).

The monotonicities of g, in xy and xo imply that g, (X — 7, (X)a1) < G (X +eaz —y;,(X)ay). As
a result, there are three sub-cases:

Case (i.1) dzy > Y (X +€az — y7,(X)a1) > §n (X — 1, (X)ar),

Case (i.2) y,(X +eaz —yy,(X)a1) > day, > (X —y7,(X)ay),

Case (i.3) yn(X +eax —y;,(X)ar) > 9. (X —y],(X)a1) > da,.

Below we show that A;(d) >0 under each case by using the definition of y,:
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—Case (i.1) da, > yn(X +€az — y7,(X)a1) > 9, (X — yi,(X)a1): With ds, units of demand

for product 2, the optimal allocation under component profile X —y;, (X)a, is
Yan (X = Y1 (X)ar) = dan A (X = 1, (X)ar) = 7 (X — 7, (X)as),
and the optimal allocation under component profile X + eas — y3,(X)a; is
Yo (X +€as —y1, (X)ar) = dop NG (X +€as —y7,(X)ar) = §n (X +€as —y7,(X)aq).
Moreover, the condition ds, > 7, (X + €as — vy, (X)a1) > y,(X —y3,,(X)ay) implies
dap +0 > day > Yo (X +€az — y1,(X)ar) = §n (X — 41, (X)an),

so with ds, + 0 units of demand for product 2, the optimal allocation under component profile

X —yi,(X)ay is
You (X =7, (X)ar) = (dan +0) A Gn (X = y1,,(X)a1) = G (X — 91, (X)an),
and the optimal allocation under component profile X + eay; — y5,,(X)a; is
Yo (X +€az — y7, (X)ar) = (dzn + 6) A (X + €02 — y1,,(X)ar) = §,(X + €az — y7,(X)ar).
Thus, (EC.15) results in

Gn(X + eas — yrn(X)(ll, d2n + 5) = Gn(X +eay — yrn(X)alﬂ d2n)
= (P2 + ho + ho)Pn (X +€az — 37, (X)a1) + Ry 1 (X +eag — 47, (X)ar — §n (X + €az — y7,,(X)a1)az),
Gn(X - yrn(X)alv don + 5) = Gn(X - y{n(X)al, dQn)

= (p2+ha+ho)yn (X — 97, (X)a1) + Rpyr (X — 97, (X)ar — (X — i, (X)ar)as).

As such, A;(6) =0.

— Case (i.2) y,(X +eaz —y;,(X)a1) > day > 9o (X — y7,,(X)aq): We consider two subcases
don 40> G (X +€as — yi, (X)ay) > doy > G (X — y5,(X)ay)

and

gn(X +eaz — yrn(X)al) > dyp +0 > dgy > gn(X - yrn(X)al)'
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x Subcase (i.2.a) §,(X + eax — y;,,(X)a1) > day, + 0 > dop, > G (X — y7,(X)ar): With da,

units of demand for product 2, the optimal allocation under component profile X —y;,,(X)a; is
Yon (X =1, (X)ar) = don A G (X =1, (X)a1) = Gn(X —y1,(X)an),
and the optimal allocation under component profile X + eas — y;,,(X)a; is
Yo (X +€ag — vy, (X)ar) = dap A G (X + €az — y5, (X)ay) = day,.

Moreover, with d,, + ¢ units of demand for product 2, the optimal allocation under component

profile X —y;,(X)a, is

Yor (X =41, (X)ar) = (don +0) A g (X = y1,,(X)ar) = 4 (X = 1, (X)),
and the optimal allocation under component profile X + eas — yi,,(X)a; is

Yo (X +eaz =y, (X)ar) = (don + 6) A §n(X + €as — y7, (X)a1) = dap + 6.
So, (EC.15) results in

Gn(X _yrn(X)alvd% +5) = Gn(X _yrn(X)alvd%)

= (P2 + h2 + ho)Un (X — y1,(X)a1) + R (X — y1,(X)ar — §n(X =y, (X)ar)az).
As such,

A(0) = G (X +eag — vy, (X)ay,da, + ) — G (X + €ag — 7, (X)ay, day,)
= [(p2+ ha2 + ho)(don +6) + Ryp1 (X + €as — 47, (X) a1 — (dzp + ) az)]

—[(p2 + ho + ho)day, + Ry 1 (X + €ag — yi, (X)ay — danaz)] >0,
where the inequality is due to the concavity of
(p2+ha+ho)y+ R, 1 (X +eay — vy, (X)ars — yay)
in y and the definition of g, (X + eas — y;,,(X)a;), both of which jointly imply that
(p2+ho+ho)y+ R (X +eas —y5, (X)ay — yas)

increases in y € [0, 4, (X +eaz —y;,,(X)a,)] and consequently, A;(6) >0 as g, (X +eaz —y;,(X)ay) >
d2n + 6 Z d2n-
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x Subcase (i.2.b) da, + 6 >y, (X + eas — y7,(X)a1) > doy, > G (X — vy, (X)aq): With da,

units of demand for product 2, the optimal allocation under component profile X — y;, (X)a, is
Yan (X =41, (X)a1) = dan A (X — 1, (X)ar) = 70 (X —y7, (X)an),
and the optimal allocation under component profile X + eas — y;,,(X)a; is
Yo (X +€ag — i, (X)ar) = day A G (X + €az — y7, (X)ay) = day,.

Moreover, with ds, + ¢ units of demand for product 2, the optimal allocation under component

profile X —y;,(X)a, is
Yo (X = 41, (X)a1) = (daon +0) A Gn (X = 41, (X)a1) = G (X — 1, (X)an),
and the optimal allocation under component profile X + eas — y;,,(X)a; is
Yan (X +€az —y7, (X)ar) = (don +6) A (X 4 €az — yi, (X)ar) = (X + €az — 1, (X)an).
So, (EC.15) results in

Gn(X _yrn(X)alvd% +5) = Gn(X _yrn(X)alvd%)

= (P2 + ha + ho)§n (X — 47, (X)a1) + Rnp1 (X — 1, (X)ar — (X — 47, (X)ar)az).
As such,

A (0) = Gn(X +€az —y1,(X)ay,doy, +9) — G (X 4 €az — y1,(X)aq, day,)
= [(p2 + ha +ho)Yn (X +€az — y1,(X)ar) + R 1 (X + €az —y1, (X)ay — (X +€az — 47, (X)ar)as)]

—[(p2 + ha + ho)day 4+ Rppi1 (X +€az — y1,(X)ay — dayas)] >0

because, similar to subcase (i.2.a), (p2 + ha + ho)y + R,i1(X + €as — y7,,(X)a; — yas) increases in
€ 10,5(X + ez — g5, (X)ar)] and consequently, A, (8) > 0 as Fu(X + ez — g, (X)ar) > dan.

—Case (i.3) g, (X +eaz —y;,(X)ar) > 9, (X —y3,,(X)a1) > da,: With dy, units of demand

for product 2, the optimal allocation under component profile X — y;, (X)a, is
y;n(X - yrn(X)a‘l) = dQTL A gn(X - yrn(X)a’l) = d2"7
and the optimal allocation under component profile X + eas — y5,,(X)a; is

Yoo (X +€ay — 47, (X)a1) = dop A Gn(X + €az — Y7, (X)a1) = day,.
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Thus, (EC.15) results in
Gn(X +eaz — 91, (X)ar, doy) — Go(X — y1,(X)ar, dzy))
= (p2+ho+ ho)day, + Ry 1 (X +€as — 97, (X)ar — dopas)
—[(p2 + ha + ho)dap + Ry1 (X — 47, (X)ar — dapa)]
= Ry1 (X +eaz — y7,(X)ar — d2pa2) — Rojr (X = y1,(X)ar — danaz).
In the meanwhile, given d,, + ¢ units of product-2 demand, (EC.15) results in
Gu(X = Y7 (X)ar, dop +6) = (P2 + ha + ho)ys,, + Rura (X — 41, (X)ar —3,2),
where y3, 1= (dan + ) A (X —yi,,(X)ay). This, together with the fact that with dy, + & units of
demand for product 2, the optimal allocation under component profile X — v, (X)a; is feasible
under component profile X + eas — 5, (X)ay, implies
Go(X +eaz — 7, (X)ar, don +6) > (P2 + ha + ho)ys,, + Ruya (X + €as — 1, (X)ar — y3,02),
SO
A1(6) = Ry (X =y, (X)ar — (ygn —€)az) — Ry 1 (X —y,(X)ar — ygna’Q)
—[Ro1 (X =91, (X)ar — (dan — €)az) — Rojr (X — y1,(X)ar — danaz)] = 0,
because R, 1 (X + €ay —y3,,(X)a; — yas) is concave in y, and
Yon = (don +0) A Gn(X = y1,(X)a1) > day.

e Case (ii) y7,(X) <y;,(X +e€az): This case is valid only if under the component profile X the
availability of common components limits the fulfillment of the demand for product 1. That is, no
common component is left after filling the demand for product 1 under the component profile X,
ie., y;,(X) =z and for any d,,,

Gu(X —y1,(X)ar,dzn) = [e1 = (N = n+1)ha](@1 — 91, (X)) + [c2 = (N — n+ 1) hajas,

thus

AL (8) := (p1+h1+ho)y;, (X +€as) + G (X +eay —yi,, (X +€az)ay, dy, +6) — (p1 + hy + ho)yi,, (X)
—[(p1 4 h1 + ho)yp, (X + €az) + Gn (X + eaz — y7, (X + €az)ar, dzy) — (pr+ ha + ho)y1, (X))
= G, (X +eay—y], (X +eaz)ar,do, +0) — G (X + €as —yj, (X +€as)ay,day,) >0,
where the inequality holds because G,,(X, dy,) increases in dy,, as a higher d,,, expands the feasible
region of ys, in (EC.15).

Following a similar way, we can prove that J,, (X + €as, d1,,, daoy,) — J, (X, dip, day,) increases in dy,,.

This completes the proof.
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C.5. Technical Lemma for Proposition 7
LemMA EC.9. (i) When (zg, %1, ..., Tk, Uy, ..., u;) satisfies Zle w; <xg and 0 <wu; <z, i=1,.. .k,
Vims (X, ug, ..., uy) is jointly concave in (To,T1,..., T, Us,. .., U) and

oV (X, uy, ..., uy)

0<

< (pi+ Nh;+ Nho —¢; — co) F;(u;), (EC.19)

where Fz(uz) =P <Zg=1 D;, > uz) is the complementary cumulative distribution function of the
demand for product i over the whole selling season. Furthermore, ul as defined in (8) satisfies

uf <z; when z; < E(ZN_ D;,) and xy < Zle €.

(ii) Let R (xzq) := R™*(x x?( ), xz(m)) = V"5 (x, x?(m),...,xz(m),u’{,...,u,*c) and
T (zg) == R () — coxo — Zf 1(CJ J ) Given x} < E(Z  Din) for all i=1,....k, both
Ry™5(xg) and " (x4) are concave in xy when xy < Zi:l x?(m)'

(iii) Given inventory profile X = (xg,1,...,x) with xo < Z?zlxj and the corresponding sales
quota (ui,...,u;) in the MTS heuristic:
(iii-1) assume that there exist three product indexes, i,i1,i € {1,....,k}, such that uf =x; >0,
0 <wj <z, and 0 <wuj, <z;,. Then, at the point (uy,...,u) = (ui,...,uz),

8V{”“(X,u1,...,uk) B 81/1’”“(X,U17--'vuk) - 8{/1mt5(X,u1,...,uk)

8’[1/1'1 8’[1/1'2 o 8ui
(i4-2) assume that there exists a product inder iz € {1,...,k} such that uj, = 0. Then, at the
point (uy,...,u) = (uj,...,up),
oV™s (X uy, ..., uy) - oV™s (X uy, ..., uy)

5ui3 5ui4

for any uj, >0 and i, € {1,...,k}.

(iv) Given xy < Zle x;, the optimal quota (ui,...,u;) satisfies Zle uf =, Sk <

Proof. (i) We first note that under the make-to-stock heuristic defined in subsection 4.2.1, order
fulfillment is independent across product. Thus, the multi-product problem can be decomposed into
k independent sub-problems, each in a single-product sub-system. Specifically, given Zle u; < X

and 0 <wu; <z;,i=1,...k, we rewrite:

k k
V'lm/tS(X’ Upyoos 7uk) = — Z h L +Z C;T; +ZED11 |:‘]1mt8’i(ui7-Di1)i| )
j=0 j=0 =1

where

j,:"ts’i(um din) = (pi + (N —n+1hi+ (N —n+1)ho —¢; — co)yin + Ep, ., [j;n_ﬁl(uz ~ Yin, Di,n+l):|

Tmts,i

with y;, =2, Auy Adi = u; Adin,i=1,...,k since 0 <wu; <, for all ¢ and J\7" (u;,-) = 0. Here we

adopt the same approach as stated in the proof of Proposition 7 (i.1.a) to account for the holding
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costs and salvage values. That is, at the beginning of the season the firm incurs the cost for holding
all the initial inventory through the entire season and also receives the total salvage values of all
the initial inventory. During the selling season, when a sales takes place, an addition representing
savings of holding cost and a deduction of the salvage value are taken into account in the selling
margin.

Next we prove by induction the following result:

_ dBp,, (Ji"* (ui, Din))

0
dui

N
j=n

First note that j]'\'ffl’i(ui, -) =0 implies

dEp,

i, N+1 (ervnislz(u” Di,N+1))

dui B

Now, suppose that the result holds for period n+ 1, that is,

dEp, ., (J5 (usy Din N
0 S Dz,n+1( n+1 ( s +1)) < (pz+ (N—n)hz—l—(N—n)ho—cz —Co)p( Z Dij Zm) .

dui B .
j=n+1

With u; units of sales quotas at the beginning of period n, consider the following two cases:

- u; < d;p: it is optimal to fill u; units of demand in period n. In such a case d;,, — u; units of
demand are unfilled and sale quota is zero for the subsequent periods. The realized profit on this
sample path is j[l”ts’i(ui, din) =i+ (N —=n+1)h;+ (N —n+1)hg — ¢; — co)u;, with derivative

dj’rrlnts,i(ui’ dzn)

U;

because of our assumption p; > ¢; + ¢o;
- d;, < uy: it is optimal to fill all d;,, units of demand in period n. On this sample path, the
profit-to-go is

j;nts’i(undm) =pPi+(N—n+1)h;+(N—n+1)hy—c;, —co)dir, + EDMH( ﬁ;z(uz —din, Djnt1))-

The derivative is

dJmi (s dy,)  dEp, (T (= din, D))

>0
because of the induction hypothesis.
. dBp,, (J5"*"" (ui,Din))
Summarizing these two cases, in > 0. Furthermore, we have

dui

dEp,, (7 (u;, D))
dui

=i+ (N=n+1h;+(N—-n+1)ho—c;—co)P (Din >u;) +

d =
%EDM (EDi,n-f—l [J;nﬁl(uz = Ui A Dip, Di»n+1)D



ec4?2 e-companion to Yu et al.: Joint Order Fulfillment and Inventory Management in ATO Generalized W Systems

d _
= (pz + (N —n—+ 1)h1 + (N —n—+ 1)h0 —C; — CO)P (Dzn > ’Uzz) + EDin (du EDi,’rH»l [J;n_ii’z(uz — D““ Di,n+1):| . 1Din<“i)

< (pi+(N=n+1)hi+ (N —n+1)ho—c;—co)P (Din > w;)
N
+Ep,, <(pz + (N —=n)h; + (N —n)ho —c¢; — co)P ( Z Di; >wu; — Dm) : ]-Di,,,gu,;)
j=n+1

N
+(@i+ (N —n+1)h;+ (N —n+1)ho—c; —co)Ep,, (P ( Z Dij > u; — Dm) : ]-D,;,,Su,',)

j=n+1

N
P(D;n>w;)+ Ep,, <73 < Z D >wu; — Dm) : 1D,-,,L<ui>]

N
Jj=n

= (pi+ (N =n+1Dhi+ (N —n+1)ho— ¢; — o)

where the first inequality is by the induction hypothesis, 14 is the indicator function for event A,

and the last equality is from

N
P(Dm > ’LLZ‘) +EDm (P ( Z -Dij > U; — Dzn> . 1Din<“i>

Jj=n+1

N
= Ep,, <1Din>ui +P ( Z Di; > wu; — Dm) '1Din<ui>

j=n+1
N
- P(Z -Dij 2 ’LLZ‘).
Jj=n
Therefore,

0

dEp,, (7 (u;, D; -
< Dm(‘]"du‘(u“ m))S(pi—i-(N—n—i—1)hi+(N—n+1)h0—ci—co)P(ZDijzui>.
7 j=n

Accordingly,

0< dED“(Jl’”'t”(ui,Dﬂ))

p < (pi+ Nh;+ Nho — ¢; — co) Fy(u;).
Uy

Furthermore, we show that for given demand realization d;,,, J::L”ts’i(ui, d;,) is concave in u;. First
note that j}vnfl’i(ui, -) =01is concave in u,;. For n < N, suppose that the result holds for period n+1.
For period n, recall the following two cases.

Fmts, i, 5.
o if u; <dip, Yin = u;, and Lo (4idin) =p;i+(N—n+1)h;+ (N —n+1)hy—¢; — co;

dui

e otherwise, y;, = d;,, and

dui B
i (T3 (U = diny Dy 1))
dui

dEp
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N
< (pi+ (N —=n)h; + (N —n)ho —¢; — co)P < Z D;; >wu; — dm)
Jj=n+1

Spz—l—(N—n)hz—l—(N—n)ho—cz—co

Fmts,i
n (Wi,

These two cases, together with the induction hypothesis, imply that T din) decreases in u;.
Thus, j;”ts7i(ui, d;,) is concave in u; (for given d,,), so is Ep, (j{[”ts?i(ui, D;,,)). This further implies
that V(X uy,...,ux) is jointly concave in (zg, 1, ..., T, Us, ..., Ug).

.. . dEp. (J™ (u;,D;
In addition, for x; < E(Z:i:[:1 D,,,), we will show that Dy ( o (v Dir))

>0 for u; € [0,z;). That
is, we will show that increasing the sales quota from w; to u; + €, by an arbitrarily small €, >0
strictly improves the expected profit in sub-system 4. Consider the following two cases:

e The realized demand over the season is 25:1 d;in < wu;: the realized profit with the sales quota
u; is the same as that with the sales quota u; + €,, because the realized sales quantity is the same;

e The realized demand over the season is ZnN:1 din > u;: the realized sales quantity with the
sales quota u; + €, is strictly greater than that with the sales quota wu;, so is the realized profit with
the sales quota u; + ¢, than that with the sales quota wu,.

It then suffices to prove P <Zg=1Dm >ui> > 0 for u; < z;. First consider a trivial case in
which (3N Dy, = E(XY_ | D)) =1. Since z; < E(YXY_ D)), P(XV_| D,y > 2 > u;) = 1. Now,
consider the case P(ZLI D,, = E(Zi:[:1 D;,)) < 1. To show P <Zg:1 D, > ui> >0 for u; < z;, it
suffices to show P <Zg:1 D, > xz) > 0, since it implies

N N
P (ZDW >Ui> >P (ZDW >Ii> > 0.
n=1

n=1
To this end, consider the following two sub-cases:

o If x; =0, suppose P <Zg:1 D;, > xi> = 0. It implies P <Zg:1 D,;, = 0) =1, which further
implies E(Zgzl D;,) =0 and thus contradicts with E(Zﬁ;l D;,) > 0;

o If z; >0, suppose P <Zg:1 D,,, > xi> =0, which implies P (Zﬁ;l D,, < xi> =1. Since

N N N N
PO Din=E(>_ Di))<1, P (Z D, = x) <1, and P (Z D, < x> > 0.
n=1 n=1 n=1 n=1
Hence,
N z; N z; N
E(> D) :/ (n)dP (Z D, < n) </ (z;)dP (Z Di, < n) =z;.
n=1 0 n=1 0 n=1

This, however, contradicts with z; < E(Zﬁ;l D;,).
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Lastly, given zy < Zle x;and x; < FE (Zgzl D;,) foralli=1,..., k, we will show by contradiction
that uf <x; where v} is as defined in (8). Suppose there exists some product index i; € {1,...,k}
such that i >y, This, together with the constraints Zle u; <9 < Zle x;, implies that there
exists a product index iy # i; with uj, <z;,. Then, given z;, < E(Zﬁ;l D,, ) and E(Zgzl D, n) >

0, the proof above implies that at this point (uq,...,ux) = (uj,...,u;),
OV (X uy, ..., uy)
au, |(ur o) =ty > 0
However, for product i; with uj, >z,
8V1mts(X,u1,...,uk) .
au. |ur o) = oruz) = 0

. In the MTS heuristic defined in subsection 4.2.1, when u;, > z;,, further increasing the sales quota
for product 7; does not change the sales quantity of product ¢;. Moreover, further increasing the
sales quota for product i; does not increase the sales quantity of other products since in the MTS

heuristic demand fulfillment of one product is decoupled from that of another product.

V™M (Xouy,ugy) o OV (Xun,ugy) . . - .
Thus, as B, > D, =0 at this point (uq,...,ux) = (uf,...,u;), we can
decrease u;, and increase u;, simultaneously by a small amount to increase V™ (X,uj, ..., up),
contradicting the optimality of (uj,...,u;).

(ii) The result in (i) above implies that given zo < 3.+ z; and z; < E(Y.Y_| D,,)) foralli=1,... .k,

(8) is equivalent to

k
* *\ L mts ) —
(uj,...,uy) :=arg max {Vl (Zoy @1y e ey ThyUpy ...y Up), S.Le, g u; < g, 0<u; <ay, Z—l,...,k}.

UL yeey U N
’ i=1

As implied by (i) above, V™(xg,x1,...,Tk,us,...,ux) is jointly = concave in
(o, T1y. .oy Thy U, ..., ux) when Zleui <2y and 0 < w; < x; for ¢ = 1,...,k. Thus,
together with the fact that both {(ul,...,uk)\z:leui <zg, 0 < <wzy i=1,..,k} and
{(w1y.. yUp, Ty @1y ..oy Tp)|Tg > 0, x; >0, x5 < Zle T, v < E(Zi\[:l D;,), Zle u; < g, 0<

u; <, i =1,...,k} are convex sets, Lemma EC.2 implies that R™*(X) = V™" (X, uj,...,u})
b(m)

is jointly concave in X for z, < Zle z; and z; < E(Zﬁ;l D;,). Thus, given z; = z; and
2hm < ECN D™ for i=1,...,k, R™M(x9) = R™ (0,22, ..., 2™ is concave in z, when
xy < Zle 22" This further implies that 7" (z0) = R (1) — coxo — Z?zl(cjx?(m)) is concave

b(m)
pim),

: k
in 2y when 2, <37 | @

A Z : ;
(iii) For (iii-1), if 52— > 51—, we can increase u;, and decrease u;, simultaneously by a small

auil 6u12
amount to increase V;™**(X,uj, uj,...,u;), contradicting the optimality of (uj,...,u;). Similarly,
avmts avmts . . . 6vmts 6vmts
L —L— contradicts the optimality of (uj,...,u}). Thus, we have —+— = =1

6ui1 8ui2 6ui1 6ui2 :
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avlmts avlmts

Similarly, if , we can increase u;, and decrease u; simultaneously by a small

Buil Buz
amount to increase V(X ,uj,us,...,u;), contradicting the optimality of (uj,...,u;). Thus, we
avmts avmts
have — < .
uil 8“‘1
.o ovmts avmts . .
For (iii-2), if = L we can increase u}, and decrease u;, simultaneously by a small
u Ou, 13 21
amount to increase V(X uf,u},...,u}), contradicting the optimality of (uj,...,u}).
. . e . k . .
(iv) We first prove by contradiction that, given xy <> ._, z;, the optimal quota (uj,...,u;) satisfies

Zle uf = xy. Suppose Zle ul < xp. This, together with zy < Zle x;, implies that there exists

7
VIS (X wk... uk
1 ( YU U, k)|u o > O
ip =l =

some 4, € {1,...,k} with uj < ;. Furthermore, part (i) implies

ou;
If Wlmts(xéfl’";’”’"’t) |“z’1:ufl > 0, slightly increasing u;, while keeping all othell" quotas unchanged
would result in a larger V(X uj,u}, ..., u;), contradicting the optimality of uj 5 If, however,
avlm“(xézi,u;,...,up |ui1:u;‘1 =0, we can construct a vector of sales quotas which is lexicographical
larger than (uj,...,u;) by replacing u;, with u; +e¢, for an arbitrarily small € € (0, (z, — Zle uf) A
(w4, —u;,)], and achieve the same profit as V;"**(X,uj,u3, ..., u;). This contradicts the assumption
that (uj,u,...,u;) is the largest maximizer in lexicographical order.

To explicitly account for the dependence of u; on xg, in the rest of the proof we will use u(z) to
denote the optimal product-i quota for a given z, units of common component. To show %(?;0) >0,
first note that since all the sales quotas are non-negative, it holds trivially when u;(z¢) =0. Now,

i(

for u} (zy) > 0, suppose MT;”‘)) <0, then uf(xg) > u;(xo+€) for arbitrarily small € > 0. In this case,
the result Zle u; (2o +€) = w0 + € implies uj (7o) < uj(zo+€) for some product j # i, which further
implies u}(zo) < z;. By parts (iii-1) and (iii-2), at the point (ui,...,ux) = (uj (o), ..., uj(70)),
8‘/1’"“(:60,:151, ey Ly Uy, ...,Uk) > 8‘/1mt8($0,l‘1, ey Ly Uy ...,uk)
5ui - 8Uj

That is, B
dEDil (Jints’z (ui7 Dll))
dui

> dEDjl (jlmm,j (ujv Djl))
- du;

J

uj=u; (z0) wj=uy (z0)

Tmts,i

By concavity of Ep,, (J;"""(w;, D;1)) in u;, it further implies

dEDil( :1mts’i(uia Dil)) S dEDjl( 71mt5’j (ujv Djl))
du; ‘ui=uf(;c0+e) o duj ’uﬂ:u;(xo-i-e)

since

dEp,, (J7"*" (us, Di1))
dui

> dEDa‘,l( lmm!i(uia Dzl))

uj=uj (zo+e)
- dEp,, (J7"7 (uj,D;1))

- de
uj=u’(zo)

ui=uf(z0)
- dEp,, (J7"*7 (u;, Dj1))

- de

(EC.20)

uj=u;f (zo+e)

Consider the following two cases:
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dEDu( {ntsyi(uiaDil)) dEDjl (jlmts’j(uj’Djl)) .
du,; ‘ui=uf(;c0+e) - duj ’uﬂ:u;(xo-i-E) :

It implies that at the point (uy,...,us) = (u}(zo +€), ..., u; (2o +€)),

£ £
OV (g + €, ooy Ty Uy, ooy Ug) < OV (g + €, ooy Ty Uy, ooy Ug,)
8ui B 8’LL]‘ ’

*

Thus, we can increase u;(zo + €) and decrease uj(zo + €) simultaneously to increase V/™*(z +

€, X1y eeey Ty Wi (T 4 €), ...y uf (o + €)), contradicting the optimality of (uf(xo+€),...,us(xq+€)).

dEDu( {ntsyi(uiaDil)) dEDjl (jlmts’j(uj’Djl))

dui ‘ui=uf(xo+6) - de ’ujzu;(xo-"_e) :

The inequalities in (EC.20) imply that all of the four marginal profits are equal, i.e.,
dEDu( :{ntsyi(uiaDil)) dEDjl (jlmts’j(uj’Djl))

T C—a ¥
. Jus=us (20) a, Juj=u o)

dEp,, (J;"*"(u;, Di))
du ’uizuz‘(xo—i-e)
3

dEp,, (J"* (u;, Dj1))
du;

J

|uj:u;f (zg+e)-

In such a case, the concavity of the profit function in each single-product system implies

dEDn(qu’tS?i(UnDil)) — dEDjl( flt87j(uj’D71))
dui de

and u; € [u}(w),u)(xo + €)]. Based on this result, we can construct a vector of sales quotas con-

for w; € [uj (zo+e€),u; (x0)]

tradicting the assumption that (uj(zo + €),...,u;(xo +€)) and (ui(zo),...,uj(zo)) are the largest
maximizer in the lexicographical order for zy + € and x4 units of common components, respectively.

Specifically, if ¢ < j, then with zy + € units of common components, we can construct a vector of
sales quotas which is lexicographically larger than (u}(xo+e€),...,u}(zo+¢€)) by replacing u} (zo+¢€)
with u?(zo+e€)+€¢ and w;(zo+€) with uj(xo +e€) — €, where 0 < € < (u (o) —ul(zo+€)) A (u}(zo+
€) —u;(wo)). This constructed vector sales quotas leads to the same profit as (uj(zo+€), ..., uj(zo +
€)) and is thus also an optimal solution to the problem. It thus contradicts with the assumption
that (uj(xo+e€),...,uj(zo+€)) is the largest maximizer in the lexicographical order.

Similarly, if ¢ > j, then with xy units of common components, we can construct a vector of sales
quotas which is lexicographical larger than (u}(x), ..., u}(xo)) by replacing u?(zo) with u?(zo) — €
and u} (o) with u}(zo) + €', with an arbitrarily small € € (0, (u} (x0) — u} (20 +€)) A (uj(zo +€) —
ui(x0))]. This constructed vector sales quotas leads to the same profit as (uj(xo),...,u; (o)) and
is thus also an optimal solution to the problem. It thus contradicts with the assumption that
(ui (o), ..., up(xg)) is the largest maximizer in the lexicographical order.

du} k  duj(zg) _

Summarizing the two cases, #ﬁw > 0. This, together with » ., g = 1 (as implied by

Zk u(xg) = o above), results in 0 < %(/z()) <1. Q.ED.

=1 "1
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D. Proofs of Propositions in the Main Body and in Appendices A and B
D.1. Proof of Proposition 1

We will show that the following two definitions of nested policy, (A.1) and (A.2), are equivalent.
In both definitions, assume that the allocation in each period is feasible, i.e., 0 <y, <x; Ad;, and
Zle y; < xg, for all 7 and n.

(A.1) For any n > 1, iy,ip € {1,...,k}, and i3 <is, Yi,, > 0 implies y;, , = x;y Adiy 0 A (20 —
> <y Yjn). That is, no lower-margin order is fulfilled unless all the higher-margin orders have been
met to the extent allowed by the component inventory.

(A.2) Assume that the allocation in each period, y1,, Yan, ---s Yrn, 1S determined in the decreasing
order of product margins. For any n > 1, there exist nonnegative sales quotas uy,us, ..., u; with
Zle u; < xo such that, for i =1,...,k, at most Zf:i u; units of the common components can be
used to satisfy demand for products i, i+ 1,..., and k. That is, Zf:z Yin < Zf:z w; fori=1,....k. In
other words, for ¢ =1, ..., k, v;, is the maximum nonnegative number satisfying y;, < x; A d;,, and
S Ui < 30w for j=1,..,.

In preparation, we first prove that in (A.2),

k k
Yin >0 and Yy, <> w fori=1,..k, (EC.21)
=1 =1
is equivalent to
i k
Yo >0 and >y, <Y w fori=1,.k and j=1,..,i. (EC.22)
I=j 1=

(EC.21) < (EC.22) Let i =k in (EC.22), we have Y, g, < 3/ for j =1,.k, ie,
(EC.21).

(EC.21) = (EC.22) (EC.21) implies Zf:z Yin < Zf:z u; for i =1,...,k. This implies that, for
j=1,..,1, Zf:j Yin < Zf:j uy, which further implies Z;:j Yin < Zf:j Yin < Zf:j u; since v, > 0 for
l=i+1,....,k. Thus, we have (EC.22).

By (EC.22) and y,, < z; Ad;,, the sales quantities in (A.2) satisfy the following equations:

k

Yin = T1 /\dln/\zuja (EC.23)

j=1
and for 1 =2,...,k,
k i—1 k i—1 k k
ym:l‘z/\dm/\ (Zu]_zy]")/\(zuj_zyjn)/\/\( Z Uj—yi_lm)/\z’lllj (EC24)
j=1 j=1 j=2 j=2 j=i—1 j=i

Next we prove the equivalence between (A.1) and (A.2), i.e., (A.1)<(A.2):
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“<": We first show that, by (A.2), for 4; <is, y,, , > 0 implies y;, , =x;, Ad;, »,: By (EC.24),

ig—1 ig—1 k
Yign = Tig Ndiy n N Zu] Zym Zu] Zym Z — Yig—1,n /\Zu],
Jj=ig—1 Jj=ig
Hence, y;, , > 0 implies
ig—1 ig—1 k
0 <¥ipm < Zug Z?/]n ZUJ Zyjn /\(Z —Yiy—1,n) /\Zuj
Jj=ig—1 Jj=ig

Furthermore, as 7; < i, 7; <iy — 1. Thus,

ig—1 ig—1
Zuj ZyﬁZ% Z%m S SRS SRS SR S
j=t1—1 j=t1—1 j=t1—1 Jj=t1—1
io—1
Zuy Zym<zuy Yirns
J=i1 J=i1 J=i1
k ig—1
Z Z yjng Z ’LL]7 = , ..,’ig—’il—l
J=i1+l Jj=i1+l J=i1+l
Thus,
in—1 ig—1 k ig—1 ig—1
0<[z% YSUSTV SR SUSTSRTD DRTED DTSINO SIS 9
j=2 j=2 j=i1—1 Jj=i;—1 Jj=i1 Jj=i1
ig—1 k k
A( Z uj — Z Yin) N A ( Z uj—yig,lyn)/\Zuj
Jj=i1+1 Jj=i1+1 Jj=ig—1 Jj=i2

i ;
S[Zuj Zym Zuj—Zyjn)/\.../\( Z uj — Z Yin) A Zuj Yiy )
j=2 j=2 j
k
A Z VNN Z ui Ay uy

J=i1+1 Jj=ig—1 J=ig
Hence, when y;, , >0,

i1—1 i1—1

Yiin ZU’] Zy]n Z Zy]n /\( Z uj_yilflyn)/\(zuj)'

Jj=i1—1 Jj=i1

i1—1

Thus, according to (EC.24), vy;, » = x;, A d;, ,. Moreover, y;, , < Zle u; — Z] L Yin < g —
Zj<i1 Yjn Since Zle u; < xg. Therefore, y;, , =z, Nd;; 0 N (T0— Zj<i1 Yjn) When y;, , > 0.

“=": For exposition, here we use superscript g to denote the variables related to definition (A.2)
(e.g., uf for the individual quota for product j in (A.2), and yf, (u{, ... u) for the sales quantity for
product j satisfying (A.2)), while no superscript for definition (A.1) (e.g., y;,, for the sales quantity
for product j satisfying (A.1)). We will show that, for any sales quantity (yi,,...,Yr,) satisfying
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(A.1), we can construct a vector of quotas (uf,...,uj) under which (A.2) leads to the same sale
quantities as (A.1), i.e., y7,(uf,...u}) =y;, for all j=1,... k.
To this end, first note that, by (A.1), y;,,’s must satisfy: either y;, =0 for all j =1,...,k, or

there exists a critical index 7o =max{i=1,...,k|y;, > 0} such that
xj/\djn lf]zl,,lo—l
Yjn = Yig,n € (O,QTZ‘O VAN dio,n] if ] = io (ECQ5)
0 otherwise.

If yjn =0for all j=1,...,k, we define uf =0 for j € {1,...,k} and thus yJ, (u{,...u]) =0 for all
j. Now, consider the second case with 7,. For this case, define u? =y, for j=1,... k. As such,
Yyl (uf,..ul) =z Ndi, A (Z?zl u?) =21 Adip A (Z?zl Yjn) = Y1n, Where the last equality holds
because in (EC.25):

e if ip =1, we have Zsz Yjn =0 and yy,, = Zle Yin <1 Adip;

e if iy > 1, we have Zsz Yin >0 and y1, =21 Adyy, < Zle Yin-
Furthermore, by (EC.24), v, (uf,...uf) = @2 A dan A () 5 ud) A (X5 ud — yf,) = 22 A day A
(Z?:z Yin) = Yan, Where the last equality holds because:

o if ig =1, we have yj, (ui,...u]) =yan = Zsz Yin =0;

o if o =2, we have yJ, (ui,...uj) > Zfz?, Yin =0 and ya, = Z?:z Yin < o A doy;

e if 7y > 2, we have 2523 Yin >0 and yo, =22 Ady, < Z;LQ Yin-
Similarly, it can be proved that yf, (u{,...u]) =y;, for all j=3,...k. Q.E.D.

D.2. Proof of Proposition 2

(i) The optimality of the stated fulfillment policy follows from Lemma EC.4 and Proposition EC.1
(ii).

Next we derive the optimal quotas uj, and u}, as defined in (6). Recall that y;,, = xo Azy Ady,
and y5, = Un(X — y;,01) A day,. In the meanwhile, by (6), yi, = 21 Ady, A (uj, +us,) and y5, =
Ty Adop A (Ui, +usb, —yi,) Aub, . Thus, given 4, (X —yj,a1) € [0, (xo — y},) A x2], the quotas that
are lexicographically largest satisfy u, + u3, = zo and u}, = §,(X — yi,a1) A da,, where yj, =
To ANxy ANdyy,.

(ii) We will apply Lemma EC.8 to show the properties of uj:

e Theimpact of dy ,, 1 or ds,, 1 on w3, : Note that both ds,, and y§,, = zo Ax; Ad,,, are independent
of dy 41 and ds 1. Thus, X —yj,a, is independent of d; ,,41 and ds,,41. By Lemma EC.8, 3, (X)
decreases when dy ,,+1 or ds 1 stochastically increases. Thus, the same property also holds for

gn(X - ?/Inal) and u;u = d2’ﬂ A gn(X - ?/Inal)~
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e The impact of zy on uj,: We first consider the case of zo < x;. When dy,, > xq, y7,, = To <
1 N dyy, uj, =0 because of no common component. When d;,, < xy, the condition z, <x; implies
yr, = di, < xg < xy. Thus, by Lemma EC.8, 4,(X — yi,a1) = y.(X — di,a;) increases in xz, for
dy,, < xg. Combining the subcases of dy,, < zg and dy,, > g, ¥, (X —y;,a1) increases in z, for o < z;.

For the case of xq > 1, when dy,, > x1, yi,, = 1 < 29 A dy,. Thus, after fulfilling the product-1
order, there is no component 1 left to fulfill any future demand of product 1. That is, starting
from period n + 1, the W system degenerates to a single-product system and thus the demand
for product 2 should be satisfied as much as allowed by the inventory. Therefore, 7, (X — y;,a1) =
o A (g —y3,) = 2 A (29 — x1). When d;,, < 1, the condition xy > z; implies y;,, = di, < 1 < .
Thus, by Lemma EC.8, 4,,(X —y7,a1) = (X — di1,a1) increases in z, for dy,, < ;. Combining the
subcases of dy,, < z; and dy,, >z, y,(X —yj,a1) increases in z, for xq > x;.

Combining the cases of xg < x; and zy > x4, given the continuity of y,,(-), ¥.(X —y;,a1) increases
in zo. Thus, u}, = ds, Ay (X —yi,a1) also increases in .

e The impact of z; or x5 on uj},: The proof is similar to that for the impact of z,. Q.E.D.

D.3. Proof of Proposition 3

Here we adopt the same approach as stated in the proof of Proposition 7 (i.1.a) to account for the
holding costs and salvage values. That is, at the beginning of the season the firm incurs the cost
for holding all the initial inventory through the entire season and also receives the total salvage
values of all the initial inventory. During the selling season, when a sales takes place, an addition
representing savings of holding cost and a deduction of the salvage value are taken into account
in the selling margin. As the demand for product 1 should always be filled, it suffices to consider
the fulfillment decision for j > 1. We first prove the result for product j € {2,..,k — 2,k — 1} and
product k, and then show it for any product j; € {2,..,k — 2} and product j, € {j; +1,...,k—1}.

Consider first product j € {2,..,k—2,k—1} and product k. For expositional convenience, consider
the fulfillment decision for a unit of demand of product j and a unit of demand of product k.
To show that a nested policy is optimal, compare two systems with the same inventory profile
in period n: system 1 follows a non-nested policy in the current period (i.e., period n): rejecting
the demand for product j and fulfilling that for product k£ resulting in an immediate profit of
P+ (N —=n+1)h;+ (N —n+1)hg— ¢, — co. System 1 then follows the optimal fulfillment policy
starting from period n+ 1. System 2 follows a nested policy in the current period: rejecting product
k’s demand and fulfilling product j’s demand resulting in an immediate profit of p; + (N —n+1)h;+
(N —n+1)hg —¢; — co. In the subsequent periods system 2 follows the optimal fulfillment policy.

Note that, given that the period-n fulfillment policy in system 1 is feasible, the aforementioned
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period-n fulfillment policy is also feasible for system 2, since the inventory of component j is ample.
Note also that the total expected profit for the subsequent periods (i.e., period n + 1 through
period N) is weakly higher in system 2 than in system 1, because, after the fulfillment in period
n, compared with system 1, system 2 has more component k, fewer but still ample component
j, and same inventory for all the other components. Since p; — ¢; > p, — ¢, and h; > h;, imply
pi+(N—=n+1)h;+(N—-n+1)ho—c;—co > pp+ (N —n+1)hy+ (N —n+1)hy—c; — ¢y, compared
to system 1, system 2 yields a higher profit in period n and weakly total higher profit for the
subsequent periods. Thus, the total profit under system 2 is higher than that under system 1.
Following the same way, we can replace a non-nested policy in any period by a nested policy, and
improve the expected total profit. As such, a nested policy is optimal.

For product j; € {2,..,k — 2} and product j, € {j1 +1,...,k — 1}, since the inventory for com-
ponents j; and j, is ample, by a similar coupling argument, rejecting product j;’s demand while
fulfilling an order for product j, is always suboptimal. Hence, we conclude that a nested policy is

optimal. Q.E.D.

D.4. Proof of Proposition 4

(i) By Lemma EC.3, R, (X) and J,(X,d1,,...,ds,) are jointly concave in X. So are R;(X) and
(X) = By (X) = 25 (eja,).

(ii) Bernstein et al. (2011) prove the result for W systems. Below we extend the proof to generalized
W systems. We shall focus on the case with two periods. (For more than two periods, a similar
proof follows). Assume first that there are L possible demand realizations of the last period (i.e.,
period-2) demand (D3, Das, ..., Dyz) and each realization (d),,...,d.,) occurs with probability g,
l=1,...,L. After observing the demand realization (d;y,...,dy;) in period 1,

JI(L)(X, d117 PR 7dk1) =

e

L

k k
max =23 (hz;)+ > (ew)+ Y [(pi+2(hi+ho) — i —co)yir + > gi(pi+ hi 4 ho — ¢ — o)yl
=0 =0

Y11,--Y
Ykl i=1 =1

subject to ;1 +y§2 <z, foralli=1,....k, 1=1,....L

k k
Zyn +Zy52 <xzy foralll=1,..,L
i=1 i=1

Oﬁyﬂﬁdﬂ for 3112:1,,]{}

0<yl,<d, foralli=1,.. .k l=1,..L,

Note that Jl(L)(X, dy1,...,dg1) is supermodular in (x,x;) for given xy,...,x;, 1,2;y1,...xT}, because

we can rewrite it as

Jl(L)(X, d117 PR 7dk1) =
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k k k L

max —22(@%)‘*‘2(%%)4‘2 (i +2(h; + ho) _Ci_CO)yil+Zgl(pi+hi+h0_ci_co)y£2
: s = P =1
st. z <z, foralli=1,...k

Zk:zigxo foralli=1,....,k
?:11—1— Yo — 2, <0 foralli=1,..k I=1,.,L
0<y; <d;;y foralli=1,..k
0<yl,<d, foralli=1,...k I=1,..L.
Since y;; + 'y — 2; <0 is a homogeneous-side constraint, by Zipkin (2003), JI(L)(X, dygy. .. dy) is

supermodular in (zg,z;) given (xy,..., & 1,Tir1,...,T), i =1,... k.

Now, because sales are bounded by demand and demand has a finite mean,
Ji(X,du,. . diy) = lim TP (X du, i)
—00

is also supermodular in (zg,z;). Because expectation preserves supermodularity, R,(X) is super-

modular in (zg,z;). So is the optimal profit function 7(X) = — Zf:o (cjz;)+ R (X).

(iii) We prove the claim by induction. Let e; = (0,1,0) and e; = (0,0,1). First note that when
n=N+1, for any § >0 and ¢ >0,

Ry (X +de;+eep) — Ry (X +eer) < Ry (X +der) — Ry (X)
trivially holds since both sides are linear functions. Now, suppose
R, 1 (X +de;+eer) — Ry (X +eer) <R, (X +0er) — R,1(X)
holds. We shall show that
R, (X +des +ees) — R, (X +eer) <R, (X +der) — R, (X).
According to the definition of R, (X), it suffices to prove, for any § >0, ¢ > 0, dy,, > 0 and da,, > 0,

Jn(X =+ 661 + €€g, dlna dgn) — Jn(X + (561, dlna dQn)
S Jn(X+6€27d1n7d2n) _Jn(Xa dlnden)- (EC26)

For given dy, and dy,, denote by y; (X) the optimal sales quantity of product i € {1,2} under
component profile X. Here, we omit the arguments d;,, and d,,, in functions, whenever no confusion
may arise. Recall equations (EC.14) and (EC.15). Given

2

Jn(Xu dlnden) = - Z(hjxj) + (pl + hl + hO)yIn + Gn(X - yrna17d2n)7

J=0
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the optimality of the nested allocation policy implies that y;,(X) = 21 A zg A dy,,, which is inde-
pendent of x5 or da,, so y;, (X) =y;, (X + eeq), yi, (X + der) = yi, (X + dey + €eq), and y;,(X) <
yi (X +der) <y;,(X)+ 9. Therefore, (EC.26) holds if

Gn(X +(5€1 =+ €€y — yrn(X—i_(;el)alud?n) — Gn(X+5€1 _yrn(X +5€1)(11,d2n)

< Gn(X +e€eg _yrn(X)alvd%) - Gn(X - yrn(X)athn)'

Consider two cases as below: yf, (X) =v;,(X 4+ dey) and y;,, (X) < yi, (X +der) <1, (X) +0.

Case (iii.a) y5,(X) =y;,(X + dey): In this case, it suffices to prove that

Gn(X + (561 + €€q, dgn) — Gn(X + 5617 dgn) S Gn(X + €€a, d2n) — Gn(X, d2n) (EC27)
is true for any § >0, € >0, and X > 0. Recall (EC.15):

Gn(X,dy,) = n;;a,x [(p2 + ha + ho)yan + Roi1 (X — y2n02)]

subject to 0 S Yon S To A d2n7 Yon S Zg.

Consider the following two subcases, y3,(X +de; +ees) < y5,(X) and y3,,(X) <ys5,, (X +de; +ees).

Subcase (iii.a.l) ys, (X + de; +€ez) <ys,(X): Since y;,(X) is feasible, we have y5 (X + de; +

€es) < ya,(X) <z and y5, (X + de;s + eex) < y3,(X) < x5, implying that y5, (X + de; + €eq) is a

feasible sales quantity under component profile X + de;. This results in

Gn (X + 661 + €€g, dgn) — Gn (X + (561, dgn)

S Rn—i—l (X + (561 + eeq — y;n(X + (561 + 662)@2) — Rn—i—l (X + 661 — y;n(X + (561 + 662)@2) .

Meanwhile, as implied by the definition of v, (X), v;,(X) <zo and y;,(X) < x5 < x5 + ¢, that is,

Yan(X) is a feasible sales quantity under component profile X + ee,. Hence,
Gn(X + €€a, d2n) - Gn(X7 dgn) 2 Rn+1 (X + €€y — y;n(X)CLQ) — Rn+1 (X - y;n(X)CLQ) .
Then, (EC.27) holds because

Rn—i—l (X + 661 + €€y — y;n(X + 661 + 662)0/2) — Rn+1 (X + 661 — y;n(X + 661 + 662)0/2)
< Rypa (X +der +ees —y5,(X)az) — Ry (X +der — 45, (X)az)
R

w1 (X +eey —y5, (X)ag) — Ry (X —y3,(X)as),
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where the second inequality is because of the induction hypothesis, and the first inequality is
because R, 1(X + €ea + yaz) — R, 11(X + yas) decreases in y, which is implied by the proof of
Proposition EC.1 (ii):

PR, 1 (X +€ey +yay)
dedy
O’ Ryi1(xo+y, 01,20 +y +¢€)
N 0edy
PRy (vr,m0+y—21— (@2 y+e),m+y+e)
N Oedy
8QRnH(xl,CUo — T — Xy —€,T2+Yy+e€)
N dedy
PR (31,B,2) _ PRua(11,8,2) “0
022 0BOz -
B=xg—x1—T9—€,2=T0+Yy+e B=xg—x1—x9—€,2=T0+y+e

O?Rpy1(z1,8,2)

where the inequality follows because Rn+1(x1, B, z) is anti-multimodular, and thus s

PRiai(18) < () by Lemma EC.5(ii).
Subcase (iii.a.2) ys,(X) <y;,(X +de; +€ey): Because the proof of Lemma EC.8 implies
28] <0< 22 <1 ys (X + deq + €ea) < p3, (X +€e2) <3, (X) + € Thus, 3,(X) <y, (X +

deq + €ey) implies y3, (X)) <wy3, (X + ey +€es) <y3,(X) + e Hence, y5, (X + de; + €ez) is a feasible

sales quantity under component profile X + eey because v, (X + de; +e€ez) <yi (X +€ez) <y and
Yan (X +de; +ees) <yi (X)+ € < a9+ €. This results in
Gn (X + 561 + 6627d2n) - Gn (X + €€a, d2n)
S Rn+1(X + (561 —+ €eqg — y;n(X + (561 + 662)@2) — Rn+1(X + eeqy — y;n(X + (561 + 662)@2).

Additionally, because y;,(X) <z and y;,(X) < x9, 5, (X) is a feasible sales quantity under
component profile X + de;, implying

G (X +6e1,dan) — G (X, dop) > Ry 1 (X + 661 — y5,(X)ag) — Ry (X — 95, (X)ag).
Then, (EC.27) follows from

R, 1 (X +de; +eeq —ys, (X 4+ ey +€en)as) — Ry (X +eea — s, (X + dey + €e3)as)
= Ro11(xo—y5, (X +de; +eea), w1+ 9,20 + € —y5, (X + dey +€eq))
—Ryi1 (o — yp (X + ey +€€3), 21,20+ € — Y5, (X + dey + €e3))
< Ry (xo—ys,(X), 21+ 6,20 + € — 15, (X + dey + €ey))
—Rop1 (10 — 5, (X), 71,02 + € — Y3, (X + dey + eey))
< Rog1 (B0 — Y3, (X), 14 6,22 — 15, (X)) = Rugr (w0 — 43, (X), @1, 22 — 5, (X))
= Rp1 (X +de1 —y5,(X)az) — Ry (X — 43, (X)az),
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where the first inequality is because of the supermoduarity of R, 1 in (xg, ;) together with zy —
Yo (X + deq + €eq) <o —ys,(X), and the second inequality is due to the induction hypothesis of

the submodularity between component 1 and component 2 together with

Ty +€—y5, (X + ey +eex) >0 —y5, (X).

Case (iil.b) y;,(X) <yi, (X +dey) <y;,(X) +d: In this case, y;,,(X) = x;. Recall that it suffices

to prove

Gn(X + (561 —+ €eeqg — yrn(X + 661)0/1, dgn) — Gn(X + 661 — yrn(X + 661)0/1, dgn)

< Ga(X +eer — Y1, (X)ar, dan) — Go(X — 41, (X)as, don).
For exposition, let n =y}, (X + de;) and 1, =y}, (X). Then, it is equivalent to prove

Gn(xo— nfaxl +0— "7(15756‘2 +e,doy) — G0 — 77(157151 +0— 77f7$27d2n)

< Gn(l‘o — M1, T1 — M, T2+ 6,d2n) - Gn(IEo —M,T1 — 7717:[;27d2n)'
We first prove that

Gn(l‘o - 77f7$1 — M1, %o+ EadQn) - Gn(xO - 77(157151 - 77175527d2n)

< Gn(l‘o — M1, T1 — M, T2+ 67d2n) - Gn(l‘o —M,T1 — ?71,l‘27d2n)7

which follows from zy — 1, > 29 — 1 (as implied by the condition of this case (iii.b), i.e., 7, =

Y (X) <nd =y;, (X +de;)) and the supermodularity between the common component and com-

ponent 2: As implied by the proof of Proposition EC.1, G,,(X,d2,) = G, (21,20 — 1 — T2, X2, day,)

is supermodular in (z,z5):

aQGn(Xy day,) _ 82Grl(&“hﬂfo — T — Tg, Ta, dap)

8&7081’2 83708352
o aQGn(xlvlgazadQn) o 82én(l‘1,,3,2’,d2n) >0
- 9530z 0p? =
B=xg—x1—x2,2=x9 B=xg—x1—x2,2=x9

where the inequality follows because Gn(xl,ﬂ,z,dgn) is anti-multimodular, and thus

82Gn(21,8,2,don %G (21,8,2,d2n i
(géaﬁzz ) _ (’Calﬂg 2421) > () by Lemma EC.5(ii).

Now, we prove that

Gz — 77(1;,331 +0 —77?7952 +e€,da,) — Gz —77(1;7951 +6— 77(1;,3327(1271)

< Gn(ﬂfo - 77?@1 — N1, 22+ fden) - Gn(l“o - 77(157951 — T, T2, d2n)- (EC-28)
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Let 75¢ be the optimal sales quantity of product 2 under the inventory profile (zo — 1%, 2, + 6 —
79,5 + €), and 73 be the optimal sales quantity of product 2 under the inventory profile (2o —

nS, @1 — N1, T2). Then, consider the following two subcases.

Subcase (iii.b.1) nd <73 We have the following inequalities, which imply (EC.28). We prove

each inequality as below.

Gz — 1m0, 21+ 0 — 17,22 + €,dz,) — G — 1], 21 — M1, T2 + €, dy)
< Ropa(mo—n) =035, +06 — ), @0+ € —15°) — Ryya (w0 — 0 — 03, 21 — 1, 25 + € — 1)
< Rupa(mo—my =055, +6 — 10,20 —13) — Ry (o — 17 =105, 1 — 11, 2 — 1)5)
< Ryr (o — 10 — 03,1+ 6 =, @5 —13) — Rya (0 — 0 — 13, 01 — 11, 22— 115)

< Gp(xg —77(157951 +0— 77f,332,d2n) — G0 — 77?@“1 — M1, Ta, day,) :

e the first inequality follows because given da,, 75¢ is the optimal sales quantity of product 2
under the inventory profile (xg — 1,2, + 3 — n{, 25 + €), and is also feasible under the inventory
profile (xg — 1,21 — 11,2 + €), since both inventory profiles have the same number of components
0 and 2.

e the second inequality is due to the induction hypothesis that R, (xg,z1,22) is submodular
in (z1,79) together with the facts o1 +0 —n$ > 2, —n; (or § +m >n9) and @y + € — 13 > x5 — 1)
(or e +n3 >n5) as proved next: § +n; > ¢ follows from the condition of this case (iii.b); To show
e+n5 >nse, recall that given da,,, 75¢ is the optimal sales quantity of product 2 under the inventory
profile (zog —n{,z1 + 6 — 1}, x5 + €), and 73 is the optimal sales quantity of product 2 under the
inventory profile (zo — 1,21 — 11, 72). Then, the optimal sales quantity of product 2 under the
inventory profile (zo — S, 2, — 11,72 + €) satisfies 3, (zo — 15,21 — M1, T2 +€) € [N5, € +13], as the
proof of Lemma EC.8 implies that the optimal sales quantity of product 2 increases in the number
of component 2 with an increasing speed less than 1, i.e., € + 15 > y3, (zo — 72,21 — 11,20 + €) >
73, and the optimal sales quantity of product 2 decreases in the number of component 1, i.e.,
ya, (o — S, 1 — 11, 0 + €) > ni<. Therefore, € +n3 > s, (zo — 1S, 21 — N1, 79 + €) > N3¢

e the third inequality holds due to o — 1} — 1 < x¢ — 1 — 13 (as implied by the condition of
this subcase (iii.b.1), i.e., 3¢ >n;) and the supermodularity between the common component and
component 2 in part (ii) of Proposition 4.

e the fourth inequality follows because given ds,, 73 is the optimal sales quantity of product
2 under the inventory profile (zo — 7,2, — 11, %5), and is also feasible under the inventory profile
(xo —nS, 1+ —n°, x5), since both inventory profiles have the same number of components 0 and

2.
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Subcase (iii.b.2) 13 >n3¢: We have the following inequalities, which imply (EC.28). We prove

each inequality as below.

Gulzo—n), 21+ 0 — 1), 22+ €,day) — Grwo — 1}, 21+ 0 — 1, T2, day,)
< Rppr(zo =110 — 05,01 +6 =17, 22 + € = 15°) — R (o — 110 — 055 0 + 6 — 117, 22 — 115°)
< Rppa(o — 15 =035, 1 — 1, @2 + € = 15°) — R 1 (w0 — 0 — 15, 1 — 11, w2 — 1)
< Ry (o —ni‘ —7737951 — ;X2 +6—"73) — Ry (zo —"7(1S —773756‘1 — 1, T2 —773)

< Gu(o =8, 1 — M1, To + €,dan) — G (To — 13,21 — N1, T2,y day) :

e the first inequality follows because given ds,, 13 is the optimal sales quantity of product 2
under the inventory profile (zo — 1%,z — 11, @2). Hence, 5 < x5 and 1 < zo — n?. This together
with the condition of this subcase (iii.b.2) implies 73 < 73 < zy and 13 <7 < o —n?. Thus, as
the optimal sales quantity of product 2 under the inventory profile (zo — 1,21+ — 0%, 25 + €), N3¢
is also feasible under the inventory profile (xg —n$,x, +0 — 12, 3).

e the second inequality is due to z; +8d —n¢ >z, —mn; (or 6 +n; > 73 as implied by the condition
of this case (iii.b)), zy + € — 3¢ > x5 — 73¢ and the induction hypothesis that R, (%, 1, 75) is
submodular in (z,z,).

e the third inequality follows from zo — 7 — 03¢ > xo — n{ —n3 (as implied by the condition of

this subcase (iii.b.2), i.e., 3¢ < n3) together with the following inequality:

82Rn+1(950 —Y,T1, T2 — y) _ aQRnJrl(xlny — X1 — T2,T2 —y)

0y0z, 0y0xs
_ 82]:2n+1(x1,6,z) + 62én+1(x17/37’z) >0
0z? 0Pz -
B=xg—w1—x2,2=T2—Y B=zg—11—T2,2=T9—Y

because R, 1(x1, 3, 2) is anti-multimodular, and thus — 82&"*(91;2“’5’2) + aQRngég?,g,z) >0 by Lemma
EC.5(ii).

e the fourth inequality follows because given ds,, 13 is the optimal sales quantity of product
2 under the inventory profile (zo — 7,7, — 11, 75), and is also feasible under the inventory profile
(o —n8, 1 — 11, T3 +€).

Q.E.D.

D.5. Proof of Proposition 5

We first show the upper bound for the inventory of the dedicated components. For ¢ =1,... k,
the supermodularity of the expected optimal profit-to-go in (xg,z;) implies that, for any finite
To<x1+...+xand Tg> a1+ ...+ T},

8R1(I0,ZIT1, . ,ZBk) < 8R1(§30,x1, . 7Ik)
f)xi - 8$i ’
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where the right-hand side is the marginal expected profit when the supply of common components
is ample. It suffices to derive an upper bound for the optimal dedicated component inventory in
the right-hand side system, which will serve as the upper bound for the optimal initial inventory
in the left-hand side ATO system.

For the system with an ample supply of common components, i.e., zq > Zle x;, it is optimal
to fulfill orders as much as allowed by the available inventory of dedicated components. In other
words, no competition for common components exists among different products. Therefore, we can
decompose such a system into k separated sub-systems, indexed by i =1,..., k. Each sub-system ¢
starts with z; units of component 7 and an ample supply of component 0. Denote by z{ the number
of common components in the sub-system i. That is, x}, > x; and Zle xh = xy. In sub-system 1,
the optimal fulfillment policy is the same as the make-to-stock policy with x; units of sales quota.
As in the proof of Lemma EC.9, by accounting for the holding costs and salvage values at the

beginning of the season, the total expected profit in this single-product sub-system 17 is

7 7 7 Tmts,i
—CT; — Coly — Nhll’z — Nhoil?o +cx; + CoZy + EDil [ 1 (ZEZ‘, Dil)]

= —Nh;z; — Nhoz} + Ep,| zlmtS’i(In D),
where —c;z; — coxl) is the component procurement cost incurred at the beginning of the season,
—Nh;z; — Nhoz! is the total component holding costs deducted at the beginning of the season,
ciT; + corl is the component salvage values accounted for at the beginning of the season, and the
function jlmts’i(-, -) is as defined in the proof of Lemma EC.9.

As proved in Lemma EC.9 (i), Ep,, [J™*%(x;, Dy1)] is concave in x; and

dEDil[ lmtsyi(xivDil)]
d.f[fi

< (pi+ Nh; 4+ Nhg — ¢; — co) Fy(;).

Hence, the optimal initial inventory level is bounded from above by Z;, which satisfies
(pi + Nhi + Nho — ¢; — ¢o) Fy(%;) — Nh; =0,

or equivalently, 1 — F;(z;) = Nh;/(p; + Nh; + Nho — ¢; — ¢q).

Next, we follow three steps to show that the optimal initial inventory for the common component

NhO )

. . . - _ -1
in a generalized W system is bounded from above by zy = Fj (;D1+Nh1+Nhofclfco

Step 1: The supermodularity in Proposition 4 (ii) implies an upper bound, zi?, for the optimal

initial inventory of the common component, as defined below:

k

ud . __

xg® = argmax Rl(xO,Il,...,Ik)—coxo—g el
i=1

Zo
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where R,,(X) is as defined in (1), I; is inventory of the dedicated component 4, and I; > z, for all

i=1,...,k. Specifically, Ry1(X) = Z?:o c;jz;, and for 1 <n <N,

R’ﬂ (X) = EDlnv“'kan [Jn(X’ D1n7 o Dkn)]’
where J,,(X,d1p, ..., dky)

= max {Z [Pi¥in — hi (25 — Yin)| — ho(z0 — Zym) + Ry (X — Z?/inai)}

i=1 1=1
k
subject to Zym <zo, 0<y;n <zx; ANd;,, 1=1,2...0k.
i=1
Since I; > x, for all i, order fulfillment is never constrained by the dedicated-component inventory.
Thus, the dedicated-component inventory can be excluded from the set of state variables in the

dynamic programming. Also, we regard the margin of product ¢ =1, ...,k in period n as
pi+ (N —n+1)hi+(N-n+1)ho—c;—co

by deducting the holding cost, Nhozro+ N Z?zl(hjf ;), and accounting for the component salvage
values and procurement costs (both equal coxg + Zle ¢;1;) at the beginning of the selling season.
Thus, we have:

ud __
Ty = argmax
xo

k
Ep,,,...py [J14(20, D11y ey Dia)] = Nhoo — NZ hiIi] )

i=1

where Jy%,(-)=0, and for 1 <n <N,

k
J"Y 2o, dyp, .y din) = max {Z [(pi+(N—=n+1)h;+(N—n+1)hog—c;—co)yin] (EC.29)
i=1

Yins--Ykn

k
ud
+ED1,n+1,...,Dk’n+1 [Jn+1($o - Z Yins D1nt1s oo Dk,nJrl)]}

i=1
k

subject to Zymgxo, 0<vy;, <djp, 1=12...,k.
i=1

ud
in )

Denote the optimal fulfillment quantities by y* i=1,....,k,n=1,..., N. Here, the superscript ud
represents the special case of unconstrained dedicated components. We shall refer to this scenario
as system UD.

Step 2: We further simplify problem (EC.29) as follows: in addition to unconstrained dedicated
components, all the products have the same effective margin in all the periods, i.e., the effective
margin for product i =1,...,k in period n is p; + Nhy + Nhg — ¢; — ¢ for all i and n. That is,

k
ry™ = argmax | Ep,, . p,, [J3" (20, D11, ..., Dia)] = Nhozo — Nhy > T

xQ i=1
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where Jyl (-) =0, and for 1 <n <N,
K
J;‘dl(l‘m din,....dpn) = max {Z [(p1+ Nhy+ Nho— ¢y — o) Yin)
i=1

k
udl
+ED1,n+17~~~7Dk,n+1[‘]’n+1(x0 - § yile,nJrlv "'7Dk,n+1)]}
=1

k
subject to Zym <zo, 0<y;n<di,, 1=12.. k.
i=1

udl
in

Denote the optimal fulfillment quantities by y**!', i=1,....,k,n=1,..., N. Here, the superscript ud1
represents the special case of unconstrained dedicated components and all the products share the
same period-independent effective margin. We shall refer to this scenario as system UD1.
In the following, we shall prove that given demand realization (di,...,d1),
djfd($0, dlla ceey dk’l) < de’dl(.’,UQ, dlla ceey dkl)

d.’,UQ de

9

i.e., the marginal profit of ordering the common component in system UD is less than or equal to
that in system UD1. This, together with the concavity of J{*¢(-) and J{*¥(-) as implied by Lemma
EC.3, leads to zp <z,

Step 3: In system UD1, dedicated component inventory is unconstrained and all the products
have the same effective margin p; + Nhy + Nhg — ¢; — ¢o. Hence, it is equivalent to a single-product

newsvendor problem with overage cost Nhy and underage cost p; + Nh; — ¢; — ¢o. Thus, the optimal

Nho )

o ey . . . — _ ——1
initial inventory of common components in system UD1 is Z, = Fj (p1 N ———

It remains to show

djf‘d(l’o, d117 ey dkl) < djf‘dl(lﬂo,dn, vy dkl)

dxg dx

in Step 2, and we prove by induction that
dj,gd(l’o, d1n7 ceey dkn) < dJ,:‘dl(ZE(), d1n7 ceey dkn)

dxg dx

holds for all n € {1,2,..., N}. To this end, first note that, by

ud udl —
JN+1(950, dl,NJrla cee dk,N+1) = J]\L/+1($07d1,1v+17 s 7dk,N+1) =0,
d d1l
dJk,Jrl(.’EQ, d17N+1, ceey dk,N-{-l) B d‘]]7<7+1(x07d17N+17 ceey dk,N-{-l) _ O
d.’,UQ d.’,UQ -

Now, for n € {1,2,..., N}, suppose that the result holds for n + 1. We shall prove that it also
holds for n. In preparation, note that, as implied by Proposition 3, with unconstrained dedicated
component inventory the nested allocation policy is optimal in the two systems, UD and UDI.

However, due to the differences in product margins in the two systems, in system UD some demand
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for low-margin products may be rejected to reserve common components for future demand of
high-margin products, while in system UD1, it is optimal to fulfill orders as much as requested by
current demand and allowed by available inventory.

With 2, units of common component 0 at the beginning of period n (together with I; > x units
of dedicated component i), consider the following two cases:

e Case l: o < Zle d;n . In system UD1 all xy units of common components are exhausted while

Zle d;in — xo units of demand realized in period n are unfilled. The marginal profit of increasing

the supply of common components in system UD1 is

dJ:fdl(xO, dlna "'7dkn)
d.’,UQ

:p1+Nh1+NhQ—Cl—CQ

since additional common components will allow fulfillment of demand in the current period with
an effective margin of p; + Nhy + Nhg — ¢; — ¢o. In contrast, in system UD, some of z, units
of common components may be reserved for the high-margin products in the future by rejecting
the realized demand for low-margin products in period n. Because the maximum effective selling
margin in system UD is p; + Nh; + Nhg — ¢ — ¢p, additional common components will be carried
to the future or allow fulfillment of demand in the current period, either of which will generate a
maximum margin of p; + Nhy + Nhy — ¢ — ¢g, SO

djgd(xo,dln, ceey dkn)
d.’,UQ

§p1+Nh1+Nh0—Cl—Co.

Hence,
d‘]sd(xovdlna ey dkn) < dJ::dl(fEQ,dln, ceny dkn)

d.’,UQ dl‘o

e Case 2: zg > Zle din- In system UD1, Zle d;y, units of common components are used. All the

realized demands in period n are fulfilled, and there is a leftover of zy — Zle d;y, units of common
components. Thus, the marginal profit of increasing the supply of common components in system

UD1 is

k
dJ:;dl (l’o, dlnu ceey dkn) . dEDl!nJrl,...,Dk’n_‘_l [J:fjﬂ (:BO - Zi:l diny Dl,n+17 ceey -Dk,nJrl)]

dxg dx

In system UD the total sales quantity in period n is Zle yud < Zle d;n. By the optimality of
the nested policy, there exists a threshold 7 € {2,..,k} in period n such that it is optimal to fill up
to y*d € (0, d,,] units of product 7: fill d;,, units of product i <7 —1, and y*¢ < d,,, units of product

7 (which implies that it is optimal to reject d,,, — y“¢ units of the demand for product T as well as
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7—1
i=1

all the demand for product i > 7+ 1). As a result, there is a leftover of o — > | d;,, — y“¢ units

of common components. Then,

3
—

J;;d(l’o, dlnu 7dkn) = [(pz + (N — T'L+ ]-)hz + (N —n + 1)h0 —C; — CO)din]

.
Il
—

+(pr + (N =n+1)h + (N —n+1)hg — ¢, —co)ys,

7—1

ud § ud
+ED1,n+17-"7Dk:,n+l [Jn+1(x0 - din —Yrn> Dl,n+17 arey Dk,n-{-l)]-

i=1
Consider the following two subcases.

— Subcase 2.1: y*4 < d., This implies that y*¢ is the interior solution satisfying the first order

condition:
O=p,+(N—n+1h,+(N—-—n+1)hy—c,—c

7—1
+ [ dEp, oo Dpya [0 (00 =D din — 5, Dy g, ...,Dk,nH)]/dy]

i=1

y=yd

because otherwise y“? cannot be the optimal solution for system UD given the concavity of
EDL”H,MDk,nH[J:jj‘fl(-,Dlynﬂ,...,Dk,nﬂ)] in Lemma EC.3. Thus, by the envelope theorem the
marginal profit of increasing the supply of common components in system UD is

dJ,::d(CU(), dlna "'7dkn)
d.f[fo

= [dEDl,n_H’,..,Dk’nJrl[J:;il(zaDl,n—Ha"'7Dk,n+1)]/d'z] ’z:xo—z;{—;ld ud

1 @n—Yrn

which is less than

[dEDl,n+1r"~:Dk,n+l(J;Zj‘l(z’ D11n+1’ ...7Dk’n+1))/d2::| |Z=:C0—Zi-c:1 din ?

because of y“;fL <d,, < Zf:T d;, and the concavity of Epy i,

Lemma EC.3.

ud :
Dk,n+1 [Jnt+1('7 Dl,n+17 ceey Dk,n+1) m

— Subcase 2.2: y"¢ =d,,, This implies either 7=F% or

pT+1+(N_n+1)hr+1+(N_n+1)h0—CT+1—CO

+ [ dEp, oy Dyt [0 (@0 =D din = Y, Dyt oo Dins)l/dy | 1,y

i=1
<0

because otherwise the leftover common component should have been used to fill the demand for

product 7+ 1. Thus, for any sufficiently and arbitrarily small 9, the addition of § units of common

components will be carried to the next period instead of filling the demand for product 7+ 1. Thus,

the marginal profit of increasing the supply of common components in system UD is

dJ;;d(ZIT(),dln, 7dkn)

dZITO

= [dEDl,nJrlv“'ka’n-'_l I:J’r”[:il(z7 Dl,nJrl) st Dk;n+1)]/dz] |2:1072Z:1 dip ?
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which is less than

[dEDl,n+1v~~~ka,n+1 [Jﬁi1(27 D17n+17 () Dk,nJrl)]/dZ] |z:x0—zf

=1 din

because of the concavity of Ep, ., . J (4, D1 gty s Ding1)] in Lemma EC.3 and

T k
Zi:l dip < Zi:l d

Thus, combing subcases 2.1 and 2.2, with the induction hypothesis and the fact

Dk,n+1[

d‘]ri:dl(x(h iy dkn) _ dEDl,n+17~~~7Dk,n+1 [J:fill( B Zf:l in, D17”+1’ o Dk’n+1)]
d.’,UQ N dl‘o

as we noted earlier, the marginal profit of increasing the supply of common components in system

UD is lower than in system UD1. Q.E.D.

D.6. Proof of Proposition 7

In preparation, we define five order-fulfillment policies and four initial inventory profiles, which

will be used in the proof of the proposition.

Order Fulfillment for a Given Initial Inventory X
e Policy f: Selling at most y(m)(X ) units of product 7 in period n, where yf,’f ) (X) is the optimal
solution to the following deterministic problem where demand for product ¢ in period n is £ (Df;n ))

and the initial component inventory is X:

RDet(m)(X) (EC 30)
kN n N k
= 1maz(kN{ Z [ iYin — hi( Zyu)] _hOZ z _Zzyw +Z Zyu +¢co xo_zzyw }
""" i=1 n=1 j=1 n=1 i=1 j=1 i=1 i=1 j=1

= { max l—N (hjz;) +Z(cjxj) +ZZ((M +(N—n+1hi+ (N —n+1)hy—c; —co)ym)} }

i=0 §=0 i=1n=1

k
{ Nth +Zcm —|— max

.....

ZZ((PZ +(N—=n+1h;+(N—-n+1)hog—c; — co)ym)‘| }

n=1i=1

koo
Zzyuﬁxm n=1,...,N.

i=1 j=1
By definition of 3™ (X),

RDet(m) (X)

k k

:_Nz(hjxjHZ(cjxjHZZ[ (N =+ 1)hi+ (N =1+ 1)ho — ¢ — co) (B(D™) A y“”)(X))}.

j=0
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By definition of the policy f, the expected profit-to-go of adopting the policy f for the stochastic

scale-m problem is

RI™(X)
= _NZ(hjxj) +Z(ijj)
—i—ZZ[pz (N =+ Db+ (N =0+ 1)ho — ¢ — ) (B(DY” Ayl (X)) |

+> > [(pi + (N =n+1)h+ (N —n+1)he—c; — co) (E(DI A y™ (X)))} (EC.31)

e Naive make-to-stock policy MT'S0: Selling at most Zn L y™(X) units of product i in the

entire selling season. That is, for each product there is no restriction on the maximum amount
that can be sold in each period, except the restriction on the total amount in the entire season.
This policy is in line with the make-to-stock heuristic in Gallego and van Ryzin (1997), where the
firm sets a static sales quota for each product, that is, a maximum of u; units of product 7 can
be sold in the entire selling season. For given quotas wu.,...,u; that satisfy u; >0,2=1,...,k and
Zle u; < g, denote the profit-to-go function by

Vs (X g, ) = ED(m)

In

p{m™ [T (X, ua, g, DY Dz(;;))]v

in »-

and

& k
J:Ln/ts(Xaula.naukadlna"'vdkn szy'm_ i —yin)]—ho(fﬁo_zyin)
=1 ‘

k
+th8(m _Zyinaiaul_ylm“'7uk_yk”)

_ c t _\k
where y;, = x; Adi, AN, i=1,... k, and V7S ( X, ug,. .. uy) —ijocj:cj.

Hence, the expected profit-to-go of adopting the policy MT'S0 is

RmtsO(m) (X) = mm(m) Z y(m) Z y(m)

e Make-to-stock policy MT'S: Same as MT'S0, except that the static sales quota is optimized,
instead of being given by the deterministic solution. Specifically, with (uj(X),...,u} (X)) as the
optimal sales quotas defined in (8), the expected profit-to-go under the policy MTS is

Rmts(m) (X) — Vlmts(m) (X’ u’l‘ (X)7 . ,’LL;; (X))
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e Static nested policy ¢: This builds on and differs from the MT'S policy by allowing a higher-
priority product to use the sales quotas of a lower-priority product. For ease of exposition, we shall
refer to u;(X) as product i’s individual quota. As the individual quota of a lower margin product,
eg., 1+ 1,... k, can be used to fulfill the demand of a higher margin product, e.g., 7, the total
quotas available for fulfilling demand of product i, referred to as the available quota for product ¢,

equals to Zk uf(X). The formulation for the profit-to-go and the updating of remaining quotas

J 7 K]

under this static nested policy are defined in §4.2.1.
e Optimal nested policy o: This policy has been defined in §3. For notational convenience, in

the scale-m problem we define the expected profit-to-go under policy o by
RO(X) = RE™(X)

where, as defined in (5), RN+1( y=3"*

=0 Ci%3) and for n < N,

RUM(X)=E ) D(:r;)[j (X, D4, DI,

n In »-*
1n EARAS]

with

k
‘]( dgrs7 o d](cn = max {Z pzym_ i _ym hO IO_Zym n+1 Zymaz }

Up,-.- Uk
k
subject to Zuigxo andu; >0fori=1,... k,
i=1

with i
Yin = L1 A\ d({,:) A Zu]',

and for 1 =2,...,k,

k 1—1 k 1—1 k
ymzxde?)A[(Zuj—Zyjn)A(Z“j—Zyjn)A“ Z = Yio) A Q)
j=1 j=1 J=2 J=2 j=t

j=i—1

For these policies, define the corresponding profit function by 7™ (X ) := R°(™) (X)) — Zf olex)),
where o € {Det, f, MTS0,MTS,q,0}.

Initial Component Inventory Profile

For i =1,...,k, define n¢ = (Lp’ L0 | —i—l) AN and E(D!™) = Z LE(DI™). Also recall

}Lo-‘rh
the upper bounds for component inventories, as characterized in Proposition 5, and denote the

corresponding bounds for the scale-m problem by :Z‘(m) and :Tc(m).

o Xd(m). CL‘?(m) :E( d(m)) for ,] =1,...,k, .’Ed(m) Zf 1xd(m)
o XP0m): x?(m) = E(Dj 4my A az ™ for j=1,..k, ab™ = Zf 1xb(m , where a’;§m) is defined in

Proposition 5.
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o Xulm): x;‘(m) = E(Dd(m)) A x( ,and 7™ = Z?zl x?(m) Azi™.

o Xa(m); xg(m) = E(Dj 4my A .f§ ). and 2l = Zle xg-(m) A Z™, where i, =
Fy! (Hle(pﬁzvhiiv]\}rlgo,ci,co )) Here, Fy(-) =1 — Fy(-) is the tail distribution function for the total

demand of all the products in the entire season, and F, *(-) is the inverse function of Fj(-).

For easy reference, the fulfillment policies and the inventory profiles are listed in Table EC.6.

Table EC.6 Heuristics for order fulfillment and component procurement
Order Fulfillment
f | Sell at most y;,,(X) units of product ¢ in period n, where y;,(X) is as in (EC.30)

mts0 | Sell at most 3", y;,,(X) units of product i in periods 1 through N

mts | Sell at most u}(X) units of product ¢ in periods 1 through N, where u}(X) is in (8)
q | Sell at most >

o | Sell at most Z uf, units of product 7 in period n, following standard nesting, as in (5)

j=i in

X)) units of product i in periods 1 through N, following standard nesting

]1](

Component Procurement

X |zl =E(DY) for j=1,...,k, and z{ :Zle z!

X' |2t =E(D{)Nz; for j=1,...,k, andx%sz L8

X* | g =E(DI) N5y, j=1,...,k, and zff = To /\Zj L x¥, where o= Iy ' (p1+Nh1<]FVNh?L0—c1—c0)

X9 | xf :E(Df)/\fj, j=1,...,k, and 28 = T /\Z _, z], where Zg =F;t (Hf:l(Pi‘l’Nhi‘f’V]\};gU_ci_CU))

It can be proved that X %™ maximizes R”(™)(X). We are now ready to prove the proposition.
(i) Let R(™(X) and 7™ (X) denote the profit-to-go (i.e., excluding the component procurement
cost) and the profit (i.e., including the component procurement cost) under the optimal fulfillment
policy and a given component profile X, respectively. Denote by X* the optimal inventory profile

corresponding to the optimal fulfillment policy, i.e., X*(™) = arg max 7™ (X).
a(m)(xa(m)y

T (XT) 1, we will follow two steps:

To prove lim,,_,

rI (X Am) et (X am)

. af(m) (X dm))
(i) rDet(m) (X d(m)) = 7e(m) (X +(m)) <1, (i) lim

mM— 00 WDef(m)(Xd(m))

(i.1) It suffices to show
ol (m) (Xd(m)) < qa(m) (Xq(m)) < 7T(m)(Xq(m)) < 7T(m)(X*(m)) < gPet(m) (Xd(m))’

among which 7™ (X9(m)) < 7(m)(Xa(™)) holds because 7™ (X) corresponds to the optimal ful-
fillment policy, while 770" (X)) is for a feasible policy, the heuristic ¢. 7(™ (X 2™)) < 7(m) (X *(M)) is
implied by the definition of X*(™) as the optimal initial inventory.

To show the inequality 7™ (X*(m) < gPet(m)(Xdm)) " first note that for any given compo-
nent profile X, 7™ (X) < 7#P<(™ (X)), i.e., the optimal profit in a stochastic system is always
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bounded from above by its counterpart in the corresponding deterministic system. This result is
by Jensen’s inequality and the concavity of the profit function J,(X,dy,,...,ds,) in the realized
demand (dy,, ..., dy,). Therefore, 7™ (X*(m)) < gPettm)(X*(m)) In the meanwhile, also note that

ghetm) (x+(m)y < phetlm)( xdm)) hecause X 4™ maximizes 2™ (.).

We have so far proved the last three inequalities in part (i.1), i.e.,
am) (Xq(m)) < 7™ (Xq(m)) < 7™ (X*(m)) < ghet(m) (Xd(m))‘

It remains to prove the first inequality /(™) (Xdm)) < ga(m)(x9(m)) To this end, we will follow
four sub-steps (i.1.a)-(i.1.d) by taking advantage of the two intermediate policies, mts0 and mts,
and the inventory profile X°. In particular, we will prove

(i.l.a) 7/ (X) < amts0m)(X) for given inventory X, implying mf(m) (X d(m)) < gmts0(m)( xd(m)),

(i.1.b) qmts0tm)( X dm)) < gmts(m)( xrb(m)y,

(i.1.c) mts0m)(xblm)) < gmts(m)( xalm)),

(ild) R™ W (X) < RU™(X) when z; < E(XN_, DIY) and xy < Y, x;, implying
mts(m) (X(I(m)) < a(m) (X(I(m))'

The series of inequalities proved in the four parts together imply /(™) (X 4(™)) < galm)(xa(m)),

(i.1.a). R/™(X) < Rms9(m)(X): Heuristic f is dominated by the naive make-to-stock heuristic
mts0, for any given initial inventory X.

In heuristic f, at most %" units of product i can be sold in period n. The mts0 heuristic is
advantageous over heuristic f as it allows for the flexibility of using a product’s total quotas (i.e.,
Zﬁ’:l yf,’f )) across different periods. More specifically, policy mts0 dominates policy f because the
flexibility of using quotas across periods can result in either lower holding costs or higher profits
or both.

The proof for the dominance is sketched as follows: Note that under either heuristic f or heuristic
mts0, the quotas for different products are decoupled so that the demand for each type of product is
fulfilled separately. Thus, the total profit-to-go is separable, as a sum of the profit-to-go generated
from each individual product. To separate the holding costs and salvage values across products,
we can equivalently account for the holding costs and the salvage value in the following way: at
the beginning of the season, the firm incurs the cost for holding all the initial inventory through
the entire season, i.e., — N Z?zo(hjxj), and then during the selling season, if a unit of product ¢ is
sold in period n, then the holding cost for the consumed components (i.e., a unit of component 0
and a unit of component i) from the current period till the end of the season can be “saved” and
reflected as an addition to the product margin. Similarly, the firm receives a revenue equal to the

total procurement cost of all the initial inventory, Zf:o (cjx;), at the beginning of the season (i.e.,
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as if all the components had been salvaged upfront and thus no components would be salvaged at
the end of the season), and then during the selling season, if a unit of product 7 is sold in period
n, then the components (i.e., a unit of component 0 and a unit of component i) needed to fulfill
the order are paid for by the firm in the period and their costs are reflected as a subtraction of the
product margin.

With this reformulation, we can decouple the k-product system into k independent single-product
sub-systems, and rewrite the expected profit-to-go functions under policies f and mts0 as follows

(for brevity, all the superscripts (m) and the argument (X) for y;, are omitted):

k k
Rf(X):_ Z h :E] +Z C]ZIT] +ZED1 Jf’ Zyznazyznuyzh °°7yiN7Di1)]7
J=0 j=0 i=1

where, Jv]{,ll() =0, and for n < N,

jv{7i(x(€vx{7yinv cosYinydin) = (i + (N —n+1)h; + (N —n+ 1)h0 —¢;—¢0))(din AN Yin)

+EDZ ntl [Jn+1( (dzn A yzn) (dln A yzn) yi,nJrlu e 7yiN7 -Di,nJrl)]'

Here, j{?i(xg,xf,ym, .oy Yin, din) is the profit-to-go function in the sub-system with a single-
product i. In particular, the first (second) argument z) (/) refers to the number of component
0 (i) assigned to this sub-system, while y;; is the number of sales quotas for product ¢ in period
j=n,n+1,...,N.

In the meanwhile, for the mts0 heuristic:

k k N N N
R™O(X) = =N (ha;)+ Y (e, +ZED11 [P Yins Y Yins Y Yim> Din)],
j=0 j=0 i=1 n=1 n=1 n=1

where j]’z,qflo’i(-,-,-, ) =0, and for n <N,

j:lntso’i(xo,xi,ui, dzn) = (pz + (N —n—+ 1)h1 —+ (N —n+ l)ho —C; — CO)(din A Uz)

+Ep J:ﬁ:io z(330 — (din Nug), i — (din Ay), 0 — (di A1), D yr)].

zn+1[

Here, jﬁ”’tso’i(azo,xi,ui,dm) is the profit-to-go function in the sub-system with a single-product
i. In particular, the first argument xy refers to the number of component 0 assigned to this sub-
system, the second argument x; refers to the number of component ¢ for this sub-system, while the
third argument u; refers to the number of sales quotas in this sub-system from period n to period
N, the end of the season.

The proof is then completed by comparing each sub-system under either f or mtsO policy, as

detailed below. Note that, for any arbitrarily small ¢ > 0, we have

jy{z(x£7xr{7yzn + Guyi,nJrh YN, dzn) - jy{7i(xgux{7yin7yi,n+lu e 7yiN7din) Z 07 (E032)
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that is, in heuristic f more quotas are better, and for j > n,

Jy{’z(x(<7xr{7yin7°°°7yij7"'7yiN7din) _Jyf’l(xg_ﬁuxzf_€7yin7"'7yij _67"'7yiN7din)

IN

e(pi+(N—j+1hi+(N—j+1)hg—c; — )

N

< e(pi+ (N —=n+1)hi+ (N —n+1)hg— ¢; — ¢o), (EC.33)

that is, one unit of quota for product ¢ (and a; unit of component resource) can at most generate
a benefit of p; + (N —n+1)h; + (N —n+1)hg — ¢; — ¢o.
Next, we will use (EC.32) and (EC.33) to show

. . N N N 5 N N
L, := J:Lntsoﬂ(zyijaZyzjazyij,dm) — Jivi(zymzyij,ym, ey Yins din)
Jj=n j=n Jj=n j=n j=n

>0

for any d;, > 0 by induction.

First note J31"(-) = J{% 1 (-) = 0. Now, suppose for n < N,
N N
£50, 21
?’T—‘,—i ‘ Z yz]7 Z ymu Z ymy i, n+1 Jy{-‘il( Z yiju Z yij7 ?/i,n+1, s Yin di,n+1)'
Jj=n+1 Jj=n+1 j=n+1 Jj=n+1 j=n+1

Next we prove that in period n, L; > 0.
e Case i.l.a.1: d;, <y, d;, units of product ¢ will be sold in both heuristic f and the make-

to-stock heuristic, but y;, — d;, units of quotas are discarded in heuristic f. In contrast, the make-
to-stock heuristic carries these quotas for future periods, which can be used to fulfill the demand

of product ¢ in the future:
L1 = EDZ n+1 ::ﬁoz Zym dmazyz] d'm7zyzg dm,Di,nH)]
—FEp, n+1 n+1 Zym dzn7zyz] ins Yisnt1s-- - 7yiN7Di,n+1)]
> Ep, il ﬂio@ Z?/zg dmazyz] d'm7zyzg din, Diny1)]
—EDZ-’”H [Jill(z Yij — diy, Zyz] — diy, Yin+1 + Yin — diy, Yin+2y-+-YiN, -Di,nJrl)] >0,

where the first inequality is due to (EC.32), and the second inequality is implied from the induction

hypothesis.
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e Case i.1.a.2: d;;, > vy;, Only d;, A i = ¥ units of product ¢ will be sold in heuristic f.

However, in the make-to-stock heuristic y**? := d;,, A Z; —n Yij = Yin units of product 7 will be sold.

To prove
Ly = (pi+(N—n+ 1)h' +(N=n+1)ho—c;— Co)(y:fbmo — Yin)

N
thO i mtsO mts0 mts0
+ED1 n+1 n+1 § Yij = Yin E Yij — Yin E y’L] Yin i n+1)]

N
—Ep, ., [JT{L(Z Yij = Yins Zyij — YinsYint1s -5 Yins Ding1)] > 0

j=n j=n
we consider two subcases: y;, <y <yin + yin and y70 > yin + Yin-

Subcase i.1.a.2.1: y;, < y"" <y;n +Yin Let Uiy = yin + Yin — Y0, then y"=0 — g, = yin —

gin and

N N
Jn+1 Z Yijs Z YijsYimt1s- -+ Yins dint1)

j=n+1 Jj=n-+1
< (pi+hi+ ho — ¢ —¢o)(Yin — Yin)

N
Z Yij — yzN yiN ) Z Yij yzN yzN) yi,n+17~~~7yi,N717giNadi,n+1)
j=n+1 j=n+1

= (pi+h + ho—ci— 60)(3/211”0 — Yin)
+Jf+1 Zym Y, Zyij — Y™ Yimtts 5 Yi N1, Uin s dimgn)
< (p: (N— n+Dhi+ (N =n+1)ho — ¢ — co) (Y™™ = yin)
N N
, 1(2 Yis —Yin*’, Zyij — Y™ Wint1s s Yi N1 Tin s ding)

< (ps (N—n—i— 1)hi—|—(N—n—|—1)h0—ci—co)(y:fbmo—ym)

N-1

N

mtsO'L mts0 mtsO ~

n+1 Zy’tj Yin Zyw Yin 7yiN+ Z yijvdi,n-i-l)
j=n

j=n+1

= (ps (N—n+ Dh; + (N —n+1)ho — ¢; — ¢o) (yin"** = Yin)
N N
I Zy” U0 Ty =yt Ty =yt din),
j=n j=n

where the first inequality is by (EC.33) with ¢ = y;5 — ¢;n: in the left-hand side of this inequality
the quota for the last period is y;y, while in its right-hand side the quota for the last period is ;-
The second inequality is due to n < N. The third inequality is implied by the induction hypothesis

N
mtsO mts0 ~
n+1 E Yij — Yin g Yii — Yin 7yi,n+17---y?/i,th?/iN,di,nH)

N—-1

N
thO i § mts0 E mtsO ~ §
= n+1 y’L] yzn yz] ym s Yin + yiju di,nJrl)
j=n

j=n+1
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for any d; ,,+1. The two equalities follow from yz’”“o — Yin =Yin — Gin. Thus, L > 0.

Subcase i.1.a.2.2: y7"% > y,x +y,;, If n =N — 1, this case does not exist because when n =

N — 1, according to the definition of y*°, y{”“ﬂl < Z;V:N_l Yij- S0, this case is only valid when

n < N —2. Furthermore, define j € {n+1,..., N — 1} as the value satisfying

D Yty <y < Z Yij +Yin, andg; ; Z Ui + Yin — Y™

j=j+1 i=j i=j

That is, fulfilling the demand in period n uses all the quotas in periods j+1,..., N and n as well

as a portion of the quotas in period j. Similar to the subcase ;, < y"*** < y;n + ¥in above, we have

N

jfii - . .
Jn+l( § Yij E yijayi,n+17"'7yi,j—17yij7yi,j+17"'ayiNvdi,n+l)
j=n+1 j=n+1
N

< Z [(pi + (N = j+ Dhi + (N = j + Dho — ¢; = co)yss] + (pi + (N =+ Dhi + (N = j + 1)ho — ¢; — ¢o) (yi5 — §i7)

J=i+1

n+1 Z yzg +yzja Z yzg+yz]ayzn+1v 7yi,}'—17gi570a'"7O;di,n+1)
j=n+1 j=n+1

N
< (pi+ (N =n+1hi+ (N —n+1)h—c¢; —co)( Z Yii + Yi; — Ui5)

j=j+1
j—1 j—1
7 > > >
+Jn~|1»1( Z y1]+y155 Z yij+yi}'5yi,n+17"'7yi,}'—17yij705'"7Oadi,n+1)a
j=n+1 j=n+1

where the first inequality is obtained from applying (EC.33) j + 1 times (with € = y;; for j =
j+1,....,N and e= Y5 — ¥ for j = 7): in the left-hand side of this inequality the quotas for period
j=13,7+1,...,N is y;;, while in its right-hand side the quota for period j is 5, and for period
j=j+1,...,Nis 0. The second inequality is due to j >n +1.
Also, the induction hypothesis implies

j—1 j—1
‘]nJrl( Z yij + gij7 Z yz] + gzja yi,n+17 .. 7yi,j'717 gija 07 vy 07 di,n+1)
]=n+1 j=n+1
m 50,7
< Tt Z Yij + Ui, Z vij + Ui Z Yij + Uijr dins1)
Jj=n+1 j=n+1 j=n+1

N N N
7mts0,: mts0 mts0 mts0
- “Yn+l (§ :y’LJ Yin E :yw Yin E :yw yzn di n+1)
— — —

As such, L; > 0.

(i.1.b). mts0lm) (X d(m)) < qgmtsOim)( xb(m)),
First note that X;i(m) > X;-’(m) for j =0,1,..., k. Hence, it suffices to show that the amount of com-

ponent inventory in X %™ beyond that in X°(™) i.e., X4 — X does not lead to an increase
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in the expected total profit. Note that both X%™ and X*(™) are balanced, i.e., the common com-
ponent inventory equals to the sum of the dedicated component inventories. Hence, under either
X4m) or XM the k-product balanced system can be decoupled into k single-product balanced
systems, where the inventory of the common component matches with that of the dedicated com-
ponent in each single-product system. Noting xy = z; in system i, we define the expected profit in
system ¢ under the MTS0 policy as a univariate function of x; and show that it is nonincreasing
for z; > 27",

The detailed proof is as follows. Because the fulfillment decision for each product in the sys-
tem under heuristic mts0 is handled independently, we can decouple the k-product system (under
heuristic mts0) into k independent single-product sub-systems. Thus, the profit for each product
can be evaluated separately to obtain the total profit-to-go for the k-product system. More impor-
tantly, regarding the optimal solutions of the deterministic problem, 41, ...,y.y, with the initial
inventory X? all the components will be used so that S~ y,, = 2¢ = E(DY) for i =1,...,k. As
such, the number of sales quotas for product i =1, ..., k under heuristic mts0 is z¢ = E(D¢). There-
fore, the sub-system with product i =1, ...,k has E(D{) units of common component and E (DY)
units of dedicated component i as well as F(D¢) units of sales quotas for product . Similarly, in
the deterministic problem with the initial inventory X°, as implied by the fact that X is less than
X, all the components will be used so that S~ . =a? fori=1,..., k.

Then, the profit-to-go for the k-product system obtained from heuristic mts0 with the initial

inventory X7 for o € {b,d} is:
k

,ﬂ_mtsO (XU') — Z WmtsO,i(x;f)’

i=1

where

70 (57 = — N(ho + hy)xf + (co+¢;)xf + Ep, [T (27, 27,27, Diy)] — (co + ¢:)af

7,7 79 79

=— N(ho+hi)x? + Ep, [J]"*"" (27,27, 27, D;y)]

) 7

Denote by MTSO0 the set {i =1,...,k|z;, < E(D?)}, that is, 2 =z, AE(D{) =z, < 2¢ = E(DY) for
i € MTS0, and 2 = 2 = E(D{) for i ¢ MTS0. Then, for i ¢ MTS0, 7™#%(z?) = gzmt0i( F(D%)),
while for ¢ € MTS0, 7™#0¢(zb) > 7m0 (F(D{)) because, given z; as the quota for the product-i
sub-system, J™*% (2, 2, 2, Dyt ) = JI"*" (24, D;1) and proof of Lemma EC.9(i) implies that

dED il [Jmts ’L(l’i, Dil)]

0<
dxi

<(pi+Nh;+ Nhy—c; — Co)Fi(xi)

so that %ﬁ;ﬂb(m < (pl'i‘th‘i‘Nho —C; —Co)F,L(l’,L) —N(ho‘i‘hz) Hence, %jj(m < Nhl —N(h0+
h;) = —Nhy <0 when z; > ,;, where Z; is defined in Proposition 5 with F;(z;) = (Nh;)/(p; + Nh; +
Nho —C; — Co).
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Therefore, 704 (xt) > 7mts0i(E(DZ)) for either i ¢ MTS0O or i € MTS0, which implies
mits0 (Xb) > qmtso (Xd).
(i.1.c). Amts00m) (X00m)) < qomtsom) (Xb(m)) < qomtstm) (X a(m))

The first inequality follows from the fact that the naive make-to-stock heuristic mts0 is dominated
by the make-to-stock heuristic mts, as the latter adopts the optimal static sales quota.

To show g™t=(m) (X 00m)) < gmts(m)( X a(m)) firgt recall that X*(™) and X ™ are identical, except
that 22 = 220 A Z. If 2™ < Z,, the proof is trivial. If 2™ > Z,, it suffices to show that, fixing

mis(m) (g0 202%™ decreases in xg € [Zo, 25 ™). The

%(’”0) > ( for some ), € [9507958( )]'

the dedicated components, 7" (zo) ;==
monotonicity of 7]"**(x,) is shown by contradiction. Suppose
We partition the product set (1,...,k) into three subsets based on the optimal sell-up-to levels

(w},uj,...,u}) under the inventory profile (z, 22", ..., 22",

where (uf,u3,...,u}) is as defined in
(8) and we omitted its arguments for brevity. We then derive necessary conditions for the optimal
sell-up-to levels in each product subset, and subsequently, apply these necessary conditions to show

that x{ must satisfy

- Nhy CNER
H<pz+Nh +Nh0_cl_00><P<ZZDWL Zﬂf())

i=1 i=1 n=1

This, however, contradicts with the fact that

- Nh kK N
- =F(2 3 "y = (m) /
H <pz+Nh +Nho—cz—c0> = Fy(%o) > Fy(x) =P <ZZDm 2x0>

i=1 i=1 n=1

as x> To.

The detailed proof is as follows. First recall that under make-to-stock policy, as defined in Lemma
EC.9, when Zle u; <z and 0 <w; <z, i =1,...k, we can decouple the system into k£ independent
single-product sub-systems:

k k

‘/lmts(X,’LLh. .. ,uk) = —NZ(h]ZE]) +Z C]ZIT] +ZED 1 Jmtsz(ui,Dil)L

j=0 =0 i=1
where j]'\,nfl’i(-, -)=0, and for ne {1,..., N},
j:lnts,i(ui7 dzn) = (pz + (N — n—l— 1)h1 + (N —n + 1)h0 —C; — CO)(dzn /\U;Z) + ED1 1 [J:L_ﬁ’z(uz — (dzn /\U;Z), Di,n+1)]'

We now prove 7™*(X?) < 7™*(X 7). Recall that X is identical to X7, except that z{ equals to
TGN T = Zle xh N To. If T > Z 2%, X»= X7 and the proof is trivial. If Z, < Zle b, given

1]7
d

N
2’ =z, NE(D}) < E(DY) ZE in SZ
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and "% (xg) := R () — como — Zle(cjx?) with R (xg) := V™ (zg, 28, ..., 2 ui, ... u}), we
mts mts
shall show %ﬂ(xw <0 (or %O(xo) < ¢p) for all x4 € [Ty, Zle 2%). In the meanwhile, since
N
o =E(D}) AT; <E(D{) < E() _ D;y,)
n=1

for all i =1,..., k, by Lemma EC.9(ii), R}***(z,) is concave in zy < Z?zl xb. Thus, it suffices to show
mts mts

%{fm) < ¢ for all zq € [T, Zle z%). We prove it by contradiction. Suppose (m#o(m)bo:% > ¢

for some z{, € [Ty, Zle z%). That is,

- dRy™* (zo)

Co

dJ?o |I0=m6
_ V™ (xg, 28, 2l ug, o uy)
920 wo=a, (utomesug)=(u],....u})
+zk: oVt (zh, o xb u, . u) du; ]
=1 u; (1 ereu ) =(ud e su) dzxo —
:co—NhO—kzk: VY™ (2, Y, ooy TF 5 U, -, U du? ]
=1 A (o) = (o) G0 |y
_ Nho <zk: 8‘/’1mts(q;67$?,...,$z,ul,...,Uk) % ] . (EC34)
i—1 Ou, (o) = (o) G0 |

In preparation for the proof by contradiction, note that with

N
o = E(D{) Nz < E(D{) <E(Y_ Dyy)

n=1
for all i=1,....,k and z{, < Zlexi?, Lemma EC.9(i) implies that 0 < u} <az? for all i =1,....k.
Denote by MTS the set {i =1,...,k|lu; =27}, MTSA the set {i=1,...,kJuj =0} and MTSB the
set {i=1,...,k|0 <u} <x’}. These three sets are disjoint. Furthermore,

k . *
lzzzllui _ Z du;

- Lo | po=a! dg
i=1 o= EMTS

(EC.35)

/
TO=1T

*

* =z in Lemma EC.9(iv), and the second equality is from

where the first equality is due to Zle U
du;‘

dxo

, =0 for all i € MTS, since i >0 in Lemma EC.9(iv) implies that, with an arbitrarily

d:Co
2?0=:C0
small increase in the common component (e.g., from z, to z{, +€), u} remains ¥ for all i € MTS,

as we have shown u} <z for all i =1,...k.!

Next we will show contradiction in two cases: MTSA=0 and MTSA# (.

¢ MTSA=0: In this case, u; >0 for all j=1,...,k. Furthermore, Lemma EC.9(iii-1) implies
that, at the point (uy,...,u;) = (uf,..., u}),

ts (' b b ts(,.) b b
8Vvlm 8(x07x17"'xk7u17"'7uk) _ 8Vvlm S(xo,xl,...xk,ul,...,uk)

8’[1/1'1 8’[1/1'2

LIf there is an arbitrarily small decrease in the common component, it is optimal to first reduce the quotas of those
products which are not in the set MTS, as implied by Lemma EC.9(iii-1).
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xo=xa]

for iy,i5 ¢ MTS. Hence, by (EC.34) and (EC.35), we have

Nhy < Z OVt (xf, xb,al ug, . uy) du}

Wyve Ou; (o1, =0 ) D0
_ oVt (xg, xb o al ug, . uy) (@ )
Oui (a1t =) sty \ 00 |z}
A € D TP V%)
N 8ui

(w1seeug)=(uy,...,uy)
This, together with Lemma EC.9 (iii-1) and (EC.19), implies

it b b
V™ (xg, 2y, ...y Up,y . U)

8ui

Nh() < ’(gco,ul,...,uk)z(xé,u’l‘,...,ul’;) < (pz + th + NhO —C — CO)E(U:)

for all i =1,..., k. Given Fy(u?) =P <Zﬁ=1 D, > u> fori=1,..k,

N
Nhyg
<P D._>u’].
pi—i-Nhi—i-NhO—Ci—CQ (; zn—uz>

Thus,

£ Nhy k N kN /
H<pi+Nhi+Nh0—ci—co> <HP (ZDmZU:> <P (ZZDinZazO),

i=1 =1 \n=1 i=1 n=1
where the last inequality is due to that 25:1 D, >u; for all i =1,...,k implies Zle 25:1 D, >
Zle u! = x,. This, however, contradicts with the fact that

k

: Nh N
0 — (3 > F ! — > /
H <Pi+Nhi+Nh0—ci_co> Fy(Z0) > Fo(xp) =P (ZZDm > 2

i=1 i=1 n=1

~ k d mts - k
for zj € [Zo, >, #5). Thus, %TO(IO) <0 for g € [0, Y, ]].

e MTSA=#(: In this case, u; =0 for some product index j. Denote

oVms (wg, b, ab ug, . uy)
D — 1 01 k> bl bl N ) o .
i je%%A[ ou, |t =g )
Consider two sub-cases as below.
If Dy > Nhy, by Lemma EC.9(iii-2),
avlmts(xg,xﬁ,a...xz,ul,...,uk) Ny
Ui (1 ooy )= (0t oyl
for all i ¢ MTSA.
On the other hand, if Dy < Nhy, so that
ovVmis (xp, b b ug, . uy)

8ui

(u1:~~~:uk):(7"{r"'ruk>
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for all i € MTSA, to prove

e / b b
OV (xfy, ), o Xy Upy ooy U )

8Ui

> Nhy

(e )= (U ooyl

for all i ¢ MTSA, it suffices to prove that

ts(o0 b b
oVms (xh, aly ool ugy .o ug)

8Ui

> Nhyg

(e )= (U ooyl

for all 1 € MTSB: because, according to Lemma EC.9(iii-1), all these derivatives for the product
indexes in set MTS are greater than or equal to those in set MTSB, i.e.

ts () b b ts (! b b
8‘/{" 9(1’0,&?1,...l’k,ul,...,uk) > 8‘/{” 9(x07x1,...xk,u1,...,uk)

8’&1‘1 - 8Ui2

for iy € MTS, i, € MTSB at the point (us,...,ux) = (uj,...,u;). Given that all these derivatives
for the product indexes in set MTSB are the same (Lemma EC.9(iii-1)), i.e.,

ts () b b ts (0 b b
8‘/{" S(IO,ZEI,...Ik,ul,...,Uk) B 8‘/{” 9(;1707351,...Ik7u17...7Uk)

8’&1‘3 8’&1‘4

for iz,i, € MTSB at the point (uy,...,ux) = (uf,...,u;), suppose for all i € MTSB,

ts( ! b b
V™ (g, oy, oy Uy - U)

8Ui

< Nhy.

(o) = (u ooyl

*
du;

Thus, because >0 virs g

TO=12(

Nho=Nhe du;

dx
igmTs 0 lzo=xg
ts(d b b

- Z V™ s (xh, by coxl uy, . ug) du ]

i¢MTS Ou; (utseesup)=(uf,uf) do zo=a(,

k t b b

_ a‘/lmS(xi)vxlv"'xkvulv"'vuk) du:
- p) d— s (EC.36)

im1 Ui (utyeosug)=(ulerul) D0 |zg=a!

where the first equality is from (EC.35), the last equality holds since duj =0 for i € MTS,

dx /
and the inequality follow from D; < Nhy (i.e., o
OV (@, o U, -, U < Nhy
ou; (W) =(uf, . uf) B
for all i € MTS.A) and the hypothesis above that
avlmw(x'o,x?yé-.wz,uh ) < Nhq
U;

for all i e MTSB. (EC.36), however, contradicts with (EC.34).
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Summarizing the two sub-cases, when MTSA# 0, for all i ¢ MTSA,

1t / b b
oV (xh, oy gy e U)

8ui

Nh0< S(pz+th+NhO_cz_CO)Fz(u:)u

(o) =(uf ooyl

where the latter inequality is by (EC.19).
Hence, for all i ¢ MTSA,

N
Nhy
<P D,,>ul].
pi+Nhi+ Nho—c; — co <; zn_ui)

Because ¢y < ¢g+ ¢; <p; <p; + Nh; implies Nho/(p; + Nh; + Nho —c; —co) <1 for all i =1,..., k,

H< Nhy >< H < Nhy )
. pz—i-th—i-NhQ—Cz—CO _iéMTSA pi—i-Nhi—i-NhQ—Ci—CQ

i=1
N N kN
< I 7(Nowz)<r( 3 Snza)<p(S 3 0.z4)
igMTSA  \n=1 ig MTSAn=1 i=1 n=1
where the last two inequalities are due to that ZnN:1 D, > u; for all i ¢ MTSA implies
N k
D, 2 Duz ), wi=) ui=u,

ig MTSAn=1 iEMTSA i=1

which further implies Zle ZnN:1 D,, > x{. This, however, contradicts with the fact that

: Nh PN
0 _ _ /
11 = Fy(Zo) > Fo(zy) =P > D, >
Pl (pi T Nh, + Nhyg—c; — CO> 0(Zo0) > Fo(z) <; 2 D= x0>
! ~, k b dTrmts(a:O) B & b
for x, € [Zo, Zj:1 :Ej). Thus, de <0 for x, € [Fo, Zj:l xj)'

(i.1.d). R™*(m)(X) < R1™ (X)) when z; < E(Zgzl D!™) and x4 < Zle x;: Under the same initial
inventory X when z; < E(Zgzl DY and zy < Zle x;, say X9 the make-to-stock heuristic
mts is dominated by the heuristic g.

The make-to-stock heuristic allows quota-sharing across periods for the same product, and the
heuristic ¢ further allows sharing quotas across products, i.e., filling the demand for a higher margin
product can use the quotas for a lower margin product.

In the following, we prove that the profit-to-go under this nested policy with quotas is higher
than that under any make-to-stock policy. The intuition is as follows: under the make-to-stock
heuristic, if in period n a demand for product ¢ is rejected as product ¢ exhausts its individual
quota, no demand for product i is filled in the remaining selling season. Meanwhile, if there is still
individual quota for a product j =i+ 1,...,k, the demand for product j is filled. This fulfillment

policy is dominated by heuristic ¢, because under the heuristic ¢, filling the demand for product
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i can use (individual) quotas for product j, and accepting the demand for product ¢ dominates
filling the demand for product j: the margin can be improved from p; —¢; — ¢y to p; — ¢; — ¢o, with
a saving of the holding cost (due to h; <h;).

Formally, when x; < E(Zgzl D™ and x4 < Zle x; we use induction to prove

k k
qu(X,Zuj,Zuj,...,uk) > VM (X ug, Uy, -y Uy
=1 =2

To this end, we re-formulate both Vy(-) and V/™*(-) to explicitly account for the sequence in
filling orders of different products. Also, following a same approach as in (i.1.a) of this proof, we
reformulate the problem by equivalently accounting for the inventory costs and the salvage values
at the beginning of the season.

For heuristic ¢, we rewrite

k k k
q
VX, E uj, E Ujy .. e, E Uj, W)
=1 =2 j=k—1
k k

k k k
= _Nz(hjxj)+Z(cjxj)+EDllv---ka1 [J{Ll(X,ZUj,ZUj,..., Z uj,uk,DH,...,Dkl)],

=0 j=0 j=1 j=2 j=k—1

and fori=1,...,kand 1<n<N,
JE (X g, gy dis -+ i)
= (pi+(N_n+l)hi+(N_n+1)h0_ci_CO)ygn+jg’iJrl(X_ygnaivullv'"7u;cvdi+1,n7"'7dkn)a

where y! = xz; Ad;, Ny, u;:uj—yfn for j=1,...,4, and u;:uj/\u;fl for j=i+1,...,k, and for

1<n<N,

JEEN X ug, . u) = Ep, [(JEL (X ury sy Dy o Dingn)]-

The boundary condition is J&* (X, uy, ..., u;) =0, and jj{,’il(X, Up,y...,u)=0fori=1,.. kk+
1.

Similarly, for the mts heuristic we rewrite
Vvlmts(Xaulau% s 7ukad1n7 ceey dkn)

k k
= _NZ(h]x]) +Z(ijj) +EDH,...,DM[JlmtS’l(Xaulau%"'7ukaD117--'7Dk1)]7
=0 =1
and fori=1,....,kand 1 <n <N,

jfl”ts’i(X,ul,...,ui,...,uk,dm,...,dkn)

= (Pi + (N —n+ 1)}%‘ + (N —n+ 1)h0 —Ci— Co)y:::ts + j;nts’Hl(X - yﬂtsauula sy Up — yﬂtsa o Uy dig sy - - '7dkn)7
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where y"'* = x; Ad;, ANu;, and for 1 <n < N,

Tmts,k+1 _ Fmts,1
‘]n (X’uh’”’uk)_EDl,n+1v~~~:Dk,n+1[Jn+1 (X,uh...7uk,D1’n+1,...,Dk’n+1)].
oy . Imits. k+1 Tmts.i .
The boundary condition is Jy'*"'(X,u,...,u) = 0, and J35 (X, ug,...,up) = 0 for i =
1,k k+1

We then follow induction to prove that for n=1,...., N andt=1,....k+ 1,
Jz’i(X, ZUj, ZUj, e, Uk, dlnu ey dkn) Z J:lnts’i(X7ul, e ,Uk7d1n7 e 7dkn) (ECS?)
j=1 j=2

Note that, when n =N + 1, (EC.37) holds trivially with all the product indexes i =1, ...,k + 1.
Suppose (EC.37) holds for period n + 1 with any product index i =1,...,k + 1. We shall prove
that (EC.37) holds for period n and all the product indexes i =1, ...,k + 1. To establish it, we first
note three useful properties for the profit function j}f“’i(X, Uty ooy Uy iny -, dpy), as specified in

equations (EC.38), (EC.39), and (EC.40) below.

Three preliminary properties:

When z; < E(ZLID;T)) and xy < Zle x;, Lemma EC.9(i) implies that it is without loss
of optimality to consider u; < x; for j =1,...,k. Note that given u; <z, for j=1,...,k and
Zle u; < xg, in the make-to-stock policy, for i =1,...,k, j >, and € € [0, u;], we have

Tmts,i+1
Jn (X — €A, ULy, Uj—1, Uy — €, Ujq 1y ,uk,diJan, .. )dkn)
_ Tmts,i+1
=J, (T0 = €150y Ty 1, T = €Tty ey Ty Uy ey Uy 15Uy — €Uty ey Uy D1y o5 i)
_ Tmits,i+1
=J (B0 — €01y e e oy T 1y Ty LTy e ey Ty Uy e vy U1y U — €y Uji Ty e e oy Upy Ayt dimy ooy A ). (EC.38)

The reason for (EC.38) is that adding e units of component j does not increase the sales of product
j due to the shortage of quotas characterized by u; — e < z; — e <x;. Furthermore, regarding the
effect of adding € units of component j upon the salvage value and holding costs, the component
holding costs from period n to period N have already been taken into account at the beginning of

the season. So does the component salvage value. Thus, the second equality of (EC.38) holds.
Similarly, when u; =0, adding € € [0,z;] units of component ¢ does not increase the sales of

product i. As such, with j >4, we have

Tmts,i+1
Jn (X — €A, Uty e, U1, Uy — € Ui, - ';uk;di+l,n7 .. 7dkn)
__ Jmts,i+1
_Jn (330 T 6T, i1, T T 6T 1y e Ty ULy e U1, Uy — €Ut - "7uk7di+1,n;- ;dkn)
_ Jmts,i+1
*Jn (xO_eaxla'"axiflaxi;xi—kla'"axk;ula'"aujflauj_Evuj+1a"'7ukvdi+1,n;~“;dkn)a (EC39)

where the second equality holds because the component salvage value and the component holding
costs from period n to period N have already been taken into account at the beginning of the

seasoI1.
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Moreover, in period n under the mts policy, after filling the demand for product ¢, when the
leftover quota for product i is u; = 0, there will not be any sales of product ¢ in the future
periods n + 1,...,N. In this case of u; =0, with € € [0,2; A u;], we characterize the change of
j}f“!”l(X, Uy y Ujq s Ujy Uity e ey Whs A1 s - - - A ) Dy using e units of the sales quotas for prod-
uct 7 >

jg”ts’”l(X,ul,...,uj,l,uj,ujﬂ,...,uk,diﬂyn,...,dkn)
< e(pj+ (N =n+1)h;+ (N —n+1)h—c¢; — co)

F TSN X €y Uy U1y Uy — €Uy ey Uy g1y - - s o)
<epi+(N—n+1)h;+(N—n+1)hy—c;—c)

+j£”’ts’i+1(X — €A, UL, U1 W — €Uy ey Wk, i1y e D),
=elpi+(N—=n+1)h;+(N—n+1)hg—c;—co)

~mts,iJrl
+Jn (X—eai,ul,...,uj_l,uj—e,uj+1,...,uk,diﬂm,...,dkn), (EC40)

where the first inequality holds because, with u; <x; and € <x; Au; < x; Ax; Auj, in period n
€ units of component 0, € units of component j, and € units of quotas for product j can at most
generate a profit as e(p; + (N —n+1)h; + (N —n+1)hy — ¢; — ¢y). The second inequality follows
from h; < h;. The last equality of (EC.40) follows from

~mts,iJrl
Jn (X—eaj,ul,...,uj_l,uj—e,uj+1,...,uk,di+17n,...,dkn)
__ Tmts,i+1
- Jn (xO_673517"'7xj717l,j7xj+17°°°7Ik7u17"'7uj717uj_€7uj+17°"7uk7di+1,n7"'udkn)
__ Jmts,i+1
== Jn (X—eai,ul,...,uj,l,uj —6,Uj+17...7uk,di+1’n,...,dkn)7

where the first equality is due to (EC.38), and the second equality follows from (EC.39).

The induction for a general period index n:

Suppose that for period n+ 1 and any product index : =1,...,k+ 1,

k k
79,1 § : § : Fmts,i
Jn+1(X7 uju uja"'7uk7di,n+17~"7dk,n+1)ZJyH-l (X7u17"°7uk7di,n+17"'7dk,n+1)
=1 =2

holds. Then, for period n, we shall prove (EC.37) for all the product indexes i =1,...,k + 1. First,

according to the definitions, we note that
k k
Jg’kH(X,Zuj,Zuj, cey )
j=1 j=2

k k
_ 79,1
- ED17n+17...7Dk’n+1 [ n+1(X7 E Uy, E Ujy ooy Uk Dl,n+17 RN Dk,n+1)]
Jj=1 Jj=2

Tmts,1
Z EDl’nJrl,...,Dk"n_'_lI: n4+1 (Xu Uy ..oy U, Dl,n+17 vy Dk,n+1)]

= j;”ts’k“(X,ul,...,uk).
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This further implies that
quL7k(X7 Zuja Zuja ... 7uk7dkn) 2 yZntS?k(X7u17 ... 7uk7dkn)

since yi =yt =z Aug A\ diy,.

Next, we follow induction on the product index. Given n, suppose that for i=1,....k — 1,
ng’IH_l Zujuzuju" , Uk, 'L+1,n7"~7dkn) 2 ~:Ln/t87i+1(X7u17°°°7uk7di+1,n7"'7dkn)7 (EC41)

we shall prove that
X Zujvzujv s Wk zna"'adkn)_jyrlnt&i(Xaulv'"7uk7din7"'7dkn)ZO

Recall that when x; < E(Zn:1 D!™) and z, < Zlel% without loss of optimality to consider
u; <z; for all j=1,..., k. It suffices to consider two cases:
o di, <wiANu; =u;: yl =y =d,,, so the remaining quotas under the nested policy with quotas

can be characterized by

k k k k
q q
(§ uj_ymv§ Uj = Yins - - E Uj — yzn’E :uJ Yins E Uj, E :ujv"'vu
Jj=1 Jj=2

j=i—1 Jj=i+1 j=i+2
The number of available quotas that product 1,...,1’ can use is reduced by y! while the
available quota for product 7 + 1,...,%k remains the same. On the other hand, those remain-
ing individual quotas under the make-to-stock policy can be characterized by (uy,...,u;_1,u; —

Y Uiy, Uiy, ..., U ). As such, because of the induction hypothesis (EC.41),

k
— Jgsi+1 q E: q E: E: 2: 2:
L2_Jn (X_yinaiv Uj = Yiny--- Uj — yzn’ Uj — yzn7 Uy, Ujy o ooy Uk, l+1,m"'7dkn)

7j=1 j=i—1 Jj=i+1 Jj=i+2
mts i+1 mts
J (X y az,ul,...,ui_l,ui—ym 7ui+17ui+27'"7uk7di+1,n7"'7dkn)_
o dip >x; ANy =z If w; =2, or w4 = ... =uy =0, then y"* =yl =wu;, and Ly >0 can be

proved similarly as in the case d;, < x; Au; = u;. Now, consider the case that u; < x; and at least one

of uj, j=i+1,...,k, is positive, i.e., Y5 u; > 0. In such a case, y™* =u; < y?, <d; /\(Z] JUj).

m —

=it
Then, there exists a critical value j € {i +1,...,k} such that Z]_ u; <y < Zj:i u;. That is,

fulfilling the demand for product i uses all of the individual quotas for product i,i+1,...,7 — 1
as well as a portion of the individual quotas for product j. Accordingly, the remaining available
quotas under the static nested policy are

k k
(> u;—vyl uj— Yy uj u;j
] yzn 9 7 yzn 9 7 yzn 9 ] yzn 9
j=1 =2

jll

k
w; —yl U, u; u;
J yin’ J ym’ 7 VR
j=i

j=j+1 J=j+2
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The available quota for product 1,...,7 is reduced by y{ , while the available quota for product i 4+
1,...,7 becomes Zf:i u; —yy,. The available quota for product j+1,...,k remains the same. On the
other hand, those remaining individual quotas under the make-to-stock policy are (uy, ..., u; 1,u; —

t —
yz]; 5,ui+1,...,uk) = (ul,...,ui_l,O,ui_,_l,...,uk). As Such,

Ly =(pi+ (N —n+1)h;+ (N —n+1)ho — c; — o) (yl, — yin™*)

k k k k k
Ta,i+1 q E q E q E q § q E
+Jn (X_yina’iv Uj — Yins s Uj — Yins Uj = Yins -+ Uj — Yins ujv"'aukadi+1,n7"'7dkn)
Jj=t Jj=t Jj=t

j=1 j=3+1
_jmts,i+1 X_ mts 0 _ _ d d
n ( yZn iy Uy, 7ui+1;~~~;uj7uj+17"~7uk7 i+1l,mny - kn)
Also,

TFmts,i+1 t

J;nsz (X—y::: Sai,ul,...,ui,l,O,ui+1,ui+2,...,uk,di+1,n,...,dkn)
__ Jmits,i+1
= J;n S5t (X—Uiai7ul,...,Ui_1,07ui+1,ui+2,...,Uk,di+1,n7...,dkn)
< (pi+(N=n+1h;+(N—=n+1)ho—c;—co)uit1

Tmts,i+1
+J:ln it (X—(ui+ui+1)ai,u1,...,ui,l,O,O,uHQ,...,uk,di_,_l,n,...,dkn)

IN

(pi+(N—=n+1)h;+ (N —n+1)ho—c¢; — co)(Ui1 + Uiy2)

Fmts,i+1
+J;n syiF (X_(ui+ui+1+U,i+2)ai7ul,...711,1'_1,070,07...7’U,k7di+1’n,...,dkn)

<.
ji—1

< (pi+(N=n+1h;+(N—=n+1)ho—c;—co) Z U
j=it1

j—1
+J:lnts,i+1(X—(Z’Uj)ai,ul,...,’U;i_l,o,...,0,U3,U3+1,...,Uk,di+1’n,...,dkn)
=i
< (it (N =n+1)h;+ (N —n+1)ho—c¢; — co)(ys, — us)
j—1
+J7Tt5,i+1(X_yfnai,u1,...,ui_l,O,...,O,u;—(yfn—Zuj),u3+1,...,uk,dHl,n,...,dkn)
=i
= P+ (N=n+1Dh;+ (N —n+1)ho—ci—co) (Y —vin")
j—1
+J7Tt5ai+1(X—ygnai7ula'--7“1’—1;07---;07“}_(y;zn_Zuj)7u§+17---;uk;di+1,n7---7dkn)
=i

where the two equalities follow from y!"** = u; and the inequalities hold due to (EC.40) with

wm

j=i+1,i+2,....,7 —1,7 by setting ¢ = Uig1, Wi, - Ui 1, (Y, — jf}uj). Here, for the first

Jj=1
inequality (EC.40) is applied since € = u; 1, < x; — u; as proved next:

Jj—1 j—1 j—1
u’i+ui+1 S Zuj’ S Zuj’ +(y'?n _Zuj/) :y'?n S:Biu
§'=i i'=i §'=i
where the first two inequalities follow from the definition of j above. Similarly, for the inequality

with € =u;, j=i4+2,...,5—1, e=u; <z —Z;/;liuj/ holds because

j j—1 j—1 j—1
Dty D uy <D uy (i = Y uy) =yl <

. . ./ . ./ . ./ .
J =i J =i j =i j =i
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j—1
J=i

Additionally, for the last inequality with e =y — uj,

j—1 j—1
e=yl —Zuj <uz —Zuj.
j=i j=i
Therefore, we obtain L, > 0 from the induction hypothesis

J
Tmts,i+1 q . q E - -
Jn (X—ymai,ul,...,ui_l,O,...,O,uj—(ym— uj),ujJrl,ujJrQ,...,uk,di+17n,...,d;€n)

k
7q,i+1 q E : q § : § :
< n (X — Yini, Uj = Yins - U; — yzvm U — yzrm c

j=1 ]1,1

k k

q q
E u]_ywwE uj_yinu E uju E u]7 cey Ug, z+1,n7"'7dkn)'
Jj=t Jj=i

J=j+1 J=j+2

(i.2) It can be proved that

" E(D!)=mE(Dy,) if n< nd

Thus, 3™ (X%™) /m = y,,(X%). By convergence in distribution,

2

IIMw

[(pi + (N —=n+1)hi+ (N —n+1)hg —¢; — o) (DI Ay (X 40)Y))

=
”ﬁ

= [(pi+ (N —n+1)h;+ (N —n+1)ho — ¢; — co) (m DY Am~ gyl (X4m))]

3
2l
-
<
= |l
-

REN

[(ps + (N —n+1)h; + (N —n+1)hg — ¢; — co) (E(Din) A yin(X9))]. (EC.42)

1

—

n— (2

In the meanwhile, note that the optimal initial inventory for the deterministic problem is scalable:
Xd4m) /m = X4 Therefore,

L) RI () - 5 £ (eat™)]
1m ——————— = lim
m—oo WDet(m) (Xd(m)) m—oo m—l[RDet(m) (Xd(m)) _ Ef (C]J)d(m) )]

J

NS b Bl S S (i (N =+ Db (N =t Do ¢ = o) (D A gl (X))
= 11m

meee =N Z]-:o By ™ £ 30 o+ (N =t DR+ (N =t ko — ¢ — o) (B(D) Ayl (X4tm)]

T wltm (X )
By the convergence in distribution in (EC.42), 7711~I>noo D) (X )

=1.

f (m) (xd(m)y 74(m) (xa(m)y
7.rDet(rn,) (Xd(m)) — 7r(rn,) (X*(m))

(ii) First note that <1 in part (i) implies

atm) (X a(m))
7 (m) (X))

,n.Det(m) (Xd(m)) o ,n.f(m) (Xd(m))

1- Det(m) (X d(m)

<
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Then, it suffices to show

7.‘.Det(m) (Xd(m)) o 7.‘.f(m) (Xd(m))

_ —1/2
Det(m) (X d(m)) <1-0(m™7)

when the demand in the scale-m problem is the sum of m random variables which are independently
and identically distributed as the corresponding demand in the scale-1 problem, which implies
7am) (X am)) converges to 7™ (X*(™)) with a speed faster than m~1/2.

Next, we establish

g Det(m) (Xd(m)) — gf(m) (Xd(m))
Det(m) (Xd(m) )

<1-0(m~'?):

because the ATO system under the initial inventory X %™ is balanced, the allocation problem for
k products is decoupled. Then, in this case (of applying the heuristic f with the initial inventory
X4m) in period n < n? the sales quantity of product i under heuristic f is at most y!"” (X4m) =
E(D!"™) which is the optimal sales quantity of the corresponding deterministic problem (where
demand for product ¢ in period n is £ (Df;"’)) and the initial component inventory is X™)), so the
profit earned from product 7 in period n <n¢ under heuristic f (by accounting for the inventory

cost and salvage value at the beginning of the season) is

RIM™ = (pi+ (N =t Dhi+ (N =+ Dho — e = ) B (DI Ayl (x70))
= (pi+ (N =0+ Dhi+ (N = n+ Do — i = o) B (DG = (DG = 70 (X )+
= (pi+ (N —=n+Dhi+ (N —n+1)ho—¢; — co) E(DI)

—(pi+ (N =+ Db+ (N =0+ Dho — ¢ — o) E (DY =y (X)) )
D(D{™ +
> (pi+ (N =t Db (N = Do — € — ) <E<D5;”>> SIPOu) (o -yl (o) )
D(DM
=i+ (N—n+1h;+(N—-—n+1)ho—c; —co) (E(Df;”)) — w>

where, with SD(D{"™) = /mSD(D'V) = /mSD(D,,) as the standard deviation of the random demand for

product ¢ in period n in the scale-m problem, the inequality is from

SD2(D{ — B(D{M))2 — (y— E(DSY
< SD(§§T’) n Iy—E(D§T>)I—2(y—E(D§£”)))
SD(DL")

=y T (EDG)—y)*

E(D))*—(y—E(D))
2

by applying E[(D — y)*] < VSDHD)Hy— for a random variable D and any real

number y (Gallego and van Ryzin 1997). In addition, we have R/"™ =0 for n > n?.
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Meanwhile, the profit earned from product ¢ in period n in the corresponding deterministic

problem (by accounting for the inventory cost and salvage value at the beginning of the season) is
Rﬁer‘(m) ( (N n+1)h _|_(N n‘f‘l)ho—Cz—CO)E(D(m))

for n < n?, and R2™ =0 for n > n¢. Given

k k k
o) = 3 R 3t ) St
1=1 n=1 7=0 7=0 7=0
k N k k k
m d d d
=> > RL™ +Z(cjxj(m’) =N (haf™) = (egaf™)
i=1 n=1 j 7=0 7=0
_ ZZRf(m) Z ; d(m)
i=1 n=1
k k
7T_Det(m) (Xd(m)) Z Z RDet m) 4 Z(C]QT;l(m)) _ NZ(hjx;i(m)) _ Z(C]QT?(m))
1=1 n=1 7=0 7=0 7=0
k k k
D d d(m d
- Z ZR etlm) 4 Z(cjxj(m)) — NZ(hjxj( ’)) — (cjxj(m))
i=1 n=1 j 7=0 7=0
_ Z ZRDer‘(m) Z ; d(m)
i=1 n=1
we have
g Det(m) (Xd(m)) _ gfm) (Xd(m)) Z - Z 1[ Def(m) Rigm)]
g Det(m) (Xd(m)) = Zf ) Zn ) RtDnet(m) NZ] 0( d(m))

S S g+ (N — nt i+ (N = n+1)ho— ¢ — co)SD(D™) /2]
S L R - N (™)

\/—zz S g+ (N =t Dho+ (N — i+ 1)ho — ¢ — c0)SD(Din) /2]
M S (9 (N =t )by + (N =0+ Do — ¢ — ¢0) E(Dyn)) — N (hyad)]
_ S S i+ (N = Dby + (N = n+ 1)ho — ¢ — o) SD(Diy) /2]

VI S (e (N = n Dby (N = Dy — ¢ — o) E(D,)) = N S (ha)]

Therefore, /(™) (X dm)) /gDetm)(xdm)) > 1 — O(m~1/?).  Q.E.D.

D.7. Proofs of Other Results in Section 4

Proof of Proposition 6. As in the proof of Proposition 7, to establish the asymptotical optimality

of heuristic o (i.e., the optimal nested policy) with the initial inventory X“, we follow two steps to
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o(m) Xu(m)
prove lim ™ )

oo M) (X)) 1:

Fm) (X d(m) o(m) ( xu(m) Fm) (X dGm)
il Sod P, i . Sl B 7 Tl ©: S

Det(m) (X d(m)) = rlm) (X m)) = oo rDet(m) (X d(m)) L

where for the balanced inventory profile X4, x?(m) = E(D?(m)) for j=1,...k and zi"™ =
Z?zl x?(m). For the inventory profile X (™) x?(m) = [E(D?(m))] A j;m)’ j=1,...,k, and zi'™ =
(Z?zlx?(m)) A ZY™ . m) (X 4m) s the profit-to-go of adopting the heuristic f with the initial
inventory Xm), gPet(m)(xd(m)) s the profit obtained from the corresponding deterministic prob-
lem, with the initial inventory X4,

(i) It suffices to show
Wf(Xd) S ,ﬂ_mtSO(Xd) S ,ﬂ_mtSO(Xb) S WO(Xb) — 7T(Xb) S ﬂ_(Xu) — WO(Xu) S W(X*) S ,ﬂ_Det(Xd)‘

All the subscripts (m) are omitted for brevity.

7l (X9) <gmis0(X ) is from (i.1.a) in the proof of Proposition 7, while 7™*0(X ) < 7ms0(X?) is
from (i.1.b) in the proof of Proposition 7. 7™*%(X?) < 7(X") = 7°(X") under k =2 is trivial since
in a two-product system, the nested policy is optimal. Similarly, 7(X*) < w(X*) is trivial because
X* is the optimal initial inventory under the optimal allocation policy. On the other hand, the
proof of m(X*) < wPe(X*) < 7P (X?) is exactly the same as in the proof of Proposition 7.

It remains to show 7(X?%) < 7(X"): first note that regarding these two vectors of the initial
inventory, X" is identical to X*, except that z¥ equals to z§ bounded by Z, from above, i.e., for
j=1,...,k 2t = E(D}) NZ; = 2%, and z{ = Zle xh > xh = (Zlex;’) A Zo. As in the proof of
Proposition 5, given I; as a large enough inventory of the dedicated component under which there

will be no shortage of dedicated components, the supermodularity in Proposition 4 (ii) implies that

. b b . .
d”(xogl"”’xk) < d”(’cogl"“’l’“). Then, the definition of Z, in Proposition 5 implies that w <0
Z0o Z0o Z0o

. b b
o (g, 07,--,T})
dxq

for o > Zy. Thus, <0 for zy > T, implying 7(X?) < 7(X").

(ii) The proof is exactly the same as in the proof of Proposition 7. Q.E.D.

Proof of Proposition 8. We first formulate the firm’s problem for System G. In period n, for
given on-hand inventory X = (Zo,Z1,...,%), the firm’s dynamic program is as follows:

R.(X)=Ep,  p, [Ju(X,Din, ey Dy, (EC.43)

where
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k
+Ros1 (B0 — Y (B0in)s &1 — B10i1ns oo i — zkym}
=1
k

k
= max Z((ﬁi—l-i’iibri-fgilo)@m) _Zhji"j

i=1 3=0

k
+Rs1 (B0 — Y (B09in), &1 — B18i1ns oo i — zkym]

i=1
k
subject to > 2§ <do, 0< 2 &iy  Pin < iy, i=1,2.k,
i=1
with Ry 1(X) =30 &d;.

As defined, one unit of demand for product i in System-G is converted into 2 orders of one
unit of product ¢ in System-S, and thus, an order of one unit of product 7 in System-S consumes
one unit of common component 0. Meanwhile, 2;/2? unit of dedicated component i in System-G is
combined into one unit of component ¢ in System-S so that each unit of demand for product ¢ in
System-S' consumes one unit of component i.

To illustrate the transformation, consider a three-product system with (29,29, 29) = (4,2,1) and
(21, 22,23) = (8,4,2) in System-G. Then, one unit of demand for product 1/2/3 in System-G is
converted into 4/2/1 units of demand for product 1/2/3 in the equivalent System-S, and accordingly
each unit of demand for product 1/2/3 in System-S consumes one unit of common component 0.
Meanwhile, 2 units of dedicated component ¢ =1,2,3 in System-G is combined into one unit of
component ¢ in System-S so that each unit of demand for product ¢ in System-S consumes one
unit of component 4. An initial inventory X = (Zo, Ty, 2q,23) = (4,4,4,4) in System-G achieves the

same profit-to-go (for System-G) as X = (xg,z1, %2, 23) = (4,2,2,2) in System-S when d;,, = ciméf

Now we follow induction to prove equivalence of the two systems. Regarding the salvage value,

k k
RN+1(117071’1,...,1’k) = CoZo + E C;Zy = CoZo + E CiT;
j=1 j=1

— E 175 g § : _
= Co%o + B ?— Cj$j—RN+1($Q,CL‘1,...,J,‘k).
j=1 Y J =0

Thus, when zy =&, and z; = 29;/%; for j=1,...,k, Ry11(X)= Ry (X).

In the last period, in System-G, we have

jN(Xalev "'7dAkN)
k k

k
= max Z((ﬁi + Zihi + 2] ho)Jin ) — Z hjdj+ Ryy1(Zo — Z(Q??QW), &1 — 210N, - Bk — Z0kN)
=0

YIN Uk N P py
k

subject to > iy <do, 0< Efiy <&, Gy <diy, i=1,2.k.
=1



ec88 e-companion to Yu et al.: Joint Order Fulfillment and Inventory Management in ATO Generalized W Systems

Regarding the constraints, under the state transformation

k k
~0 A~ ~ A0 ~ ~
Zzi §$0<:>ZyzN—ZZ¢yiN§l”0:l”07
i=1 i=1 i=1
and fori=1, ..., k,
2052‘
zzyzN < xz = YiN = < — =Xy,

'L'

~ 7 ~0 7
Uin <din & yin < Z;d;ny = d;n,

Gin >0 < yin = 2)9;n > 0.

This together with

k k k
> 1Bi+ 2ihi+ 22ho)gin] = > byt + Ba (o — Y (22w )1 81 — 2181w, -+, Bk — Zudjin)
i=1 =0 i=1
Yin b 220,
= Z; 1+zoh +20h ‘ hoTo — 2975757
2; /P )50 ] 0%o Z:( P )
[ =1
k . . . .
5 ~oYiny T1Z1 Z1YinN T2k  ZkYkN
+R x 302 — - — T T
N+1( 0 ;( i ZQ )a Z? Z? ) ) Z}? Z}? )
- yin) (@ — )
— U (T — Yk
= S [p: + hi + ho)yen] — th + Ry ( xo—zym, 2? N 2 Ny
i=1

I

[(pi + hi + ho)yin] — Zh T+ Ry xo—Zmen YINy -« s Th — YrN)

i=1 7=0 i=1
implies that
jN(Xalea"'vde)
k k k
= max [Z((ﬁi + Zihi+ 2ho)iin) = D hydy 4 R (B0 — > (800in) 81— adhins - Bk — zk@m]
1IN YN N - -
i=1 7=0 =1
k
subject to Zé?igm <Zo, 0<ZUin <, Uin<din 1=1,2.k,
i=1

is the same as

JN(X7 d1N7 "'7de)

k
= max [(Z(pﬁ‘h + ho)yin) Zh T; + Ry 330—2%1\1,331 YIN, - - 795k—?/kN)]

YIN - YN i—1 j=0 i—1
k

subject to Zym<x0, 0<y,;y <zx; Nd;n, 1=1,2...,k.
i=1

Thus, RN(X) =FEp [jN(X,Dw, ---af)kN)] =FEp 5. DN [JN(X,DW, --'7DkN)] = Rn(X).
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A~

Assume that for n <N —1, R, 1(X) = R,41(X), ie.,

A~ ~

Rn_i_l(.’,%o,fi’l, P ,l‘k) = Rn+1(x0,21x1/2(1), .. .,ékl‘k/ég) = Rn+1(x0,:v1, e ,.’,Ek).

Next we will prove R, (X ) =R, (X). Recall that the optimal profit-to-go in System-G is

Rn(X) = Eﬁln,.,,,D [jn(X7 D1n7 tey ﬁkn)]u

kn
where
k k

jn X,CZ n,...,(i n) — max Az—i—ézil/z—i—fgoh Ain — iL.flA'f
( 1 k) ylnykn[;((p i 0)9 ) jzo 3L

k

AR (B0 = > (B 9in)s 1 — E1f1ms - Bk — 2]
i=1

SubjeCt to Zéggzn§j07 Ogézgzngi,w Q'Ln Sdinu i:172"'7k7

i=1
with Ry 1(X) = Zf:oéji"j- Because fi, = yin/20 for i =1,..,k, and X = (i, &1,...,3%) =
(.’Eo,é’ll‘l/é?,...,é’kl‘k/ég),
k
Roa(Z0— Y (B09in)s &1 — E1fims - &t — Zulin)
i=1
k . .
5 Z1\T1 — Y 2\ T — Yk
:Rn-l-l(xo_zyinv 1( 1A0 1”)"“’ ( ~0 n))
=1
k
= Rn+1(ﬂfo —Zyimﬂh —Yins -5 Tk —ykn),
i=1

where the last equality is because of the induction hypothesis. Then, by substituting this into the
expression of jn(X, ch, ,ci,m) and rewriting it, we obtain

jn(Xadlna ceey Czkn)

k

k k
= maX [Z((pi+hi+h0)yin)_Zhjxj+Rn+1(x0_Zyin7xl_ylm---yxk_ykn)]

i=1 j=0 i=1

k
subject to Zymgxo, 0<vy, <z; Ndjip,, 1=1,2..,k.
i=1

Thus, J,,(X,din, ..., din) = Jp (X, d1n, .., dy). Then, R, (X)=R,(X). QE.D.

D.8. Proofs of Results in Appendices A and B

Proof of Proposition A.2. Denote the policy as stated in the proposition by policy w;, and by

171 the long-run average profit achieved by following policy w;. Clearly, @, is feasible.
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By (EC.1), under any feasible policy ws,,

_ 072 (X7 1
172 (XY) = lim inf U7 (X)) = liminf TEWQ

T—o00 T T— 00

k k
> (MW% - z) z]
j=0 Jj=0

t=1
L[ k
< Jim 1 [r00)+ 3ot | <o),
t=1 =0
where the inequality holds because of (EC.2). Furthermore, since X? = 0, 171 (X?) = 7(X*). Hence,
171 (X9) = II* = 7(X*), which implies the optimality of ;. Q.E.D.

Proof of Proposition A.3. By (EC.4), given X? =0, II%(X?) = T'7?(X?). Thus,

_ I.(X° Tri(X1
119 — i inf 22D oy TED vy
T—o0 T—o0
The asymptotic optimality of the policy ¢ thus follows from 1 > % = :q(gf*q)) and
(m) (m) .
lim,, o0 % =1 by the single-season analysis. Q.E.D.

Proof of Lemma B.1. From the constraints, we know L;, > (d;, — z;)*. Since p; + (N —n +
1)h; + (N —n+ 1)hg — ¢; — ¢ is nonnegative, the optimal L;,’s are the lowest L;,’s that satisfy
both Ly, > (din, — ;)" for all i=1,....k and S5 | L;,, > 3% d,,, — 0. Thus, if

k

k
Z(dzn - xi)Jr Z Zdzn — Zo,
=1

i=1
Li = (dy,—x;)" for alli=1, ..., k. Otherwise, noting that p; + (N —n+1)h;+ (N —n+1)ho—c; —co
decreases in i, L}, = (d;, —x;)T fori=1,...,k— 1 and

<Z din, — xo) - Z(dm - «’Ei)+] .

LG = (d;m — .’Ek)+ +

Q.E.D.

Proof of Lemma B.2. For i=1,....k— 1, by (EC.8) through (EC.10),

yoP <min(di,,2;),i=1,....,k—1 (EC.44)
min(min(din, 2;) =5 w0 — Yyl v =yl ) =0,i=2,... k-1 (EC.45)
j=1
Starting from product 1, we have
k—2
yff = min(dlmxmxl)v yégrfj = min(danxO - yféjvl@)v e ylgfl,n = min(dk—lmva - Zyiizpvxk—l)'
=1

For product k, (EC.10) implies

k
i=1
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By Lemma B.1,

Ly, = (dyn —x1)*

k k +
(Z din, — x()) — Z(dm — xi)+] .

Consider two cases below:
o If (Y5 dip —20) = o0 (din — )t <0, Lf,, = (dy, — )" and (dy, — L},,) " = min(dy,,, 24 ). Thus,
k
min <min(dkn,xk) — b mg — Zyip,xk - y,ff) =0
i=1
implies y5F = min(dg, 25, 2o — vy ¥5F). As noted above, 2o > S ySP. Hence, equivalently, we
can write

SP __ _ s E SP\+
ykn _mln(dknuxk7x0_ yzn ) .

e Consider the case of (Zz L din — x0) — Zfﬂ(dm — ;)" > 0.

(& )Z]

Ly, = (dgn — )"

=1
:(dkn_xk)++ <Zd1n_ ) Z
k—1 - k—1 =
o
= dyn — o + Z(% Ndiy),
i=1

Thus, dy, — L}, = xo — Zf 11 x; Nd;pn, and (EC.10) implies

k + k
(;,co_zgcAdZn) =yl | =0,
- =1

That is,

k—1
yeF = min (Io - Zl”i A dm) » Lo — Zyjn , T (EC.46)
i=1

Consider the following two subcases:

- if Zz (S =g, ySP =y — Zf ~ (y5P) =0=min <d,m, <x0 - Z;?:l yjsnp>+ 79%);

- otherwise, Zl R '(ySP) < o implies that for product i = 1,2, ...,k —1, y5F = 2; Ady,. By (EC.46),
Yo = min (CL‘O — Zlel (z; Ndip), xk>. Furthermore, the condition (), d;, — o) —>_,(din —2;)* >0
implies

k-1 k-1

dkn > T — Zd'm + Z in xz =To — Z(xz A dzn) + (dkn - xk)Jr Z ZTo — Z(xz A dzn)

i=1
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Jr
Thusa yl?;f) = min (.’EQ - Zf:_f (xz A d?,n)a xk) = min <dkn7 <x0 - Zf:_f y;’S;LP) 7xk> .
Q.E.D.
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